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A. Relation of models to AKLT chain

In this section, we relate the dynamical topology of
the (quasi)-periodically driven models in the main text
to the more familiar equilibrium topology of the AKLT
chain.'®!7 While the models defined in the text can be
defined for either even- or odd- length chains, the AKLT
model is only defined for integer-spin systems. Hence,
for the purposes of this discussion, we will assume an
even number of spins and mentally group the spins into
neighbouring pairs, such that each pair only has integer
spin (1 or 0) configurations. Again, we stress that this
grouping is not essential for the driven models which do
not rely on symmetries that can distinguish integer or
half-integer spins, but is helpful to enable an analogy to
the AKLT model.

A definition for the AKLT chain Hamiltonian is:

L/2-1
Haxir =K g T2 * 0241
i=1

(A1)

By inspection, Hakrr commutes with the end-spin oper-
ators &1, i.e. has two topological spin-1/2 edge states.
While Haxir enjoys a full spin-rotation symmetry, we
will focus only on a Zg x Zs subgroup generated by global
7 rotations:

o) = [[ 72 = (i [[ o,
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which are sufficient to protect the edge states — this phe-
nomenon is called symmetry protected topological (SPT)
order. For example, the edge spins can be pinned by a
local magnetic field Hg = -B- 01,1, but such terms
would break the protecting symmetry. More generally
the fact that R, anticommutes with R, when acting only
on the edge spin-1/2 states, whereas all bulk excitations
are bond-triplets for which R, and R, commute, ensures
that any symmetry-preserving perturbation to the sys-
tem that does not close the gap to excitations will pre-
serve the topological edge states in the ground-space of
Hakur-
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When the spin-degeneracy is reduced to the Zs X Zso
subgroup, and the couplings K are sufficiently strongly
disordered to ensure many-body localization (MBL), the
SPT order survives not only in the ground-state, but also
in highly excited eigenstates, and in dynamics from an
any initial short-range entangled state (not necessarily
an eigenstate). The possibility of this excited state topo-
logical order has been theoretically known for some time,
but, to our knowledge, this work presents the first-ever
experimental realization of topology in the excited states
of an interacting many-body system.

Next, we relate these properties of the AKLT chain to
the models implemented experimentally and discussed in
the main text.

Quasiperiodic model — Consider the model defined
in Fig. la. First consider, the limit J,g = 0, i.e.
with only the K-couplings. At long times (large n) the
time evolution converges to time-independent evolution
with respect to an AKLT-type Hamiltonian Uan-only —
e~ " Haxur with:

L/2-1
Hygir = Z (Kg[f]ffgﬂgiﬂ + SflKB]USiUgiH) )
i=1
(A3)

where L is the length of the chain (assumed to be even),
and the factor of the Golden-ratio, ¢ = lim,,_, F}“ =

% (1 + \/5) accounts for the fact that the X-pulses occur
relatively more often then Z-pulses in this sequence.

We note that, while H)yqr has reduced symmetry
compared to the more commonly used spin-rotation in-
variant Haxpr model defined above. Namely, in H) 11,
we have intentionally broken the SU(2) symmetry down
to a Zsy X Zo subgroup by retaining only x- and z- spin ex-
change terms with different couplings (since non-Abelian
symmetries are incompatible with MBLS!), and intro-
duced random bond-disorder to the couplings (also to
favour MBL, which requires disorder). Importantly, this
anisotropy does not affect the topological aspects of the
model. By inspection, H)qr commutes with &1 1, i.e.
has two topological edge states.

As described in the text, when we turn on the J-terms
with J sufficiently close to 7, these act to dynamically
enforce the protecting Zs X Zo symmetry generated by




R, .(m), by repeated flip-flopping the qubits around the
r and z axis in an interleaved quasiperiodic sequence.
Loosely speaking, we can understand that these R, . ()
flips cancel out any symmetry breaking terms, such as
random fields like the é—layer, “on average”. More pre-
cisely, one can find a quasiperiodically rotating frame®?
(see also Section C) in which these pulses cancel the
symmetry breaking couplings to a very high accuracy.
As discussed in Section C, for the non-smooth (recur-
sive/pulsed) drive implemented experimentally, we can
prove that this accuracy goes as a large polynomial of the
deviation from 7-pulses, but numerical evidence suggests
this is a loose bound and that the accuracy is actually
super-polynomial, likely exponential).

