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Supplementary Information

1 Supplement - experiment

1.1 Magnetic inhomogeneity

The quadratic inhomogeneity of the magnetic field in the PT By pr was determined by exciting the modified

cyclotron mode with a resonant signal applied to a split trap electrode and measuring the shift of the axial frequency
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as well as the shift of the modified cyclotron frequency
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The latter includes besides the term proportional to By pr an additional relativistic contribution, so that By pr =

1.17(4) Tm™? can be extracted from the ratio of both shifts (Fig. .
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Figure S1: Determination of the magnetic inhomogeneity By pr. Plotted is the modified cyclotron frequency versus
the shift of the axial frequency after excitation of the modified cyclotron mode.
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Figure S2: Axial and cyclotron temperature determination. (a): Boltzmann-distribution of the cyclotron energy.
(b) and (c): Average and standard deviation of the axial frequency shift after cyclotron excitation in the PT as
function of the square of the number N of the excitation cycles.

1.2 Electrostatic anharmonicity

Optimizing the tuning ratio TR = %ﬁ, defined as the ratio of the voltages applied to the center electrode V. and the
neighbouring correction electrodes V., allows to eliminate anharmonic contributions Cy and Cg to the electrostatic
potential ®(z) = Y, Ca,2%*, which would cause energy dependent shifts of the eigenfrequencies [I]. For this purpose
the magnetron mode is excited to different energies E_ for different tuning ratios and the resulting shift of the axial

frequency
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is measured. By this method the anharmonic contributions were minimized to Cy = 0(5) - 10* m~* and Cg =
2(1)-107% mm~b. The axial frequency shift in Eq. includes besides the electrostatic anharmonicities also a Bs
dependent term, which, however, is negligible assuming the measured value of By pr. As a cross-check, the tuning
ratio was additionally optimized by heating the axial mode using white noise and measuring the resulting shift of

the axial frequency, which is Bs independent
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The optimal tuning ratios found by both methods agree within 1o.

1.3 Axial temperature

In order to determine the axial temperature T, in the PT, the axial and cyclotron modes were coupled in the PT
at the sideband. As a result, the cyclotron mode thermalizes with the axial detection system at T} = TZ%. The
ion is afterwards transported to the AT where the axial frequency is measured. Due to the magnetic bottle in the
AT, the axial frequency is shifted proportional to the cyclotron energy F, = kT, see Eq. . A maximum

likelihood fit of a Boltzmann-distribution to the axial frequencies therefore gives the temperature T and thereby



T. = 11.7(7) K. As a cross-check, the axial temperature in the PT was additionally determined by exciting the
modified cyclotron mode and afterwards measuring the axial frequency in the PT. After repeating this 200 times,
the temperature can be calculated from the standard deviation and average of the axial frequency distribution as
described in [2]. This method requires inserting Dy = dCy/dTR as obtained theoretically from the trap geometry

D, = —3.5-10° m~* and the measured By, pr and gives a consistent result for the axial temperature T, = 12(1) K,

see Fig.

1.4 Time standard

All frequency generators and FFT signal analyzers are locked with a Stanford Research Systems FS725 Rubidium
10 MHz frequency standard. As the determination of Eypsg requires an absolute frequency measurement, the

Rubidium standard is itself locked to a GPS pps signal.

1.5 Lineshape

Due to the oscillation of the ion in the residual magnetic bottle in the PT By pr, the resonance frequency varies
during the spin excitation time T, = 120 s. Accordingly, the linewidth parameter dw(Bs pr,T.) characterizing the
spread of the resonance frequency is dependent on the magnetic bottle and the average axial amplitude (z2) o T.
The resultant lineshape is derived by Brown [3] and Verdu [] to be x1(A,~,dw) and x2(A, 2, dw), respectively.
Here, Q is the Rabi frequency and -~y is the coupling of the ion to the axial resonator. The correspondent spin-flip
probability P;/5(A) as a function of the detuning A = vrp — vz of the applied drive frequency vrp from the

