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[bookmark: _Toc131769763]S1. Neural field theory
[bookmark: Tables][bookmark: MaterialsMethods]Neural field theory (NFT) is a class of biophysical models that explain mesoscale to macroscale brain dynamics (from about 0.5 mm to whole brain) as the outcome of spatially extended, time-varying fields of neural activity 1–7. General NFTs focus on local average dynamics of neural populations, such as mean firing rates and soma voltages. Important biophysical processes, such as dendritic and synaptic processes, axonal conduction delays, and summation of dendritic current in the cell soma, are incorporated as local population averages through a series of principled mathematical reductions.

NFTs treat neural tissue at scales above ~0.5 mm as a spatial continuum with local properties and point-to-point white-matter connectivity that decreases smoothly with distance. Although more general cases can be treated via NFT, including interactions with subcortical structures 7,8, the simplest versions include only the cortex and assume that its connectivity is homogeneous and isotropic, with the connection strength only depending on the distance between points and typically decreasing approximately exponentially with their separation 4,9–11. This relation is especially relevant in the context of functional MRI (fMRI), where dynamics are relatively slow and the strength of active connections has a spatial dependence that is approximately exponential 9,11,12. The resulting spatiotemporal evolution of the activity fields has been effectively described by a physiologically constrained variant of NFT developed by Robinson and colleagues 1,2,5,6,13 as comprising damped waves propagating across the cortical sheet after being excited by external inputs and local cortical or corticothalamic dynamics. Over the last two decades, this NFT formulation has successfully explained and unified a diverse range of experimental phenomena in a unified way, including but not limited to electroencephalography (EEG) spectra 14,15, evoked potentials 16,17, arousal states 18,19, whole-brain effective connectivity 12, cortical activity waves 20, and sleep state reorganisations 21. Because mesoscale to macroscale brain dynamics are approximately operating in the linear regime under normal conditions (excluding seizure-like dynamics) 22, the Robinson et al. NFT has shown that spatial eigenmodes (modes) of activity naturally emerge in the brain 23,24, with their properties shaped by the brain’s intrinsic geometry and topology 20,25. These modes are the topic of interest in this study. We refer the readers to the extensive literature of NFTs for a more detailed discussion (see for example 4–8,23,26–29 and the references cited therein).

[bookmark: _Toc131769764]S2. Human Connectome Project data
[bookmark: _Toc131769765]S2.1. Task-evoked data
We analysed task-evoked fMRI data measured in 7 task domains that have been shown to reliably recruit a wide array of neural systems 30. The 7 tasks were: social, motor, gambling, working memory (wm), language, emotion, and relational. Supplementary Table 2 shows the specific contrasts involved in each task domain and the key contrast investigated in this study. In total, we analysed 47 contrasts, which include the 7 key contrasts. The key contrasts represent those used commonly in the literature to map the major activation pattern elicited by the task. See 30 for details about each task and contrast. The analysis was performed on individual task-activation maps computed via FSL’s (https://fsl.fmrib.ox.ac.uk/) cross-run (Level 2) FEAT analysis 31. We used the task maps as provided by HCP with minimal smoothing (2 mm) mapped onto the fsLR-32k CIFTI space, with 32,492 vertices in each hemisphere, via multimodal surface matching 32.

[bookmark: _Toc131769766]S2.2. Task-free resting-state data
We analysed task-free resting-state fMRI acquired in one scanning session using a left to right (LR) encoding direction. The scan lasted for 14.4 min with a total of 1200 time frames. In brief, the resting-state fMRI acquisition parameters were: isotropic voxel size of 2 mm, repetition time (TR) of 720 ms, and echo time (TE) of 33.1 ms. All other acquisition parameters can be found in 33. Each individual’s data were preprocessed by HCP via their minimal preprocessing pipeline 34 and were also subjected to ICA-FIX to correct for structured noise and residual confounds 35. No additional smoothing was performed. Similar to the task-evoked data, the resting-state data were mapped onto the fsLR-32k CIFTI space. Hence, each individual’s data were represented as a matrix of size 32,492 vertices  1200 time frames on each hemisphere.

