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SI 1: Selection rules of vibrational EELS and Raman 

The differential cross section for Stokes Raman scattering writes1, 

 
𝑑2𝜎

𝑑Ωd𝜔
= ∑

𝜔𝑆
4

𝑐4
|𝒆𝑆 ∙ 𝑹̿

𝜈 ∙ 𝒆𝐿|
2
(𝑓𝜈 + 1)𝛿(𝜔 − 𝜔𝜈)𝜈 , (1) 

where 𝑓𝜈  is the Bose-Einstein distribution, ωs and ων are the frequency of scattered light and 

phonon ν respectively, 𝒆𝑆 and 𝒆𝐿 are the polarization of scattered and incident light, c is the speed 

of light, and 𝑹̿𝜈 is the Raman tensor for phonon 𝜈, defined by 

 𝑅𝛼𝛽
𝜈 = √

𝑉0ℏ

2𝜔𝑗
∑

𝜕𝜒𝛼𝛽
∞

𝜕𝑹𝑖

𝑁
𝜈=1 ∙

𝒆𝑖(𝜈)

√𝑀𝑖
, (2) 

where 𝑉0 is the unit cell volume, 𝑹𝑖 is the position of  𝑖 th atom, 𝑁 is the number of atoms in the 

unit cell, 𝒆𝑖(𝜈) is the eigenvector of phonon branch 𝜈, and 𝜒𝛼𝛽
∞  is the electronic susceptibility in 

the limit of 𝒒 → 0. This is because the momentum of phonon 𝒒, transferred by the photon, is 

almost at the zone center. 

At the heart of the expression lies the selection rule that governs Raman processes: 

 𝒆𝑆 ∙
 𝜕𝜒𝛼𝛽
∞

𝜕𝑹𝑖
∙
𝒆𝑖(𝜈)

√𝑀𝑖
∙ 𝒆𝐿.  

First, the potency of the Raman response is strengthened if the polarization direction of the incident 

light aligns with the polarization of the ith atom or molecule. When using unpolarized incident 

photons, only the projection of their polarization that aligns with that of the atoms or molecules 

results in a Raman excitation. Furthermore, it is necessarily the case that the initial and final states 

of the system must result in a change in polarizability as indicated by 
 𝜕𝜒𝛼𝛽
∞

𝜕𝑹𝑖
. Lastly, due to the 
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extremely steep dispersion of light relative to phonons, Raman processes can only excite nearly 

zone-center (q → 0) phonons. 

For EELS, the corresponding scattering matrix element is the same as Eq. 1 in the methods section 

of the main text. The dominant factor that contributes to the vibrational EELS section rules is the 

product of effective charge density, q, and 𝒆𝒒,𝜈  which, like in the Raman case, represents the 

polarization of the ith atom. However, unlike photons in the Raman process, electrons can undergo 

large momentum exchanges such that phonons of all momenta can be excited but only the 

projection of the electron momentum transfer onto the atomic displacement vector contributes to 

the scattered intensity. Additionally, due to the large incident momentum of the fast electron and 

the extremely small scattering angle, the momentum exchange in the beam direction is minimal 

and predominantly along the direction perpendicular to the beam direction. As a result, phonon 

modes that involve atomic motion along the beam direction are very weak. In most cases, an on-

axis geometry is employed which is analogous to using unpolarized light in the Raman case, that 

allows for a wide distribution of deflections of electrons, but EELS has the added benefit of varying 

its momentum via probe size. EELS is highly sensitive to the effective charge density of the ionic 

cores2. To elucidate, metallic and semi metallic materials whose valence electrons can properly 

screen the ionic cores will greatly suppress low momentum optical modes. This only means that 

at a certain momentum, certain modes are suppressed. In contrast to Raman spectroscopy, all 

vibrational modes are active at least some momentum and polarization. Using an on-axis beam 

geometry ensures a maximum likelihood of exciting all planar modes. 