resonance frequency vy, is then

1 1
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The expected resonance frequency vy (B) follows from the double-dip measurement of the cyclotron frequency,
which is normally distributed with a relative width of 1.7 - 107°. The underlying function describing the spin-flip
probability is therefore convoluted with the Gaussian of the magnetic field measurement. For small Rabi frequency
Q or small By prT., the jitter of the magnetic field measurement dominates and the spin-flip probability can be
approximated as a Gaussian. In order to estimate the systematic uncertainty due to the unknown deviation from
a Gaussian profile, the two possible spin-flip probabilities P /5(A) convoluted with a Gaussian are fitted with a
Gaussian line to extract the shift of the center-frequency and the correspondent difference of the deduced g factors
and Eyrs (Fig. [S5).

The fitted Rabi frequencies are different for both lineshapes and shown for the electronic transitions |1) < |3)
and |2) < |4) in Fig. [S6|and for the nuclear transitions |1) < |2) and |3) > |4) in Tab. Each measurement is

ascribed a systematic uncertainty given by the maximum of the differences between a Gaussian fit and a fit with
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Figure S3: Nuclear transitions at different microwave powers. (a-c): transition |1) <> |2) at -20dbm, -33dbm and
-40dbm. (d-f): transition |3) <> [4) at -15dbm, -23dbm and -30dbm.

the functions Pj /5(A) convoluted with a Gaussian. The final result for g, is calculated as the weighted average of
the measurements at the three smallest Rabi frequencies, i.e. smallest systematic uncertainties. These include two
resonances of transition |2) <+ |4) and one of transition |1) <+ |3). Similarly, the final results for g; and Egxps only
take into account the measurement at the smallest amplitude, see Fig. [S3| and Fig. [S4

Thus, the results for the electronic and nuclear parameters include 1540 and 490 data points, respectively, with two
data points measured per hour in both cases.

The coupling of the axial and modified cyclotron modes during the double-dip measurement leads to a modulation
of the axial oscillation amplitude and thus of dw with the Rabi frequency of the coupling Qpp = 22 Hz, causing
sidebands in the resonance lineshape. A significant shift due to this effect was excluded by measuring the |2) <> |4)
resonance once with and without a double-dip during the spin-flip drive at the same microwave power, giving results
that agree within 1o. For this purpose the cyclotron frequency measurement during the spin-flip drive was replaced

by the average of the measured frequencies before and after applying the drive, as these values were consistent for

all measurement runs.



le-13 le-13
0 0
—~ —
I -2 - Pj;= —40dbm, P3; = —30dbm -2 - Pj; = —20dbm, P34 = —15dbm
£ <+ Pip= —20dbm, P3, = — 15dbm £ -+ P12= —40dbm, P34 = — 30dbm
34 P1; = —33dbm, P34 = —23dbm S_4 P1; = —33dbm, P34 = —23dbm
S S
-6 -6 °
2.00 205 210 215 220 2.25 -1.8 -16 -14 -12 -1.0 -08
9191, theo — 1 le-8 Enrs/EnFs, theo — 1 le-10

Figure S4: Results for the shielded nuclear g factor and hyperfine splitting with a maximum likelihood fit of a
Gaussian, combining one resonance of each nuclear transition with microwave powers Pjo and P34. As the electron
g-factor is known precisely by theory, for the final result g, is fixed to the theoretical value in the fits of the nuclear
resonances. Plotted are the results if g. = ge theo is assumed and when g, is changed by 30 of the theoretical value,
i.e. ge/getheo —1 = —6- 10~13 for all microwave powers. In order to make the overlapping errorbars better visible,
the datapoints are depicted slightly shifted along the y-axis. Changing g. by 3o shifts the fitted g7 and Eupg by
two orders of magnitude less than their statistical uncertainties.