[bookmark: _Toc131769767]S2.3. Connectome data
To derive the connectome eigenmodes, we used individual connectomes derived from diffusion MRI (dMRI) data via probabilistic tractography, as provided in 36. In brief, the dMRI acquisition parameters were: isotropic voxel size of 1.25 mm, TR of 5520 ms, TE of 89.5 ms, b-weightings of 1000, 2000, 3000 s/mm2, and 6 b0-scans. All other acquisition parameters can be found in 33. Each individual’s data were preprocessed by HCP via their diffusion preprocessing pipeline (v3.19.0) 34. To generate the connectomes, tractograms were generated using MRtrix with probabilistic tractography, 5 million streamlines that connect anatomically distinct brain regions, multi-shell multi-tissue (MSMT) constrained spherical deconvolution (CSD) anatomically constrained tractography (ACT), and 2nd-order Integration over Fiber Orientation Distributions algorithm (iFOD2). See 36 for further details. The fsLR-32k cortical surface mesh in standard MNI space was used to define the grey-matter–white-matter interface. For each individual, streamlines generated in each hemisphere were mapped to the closest vertices on the surface mesh to construct a high-resolution weighted connectome (32,492  32,492 matrix size and weights representing the total number of streamlines). See 36 for further details.

[bookmark: _Toc131769768]S3. Individual-specific cortical eigenmodes
The Helmholtz equation, 



can be used to solve the eigenmodes of any cortical surface mesh model, but changes in the geometry of the mesh can alter the resulting eigenvalues, , and eigenmodes, . Hence, the eigenvalues and eigenmodes derived from individual subject surfaces, particularly at very short wavelengths, will differ and cannot be straightforwardly compared 37,38. For simplicity, here we used the eigenmodes generated from a common template surface (see ‘Derivation of cortical geometric eigenmodes’ in Methods). While this allows for comparison of data reconstructions in different individuals, it obscures any potential effects associated with individual differences in cortical geometry. However, Supplementary Fig. 3 shows that using geometric eigenmodes derived from individual cortical surfaces does not change the general results of the study, suggesting that, for present purposes, the eigenmodes derived from the population-averaged template surface represent a good approximation of fundamental geometric eigenmodes. Nonetheless, to highlight certain nuances of individual geometry, we show in Supplementary Fig. 4 that 200 individual-specific eigenmodes perform slightly better than template-derived eigenmodes in some individuals, especially in reconstructing task-activation maps but not in reconstructing resting-state activity. However, Supplementary Fig. 5 shows that the results for individual-specific and template-derived eigenmodes eventually converge at very short wavelengths (~500th mode). Thus, the effects of individual differences in cortical geometry on brain function are captured by the first 200 modes, which is consistent with recent work 38 and corresponds to a very small fraction of the maximum possible number of eigenmodes (~0.6%).

[bookmark: _Toc131769769]S4. Effect of connectome thresholding on connectome eigenmodes
Many network properties depend on network connection densities, and our specific thresholding procedure to generate the group-averaged connectome, , is somewhat arbitrary. Hence, we also derived connectome eigenmodes for variants of  mapped across a range of thresholds, from 1% to 13% (i.e., the density of the unthresholded connectome) in increments of 2%. The results in Supplementary Fig. 6 show that connection density did indeed affect the reconstruction accuracy of connectome eigenmodes, such that sparser matrices were associated with improved reconstructions. Given that long-range connections tend to have lower weights and are thus more likely to be thresholded away first, the application of more conservative thresholds emphasizes local, exponential distance rule (EDR)-like connectivity until finally converging on the surface mesh. These results thus align with the view that reconstruction performance is generally improved when focusing mostly on local connectivity. Notably, finely sampling connection densities from 0.01% to 5% reveals a putatively optimal threshold between 0.4% and 0.7% that results in peak reconstruction accuracy for 200 connectome eigenmodes (Supplementary Fig. 7). This optimal threshold may represent a physiologically plausible trade-off between sensitivity and specificity in tract reconstruction with dMRI. However, the reconstruction accuracy never surpasses the accuracy of the geometric eigenmodes. The sensitivity of the reconstruction accuracies obtained with connectome eigenmodes to the density threshold further underscores the complexity of this approach in comparison to geometric eigenmodes, which require no choices regarding a specific threshold.

Our focus on high-resolution, vertex-level connectomes is intended to allow fair comparison with previous work examining the efficacy of connectome eigenmodes in reconstructing functional data 39,40. However, many other studies on connectomes first apply a discrete parcellation to the data and investigate the properties of connectomes generally mapped at the level of ~102 to ~103 parcellated brain regions 41,42. For completeness, we also derived eigenmodes using connectomes parcellated at different resolutions, generated using the Schaefer400, Schaefer600, Scahefer800, and Schaefer1000 parcellations. These parcellations were chosen because they have at least 200 parcels per hemisphere, allowing us to calculate at least 200 connectome eigenmodes for direct comparison with the 200 geometric eigenmodes used in the study. Note, however, that this approach ignores the spatial embedding of the brain, resulting in inferior reconstruction accuracy when compared to geometric eigenmodes (Supplementary Fig. 8). This result again confirms the importance of capturing local connectivity and regional geometry when deriving an appropriate anatomical basis set for brain function.