Quantitatively speaking, the probability of exciting a phonon is about 1 in 103, as seen in Fig. 3a 

and Extended Data Fig. 3 with normalized EELS units, compared with 1 in 108 for Raman 
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scattering3. Therefore, the scattering efficacy of electrons, at least for on-axis geometries, is about 

105 times higher than photons. 
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SI 2: Local Phonon Density of States using lattice dynamics calculations 

The density of states for an abrupt and a gradual interface are calculated to see if local density of 

states of Si is modified by the presence of the Si/Ge QD. The local density of states is obtained 

from the imaginary part of Green’s function, defined by 𝐷(𝜔,𝑹𝑖) =

∑ 𝑢𝒒𝜈,𝛼
∗ (𝑹𝑖)𝑢𝒒𝜈,𝛼𝒒𝜈 (𝑹𝑖)𝛿(𝜔 − 𝜔𝒒𝜈), where 𝑢𝒒𝜈,𝛼  is the phonon eigenvector along 𝛼  direction 

and 𝑹𝑖 is the position of ith atom. We use tetrahedron smearing to sample the states with certain 

frequency 4. The force constant is calculated from Stillinger-Weber (SW) potential 5 with lattice 

constant chosen as 5.431 Å. A 20×20×18 k point mesh is used to calculate density of states. Our 

calculation shows that, the local density of states of Si are insensitive to the interface structure 

(Fig. S1). With this, we affirm that the local density of states does not contribute to the 

enhancement of EELS intensity. 

 

Figure S1 | Local Phonon Density of States of a SiGe nanostructure. a, Superlattice supercell 

with SiGe alloy structure formed by atoms representing the average mass of Si and Ge with the 

gray color indicating an atomic mass of Si0.5Ge0.5. The 12 layers of atoms to the right of the gray 

colored ones have a mass gradient that transitions from Si0.5Ge0.5 to pure Si. b, Mass profile of a 

along the y-direction. Near the abrupt Si-QD interface, the mass abruptly changes. The gradual 

interface is modeled by continuously changing the mass profile as a function of position. c, The 

local density of phonons for vibrational modes along the y-direction in the superlattice depicted 

in a.  
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SI 3: Effect of Strain on the Si OM 

We also investigated if the strain could lead to the observed enhancement in EELS. The functional 

type for the pseudopotential is the Projector Augmented Wave6 with Perdew-Burke-Ernzerhof 

(PBE) exchange-correlation and nonlinear core correction7. The energy cutoff is 36 Ry and a 

4×4×4 Monkhorst-Pack mesh is used. The lattice constant at equilibrium (zero strain) is found to 

be 5.4662 Å by minimizing the total energy. 2×2×2 supercells with 64 atoms are used for 

calculating the harmonic force constant. The DFT calculation is conducted using Quantum 

ESPRESSO package8 and the phonon calculation is carried out using phonopy9 package. Through 

DFT calculation of phonon band and density of states of Si with different strain, we find the strain 

effect always modifies the phonon density of states and shifts the frequency simultaneously (Fig. 

S2), whilst in experiment, we only observe intensity difference of EELS but not the phonon 

frequency in Si (Figs. 2b and 3a). This suggests strain effect cannot explain the experimental 

observation. 
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Figure S2 | Strain effect on Phonon Dispersion and Density of States. a, Phonon dispersion 

for silicon under different strains. b, The energy of longitudinal phonon at Γ point as a function 

of strain. c, Phonon density states from DFT calculations for different strains. The percentage 

marks the relative change in lattice constant compared to equilibrium state. d, The integrated 

phonon density of states from 55 meV to 65 meV. As the lattice constant enlarges, the integrated 

DOS in the energy window from 55 meV to 65 meV decreases due to the red shift and spreading 

of optical phonons. 
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SI 4: Estimations of beam-induced phonon generation and temperature 

rise 

A schematic depicting the generation of phonons by the electron beam is given in Fig. S3. In the 

following, we will estimate how many phonons are generated by the electron beam per unit time. 

The electron beam current through the sample is measured to be 3 pA meaning that there are 0.019 

electrons travelling through sampler per ns. If we consider the beam as a stream of consecutive 

single electrons, the average time interval between electrons transmitting through sample is 53 ns. 