Floquet model — We can also understand the Floquet
model (Fig. 2a) via the lens of the AKLT chain by divid-
ing the J pulses into odd- and even- bond terms (where
we define bond ¢ to be the bond connecting qubits ¢ and
i+ 1, and label the bond by whether ¢ is even/odd).
For J = m, the even bond terms take the form of the
Z-only version of H)yrr above (ie. with K, = 0),
which again has topological edge states &'1,1,. To see this,
note that: XY _, = e im/2(0°®@0"+0"®0") — 52 @ 57 =
ie~™/2(e"®%) " For J = 7, the odd bond terms imple-
ment a global w-rotation around z, and, similar to the
Z-type J-terms in the quasiperiodic model, enforce this
z-rotation symmetry when the motion is averaged over an
even number of periods. Again, more precisely, one can
define a periodically rotating frame in which this cancel-
lation of R,(w) symmetry-breaking fields becomes exact
so long as one is in the MBL regime.'® 22 Since only the
R, symmetry is dynamically enforced, the edge states
rely on a microscopic R, (7) symmetry.

For J = m, we could alternatively have achieved the
same dynamics by periodically repeating the U, layer
of the quasiperiodic model, with only B®-fields. How-
ever, this model maps to a non-interacting fermion sys-
tem under the standard Jordan-Wigner transformation,
and hence would remain integrable and non-thermalizing
for all values of J. To avoid this non-generic, fine-tuned
integrability and give a fair chance for MBL to fail, we in-
stead chose to use XY gates, which yield non-integrable
interactions for J # m, and can be compiled into the same
number of native two-qubit gates as the X Xy gates.

B. Detection of FSPT order through many-body
interferometry

In this section we theoretically introduce a non-local
bulk “order parameter” for the FSPT phase, and exploit
the flexible qubit connectivity of the QCCD architecture
to measure it through a many-body interferometry. As
with the local qubit correlations presented in the main
text, these demonstrations are limited to transient short
time regimes due to the accumulation of coherent errors.

The premise of the non-local order parameter, which
we dub the “Loschmidt flux echo” is to consider a ring

with closed, periodic boundary conditions (PBC), such
that there are no edge states and any topology is evident
only in global features. Next, we effectively “gauge” the
protecting symmetry, i.e. promote the global Zy symme-
try generated by g =[], oF to a local gauge-redundancy,
and explore the affect of a dynamically inserting a classi-
cal (non-fluctuating) background gauge-flux by measur-
ing the trace-overlap of the time-evolution unitaries with-
and without- a flux inserted:

_ w UROU()
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(B1)
where Up(t) denotes the unitary for time-evolution with
a symmetry-flux inserted (defined in detail below), and ¢
are assumed to be integers (i.e. multiples of the Floquet
period).

Based on general properties of MBL and SPT sys-
tems, we argue that the long-time behaviour of Z(t)
can sharply distinguish trivial MBL, FSPT, symmetry-
breaking, and thermal behaviours. In particular, we will
argue below that:

1 trivial-MBL
—_— —1)*  Z,-FSPT
lim lim Z(t) = (=1) 2-F'S ,
t—00 L—00 0 symmetry-breaking MBL
0 thermal
(B2)
where (...) denotes disorder averaging. Finite size cor-

rections to these formulas are O(e~L/¢) where ¢ is the
localization length. We also note that thermal and
symmetry-breaking MBL can be distinguished by the
latter having non-vanishing |Z(¢)| . This predicted be-
haviour is confirmed by numerically exact diagonalization
(ED) simulations of the FSPT model (see Extended Data
Fig. 5).

Intuitive picture — Intuitively, we can understand the
FSPT result as follows: the Zo-FSPT is characterized
by a quantized pumping of symmetry parity (henceforth
called “charge”).!3:21:22 Namely, during each period, for
a system with closed, periodic boundary conditions an
odd number of symmetry charges encircle the system.
In the presence of a symmetry flux, the Z, analogue of
the Aharonov-Bohm effect dictates that a unit charge
encircling a m-flux acquires phase (—1). Otherwise, the
local LIOM dynamics is insensitive to the global flux sec-
tor (to see this note that for any spatially-well localized
operator, one can always choose a gauge such that the
local action of flux insertion is equivalent to a physically-
inconsequential gauge transformation). Hence, in ¢t = n
periods, the evolution with- and without- the flux will
then differ by (—1)".