Table S1: Fit results for the Rabi frequencies 21 and 25 of the two measured nuclear transitions assuming lineshapes
x1 and s, respectively, which correspond to a systematic uncertainty shown in Fig. As g; and Eypsg are
determined from a combined fit of one resonance of each nuclear transition, the combined uncertainty of both
transitions are given for these parameters.

amplitude (dbm) | transition | Q (1/s) | Q2 (1/s) | 6g1/g9r | 0Eurs/Eurs

—20 12 38(7) | 0.76(7)
~15 34 1.9(4) | 0.53(6) | 7-10710 | 5.10712
—33 12 0.9(2) | 0.29(5)
—23 34 0.5(1) | 0.20(4) | 5-1071 | 1.10712
—40 12 0.33(8) | 0.15(3)
—30 34 0.30(8) | 0.13(3) |4-10710 | 1.107'2

2 Supplement - theory

2.1 Theoretical contributions to the electron g, factor

The g, factor for *He™ was calculated similarly to that of “He™ in Ref. [5]. The contributing terms are shown in
Table The most notable difference between the two isotopes is the recoil contribution due to a different nuclear
mass. Calculating the nuclear mass using the GRASP code [6], with the He-3 mass from the recent atomic mass
evaluation [7] as input parameter, resulted in recoil corrections which are identical to all digits specified to results
obtained with the helion mass from [8]. The result for the leading recoil correction to O ((Za)?) [9HIT] differs from
the all-order in Za result [12] given in Table by 1.18 x 1072, For the calculation of the higher-order in i

recoil corrections, we used a formula which is all-order in the mass ratio [I0] (later confirmed in [13} [14]). We note
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Figure S5: Difference of the fitted electron g-factor, nuclear g-factor and Eypg with the models P; (A,C,E) and Py
(B,D,F) compared to a Gaussian as a function of the Rabi frequency extracted from the fit.
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Figure S6: Fit results with different lineshape models. (a) and (b): transition |2) < |4). (c) and (d): transition
|1) < [3). Shown is the electron g-factor fitted with a Gaussian or functions P; /5 from Eq. convoluted with a
Gaussian. The z-axis is the Rabi frequency fitted with the respective lineshapes. The graphs on the left side in (a)
and (b) show only the smallest Rabi frequencies, where the results for different lineshapes agree.



here that the result up to O ((%)2) [9, [T1] deviates by only 1 x 10~** from the all-order result. Apart from that,
several recent results were taken into account. Free-QED contributions have been reevaluated, namely, the four-
loop coefficient was evaluated to high precision in Ref. [I5], and the five-loop term has been updated in Ref. [16].
Recently computed two-loop binding contributions of O ((Z a)s) [17, 18] are very small for Z = 2. Higher-order
corrections to two-loop magnetic loop vacuum polarization diagrams [19] turned out to be negligibly small for Z = 2.
Binding corrections of order (Za)? were calculated using a simple formula from Ref. [20], which is a confirmation of
earlier derivations of this quantity [9HI1]. The uncertainty due to uncalculated binding corrections of order (Za)*
and higher to Feynman diagrams with at least three loops was estimated by adapting a method from Ref. [21].
The uncertainty due to uncalculated binding corrections of order (Za)% and higher to Feynman diagrams with at
two loops was calculated using the methods from [2I] and [I7], with the larger of the two estimates given as the
uncertainty of this contribution in Table 2. The FS correction was calculated nuclear model independently using
analytic formulas from [22H24] and the rms charge radius from [25]. The muonic vacuum polarization correction
[26] as well as our estimates for the nuclear deformation [27], nuclear susceptibility [28] and our calculated nuclear
polarization value are also much smaller than 1 in the last digit shown in Table [S2] Finally, the latest all-order
evaluation of the one-loop self-energy contribution has been included [29]. With this, the uncertainty of the total
ge factor is dominated by the uncertainty of a.

It is worth pointing out that an independent calculation of the 5-loop contribution to the free electron anomaly
[30] is in disagreement with the result from [8] by four times its uncertainty as specified in [8].

Our calculation of the bound-electron g factor relies on the latest CODATA value for the fine-structure constant.
It is worth mentioning that since the CODATA 2018 compilation, « has been measured with a better accuracy
than specified in CODATA 2018 [3I]. This new value of « disagrees with the CODATA value by 5 0. However,
since the uncertainty due to the (CODATA) fine structure constant is three orders of magnitude smaller than the

experimental uncertainty of the work presented here, we do not expect this deviation to be relevant for this work.