By examining the EELS intensity, I(ΔE), we estimate the average energy loss per electron: <ΔE> 

= ∫(ΔE)I(ΔE)dΔE/∫I(ΔE)dΔE = 34.6 eV, where ΔE denotes the energy loss of the fast electron (Fig. 

S4). Although the energy loss is in various forms, for example plasmons, eventually the energy 

loss all become heat energy to excite phonons with various decay times. From the density of states 

computed using first-principles calculations, we find the average phonon energy 

<Eph>=∫ħωD(ω)dω/∫D(ω)dω = 40.4 meV. Then, the number of Si OM phonons per electron is 

given by 
〈𝛥𝐸〉

〈𝐸𝑝ℎ〉
∫ 𝐷(𝜔)d𝜔
𝜔2
𝜔1

∫𝐷(𝜔)d𝜔 =⁄  291 where ħω1=55 meV to ħω2=65 meV. This 

calculation represents the upper limit for the number of phonons that survive until the next electron 

arrives. With 291 Si OM phonons per electron, we can calculate the beam-induced non-equilibrium 

phonon generation rate ṅ = 5.43×109 s-1 for Si OM phonons. In addition, from the first-principles 

calculation, we find that the volume-specific heat capacity for optical phonons is Cp,OM = 4.53×105 

J/m3/K. If further assuming the energy of those optical phonons are uniformly confined within the 

range of mean free path, i.e., with the volume of a cylinder of π×(10 nm)2×50 nm where 50 nm is 

the thickness of the slab, the effective temperature rise due to optical phonons is estimated to be 
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0.36 K, which is negligible compared to room temperature 300 K. Thus, the equilibrium part of 

the phonon occupation number is well described by the Bose-Einstein distribution at 300 K. 

 

Figure S3 | Phonon generation and reflection schematic. a, Schematic for the electron beam as 

a phonon emission source in EELS. The crystal directions are noted to the left. b, Two-dimensional 

geometry from top view with crystal directions included in the bottom left. The dark region 

indicates the quantum dot. The beam is indicated by the orange circle and its area is exaggerated 

for visual convenience. The arc measured is found be about 36.5 with the radius around 138.8 

nm. The mean free path of Si OM phonons is chosen as 10 nm with a group velocity of 1000 m/s. 

c-d, Specular and diffuse reflection geometries, respectively. The yellow circle denotes the area 

over which the electron beam can sense phonons. The vertical purple lines denote the interfaces. 

The cyan dashed arrows in both c and d denote the area over which the reflected phonons are 

measured by the electron beam. For specular reflection, the reflected angle is equal to the angle of 

incidence and for diffuse reflection, the reflected angles are spread over angles –π/2 < α’ < π/2. 

The same crystal directions as in b apply.  
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Figure S4 | High-range EELS for average energy loss on interlayer Si. An EEL spectrum 

contains a probability-like distribution of the energy loss of single electron. This high-range 

spectrum shows plural plasmon resonance, Si L edge, and Si K edge that, assuming nonradiative 

losses in Si, eventually decay into phonons. Weighting by Si DOS, there are 291 Si OM phonons 

generated per fast electron.  
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SI 5: Determination of the Reflection Coefficient by Atomistic Green’s 

Function 

To obtain the reflection coefficients for abrupt and gradual interfaces, we followed Khomyakov’s 

mothed of using Green’s function to calculate reflection matrix10. We first constructed a silicon-

quantum dot interface structure, where the leads are semi-infinite silicon and quantum dot along 

[001] direction, respectively and the central device is the silicon/quantum dot interface. The mass 

of the quantum dot lead region is 33.1u, which corresponds to a virtual atom of mass equal to 

0.89mSi + 0.11mGe. The retarded Green’s function for the device is written as, 𝐺𝑟𝑒𝑡(𝜔, 𝒌∥) =