Locally-implementable approximation — We then
construct a strictly-local approximate flux-insertion op-
erator, F', which has the property that, in MBL phases,
F|9) has finite overlap with the exact flux-inserted state:




lp). Denoting by Z(t) the local-approximation ob-
tained by evaluating Z(t) with the exact flux insertion
operator replaced by its local approximation: Up —
FTUF, we argue that Z(t) ~ c¢-Z(t) where 0 < ¢ < 1is
model-dependent constant of order logc ~ —¢&, i.e. that
the local approximation to the Loschmidt flux echo tracks
the true value with finite fidelity. We further design and
implement a circuit to measure Z for the FSPT model
utilizing an ancillary qubit. Of course, the experimen-
tal implementation suffers from the same limitations due
to coherent errors described in the main text, and yields
good agreement with simulations only up to ~ 5 Floquet
periods.

1. Formalism
a. Gauging the symmetry

Following a standard “gauging” procedure, we define a
formal symmetry-gauging procedure in two steps. First,
one expands the Hilbert space to include gauge-link vari-
ables 7; ;41 on each nearest neighbour bond where 77
represents a Zo-gauge connection (the discrete analogue
of the Wilson line segment e? JAdr of electromagnetism),
and 7" represents the Zs gauge-electric field. Second, one
projects into the subspace of this enlarged Hilbert space
that obeys the Gauss’ law constraint: G; = 1 Vi with:

T xr, T
G, = i—1,i04 Tii+1> (B3)

(the discrete and lattice analogue of Gauss’ law V -
E(r) = p(r) for electromagnetism). Crucially, we con-
sider 7-variables to be completely non-dynamical “back-
ground” gauge variables, i.e. which have Hamiltonian
=0.

Any Zs-symmetric local Hamiltonian can be similarly
gauged by adding a connected string of 7%’s connecting
between every pair of symmetry-charged single site oper-
ators (o¥%) in each term of the Hamiltonian !.

For example, the Z; FSPT model in the main text
can be generated by a local time-dependent Hamiltonian
which changes as follows under the gauging procedure:

H = [Ji(t) (XiXit1 + YiYi1) + hi() X))

gaugcl
Hg =Y [Ji(t) (XiXit1 + Yir[, o Vi) + hi(6) X)) |

i

(B4)

1 Note that there are guaranteed to be an even number of these
factors in any term of a symmetric Hamiltonian. In 1d, imposing
strictly locality in all terms removes any ambiguity for different
choices of pairings.

where  J;(t), h;(t) the (piecewise constant) time-
dependent coefficients that reproduce the unitary circuit
dynamics shown in Fig. 2a.

b. Formal Flux Insertion

After projection, the system retains 2% (gauge-
invariant) degrees of freedom consisting of: 2%~! spin
configurations that satisfy the charge-neutrality con-
straint implied by Gauss’ law: [[;of =[], 7% ;7711 =
1, and a global Zy “magnetic” flux: ® =[], 77,,, = £1.
This foreshadows that we will be able to effectively simu-
late the gauged system without introducing extra qubits
to represent the 7 variables.

We can formally define the action of a flux-insertion op-
erator, F', on any local gauge-invariant operator O; with
bounded support, centred at site i as follows: Choose a
reference bond, (iq,%, + 1) at which to insert the flux,
and divide the system (with periodic boundary condi-
tions) into an interval A of length L/2 centred at i,
and its complement, B centred at the antipodal point
iy = (L/2 — iy) mod L. Then define the “flux-inserted”
version of O as:

flOpify z€A
O(x) r€B’

fr= ( H J?) Ti,iaﬂ' (B5)
3?b<33<xa

For any operator in A away from site i,, f acts like a
pure gauge transformation. Furthermore, this definition
is actually independent of the reference points 4,5 (up
to a gauge transformation). While the above definition
holds sharply for strictly local operators (with finitely-
bounded support), one can extend it to exponentially-
well localized operators with the minor caveat that the
definitions depend on choice of i,; with sensitivity ~
O(eL/28),

As an application, we can use this definition to identify
pairs of symmetry-preserving gauged-MBL eigenstates in
different flux sectors, and show that each element of the
pair has nearly identical energy to accuracy O(e™%/¢).
Following standard practice, we define a Floquet system
as being MBL if its Floquet operator (time evolution for
a single time-step/circuit layer) can be written as:

O(z) = Op(x) = {

U =wige Eloily (B6)

where E[of] is an exponentially-well localized function
of o¥’s, and W is a (symmetric) finite-depth local uni-
tary that implements the weak-local dressing of single-
site qubits of into conserved local integrals of motion
(LIOMs):

b =WTofW. (B7)



In the gauged system (with non-dynamical background
gauge fields), the gauged analogue of W (defined by ap-
plying the gauging procedure to the local generator of
W: —ilogW, and which, in a slight notational abuse,
we will denote by the same symbol as the ungauged ver-
sion) depends on the gauge-variables only through 7% ,
i.e. W commutes with the gauge-flux operators. Here, =
is a symmetric operator satisfying [=, E] = 0. For all the
phases we consider here, 22 = 1. For example, in the
gauged Zo FSPT with periodic boundary conditions:

Epspr = @ = HTii+1a (B8)

is the Zy gauge flux operator (with open boundary condi-
tions, = would capture the quantized spin echo dynamics
of the topological edge states).

