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Supplementary Text: Calculation of exciton mediated magnetic exchange interaction.

Coulomb exchange between exciton and trapped hole. The Coulomb interactions between
electrons, between holes, and between electron and hole are expressed as'
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Here, el-T and hl = e, denote electron and hole creation operators, respectively. Their matrix

elements between three-particle states consisting of one electron and two holes are
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Here the bold character denotes all the degrees of freedom including momentum Kk and spin-valley
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two-body matrix elements in momentum space with the following expression?
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where |u) is the periodical part of the Bloch function, V(k) = [ dre™™V(r) is the Fourier
transformation of 2D Coulomb potential V(r) and A is the area of the 2D plane (for box
normalization).

The Coulomb exchange interaction between the exciton and the trapped hole is evaluated, in
the basis |‘Ifk, jaeancf) dJr ak(I Uth), where |lI/X,kerh) = alaeahIO) is the momentum eigenstate
of the interlayer exciton with electron (hole) spin/valley index o, (g,), and |‘Ph, ja> = dJTGIO)
denotes a trapped hole wave packet centered at R; . We have |‘I’X,kaeah) = Yax



Yx (CIX)e ax+k/2, o'ehqx —k/2, gh|0> and |I‘Uh,ja) = 2ky, etfn®y Wh(kh)hlth,gl()) with W (1) =
e~Th/ak and Py (r,p) = e Ten/% for the s exciton. The corresponding Fourier transformations
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with the normalization condition:
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For the interlayer exciton and trapped hole in the type-II heterobilayer, holes are layer

separated from the electron component of the exciton. Therefore, we can neglect the terms that

relies on wavefunction overlap between the electron and hole (second, fourth, sixth and eighth

term in Eq. (3)). The Coulomb exchange interaction between the exciton and the trapped hole are

then contributed by the second term in Eq. (2) from the hole-hole interaction, and the fifth and
seventh terms in Eq. (3) from the electron-hole interaction,
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Exciton mediated spin-spin interaction between trapped holes. The Hamiltonian for the
exciton and hole in the basis of exciton momentum eigenstate and moiré trapped hole is,
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where only the exchange part of the exciton hole interaction is included as H,. The exciton
mediated spin-spin interaction between trapped holes arises as the second order perturbation of the
off-diagonal exciton-hole exchange. And the exciton-hole exchange coefficient I in H,, contains



three contributions given in Eq. (7), (8) and (9) respectively. The term from the intralayer hole-
hole interaction is given as,
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In the second line, the dependence on k and K'is neglected, because the exciton states involved
are the small momentum ones (much smaller compared to the momentum space width of W}, and
Px). In such limit, both terms from the interlayer electron-hole interaction have the same form,
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d = 0.7 nm and &, = 4 (dielectric constant at exciton binding energy), we obtain [,,A =

—0.71 eV - nm? and I,,A ~ 0.5 eV - nm?. Thus,

With the selection of the following parameters, a, = 2 nm, a;, = 2 nm, krp =
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To find the form of the exciton mediated spin-spin interaction between trapped holes,
Schrieffer-Wolff transformation is used to eliminate the off-diagonal H,,. Introducing,
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which satisfies [S, Hy] = —H,,, the leading perturbation term in the transformed Hamiltonian
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Tracing out the exciton degrees of freedom with a diagonal density matrix, i.e. (af:ae oOko,0) =

fkaeaa
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where the last term is the mediated spin-spin interaction between the holes (as illustrated in Fig. 3d).
We note that the exchange with the trapped hole can flip an exciton between the spin triplet and
singlet configurations (of the intravalley and intervalley configurations respectively in the R type
WS2/WSe). So, the denominator involves the energy of the species €xq,5 — €i/g,4'- As electron-
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hole exchange is quenched by layer separation, there is no splitting between the intravalley spin
triplet and intervalley singlet exciton dispersion, i.e. €x = €xye = €kgs- Lhus, the spin-spin
interaction terms in AH @ between the trapped holes is of the form,
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