2.2 Theory of the hyperfine splitting

The energy difference between the hyperfine levels of the ground state, with the total angular momenta F' = 0 and

F =1 (electronic and nuclear spins oriented anti-parallel and parallel, respectively), is

EHFS = AEHF5<F = 1) — AEHps(F = 0), (86)



Contribution

3He+

Following Refs.

Dirac value 71.999 857 988 825 25(4) |32
Finite size 20.000 000 000 003 16(5)  TW, [22-25]
1-loop QED  (Za)° -0.002 322 819 465 77(35)  [8, 133]
(Za)? -0.000 000 082 462 19 01T, 20]
(Za)* -0.000 000 001 976 70 [211, 134]
(Za)>* SE -0.000 000 000 035 15(5)  [29]
(Za)** VP-EL, Uehling -0.000 000 000 002 52 35 37]
(Za)®* VP-EL, WK (incl. FS) -0.000 000 000 000 01(1)  [37]
(Za)>+ VP-ML -0.000 000 000 000 16 37, 38]
remaining 1-loop-FS 0.000 000 000 000 00(1)  [22] 25]
2-loop QED  (Za)° 0.000 003 544 604 50 I, 139, 0]
(Za)? 0.000 000 000 125 84 [9H1TL, 20]
(Za)* -0.000 000 000 002 41 I21]
(Za)*, LBL 0.000 000 000 000 39 1]
(Za)? SESE -0.000 000 000 000 02 I17]
(Za)® LBL -0.000 000 000 000 01 17, 18]
(Za)> ML -0.000 000 000 000 00 [17]
(Za)>* S(VP)E, SEVP, VPVP  -0.000 000 000 000 00(10) [42], interpolation
(Za)®*+ SESE -0.000 000 000 000 00(3)  [17, 21]
> 3-loop QED  (Za)° -0.000 000 029 497 84(3)  [8, [I5, [16, 43 5]
binding -0.000 000 000 001 05(5) [9HITL 20, 21]
Recoil 7}, all-order Za -0.000 000 038 758 43 [6, [7, OHI2]
h.o 37 0.000 000 000 021 15 [OHIT], 13}, [14]
rad-rec 0.000 000 000 030 01(6)  [911IT [14]
Hadronic  (Za)° -0.000 000 000 003 39(3) |8, 4648
(Za)? 0.000 000 000 000 00 [9HITL 20]
Electroweak -0.000 000 000 000 06 [8]
Sum -2.002 177 416 252 23(39)

Table S2: The bound-electron g. factor in *He™:

contributions to g.. TW stands for results calculated in this work.



with (see Ref. [37], 49])

me F(F+1)—T(T+1)—j(j+1)

AEyps(F) = — *(Za)* M
irs (F) My 25(j+1) ¢(Z)

X [A(Za) 4 drs + Onp + 0QED + 0,vP + Ohadvp + Oew + Orecoil] (S7)

with the quantities defined in the manuscript. This leads to
Eurs = Er [A(Za) + dvs + Onp + 0QED + 0,vP + Shadve + Jew + Orecoil] 5 (S8)

with
4 3

Er = agI gme 2(Za)* M. (S9)

My
Here, I = % is the nuclear spin [50], and the angular momentum of the electron is j = % The relativistic factor for

the 1s state is
2yv+1

AT =Sy

(S10)

-3
with v = /1 — (Z«)?, and the mass factor is M = (1 + A”Z;) , with My being the nuclear mass.
An approach to express the finite-size correction dpg to the HFS for low Z was developed in Refs. [51 [52],
O0rs = —0g — O\, with dg and dy; corresponding to the finite size charge and magnetization distribution corrections,

respectively. The formula for the combined effect, as derived in Refs. [51 52|, is as follows:
0 + 0m = (0" + 031) (1 4 brern) + Orel2 - (S11)

The sum of the leading nonrelativistic corrections —0p" — dp is then identified as the Zemach correction [53]

meMN

0Zemach = — QQZmTZ

(S12)

The Zemach radius is defined as

(o)
4 [d
2 [ A (e 1) | (513
T™J q
0
with the electric Gg(¢?) and magnetic Gs(q?) form factors of the nucleus. Gp(0) = 1 + &, with the anomalous
magnetic moment of the nucleus defined as [54]
1+k gr