The key property of symmetric MBL is that the
(quasi)-energy eigenstates can be uniquely specified by
listing the eigenvalues of the LIOM operators. In a
gauged system, for each state in the even flux sector:
[{si}, ® = +1) defined by £;[{s;}, & = +1) = 5;[{s;}, P =
+1), there is a partner state in the odd gauge-flux sec-
tor: [{s;,® = —1) = F|{s;},® = +1) defined by
€F7i|{si,<l> = —1> = 3i|{5i7© = —1> (1e labelled by
the same LIOM eigenvalues but with flux-inserted LIOM
operators £ ;). Crucially, since the action of F' is lo-
cally equivalent to a gauge transformation everywhere,
the partner states have the same (quasi)-energy, Er, (up
to O(e~1/¢€) corrections).

From these definitions and observations, one can read-
ily verify Eq. B2. In particular, for the FSPT:

tr UL (n)U(n)
Z(t=n)= FtT (B9)
tr WIFton FetinEr 7 Wige—inEW
B tril
1 (Erp—FE
= — (Flo"Fo") (Wiet(ErBy)
trﬂ —_———
(=1 1+O(e*L/§)
= ()" + 0O (e*L/é) (B10)

where we have used that [W, ®] = 0 since W is diagonal
in the 7% basis.

Behaviour of flux-echo in other phases — Similar
arguments show that a trivial MBL phase (£ = 1) would
have Z(t)trivialmbr, = 1. By contrast, in a thermal phase
the localization length diverges, and the system becomes
sensitive to the global flux (e.g. the ratio of the Thouless
energy to level spacing diverges®?), and to exhibit chaotic
response, such that the evolutions with and without flux
insertions deviate exponentially with time, resulting in
exponential decay of Z.

Finally, we note that in MBL systems with sponta-
neous symmetry breaking (SSB), the above arguments
fail. For example, there is not quite a complete set of

symmetry-preserving LIOMs. For example, if we con-
sider a ferromagnetic spin glass, a natural set of LIOMs
would be a locally dressed version of {0707, ,}, which
count the parity of domain walls in the magnetic order,
but require one additional integral of motion for com-
pleteness (e.g. either a local asymmetric operator like o7
or a symmetric, but non-local operator such as [, o7).
In the gauged system, the total parity of domain walls is
locked to the gauge flux in the system, so that there is a
local energy cost to inserting flux, and the quasi-energies
with and without flux differ by an O(1) constant. As are-
sult, for SSB-MBL, Z(t) ~ e~ where ¢ depends on the
location of flux insertion and disorder configuration. In
particular, the disorder average Z(¢) = 0 at long times,
but the average modulus remains |Z(t)] = 1. The lat-
ter property distinguishes the SSB-MBL behaviour from
that of thermal systems for which |Z(¢)| = 0.

Together, these behaviours show that the flux-echo
provides a complete non-local “order parameter” diag-
nosing all possible thermal and MBL phases with sym-
metric drives. This property makes the flux-echo a po-
tentially useful diagnostic. For example, a previously in-
troduced non-local string-order parameter of the FSPT
phase!? could not distinguish between FSPT and SSB-
MBL requiring measurement of multiple order parame-
ters to uniquely diagnose the phase.

Local approximation to flux-echo — While the above
arguments demonstrate the existence of a formally exact
flux-insertion procedure, in practice, this procedure re-
quires explicit knowledge of LIOMs. However, we now
argue that it is sufficient to locally approximate the ac-
tion of flux insertion without knowledge of the LIOMs,
which enables a practical measurement scheme for the
flux-echo.

Since the LIOMs, ¢; of a symmetric MBL system are
related by local dressing, W to single-site qubit operators
o7, one can write the exact flux insertion operator F' =
WTT;’; W (where, recall that i, is an arbitrarily chosen
location of flux-insertion). While the exact flux insertion
operator F' cannot be implemented without knowledge of
W, one can approximate the action of F' by simply acting
with 7,7 which differs only by quasi-local, and symmetric
dressing from F, and its correlation function:

. tr TEUT(H)TEU(T)
2(t) = : tr 1 ’

(B11)

would hence have finite overlap with the exact flux
Loschmidt echo, Z(t). Approximating the action of W
as randomly scrambling operators within a localization
length &, generically, we expect the disorder averaged

magnitude of this quantity | Z(¢)| to be smaller than the

|Z(t)| by a finite constant factor of order 0 < ¢ ~ e™¢ <
1.