[bookmark: _Toc131769770]S5. Comparison between geometric eigenmodes and a functionally derived basis set
To further evaluate the efficacy of geometric eigenmodes in representing brain activity, we compared their performance to a basis set derived via a principal component analysis (PCA) of functional data itself. Since PCA defines a linearly optimal decomposition of the functional data, we sought to evaluate the out-of-sample generalizability of this approach by applying the PCA to a training set of 200 individuals and validating its reconstruction accuracy on a held-out test set of 55 individuals. The number of individuals for the training set was chosen to produce 200 principal components (PCs), matching the number of geometric eigenmodes analysed in the study. Note that the PCs were arranged in order of the variance in the data that they explain.

For the task-evoked data, we constructed 7 training datasets, one for each of the 7 key task contrasts in Supplementary Table 2. Each training dataset was constructed by forming a matrix of size 32,492 vertices  200 individuals with each task’s activation data. We then applied a spatial PCA to obtain 200 spatial PCs, describing common modes of variance in spatial activation patterns across individuals (Supplementary Fig. 9).

For the task-free resting-state data, a similar approach can be implemented, where a training dataset is constructed by temporally concatenating the data of individuals in the training set, producing a matrix of size 32,492  240,000 (i.e., 240,000 = 1200 time frames  200 individuals). However, performing a standard PCA on this very large data matrix carries a high computational burden. We therefore used the MELODIC Incremental Group-PCA (MIGP) method, which has been shown to produce outputs that closely approximate those of a standard PCA in a fully-concatenated dataset using a much more computationally efficient method 43. In summary, MIGP temporally concatenates the data of a small number of individuals (here we used two individuals) to construct the matrix . It then uses  to construct a time frame  time frame covariance matrix and applies an eigenvalue decomposition to extract the top  temporal eigenvectors (here we used  = 1200), and multiplies the eigenvectors with  to obtain  weighted spatial eigenvectors, yielding a new . Then,  is incrementally updated by concatenating it with the next individual’s data and the entire process above is repeated to obtain the new  representing  spatial eigenvectors. This iterative method was performed until all the individuals in the training set were considered. We retained the top 200 spatial PCs from . 

The PCs obtained from the training sets in the task-evoked and task-free resting-state data were then used to decompose the data of the individuals in the test set and calculate the corresponding out-of-sample reconstruction accuracy. Note that the performance of the geometric eigenmodes is inherently out-of-sample, since the modes were derived from a cortical surface mesh representation that is independent of the fMRI datasets considered here.

We emphasize that components derived from PCA only capture statistical properties of the data (i.e., maximal variance) and do not provide any mechanistic insights; i.e., they are statistical or phenomenological descriptions of the data and are ordered according to variance explained without regard for spatial wavelength. They are thus fundamentally different from geometric eigenmodes, which are directly linked to the structural properties of the system, are informed by a generative model of how brain structure gives rise to function 23, and are arranged according to their spatial frequencies or wavelengths. As shown in Extended Data Fig. 4, this distinction leads to an early performance advantage for PCA over geometric eigenmodes, in which the first few PCs can more accurately capture the data than the first few geometric eigenmodes. This is because the PCs do not have the same ordering constraint as the geometric eigenmodes; i.e., early PCs are free to span any spatial wavelength, as dictated by the optimal decomposition of the data, whereas geometric eigenmodes are ordered from long to short wavelengths, by construction. However, Extended Data Fig. 4 also shows that there is a limit on the accuracy with which the PCs can reconstruct out-of-sample data, likely because higher-order PCs capture idiosyncratic properties of the training data. In contrast, adding more geometric eigenmodes improves the model’s capacity to resolve reproducible shorter-wavelength features of both the training and test data, such that the out-of-sample reconstruction surpasses the accuracy of the PCs across most comparisons by about 40–50 modes.