(𝜔2𝐼 − 𝐷𝐶(𝒌∥) − Σ𝐿(𝜔, 𝒌∥) − Σ𝑅(𝜔, 𝒌∥))
−1

, where 𝐷𝐶(𝒌∥) is the dynamical matrix of device 

with transverse momentum 𝒌∥, which is parallel to the interface of the superlattices. The self-

energy of left and right lead is Σ𝐿/𝑅(𝜔, 𝒌∥) = 𝑉𝐿/𝑅𝑔𝐿/𝑅
𝑟𝑒𝑡𝑉𝐿/𝑅

†
 and 𝑔𝐿/𝑅

𝑟𝑒𝑡  is the surface Green’s 

function, which is calculated using the decimation technique and 𝑉𝐿/𝑅  is the submatrix of 

dynamical matrix describing the coupling between the lead and the central device. The reflection 

matrix is 𝑟𝐿𝐿 =
2𝑖𝜔

𝑎𝐿
√𝑉𝐿

𝑟𝑒𝑡[𝑈𝐿
𝑟𝑒𝑡]−1(𝐺𝐿

𝑟𝑒𝑡 − 𝑄𝐿
−1)[𝑈𝐿

𝑎𝑑𝑣†]−1√𝑉𝐿
𝑎𝑑𝑣, where 𝑉𝐿

𝑎𝑑𝑣/𝑟𝑒𝑡
 is the velocity 

matrix, 𝑈𝐿
𝑎𝑑𝑣/𝑟𝑒𝑡

 is the matrix of eigenvectors and 𝑎𝐿 is the lattice constant in transport direction. 

The reflection coefficient for 𝑖  th phonon mode in left lead is 𝑅𝐿𝑖 = ∑ (|𝑟𝐿𝐿|
2)𝑖𝑗𝑗 . We use 

Stillinger-Weber (SW) potential5 to calculate the dynamical matrix, which generally leads to 

slightly overestimated phonon frequencies of silicon. Fig. S5 shows that there is a small difference 

between the abrupt and gradual interfaces. 
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Figure S5 | The reflection coefficients for phonon states of silicon through [001] direction. a, 

b, Atomic structure (upper panel) and corresponding mass profile (lower panel) of abrupt Si-QD 

interface a and gradual Si-QD interface b. In the atomic structures, the darker the atom’s color is, 

the lighter the atomic mass is. For an atomic layer with the same z position, the mass is the same. 

Periodic boundary conditions in transverse directions are used. c-e, Reflection coefficients of 

abrupt Si-QD interface c, gradual Si-QD interface d and their difference e along [001] direction 

in reciprocal space. The transport direction normal to the interface is along z direction. The high 

symmetry point X1 refers to (0,0, −1)
𝜋

𝑎
 and point X2 refers to (0,0,1)

𝜋

𝑎
 in the first Brillouin zone 

of the 4-atom unit cell where x direction is [001] direction. The modal reflection coefficients are 

calculated from atomistic Green’s function. 
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Figure S6 | Interface specularity vs. geometry. a, Spatially integrated distribution function of 

specularly reflected phonons with directions of incoming phonon velocity normal to and away 

from interface. Here, we assume S = R = 1 for both abrupt and gradual interface. Since SR is 

identical for abrupt and gradual interfaces, the reflected phonon follows a similar decay trend. In 

practice, the SR are different for two interfaces, causing asymmetry in the phonon distribution 

function. b, Diffusively reflected phonon distribution function shows strong localized feature near 

the surface of quantum dot, assuming S = 0 for both interfaces. 
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SI 6: Phonon population from Boltzmann transport equation 

To properly describe the nonequilibrium phonon population near an interface, the phonon 

Boltzmann transport equation (BTE) with source within the relaxation time approximation 

writes11, 

 
𝜕𝑓𝒒𝜈

𝜕𝑡
+ 𝑣𝒒𝜈 ∙ ∇𝑓𝒒𝜈 = −

𝑓𝒒𝜈−𝑓𝒒𝜈,0

𝜏𝒒𝜈
+ 𝑛̇𝐴, (3) 

where fqν is the phonon distribution function, νqν is the group velocity, fqν,0 is the equilibrium 

phonon population i.e., the Bose-Einstein distribution, τqν is the phonon lifetime and ṅA is the 

phonon generation rate per unit time per unit area due to the energy transferred from electron beam 

to sample. ṅA = ṅ / Ae with Ae as the area of electron beam (πa2), where a is the radius of electron 

beam (a = 0.075 nm for 33 mrad convergence semi-angle condition). Define gqν as the 

nonequilibrium part of the phonon population as: gqν = fqν – fqν,0. 