These arguments are supported by numerical simula-
tions of the FSPT model (see Extended Data Fig. 5).



2. Quantum Circuit Implementation

The flux-echo witness Z can be measured interferomet-
rically (see Extended Data Fig. 6) using an ancilla qubit
initialized in an equal superposition of —= (|0> +11)), t

control the time-evolution, such that the system evolveb
under H(t) or 7 H(t)7{ when the ancilla is in the |0) or
|1) state respectlvely For the FSPT model, this amounts
to simply allowmg the ancilla qublt to ﬂlp the sign of a
single e —il0oiolyy _y gtid0o} Uz+1 which can be accom-
plished with only two extra CNOT gates per Floquet
period as shown in Extended Data Fig. 6b. Then, mea-
suring (oY) for the ancilla reveals the real or imaginary
parts of Z respectively.

We have implemented this protocol both in classical
simulations and experimentally, with results shown in
Extended Data Fig. 6. The experimentally measured
flux-echo in the FSPT phase initially shows oscillations
that survive up to ~ 5 Floquet periods, but then are de-
phased due to coherent errors (as indicated by the oscil-
lations with large amplitude, but wrong phase compared
to numerical simulations). We note that this dephas-
ing occurs =~ 2-3x more rapidly than that for the OBC
circuits, suggesting that the more complicated ion trans-
port paths required to implement periodic (ring) bound-
ary conditions exacerbate the effects of errors, consistent
with the expected results of spatial inhomogeneities in
the magnetic-field as discussed above. In contrast, in the
thermal phase the flux-echo immediately dies, and in the
trivial MBL phase the data is consistent with a satura-
tion to a constant value up to an overall slow decay due
to weakly-open MBL effects.

C. Long-time (meta)stability of
recursively-generated quasiperiodic drives

This section addresses the long-time fate of the ED-
SPT model, in an idealized perfectly isolated system. We
will see that the EDSPT behaviour is not a rigidly sta-
ble phase, but rather a very-long-lived but ultimately
metastable behaviour. However, the lifetime for the edge
modes can be made exponentially long in a certain pa-
rameter regime, and hence can easily be made much
longer than any experimental lifetime.

Topologically-trivial =~ paramagnetic  and  time-
quasicrystalline behaviour arising in such recursive
Fibonacci drives were previously studied theoretically
and numerically in Ref. 12, leveraging the exponential
growth of ¢, with number of recursions n to efficiently
reach exponential long times in simulations®. There, it
was observed that, for strong-disorder, MBL only occurs
as a meta-stable phenomena in these recursively driven

1+\f

2 Asymptotically t, ~ p™ where ¢ = is the golden ratio.

systems: rather than saturating to finite constant,
qubit-autocorrelators decayed logarithmically slowly,
with MBL dynamics eventually melting away into
infinite temperature incoherent at ultra-long ‘heating
time-scales t;, ~ e'/% where § represents the drive
strength (more precisely, deviation from an idealized
perfectly-commuting drive). Numerical simulations
(Extended Data Fig. 7) indicate that this long-lived
MBL behaviour also arises in the EDSPT model.

Additionally, in this section we extend a recursive
adaptation of high-frequency (Magnus-type) expansion
to show that the dynamics are governed by an effective
time-independent Hamiltonian with emergent dynamical
symmetries, for times up to t, ~ § P with p = 3,5 for
topologically non-trivial (see below) and trivial'? phases
respectively. The long-time dynamics between t, and tj
appears to be beyond the purview of any effective Hamil-
tonian description, and a controlled theoretical descrip-
tion of this regime remains elusive. However, the recur-
sive nature of the drive permits efficient numerical access
to long-time dynamics, and our simulations indicate that
the topological edge qubits and emergent dynamical sym-
metries persist well beyond %, up to tj.

1. Recursive Magnus expansion

In Ref. 12, we previously developed a recursive high-
frequency (“Magnus”) expansion technique to reduce the
evolution under a weak quasiperiodic drive generated by
a Fibonacci sequence of two circuit layers to an effective
time-independent Hamiltonian evolution. This technique
was accurate when the unitary of the generating circuit
layers was close to the identity by an amount ~ d. The
resulting effective Hamiltonian accurately captured the
evolution up to time ¢, ~ §~°. Comparison to numerical
simulations showed that, beyond t,, the driven system
exhibited logarithmically slow heating causing complete
thermalization in timescale t, ~ e'/9.