[bookmark: _Toc131769771]S6. Comparison between geometric eigenmodes and Fourier basis sets
To further confirm that the performance of geometric eigenmodes is not trivially driven by how the mathematics of any basis set expansion, we compared the geometric eigenmodes to six simple spatial Fourier basis sets based on combinations of sines and/or cosines. The Fourier basis sets were constructed using the following real-valued functions:





where , ,  are integer constants, , ,  are the spatial positions of each point on the spherical surface mesh representation of the cortex, , ,  are the periods in each direction, and , ,  are fitting constants. For each function, we constructed a regular and an irregular version, resulting in six basis sets. The regular version corresponds to when  such that the spatial wavelengths of mode  in the x-, y-, and z-directions are regularly spaced and increase by , ,  as the mode number increases, which is a standard implementation in Fourier analysis. The irregular version corresponds to when , ,  are integer combinations and not necessarily equal; hence, the spatial wavelengths in the x-, y-, and z-directions are irregularly spaced. We implemented this version because it affords the Fourier basis sets greater freedom and thus the best possible chance of performing well. To associate a ( combination to a single mode , we arranged the combinations in order of increasing . For example, the ( combination for the first ten modes follows the set . These two versions allow us to explore how the spatial wavelengths can affect the decompositions of the Fourier basis sets, given that the spatial wavelengths of the geometric eigenmodes are irregularly spaced (see Supplementary Table 1).

Next, we defined the periods to be  for ,,, to have a heuristic that respects the shape of the brain. In addition, the  in (ensures that the first mode is constant to make it comparable to the first geometric mode. The forms in Eqs. (S3) and (S4) have more degrees of freedom, with the fitting constants, , , , estimated separately, allowing us to weight the cosine and/or sine functions differently. Therefore, mode  now has multiple amplitudes to be estimated during the mode decomposition instead of just one. These added degrees of freedom result in an increased model complexity relative to geometric eigenmodes; more specifically, the Fourier basis sets formed by Eqs. (S3) and (S4) involve estimating 2 and 3 coefficients per mode, respectively, whereas geometric eigenmodes require fitting just one coefficient per mode.

Although other forms and complicated choices can be made to construct a Fourier basis set, the above choices are well motivated by their simplicity, yielding unique, real-valued spatial modes, and cover the key implementation choices one could make. Extended Data Fig. 5a shows the spatial profiles of the resulting modes with unit coefficients, which we used to reconstruct task-activation maps and resting-state data (similar to Fig. 1d). Extended Data Fig. 5b shows that geometric eigenmodes significantly outperform the Fourier basis sets in reconstructing both task-evoked and resting-state data, further emphasizing that the accurate representation provided by geometric eigenmodes is not a trivial result of any basis set expansion. Moreover, this conclusion remains regardless of how the spatial wavelengths of the modes in the x-, y-, and z-directions are defined. To reiterate, even though the Fourier basis sets based on Eqs. (S3) and (S4) have more degrees of freedom to fit the data when compared to geometric eigenmodes, geometric eigenmodes still show superior performance, underscoring their parsimony in accounting for brain dynamics. 

We present this analysis of Fourier basis sets for completeness and to demonstrate that such functions cannot accommodate the boundary conditions of non-regularly shaped objects, such as the cortical surface (e.g., Dirichlet or Neumann conditions for the medial wall) 44. This is because Fourier basis sets can only be properly constructed for objects with regular shapes (e.g., rectangle) and are more suitable for analysing functions defined on such shapes (e.g., 2D images). Hence, for the cortical surface defined on a Riemannian manifold, using a Fourier basis set is generally not well-motivated and using the eigenmodes of the LBO is more appropriate 45,46. In fact, LBO eigenmode analysis on the Riemannian manifold is formally considered a generalization of Fourier analysis 47. The same applies to discrete networks, such as a connectome; for this reason, the eigendecomposition of the graph Laplacian (as done in the work) is commonly used in the field of spectral graph theory as an alternative to a classical Fourier transform 48. Thus, whilst it is possible to decompose spatial maps of brain activity using Fourier basis sets, they are highly inefficient and poorly suited to the current problem. We therefore do not advocate their use. We also note that Fourier basis sets offer no insights into the generative processes underlying brain activity. Our primary focus is to compare physiologically principled and anatomically constrained basis sets (i.e., geometric and connectome eigenmodes) to uncover the critical constraints on brain dynamics, and not to identify statistically optimal basis sets.