Tray (S14)

10



The dominant part of the total F'S correction can therefore be calculated nuclear model independently using
the Zemach radius from the literature [25]. The leading Zemach correction is dzemach = —0.0001911(12). For the

relativistic corrections, the following formulas were derived in Refs. [51 [52]:

7
St =(Za)? (4 —y - 1n(2Za)> , (S15)
(rln(mer))r 839
Orelz = — 2(Z — - — ] = S16
12 ( a) 74>E <T>E 750 ( )
meRO 30 19(r%) M n 1905 20" m
2R3 42R§ 360RS 825R}0
7’2>M <7"4>M 1
e — | e — .
mR()( I 10R3)<n(m Ro)+30>
Here, ~ is the Euler constant, and Ry = %(7"2} £- Results obtained with these formulas for a homogeneously

charged sphere model for low-Z nuclei are in good agreement with tabulated results in Ref. [49]. In addition to the
relativistic effects, a formula for radiative corrections to the nuclear finite size .,q based on the exponential charge

and magnetization distribution model was derived in Ref. [55]. It is

4111
5rad - 6Zemach3 (4 hl(meRD) 420 ) ) (817)

with R, = {2)e.

For the calculation of relativistic corrections as derived in Ref. [51], we relied on different models of the charge
and magnetization distributions. In Ref. [56], parametrizations of both charge and magnetization distributions
are given which are based on elastic scattering data. In Ref. [57], a charge distribution is parametrized as a sum
of Bessel functions. To obtain an estimate for the nuclear model uncertainty, we also calculated the relativistic
corrections using different charge and magnetization model distributions suggested for light elements in Ref. [51],
like the exponential and Gaussian distributions. While using these distributions, we adjusted the model parameters
such that the rms charge \/(r2)p = 1.973(14) fm and magnetic radii 1/(r2)y; = 1.976(47) fm match the values
given in Ref. [25]. In an attempt to give a conservative estimate for the upper boundary of the nuclear model
uncertainty, we also used several nuclear models which are more unrealistic for low Z, that is, the homogeneous
sphere and the two-parameter Fermi distribution with a skin thickness parameter of 2.3 fm [37]. For all models,
relativistic corrections were similar, ranging from —2.82 x 1075 to —2.87 x 107%. We would like to point out that
the nuclear-model-dependent part of the relativistic corrections [equation (16)] amounts to less than 10%, namely,
—0.22 x 107 to —0.27 x 10~%. This total model-dependent part of the relativistic corrections is also significantly
smaller than the uncertainty due to the Zemach radius. We estimated our error due to inconsistent usage of nuclear

model parameters from different references as the maximum difference between any two results obtained with the

11



above mentioned models. This error of 5 x 108 is much smaller than the uncertainty due to the Zemach radius.
The uncertainty due to the rms and magnetic radii given in Ref. [25] are 5 x 107 and 2 x 1079, respectively.
Furthermore, we estimated the uncertainty due to uncalculated higher orders in Za to be 1.5 x 1078 . In total, we

find the following finite-size correction to the hyperfine splitting
ors = —0.0001939(12) . (S18)

Here, the bracket shows the uncertainty due to the Zemach radius, whereas the uncertainty originating from the
difference between nuclear models is much smaller. As can be seen from equations and , nuclear model-
dependent quantities, i.e. the above mentioned moments of charge and magnetization distributions, are suppressed
by a factor (Za)? compared to the leading Zemach term, explaining the small nuclear model uncertainty. The total
finite nuclear size correction corresponds to a frequency shift of 1.678 MHz, the uncertainty due to the Zemach
radius being 11 kHz.