Here, we generalize this technique to the case relevant
for the idealized EDSPT model, i.e. when generating uni-
taries U, , are near-perfect m-pulses about the x, z axes
respectively. Le. U2, ~ 1+ O(0) but U, .. We will show
that, in this parameter regime, one can again obtain an
approximate time-independent Hamiltonian description
up to times t, ~ 673. Furthermore, the resulting ef-
fective Hamiltonian has an emergent pair of Zy (Ising)
symmetries whose generates g® with « € {x,z} are re-
lated to [, 055055, by a finite-depth local unitary trans-
formation whose precise form depends on the details of
the drive. Our theoretical picture of the EDSPT phase,
is that these emergent dynamical symmetries protect the
SPT edge modes of an effective AKLT chain, “encrypted”
in a quasiperiodically rotating frame of the drive.

While this technique provides our best known analytic
handle on recursively generated quasiperiodic drives, nu-
merical simulations and experimental results suggest that
the recursive Magnus expansion dramatically underesti-



mates the stability and survival time scales for the emer-
gent dynamical symmetries. First, we note that the
model implemented in the main text, which has maxi-
mal disorder strength 47 for the K-couplings is actually
not in the small §-regime, yet it still exhibits long-lived
signatures of topological edge states. Moreover, based
on the numerical simulations that access long times on
modest system sizes observe that these oscillations decay
exponentially-slowly with respect to 1/§, suggesting that
the emergent dynamical symmetries survive up to this
much longer ¢; timescale.

As a preview, the main result of this section is that, up
to third order in a small parameter, § that quantifies the
deviation from some exactly-solvable ideal drive, we can
approximately reduce the unitary evolution to the form:

Usy = Ve " D)y (C1)
where, D is an effective time-independent Hamiltonian
that obeys an emergent Zy x Zo symmetry generated by
g%* = VT[], 07*V respectively. Here, V is a finite depth
local unitary that we explicitly construct, and (...) in-
cludes i) terms with sub-leading (and generally oscilla-
tory) n-dependence (e.g. with coefficients decreasing as
~ 75" or faster), and ii) O(§2) terms beyond the va-
lidity of the expansion. We note that, for reasons that
will become apparently shortly, it is convenient to express
the evolution at Fibonacci-indices that are multiples of
6, and note that similar expressions can be obtained for
Usn+k with k € {1, e 5}

As with the closely-related expansion for topologically

J

The Fibonacci drive is generated by the inflation rule

(XeA,ZeB) — (ZeB,XeAZeB) = (ZeB,YeAIeB),

trivial Fibonacci drives previously derived in,'? this ex-
pansion has the peculiar property that it breaks down
at finite order independent of expansion parameter d.
Namely, at O(82), the expansion results in terms in D
that grow faster that ¢5" regardless of § and finite sys-
tem size, whereas on general grounds for sufficiently small
0 one must always be able to reduce Us, = e~ D},
for some bounded, Hermitian D], (though not necessar-
ily one that is time- i.e. n-independent) since the circuit
contains only ~ 5" layers. Hence, the generation of
terms with coefficients growing faster than ¢%" signal a
breakdown in the recursive Magnus expansion, and hint
at a possible obstruction to describing the dynamics be-
yond t, by any effective time-independent Hamiltonian.

2. Inflation rule

To derive the recursive Magnus expansion, we exploit
a self-similar fractal structure of Fibonacci sequences
under “inflating” the generating unitaries U, .. Let
us consider a Fibonacci drive generated by two pulses
U, = Xe U, = ZeP) where X = [[,0%,0%,,1, Z =
I1; 05;05;,1 commute and square to one, and A, B are
anti-Hermitian operators with small norm 6 ~ |4, B|| <
1 that represent perturbations to the ideal drive. For
convenience, we also define Y = XZ (note that in our
notation X, Y, Z are not single qubit Pauli operators, but
rather strings of even numbers of o®¥* products).

(C2)

where we have defined A, = XAX, and similarly define A, ., B, , .. It is convenient to recurse three times with
the inflation rule, and move all X, Z operators to the left (conjugating A,B operators along the way) until the X, Z

prefactors return to their original form:

(XeA,ZeB) @ (ZeB,XeAZeB) = (ZeB,XZeAzeB>

()

3
g (XeByeAzeB, ZeA’yeBweByeAzeB).