[bookmark: _Toc131769772]S7. Modal power spectra of surrogate maps
Typical image processing pipelines induce some degree of spatial smoothing, which serves to filter out high-frequency (short-wavelength) spatial patterns of activity. To ensure that the dominant long-wavelength power we identified in our analyses was not merely the product of spatial smoothing induced by fMRI preprocessing, we analysed the power spectra of surrogate random data with varying levels of smoothing. We first generated 10,000 random maps in volume space taken from a zero-mean Gaussian distribution. We then smoothed the surrogate maps at kernel sizes with full-width at half-maximum (FWHM) ranging from 0 to 50 mm. Finally, we projected the surrogate maps onto the fsLR-32k CIFTI space (via Nilearn) and analysed their modal power spectra. Note that we performed the smoothing in volumetric instead of surface space to mimic prevailing neuroimaging processing practices, in which data processing is commonly applied to volumetric data before results are resampled to the cortical surface 49. This procedure thus also incorporates any smoothing induced by the resampling procedure.

We compared the modal power spectra of the empirical activation maps and the surrogate maps by calculating the mean square logarithmic error (MSLE),



where  and  is the power in mode  in the empirical and surrogate maps, respectively. The MSLE is more effective as a distance measure than the typical mean square error because the power of long- to short-wavelength modes have scales that vary across several orders of magnitude.

The coloured lines in Extended Data Fig. 8a show the modal power spectra of the surrogate data, Extended Data Fig. 8b shows the average distance (i.e., MSLE) between empirical and surrogate spectra averaged across contrasts, and Extended Data Fig. 8c shows MSLE separately obtained for each task contrast (instead of averaged across contrasts). We found that smoothing kernels smaller than 10 mm do not adequately capture the concentration of spectral power in long spatial wavelengths of empirical maps (Fig. 3a and Extended Data Fig. 8a). In fact, the surrogate data needed an average kernel size of 20 mm (best fits obtained from the minimums in Extended Data Fig. 8b) to achieve a spectrum comparable to the empirical data, which is considerably larger than the size of the kernels used in neuroimaging processing (~8 mm in volume space 49 and ~15 mm in surface space 50). Similar results were obtained when task contrasts were separately analysed instead of their average, with minimum MSLE showing minor variations around the mean (solid lines in Extended Data Fig. 8c). These findings thus confirm that the long-wavelength content of empirical activation maps cannot be explained by preprocessing alone. Moreover, whilst spatially extended patterns of task activations can also potentially be recovered using simple smoothing functions and avoiding statistical thresholding, the geometric eigenmode approach provides much deeper understanding of the mechanisms underlying the activations because the modes can be directly linked to rigorous biophysical models of brain dynamics as established by NFT (see for example 6,7,14,23). They also offer a natural multiscale characterization of the data.

[bookmark: _Toc131769773]S8. NFT wave model
The simple NFT wave model described by an isotropic damped wave equation without regeneration is 5,6,51, 



where  is the neural activity at location  and time ,  is an external input,  is the damping rate, and  is the spatial length scale of the wave propagation. The model assumes that the propagation of activity between points is governed by their white-matter connectivity, with strength that decays approximately exponentially with distance. This distance-dependence is more apparent when Eq. (S6) is converted into its equivalent integral form as follows. Consider two points on the neocortex at locations  and  connected by a white-matter tract (see visual schematic in Supplementary Fig. 10). The activity  at location  and time  can be considered as a spatiotemporal convolution of the source  at location  and time  and the white-matter-based connectivity kernel ; i.e.,



In the isotropic case,  depends only on the spatial separation between points and the time difference such that . The kernel  is also known as the Green’s function, which is the activity  due to a point source. Using the Green’s function method 52, previous work has shown that an appropriate expression for , such that it becomes a solution of the damped wave equation in Eq. (S6) with an intense point source  and for , is 4–6,13 



where  is the white-matter tract distance between points,  is the Heaviside step function, and  and  are the damping rate and spatial length scale, respectively, as defined in Eq. (S6). See 6 for a detailed derivation of Eq. (S8). Equation (S8) thus demonstrates how the wave dynamics defined by Eq. (S6) can be directly related to an underlying isotropic anatomical connectivity that decays exponentially with distance. In particular, solving the damped wave equation in differential form in Eq. (S6) is equivalent to solving the integral equation,



with the latter explicitly showing the spatiotemporal effect invoked by white-matter connectivity of a characteristic range of  (~84 mm 6). There are other more complex variations of the wave equation in Eq. (S6), but this simple version of the model evaluates the basic physical process that could account for empirical data. Incorporation of spatial heterogeneities or structured input into the wave equation in Eq. (S6) is a topic for future investigation.