As discussed in above section, the temperature rise is negligible thus fqν,0 is approximated to be a 

constant for all modes. Additionally, since the electrons constantly hit the sample slab, we treat 

this process as quasi-steady state. Thus, the time-derivative of the phonon population (∂fqν/∂t) is 

dropped. As a result, Eq. 3 becomes, 

 𝑣𝒒𝜈 ∙ ∇𝑔𝒒𝜈 = −
𝑔𝒒𝜈

𝜏𝒒𝑣
+ 𝑛̇𝐴. (4) 

We chose cylindrical coordinate for mathematical convenience because of the cylindrical nature 

of the electron beam transmitting through the slab with the z axis along the beam axis labeled as 

[1̅1̅0] (Fig. S3). We set the origin to be the center of the beam and we then solve the Boltzmann 

transport equation (BTE) by Eq. 4. 
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 (𝑣𝑟𝒓̂ + 𝑣𝜃𝜽̂) ∙ 𝛁𝑔(𝑟, 𝜃, 𝑣𝑟 , 𝑣𝜃) = −
𝑔(𝑟,𝜃,𝑣𝑟,𝑣𝜃)

𝜏
+ 𝑛̇𝐴(𝑟, 𝜃), (5) 

where we drop the superscript and subscript for clarity. In relation to the QD structure in Fig. 1a, 

a denotes the diameter of the electron beam and r denotes the distance from the beam. In the 

derivation, θ represents the angular spread of the phonons generated by the electron beam. The 

phonon source is represented by a step function, 𝑛̇(𝑟, 𝜃) = Θ(−𝑟).  The radial and tangential 

component of velocity are 𝑣𝑟 = 𝑣𝑦 sin 𝜃 + 𝑣𝑥cos 𝜃 and the 𝑣𝜃 = 𝑣𝑦 cos 𝜃 − 𝑣𝑥sin 𝜃. When the 

phonon source is located far from the interface, the boundary conditions of phonon BTE are 

𝑔(0, 𝜃, |𝑣𝑟|, 𝑣𝜃) = 𝑔(0, 𝜃, −|𝑣𝑟|, 𝑣𝜃) , 𝑔  is continuous at 𝑟 = 𝑎 , and 𝑔(𝑣𝜏, 𝜃, −|𝑣𝑟|, 𝑣𝜃) = 0 , 

where 𝑣 = √𝑣𝑥2 + 𝑣𝑦2. Thus, the solution12 is, 

 𝑔(𝑟) =

{
  
 

  
 
𝑛̇𝐴𝜏 (1 − 𝑒

−
𝑣𝑟𝑟−√𝑎

2𝑣2−𝑟2𝑣𝜃
2

𝑣2𝜏 ) , 𝑟 < 𝑎

2𝑛̇𝐴𝜏𝑒
−
𝑣𝑟𝑟

𝑣2𝜏 sinh(
√𝑎2𝑣2−𝑣𝜃

2𝑟2

𝑣2𝜏
) , 𝑟 ≥ 𝑎

, (6) 

Eq. 6 describes a quasi-1D trajectory along (vr, vθ) as depicted in Fig. S7. 
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Figure S7 | Effect of interface geometry and specularity on phonon reflection. a-c, The non-

equilibrium phonon distribution function g for a phonon mode along certain polar angle that 

consists of the incoming and corresponding fully specularly reflected phonons (S=1, R=1) near a 

flat a and curved b, interface with source phonon moving with along θ = -135° and a curved 

interface c, with source phonon moving along θ = -90°, respectively. We find that only normal 

incident phonons have significant enhancement in the nonequilibrium phonon population. d, e, 

The fully specularly reflected (S=1, R=1) and diffusively scattered (S=0, R=1) nonequilibrium 

phonon distribution 𝑔′(𝑟′, 𝑣𝑟
′ , 𝑣𝜃

′ ) and 𝑔′′(𝑟) respectively, when the incoming phonon at normal 

to the interface. Only reflected phonon population are plotted for d and e. From e, we find the 

diffusively scattered part is highly localized near the interface such that we can neglect the 

enhancement of phonon population from the contribution of diffusively scattered phonons. The 

small, dashed circles in the center of a-e indicate the location of the phonon emission source. The 

color bar represents the phonon population with arbitrary units. 