The QED correction to the hyperfine splitting is [58]

0QED = Gc + 0QED,bind - (S19)

Here, a, is the free-electron magnetic anomaly. Binding corrections dqrp bind at the one-loop level were calculated
to all orders in Za using formulas and tabulated values obtained for point nuclei in Refs. [37), [59]. We assumed
an uncertainty of 1 in the last digit given where no uncertainty was specified in these references. At the two-loop
level, binding corrections were taken into account up to O ((Za)2> [52, 58, [60]. The uncertainty of the numerical
coefficients in these references corresponds to an uncertainty of dqrp of 4 x 107°. We estimate the uncertainty
of dqep due to uncalculated higher-order QED corrections to be 6 x 10~Y. Muonic duvp and hadronic dpaqavp
vacuum polarization corrections were estimated using formulas from Refs. [55] [61], [62]. The electroweak interaction
contribution dey was calculated using formulas from Ref. [63].

For the calculation of the recoil correction to order O (Za) [62, [55], we use the approach developed for the
hydrogen atom in Ref. [64H67]. This formalism depends on the electric and magnetic form factors of the nucleus.We
calculated the recoil correction using model form factors from Ref. [56] which are based on elastic electron scattering
experiments. We also used model formulas for form factors previously used in hyperfine splitting calculations for the
hydrogen atom [52} [68]. In this case, we adjusted the model formulas such that the rms (r)% = —6 d%QGE(qZ)

q?=0

and magnetic radii (r)}; = — 2 dtiG m(q®)| , correspond to the values given in Ref. [25]. In order to find a
=0

conservative estimate for the upper boundary for the nuclear model uncertainty, we also used model form factors

which correspond to the Fourier transform of the charge and magnetization distribution of the homogeneous sphere

model. The difference between recoil calculations for different model form factors is the first uncertainty given

12



Contribution parameter energy [kHz| following Refs.

Fermi energy -8656528 8, 137]
Relativistic factor A(2a) — 1 0.000 319 60 -2767 [37]

Finite size Sps ~0.0001939(12) 1678 (11) TW, |51 52, 53]
Nuclear polarization dnp 0.000 00001 -0 (11) T™™W

QED SQED 0.000 946 90(1) 8197 I8, 37, 52], 53-60]
Muonic VP 8P 0.000 000 12(12) 1) I55, [61]
Hadronic VP Shadvp 0.000 000 08(8) 1) 55, 61]
electroweak Sew 0.000 00007 -1 [63]

recoil Srecol ~0.00001319(25)(6)(115)(11) 114 (2)(1)(10)(1) TW, 52, 62, 65 67]
Sum 8665701 (19)

experiment -8665649  .86577(26)st0t(1)sys TW

Table S3: Contributions to the ground-state hyperfine splitting in *He™, in units of kHz. Uncertainties which are
smaller than 1 in the last digit are usually not shown. TW stands for results calculated in this work.

in Table 3. We assume that by using different model form factors, including the unrealistic Fourier transform of
the homogeneous sphere model, we overestimate the nuclear model uncertainty rather than underestimating it.
(Especially, since the model uncertainty in Table 3 is larger than the uncertainty due to fit parameters from Ref.
[56].) We calculated the uncertainties of the recoil parameter decoi due to the uncertainty of the magnetic radius to
be 6 x 10~8 (second uncertainty in Table . The uncertainty due to the charge radius is too small to be shown in
Table The higher-order recoil correction to order O ((Za)?) [52] was calculated using formulas developed for the
hydrogen atom in the point-nucleus approximation in Ref. [65] by replacing o — Za. To account for uncalculated
higher orders, we assign a 100% uncertainty to this contribution (third uncertainty in Table . We would like
to point out that the nuclear model uncertainty is smaller than the uncertainty due to uncalculated higher orders.
Calculating the radiative recoil parameter using equation (2) in Ref. [62], we obtain 1.1 x 10~7, which corresponds
to 1 kHz. Since this formula is developed for a structureless nucleus and therefore not applicable for 3Het, we use
this result as an estimate of the uncertainty due to radiative recoil (fourth uncertainty in Table [S3).