Despite the simplicity of the model, the full spatiotemporal solution of Eq. (S6) at 32,492 vertices is computationally expensive. We therefore used the following approach to efficiently solve Eq. (S6) on the cortex. First, we assumed that  is time-space separable because the structure of the system is constant in time, such that



By substituting Eq. (S10) into Eq. (S6), the term  becomes . Note that  is the same as the left-hand side of the Helmholtz equation in Eq. (S1); hence, the spatial component of the traveling wave solution, , on the cortical surface can be written as a combination of geometric eigenmodes . Therefore, Eq. (S10) can be written as



where  is mode ,  is the time-varying component of mode , and  is the number of modes. Second, we employed mode decomposition on the input  such that



where  is the time-varying amplitude obtained via mode decomposition (see ‘Mode decomposition of brain activity’ in Methods). Important consequences of the above separation into temporal and spatial factors are that the spatial modes are not sensitive to the local temporal dynamics, nor to the value of  so long as it is small compared to the radius of curvature of the surface.

Substituting Eqs. (S11), (S12), and (S1) into Eq. (S6), we obtain



where  is the eigenvalue corresponding to mode . Therefore, the ordinary differential equation for solving the time-varying component of mode , , is
 

One can solve Eq. (S14) via numerical methods, but it can be solved more simply – and exactly – by taking its Fourier transform vs. time, thereby yielding the algebraic equation,



where  is the temporal angular frequency,  is the Fourier transform of , and  is the Fourier transform of . Therefore, the solution  has the form,



where  is the inverse Fourier transform operator. Finally, Eq. (S16) can be substituted into Eq. (S11) to obtain the neural activity  at every vertex.

As noted above, the spatial part of Eq. (S6) satisfies the Helmholtz equation in Eq. (S1). This differential equation is equivalent to an integral form (Eq. (S9)), where the activity at a given point gives rise to activity elsewhere with a weight that represents the connectivity that is implicit in NFT. In the cortical case, this corresponds to an exponential decrease with distance––i.e., an EDR-like spatial dependence––consistent with experimental evidence 6. Hence, the use of geometric eigenmodes implicitly incorporates an EDR-like connectivity, which also includes long-range connections, but does not directly account for topologically complex connections not conforming to a simple exponential rule. 

[bookmark: _Toc131769774]S9. Optimization of the BEI neural mass model
The BEI neural mass model has 15 fixed parameters and 4 free parameters, i.e., , , , and , that were optimized to fit the data, following 53. Briefly, feedback inhibition control 54 was implemented to adjust  to set the firing rate  of all regions to approximately 3 Hz. Hence, the analytic expression for  at the steady-state conditions  nA and  nA is



where the steady-state value  was numerically solved using the expression



Hence, the value of  dynamically changes as a function of the other free parameters: , , and . Because finding the optimal parameter set on a multidimensional parameter space is computationally expensive, the analytic FC (see ‘Modelling resting-state dynamics’ in Methods) was used. Model fitting was done using the methods of Approximate Bayesian Computation and hierarchical Population Monte Carlo 55,56 that minimizes the distance between empirical and model FCs. See 53 for further details about the model optimization process.

[bookmark: _Toc131769775]S10. Lag threads algorithm
The lag threads algorithm starts by calculating the lagged cross-covariance function of the time series between brain regions. Assuming that BOLD-fMRI time series are aperiodic 57, the time lag (or delay) between regions where the cross-covariance function exhibits an extremum (typically between 0 to 2 s) was obtained 58. This resulted in an anti-symmetric time-delay matrix , with elements  corresponding to the time delay between regions  and , with column  representing the lag map of the system with reference to region , and . Therefore,  means that region  lags behind region . The underlying lag structure was quantified in two ways: (i) taking the mean time lag of each region (mean of each column of ); and (ii) applying a PCA on , which is  with each column being zero-meaned. The first method obtains the average temporal ordering of brain regions, assuming that a single lag process governs the brain, which has been used in several past studies 58–60. However, for systems like the brain with multiple lag processes, the mean time lag cannot capture all fundamental lag patterns, which can be recovered via PCA 61. Here, we used the first two dominant PCs, explaining 74% of the variance of the empirical data. Thus, we calculated three lag projections: (i) mean lag; (ii) first PC (PC1 lag); and (iii) second PC (PC2 lag).

The  matrix was calculated on empirical and simulated resting-state BOLD-fMRI time courses parcellated using the HCP-MMP1 parcellation (see ‘Cortical parcellations’ in Methods). For the empirical data, a  matrix was calculated for each of the 255 HCP individuals, and then an average  matrix was calculated across individuals. For the simulated data, we generated time series for 255 trials (to match the 255 HCP individuals of the empirical data) of the wave and neural mass models using their respective original optimized parameters (see ‘Modelling resting-state dynamics in Methods’). A  matrix was calculated for each trial. Then, an average  matrix was calculated across trials. The average  matrices are shown in Extended Data Fig. 9a. Finally, the three lag projections were obtained from the empirical and simulated average  matrices (Extended Data Figs. 9b–d).