 

To obtain a 2D distributed population, we begin with a polar integration of Eq. 6 while also 

integrating over the angular distribution 𝛼 of the quasi-1D trajectory: 



17 

 

 𝑔(𝑟) =
1

2𝜋
∫ 𝑛̇𝐴𝑑𝛼
𝛼2
𝛼1

∫ 𝑟𝑑𝑟
𝑟2
𝑟1

∫ 𝑑𝜃
2𝜋

0
𝑔(𝑟, 𝜃, 𝑣𝑟 , 𝑣𝜃). (7) 

For r > a, we can approximate 𝑔(𝑟, 𝜃, 𝑣𝑟 , 𝑣𝜃) and simplify the integral: 

 𝑔(𝑟) =
1

2𝜋
∫ 𝑛̇𝐴𝑑𝛼
𝛼2
𝛼1

∫ 𝑟𝑑𝑟
𝑟2
𝑟1

∫ 𝑑𝜃
𝑎

𝑟

−
𝑎

𝑟

2𝜏𝑒−
𝑟

𝛬
𝑎

𝛬
. (8) 

The general result without inclusion of specific reflection geometries is: 

 𝑔(𝑟) =
2

𝜋2
𝑛̇𝜏

1

𝛬
∫ (𝑒−

𝑟1
𝛬 − 𝑒−

𝑟2
𝛬 )𝑑𝛼

𝛼2
𝛼1

. (9) 

Here, r1 and r2 are the bounds within which the population distribution is sensed by the electron 

beam, indicated by blue dashed arrows in Fig. S3. This radius of this area is known as the phonon 

coherence length 𝛬𝜑. We argue that the although the electron beam is extremely small in radius, 

the phonons generated are populated in a larger area due to the planewave nature of phonons. The 

phonons that are excited by the fast electron and keep their memory of origin, shall be within the 

phonon coherence length13 from the beam center. For inelastic scattering dominated phonons, the 

coherence length is proportional to the inelastic phonon mean free path, 𝛬𝜑 = 𝛬𝑖𝑛/√3, where 𝛬𝑖𝑛 

is the phonon mean free path. In the Si side, the dominate scattering mechanisms are inelastic 

phonon-phonon interactions such that 𝛬 = 𝛬𝑖𝑛. Thus, we have the cutoff radius 𝛬𝜑 = 𝛬/√3. Since 

the beam radius is typically much smaller than the phonon mean free path 𝛬, we can obtain an 

approximated form of Eq. 9. 

The expressions for beam generated, specularly reflected, and diffusely reflected phonons, 

respectively, are given below. For brevity, only solutions where b > 𝛬𝜑 are given. 

 𝑔0 =
4

𝜋
𝑛̇𝜏 (1 − 𝑒−

Λ𝜑

Λ ), (10) 
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 𝑔′ =
8

𝜋2
𝑛̇𝜏 ∫ 𝑒−

2𝑏cos𝛼

𝛬 sinh
√𝛬𝜑

2−(2𝑏sin𝛼)2

𝛬
𝑑𝛼

sin−1(
𝛬𝜑

2𝑏
)

0
, (11) 

and 

 𝑔′′ =
4

𝜋3
𝑛̇𝜏 ∫ 𝑑𝛼

𝜋

2
0

∫ 𝑒−
2𝑏 cos2(

𝛼+𝛼′

2
)

𝛬 cos𝛼 sinh

√𝛬𝜑
2 −(

𝑏 sin(𝛼+𝛼′)

cos𝛼
)
2

𝛬
𝑑𝛼′

sin−1(
𝛬𝜑 cos𝛼

𝑏
)−𝛼

−sin−1(
𝛬𝜑 cos𝛼

𝑏
)−𝛼

. (12) 