= (XZeAzeB,ZeBXZeAZeB) = (XZeAZeB,XeByeAZeB)

(C3)

This “3x-inflated” inflation rule yields a recursion relation for A, B alone:

(eA,eB) (?’—x; (eByeAzeB,eAyeB*”eByeAzeB)7

where the arrow now represents this “3x” recursion.

(C4)

At this point, it turns out to be easier to think of the unitaries: U, as being functions of an “alphabet” of 8 “letters”:
(A,B,A;, By, Ay, By, A., B.). To avoid a proliferation of subscripts, in what follows we change our notation to label
Fibonacci times with indices that are multiples of 3, by defining;:

Un = Z/[3nv

(C5)

where U,, corresponds to tz,, = F3, ~ ¢3" circuit layers. The recursion rules for A,, Ay, A, and B,, By, B, follow from
those of A, B simply by conjugating by X,Y, Z. We have the following recursion relation for the unitary operator:

Un_H(eA,e ) Iae 176 y7e y7e 276 *

where we emphasize that n now labels the number of “3x” recursions, and U; = e“.

B oAs oBr oAy oBy oAz oB:) = [, (eBreAzel eAveBreBreAseB oBrevebs | ),

(C6)
A



3. Effective Hamiltonian and generalized Magnus expansion

Our goal is to check the emergence of an effective Hamiltonian for the dynamics by computing order by order
H,, =logU, (defined here to be anti-Hermitian), which obeys

Hyi1(A, B, Ay, By, Ay, By, Ay, B.) = Hy(Byx Az x B, Ay x By % Byx A, x BB, x Ay % By, ...),

where Ax BxC % --- = log(e?eBe® .. .).
To proceed, we relabel those letters
(K15K27-'~7K8) = (AaBaArvBﬂHAyaByaAZsz)v

and expand

8
Hy, =Y ca()Ka+ Y Cap(n)[Ka,Kgl+... . (C8)

ap

where (...) indicate nested commutators with larger
number of K’s that contribute at O(&%).

Substituting this expression into the recursion rela-
tion (C7), we find that the leading order coefficients are
given by

Za(n+1) = MTE,(n), (C9)
with the recursion matrix
01000110
01011110
00011001
~ 01011011
M=10691100100 (C10)
11100101
10010001
10110101

This recursion relation can be solved straightforwardly
by diagonalizing M. The largest eigenvalue is (>, with
an eigenvector (1/¢,1,1/¢,1,1/¢,1,1/¢,1). This im-
plies an emergent symmetry between A, A, A,, A, (and
same for B, B, By, B.) at long times. Namely, from
this dominant eigenvector coefficients we can see that
c1 ~ c3~ cs~ cyatlarge n, and co ~ ¢4 ~ cg ~ cg. In
other words, at this order H,, commutes with the pules
X and Z at large n (long times).

Let us now consider the next order terms C, g. There
are two different types of contributions: one coming from
applying the substitution rule K, — 2/3 MopgKg+ ...

to leading order to the term )_ 5 Co 5(n) [Ka, f(g} on
the right-hand side, and the other one coming from
J

(C7)

(

the Baker, Campbell, Hausdorff (BCH) formula from
S, ca(n)K,. The first type is readily taken into ac-
count, and we find:

C(n+1) = NITCm)NL + o, (c11)
where 7, is a skew-symmetric matrix that originates from
the second type of terms mentioned above.

Keeping track of the contributions to 7, is straightfor-
ward albeit cumbersome. For example, we have a term
c1(n)K1 = 1A with A — By x A, » B. This will gen-
erate terms <02 (B, A,] + <0 [B, B] + M4, B]
that should be included in 7,. The contributions from
cs(n),cs5(n), c7(n) can be obtained by conjugating by
X,Y. Z, and the other contributions can be dealt with
similarly (except there are now five exponentials to ex-
pand using the BCH formula). With this expression for
7n, Eq. (C11) can be solved by going to the eigenba-
sis of 7, and then rotating back. The explicit expres-
sion for the matrix C'(n) is not particularly illuminat-
ing, but we have checked that it grows with n as 3",
corresponding to time, which means that one can write
H, = —i¢®(D + ...), where D can be interpreted as
an effective Hamiltonian for the dynamics. We will show
that H, has an emergent Zy X Zo symmetry at large n
(long times), which protects the topological edge modes.

This expansion breaks down at the next order: includ-
ing nest commutators in the expression of H,,, we find
that the coefficients of such terms grow with n expo-
nentially faster than ©3". Not only does the Hamilto-
nian interpretation therefore break down at this order,
but higher orders become more important earlier in time:
this appears to be a general property of recursive drives
as noted in Ref. 12. This means that this high-frequency,
Magnus-type expansion is only strictly valid for times up
to t, ~ 673, with § ~ || A4, B|| < 1.