The results in Extended Data Fig. 9b show that the mean lag pattern of the wave model is significantly correlated with the empirical pattern, whereas the neural mass model’s mean lag pattern is not. For PC1 lag, the performance of the wave model slightly decreased but was still superior to the neural mass model (Extended Data Fig. 9c). Correlations between model and empirical patterns for PC2 lag (Extended Data Fig. 9d) were not significant, but the correlation was still higher for the wave model. These results show that, regardless of the method for calculating lag projections, the wave model captures the time-lagged properties of empirical fMRI data better than the neural mass model. This further highlights that wave dynamics can provide an accurate and physically mechanistic account of macroscale, resting-state dynamics, consistent with previous studies 62–64. We also emphasize that the performance of these models in capturing lag structure is likely to be a conservative estimate, as the models rely on a simple and spatially uniform hemodynamic forward model that does not account for regional variations in neurovascular coupling 65–67. Such variations are likely to strongly affect the empirically observed lags.
[bookmark: _Toc131769776]S11. Supplementary Discussion
The comparatively poor performance of connectome eigenmodes indicates that topologically complex long-range connections afford minimal benefit in accurately explaining cortical activity measured with fMRI. However, extensive evidence has shown that such connections may provide important functional and evolutionary advantages 68–70. Figure 2d of the main text alludes to these advantages, where low-order connectome eigenmodes perform slightly better in reconstructing task-activation maps at low frequencies. Low-order connectome eigenmodes comprise more complex spatial patterns than low-order geometric eigenmodes, which may afford greater flexibility in capturing spatially complex patterns of task activations. However, this advantage for connectome eigenmodes only persists for the first 25–30 modes, where reconstruction accuracies are generally low (i.e., r < 0.50) and do not differ substantially from the EDR eigenmodes.

Another potential aspect where long-range connections may come into play is the formation of cortical functional gradients. Our work shows that the geometric eigenmodes of subcortical structures have a near-perfect match to each structure’s FC-derived functional gradients. However, we do not observe the same one-to-one spatial correspondence between single geometric eigenmodes and previously described FC-derived functional gradients of the neocortex, the most dominant of which captures a hierarchical sensory-fugal axis of function 71. Functional gradients of the neocortex may thus reflect the complex contribution of long-range connections (e.g., subcortical-cortical connections) or a superposition of geometric modes 37, just as musical chords emerge from combinations of individual notes.
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Supplementary Fig. 1. Reconstruction accuracy of 47 HCP task-contrast maps obtained with geometric eigenmodes. The lines are coloured according to the groups defined by the 7 broad HCP task types (Section S2.1 and Supplementary Table 2). wm = working memory.