Near an interface, the total phonon population is: 

 𝑓 = 𝑓0 + 𝑔0 + 𝑆 𝑅𝑠 𝑔′ + (1 − 𝑆)𝑅𝑑 𝑔′′, (13) 

where g0 is nonequilibrium phonon population directly generated by incident electron beam, g’ is 

the specular reflection of nonequilibrium phonon from the interface, and g’’ is the diffuse 

reflection of nonequilibrium phonon from the interface. Here S is the specularity parameter at the 

interface (0≤S≤1), Rs and Rd are the specular and diffuse reflectance of the interface (0≤R≤1), 

respectively. 

We first consider specular reflection with oblique and normal incidence and find only normal 

incidence towards interface causes enhancement in the nonequilibrium phonon population, shown 

in Figs. S7a–S7c. Then, we consider the case of reflected nonequilibrium phonon population from 

diffuse reflection, g"=∫ gd(α) dα / 2π, where gd(α) is the diffusely reflected phonon population with 

α being the angle for diffusely reflected phonons. As shown in Figs. S7d and S7e, we find the 

diffuse reflection does not contribute to the phonon population enhancement except extremely 

close to interface on the order of beam size, which is unresolvable in our experiment due to the 

larger step size. In conclusion, only specular reflection of normal incident phonons causes 

enhancement in nonequilibrium phonon population. In Extended Data Fig. 6, we have shown the 

nonequilibrium phonon population only considering normal incidence. 
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The expressions for specular and diffuse reflection at normal incidence are: 

 𝑔′ = 16𝑛̇𝜏𝑎2𝑒−
2𝑏

𝛬 sinh
𝛬𝜑

𝛬
, (14) 

and 

 𝑔′′ =
4

𝜋3
𝑛̇𝜏 ∫ 𝑒−

2𝑏 cos2(
𝛼′

2
)

𝛬 sinh
√𝛬𝜑

2 −(𝑏 sin(𝛼′))2

𝛬
𝑑𝛼′

sin−1(
𝛬𝜑

𝑏
)

−sin−1(
𝛬𝜑

𝑏
)

. (15) 

To compare the enhancement ratio (Δsd) with experiment, we use the emission probability f + 1: 

 ∆sd=
1+𝑓0+𝑔0 +𝑆𝑎 𝑅𝑠 𝑔

′+(1−𝑆𝑎) 𝑅𝑑 𝑔
′′

1+𝑓0+𝑔0 +𝑆𝑔 𝑅𝑠 𝑔′+(1−𝑆𝑔) 𝑅𝑑 𝑔
′′ 
− 1. (16) 

Here, Sa and Sg are the specularity parameters of the abrupt and gradual interfaces, respectively. 

We also assume maximum secularity Sa=1, Rs=1 for the abrupt interface and we set Sg=0, Rd = 0 

for the gradual interface to obtain a maximum upper bound the estimate: 

 ∆sd=
1+𝑓0+𝑔0 +𝑔′

1+𝑓0+𝑔0 
− 1. (17) 

Under these conditions and the values discussed in the section Estimations of beam-induced 

phonon generation and temperature rise, we estimate the enhancement ratio to be 17.5% This 

estimation is within an order of magnitude with our experimental result of 15.9% and we note that 

the total phonon occupation is only a part of the full scattering cross section expression and that 

other terms likely also influence the true quantitative value. The total phonon occupation, however, 

is the dominant factor in the EELS intensity enhancement. 

Considering the exponential decay feature of expression in Eq. 14 from an interface with distance 

b, the reflected phonon population can be fit by, 
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 𝑓 + 1 = 𝐴 𝑒−
2𝑏

𝛬 + 𝐶. (18) 

This result is used to estimate the MFP of Si OM (Extended Data Fig. 7). We want to emphasize 

that although we assume the same mean free path for all optical phonons as well as same lifetime 

while those properties are actually momentum-dependent, our model based on BTE qualitatively 

rather than quantitively captures the physics of interface scattering. BTE simulation was performed 

by our custom python code. 
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