Another nuclear structure contribution originates from nuclear polarization. The evaluation has been performed
in the framework of a semi-analytical model, introduced in Ref. [69] and later used in Refs. [T0H73]. In our recent
work [74] we applied this formalism to calculations of NP corrections to the energies and ¢ factor of H-like ions. In

the case of HFS, the NP correction can be expressed analogously by the formula:

T dw 2wy,
AENPHFS _ _ B(EL / 520
@ a;; L) | o —o 110 (520)

— 00

o o AV i) (lF Y 1 1F Yol
(eq —w — € (1 —140))(€q — €x(1 —40))  (€g —w — €x(1 —140))(€q —w — €x(1 —90))

Here, the summation goes over all nuclear excitations with energies wy, and reduced transition probabilities B(EL).

The Hamiltonian H, = SZp - T\KI? describes the interaction of the electron at the coordinate vector r with the
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nuclear magnetic moment p, with the a being the usual 3-vector of Dirac matrices. n and k denote here the
electronic states in the spectrum of the bound Dirac equation, the Y7 s are spherical harmonics, and the radial

functions F, are given in the sharp surface approximation [69] as

aegl - (&) Jowon

47 min(r, Ro)”

Fr =
LT e+ 1)RE max(r, Ro)L+t’

L>1, (S21)

with Ry being the nuclear radius. The first term in the brackets corresponds to the irreducible (for k¥ # a) and
reducible (k = a) contributions, and the second one to the vertex contribution. The factor of 2 in the first term
originates from the existence of two equivalent diagrams. We would like to stress that the used formalism rigorously
accounts for the electronic structure and spectrum, which is important in the case of the hyperfine interaction.

The nuclear parameters wy, and B(FEL) for nuclear states have been calculated in the framework of the random
phase approximation (RPA) with Skyrme-type nuclear interactions [75] [76]. Recent calculations [77] of the NP
correction to the energy levels for different models showed the model dependence on the ~ 15% level for heavy
muonic atoms. The results are sensitive to the nuclear radius and to the use of a smoothing function Fgy [78], which
allows to remove the singularity of the H,, potential at the origin. The results for the relative NP corrections to the
HFS are presented in Table [S4 A comparison with other literature values for nuclear polarization corrections to
electronic [71] and muonic energy levels — with both light [79] and heavy [80] nuclei — and to g factors and hyperfine
splittings in highly charged ions [73] shows that our model yields an upper estimate of the effect in the HFS of
3He™, and it turned out to be negligible compared to other theoretical contributions.

Analyzing available NP calculation results [79], one can see that the dominant contribution is originated from
E1 transitions, fully taken into account in our approach as well. Additionally, we used full relativistic approach for
the electronic wave functions. Despite the fact that RPA has been developed for heavy nuclei and should be used
with caution for low-Z nuclei, we see a good agreement between our results and those available in the literature,
including light nuclei [79]. This, and also the fact that the estimated NP contribution is two orders of magnitude
smaller than the total theoretical uncertainty, justify the current use of our model as an approximation. Nonetheless,
we conservatively assign the same large 11-kHz uncertainty to NP as to the dominant nuclear effect, namely, the
finite-size effect.

With all above mentioned corrections, we obtain a total theoretical value for the hyperfine splitting of

—8665701(19) kHz, in a 2.8 o tension with the experimental result. We find a difference of 6 parts per million

|EHFS,cxp - EHFS,thco|
Er

(ppm) for the difference between theoretical and experimental values , with Fr defined in

equation .
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Relative NP correction Value
AENEs/Eurs (with Few) 6.51x1079
AERE,/Enps (without Fw) 1.10x1078

Table S4: Relative NP corrections to the HFS of 2Het. The values with and without the smoothing function Fgw
are given.

2.3 Evaluation of the shielding constant

The combined effect of the nuclear magnetic field and the external magnetic field is expressed by the nuclear
shielding contribution. The energy shift due to such diagrams was calculated in Ref. [84]. In the hydrogenlike
ion, the shielding contribution is parameterized by replacing the bare nuclear g; factor by the observable, shielded
nuclear gy factor, g — gr(1 — o), with the shielding constant o. The factor (1 — o) describes the modification of
the nuclear magnetic moment through the presence of the bound electron.