However, as previously commented, we find numeri-
cally that even away from this high-frequency regime,
strong disorder and MBL protect this dynamical phase
up to much longer, exponential time scales (see Extended
Data Fig. 7).




4. Emergent symmetry

Let us now analyze the symmetries of H,, including second order terms. Let

00100000 00000010
00010000 00000001
10000000 00001000
A 01000000 ) 00000100
9=100000010| %=l00100000 (C12)
00000001 00010000
00001000 10000000
00000100 01000000

This is a representation of Zs x Zs on the 8-dimensional “alphabet”, whose action corresponds to conjugating letters
by X and Z, and 2 = 2 = 1 and [g., §.] = 0. Note that the recursion matrix is compatible with this symmetry:

The leading order coeflicients c,(n) are symmetric only at long times, as the initial condition c,(n = 0) = d,,1 breaks
the symmetry. Because of this, the matrix 7, is also “almost” symmetric up to O(1) errors: [y, §,..] = O(1). However,

these non-symmetric terms get amplified in the recursion relation (C11), so C'(n) contains some exponentially large
non-symmetric terms of order O(¢3"). We will write

C(n) = Cy(n) + 6C(n), (C14)

with the symmetrized matrix Cy = (C' + §2C9z + §:C- + §29-Cizd-)/4, and [|6C(n)|| ~ O(3™).
Let us now try to cancel out those symmetric term by a (finite-depth unitary) change of frame:

V = o2 2y Ka (C15)

with U/ = VU, V1.
We find

1
Hj, =logU}, = 5 > can)vy [Ky, Kol + Y ca(2n)Ka + Y Cap(2n) [Ka, Kol + ..., (C16)
Yo o ap

where we restricted ourselves to even times to avoid odd/even effects. Our goal is to choose v, to cancel out the
non-symmetric terms 6C(n), in (Cl4), or more precisely, cancel out the leading non-symmetric terms dC(2n) =

b <5C’0 +.. .), where the dots represent exponentially decaying terms. We find that this can be achieved by

choosing v, = <7% - #c, c, 7% — 1_2‘/50, c, % - 1_2\/50, c,% — 1_2*/50, c— 1) with ¢ a constant. Note that this
is only possible since the leading order terms 22:1 ca(n)K, in H, are symmetric at large n.
[

We conclude that for this choice of dressing unitary, the following expression
we can write

; 1 -1 35 -5
U2n — VTe—inG”(D—‘r... )‘/’ (017) —iD :ﬁ (Bs + ¢ As> + 470 [A, B]s +
with an effective Hamiltonian D that has a Zo X Zy sym- + V55 [4,B,]. + 1 [A,B.].. (C19)
metry generated by the pulses, and where the dots de- 40 B RV

note exponentially small in n non-symmetric terms. In
other words, the unitary evolution operator Us, com-
mutes with the “dressed” symmetry generators

with A; = (A+A,+A,+A;)/4, and similarly for all sym-

metrized quantities, e.g. [A,B], = ([4,B] + [As, Bs] +
Ay, B,) + [A., B.])/4.

9. =VIXV, g, =VTZV, (C18) To investigate the long-time dynamics beyond the

regime of validity of the recursive Magnus expansion,

at long times. This symmetry is manifestly emergent, as we have performed numerically exact simulations (full

V depends on A and B. The effective Hamiltonian has Hilbert space evolution) of the EDSPT model for various



J. The recursive structure enables access to exponen-
tially long times t, ~ F,, with n recursions. Extended
Data Fig. 7 shows the resulting edge-qubit correlators,
averaged over disorder, for various J values. For J close
to m, we observe that the quasiperiodic oscillations of
the edge qubits survive up to very long times. We es-
timate the heating time t; as the time at which the
edge-oscillation drops below an arbitrary small thresh-
old: € = 0.02. As shown in the inset of Extended Data
Fig. 7, t, shows super-polynomial growth 1/6 = 7 /|J —|

for small ¢, indicating that the edge qubit oscillations
survive far beyond the timescale at which recursive Mag-
nus expansion fails. This behaviour is similar to that
numerically observed in topologically-trivial recursive Fi-
bonacci drives,'? and suggests that ultra-long-lived but
ultimately metastable MBL-like dynamics are generic
features for recursive drives with strong disorder. How-
ever, a detailed theoretical picture of the logarithmically
slow entanglement growth and heating in these models
remains elusive at this time.
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