Different contributions to the shielding constant o were calculated following the theoretical methods in Refs. [84]
89]. The leading relativistic shielding term can be given as a closed analytical expression [81I]. The second largest
correction comes from the nuclear recoil effect, while the dominant QED corrections are the one-loop self-energy
diagrams. We found that tabulated results for the Bohr-Weisskopf correction from Ref. [84] for the ions 7O7+,
43Ca'"" and Ge®' T can be parametrized as o Za)* (meryms ) Few(Za) and found that the function Fgw(Za) only
weakly depends on Z. For relatively low Z between Z = 8 and Z = 32, Frw(Z«) varies between -2.0 and -2.4 (using
rms radii from [86]). Using values for Fyw(Z«) in this range would correspond to a Bohr-Weisskopf correction for
3He which is significantly smaller than our estimated uncertainty of the QED correction. We therefore assume the
Bohr-Weisskopf correction to be small and give the value obtained in this way in Table with a 100% uncertainty in
order to give a conservative upper estimate of the possible error. In a similar way, finite-size corrections, as obtained
from tabulated values in Ref. [84], can be parametrized as ops = a(Za)*(meryms) Frs(Za). Similarly to the Bohr-
Weisskopf correction, we found that this function Frg(Z«) varies little between Z = 8 and Z = 32, between -2.7 and
-3.9. We therefore gave an estimate for the F'S correction using above formula for Z = 2 with typical values observed

for Frs(Z«) which again turned out to be smaller than the uncertainty of the QED effect, and, in particular, much

SHeT Following Refs.
Leading value, all-order Za  0.000 035 521 28 [9H11L [RTHR3]
FS -0.000 000 000 006(6)  [24] &4]
1-loop-QED, a?(Za)? 0.000 000 000 04(2)  [S4]
Recoil 2, Za? -0.000 000 013 93 [9-111, 184
Bohr-Weisskopf -0.000 000 000 005(5)  [&4]
Total 0.000 035 507 38(3)

Table S5: Contributions to the shielding constant o.
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smaller than the uncertainty needed to extract the nuclear magnetic moment from the experimental data. Just as
in the case of the Bohr-Weisskopf correction, we indicate the estimate for the FS correction obtained in this way in
Table with a conservative 100% uncertainty. Attempts to model the numerical data for FS and Bohr-Weisskopf
corrections using modified formulas with log(Za) terms, a(Za)*(merrms)Frs/pw(Za)log(Za), lead to functions
Frs/Bw(Za) which vary much stronger than in the above case. We therefore assume that the leading order terms
of these corrections do not contain logarithmic terms. Results are listed in Table

A very recent calculation of the shielding constant [87] is in minor disagreement with our value, primarily due

to an updated QED theory of order a?(Za)3.

2.4 Determination of the Zemach radius

Instead of comparing experimental and theoretical values for HFS, one can alternatively determine nuclear param-
eters such as the Zemach radius, assuming the correctness of theory and employing the current experimental value
for the nuclear g; factor. This was performed previously for the Zemach radius of the proton in Ref. [52] [68]. The

extraction is based on the HFS formula:
Exrs,exp = EHFS theo = Er [A(Za) 4+ 0rs + Onp + 0QED + 0,vP + Ohadvp + Oew + Orecoil] - (S22)

Here, EF is the Fermi hyperfine splitting. This equation can be solved for the nuclear structure-dependent param-
eters as follows:

EyFs exp

0Fs + recoil = — A(Za) — dnp — 9QED — 04 vP — OhadVP — Oew - (523)

F

The Zemach radius can be adjusted such that above equation is fulfilled. Given a specific set of nuclear model form
factors to be used in the leading-order recoil calculation, and assuming the rms charge radius \/m to be correct,
one can determine both rz and \/m iteratively, starting from the current literature values. To this end, one
employs the definition of the Zemach radius to determine \/m from ryz. For the set of model form factors
previously used in the proton Zemach radius determination [68], we find a Zemach radius of 2.608(24) fm, with the
magnetic radius being 2.15(4) fm. Our extracted Zemach radius disagrees with the value of 2.528(16), determined
in Ref. [25] from electron scattering data. The uncertainty accounts for the difference of extracted Zemach radii
for all different model form factors used in the leading order recoil calculation, as mentioned above, as well as the

uncertainties of all remaining HFS contributions from Table [S3]
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