[image: ]
Supplementary Fig. 2. Reconstruction accuracy of 7 key HCP task-contrast maps and resting-state FC for different parcellation resolutions. See Section S2.1 and Supplementary Table 2 for details about the contrast maps. wm = working memory. The lines with dark to light colours represent decreasing parcellation resolutions (direction of arrows); i.e., Schaefer100, Schaefer200, Glasser360, Schaefer400, Schaefer600, Schaefer800, and Schaefer1000 has 100, 200, 360, 400, 600, 800, and 1000 parcels, respectively, across both hemispheres.
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Supplementary Fig. 3. Reconstruction accuracy of 7 key HCP task-contrast maps and resting-state FC using template-derived and individual-specific geometric eigenmodes. See Section S2.1 and Supplementary Table 2 for details about the contrast maps. wm = working memory. The solid lines represent results achieved by eigenmodes derived from a template surface (Fig. 1d). The dashed lines represent results achieved by individual-specific eigenmodes derived from individual surfaces. The insets show the difference between the two results (i.e., template minus individual-specific).
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Supplementary Fig. 4. Individual-based reconstruction accuracy of 7 key HCP task-contrast maps and resting-state FC using 200 template-derived and individual-specific geometric eigenmodes. See Section S2.1 and Supplementary Table 2 for details about the contrast maps. wm = working memory. Template eigenmodes were derived from a template surface, while individual-specific eigenmodes were derived from individual surfaces. Each point corresponds to an individual. The dotted lines represent the template accuracy = individual-specific accuracy lines. Points above the dotted lines mean that template accuracy > individual-specific accuracy. The insets show the histogram of the difference between the reconstruction accuracy achieved by template-derived and individual-specific eigenmodes (i.e., template minus individual-specific).
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Supplementary Fig. 5. Reconstruction accuracy of 7 key HCP task-contrast maps and resting-state FC using 200 to 500 template-derived and individual-specific geometric eigenmodes. See Section S2.1 and Supplementary Table 2 for details about the contrast maps. wm = working memory. The solid lines represent results achieved by eigenmodes derived from a template surface (Fig. 1d). The dashed lines represent results achieved by individual-specific eigenmodes derived from individual surfaces. The insets show the difference between the reconstruction accuracy achieved by template-derived and individual-specific eigenmodes (i.e., template minus individual-specific).
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Supplementary Fig. 6. Reconstruction accuracy of 7 key HCP task-contrast maps and resting-state FC achieved by geometric eigenmodes and connectome eigenmodes of varying connectome densities. See Section S2.1 and Supplementary Table 2 for details about the contrast maps. wm = working memory. The dashed lines represent results achieved by geometric eigenmodes (Fig. 1d). The lines with light to dark colours represent results achieved by connectome eigenmodes using a connectivity matrix of increasing densities (from 1.0% to 13.0%).
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Supplementary Fig. 7. Reconstruction accuracy of 7 key HCP task-contrast maps and resting-state FC using 200 connectome eigenmodes of varying connectome densities. See Section S2.1 and Supplementary Table 2 for details about the contrast maps. wm = working memory. The solid line corresponds to the reconstruction accuracy achieved by 200 geometric eigenmodes. The dotted lines correspond to connectome densities of 0.1% and 1.55% used to generate the connectome and density-matched connectome eigenmodes in Extended Data Fig. 1, respectively. 


[image: ]
Supplementary Fig. 8. Reconstruction accuracy of 7 key HCP task-contrast maps and resting-state FC achieved by geometric eigenmodes and discrete connectome eigenmodes for different parcellation resolutions. See Section S2.1 and Supplementary Table 2 for details about the contrast maps. wm = working memory. For all cases, we use a maximum of 200 modes to directly compare the results to the rest of the study. The dashed lines represent results achieved by geometric eigenmodes (Fig. 1d); see magnified version in the insets. The lines with light to dark colours represent results achieved by discrete connectome eigenmodes using a connectivity matrix parcellated at increasing resolutions. The reconstruction accuracies are plotted versus the percentage of modes used with respect to the dimension of each full basis set (i.e., total number of available modes), which corresponds to the number of vertices of the cortical surface (for geometric eigenmodes) or number of parcels in each hemisphere (for discrete connectome eigenmodes). Hence, for the geometric eigenmodes, we use the first 200 modes out of 32,492 available modes per hemisphere, which is why the dotted lines terminate at 0.6% of available modes. For the discrete connectome eigenmodes using parcellations of Schaefer400, Schaefer600, Schaefer800, and Schaefer1000, we use the first 200 modes out of 200, 300, 400, and 500 available modes per hemisphere, respectively. Hence, the solid lines terminate at 100%, 66.7%, 0.50%, and 0.40% of available modes, respectively. The results emphasize that geometric eigenmodes provide the most parsimonious and compact representation of brain activity.


[image: ]
Supplementary Fig. 9. Principal components obtained via principal component analysis (PCA) of fMRI data. The PCAs are trained on each of the 7 key HCP task-contrast maps and resting-state time series of 200 individuals. See Section 2.1 and Supplementary Table 2 for details about the contrast maps. wm = working memory. Principal components 1–5, 10, 25, 50, 100, and 200 are shown from top to bottom. Negative–zero–positive values are coloured as blue–white–red.
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Supplementary Fig. 10. Schematic of signal propagation in neural field theory. Two points on the cortex at locations  and  are connected by a white-matter tract (red curve). For an isotropic medium, the activity  is a convolution of the source  and a connectivity kernel  imposed by the white-matter connection, which depends only on the spatial separation, , and the time separation, .
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Supplementary Fig. 11. Comparison of time to peak activation and T1w:T2w of each region. Relationship of the ranked activity profile time to peak and ranked T1w:T2w value of all 180 brain regions in one hemisphere. The red line represents a linear fit of the ranked variables with Spearman correlation coefficient r and one-sided spin-test p-value, pspin, estimated from 10,000 permutations.
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Supplementary Table 1. Spatial wavelengths of the eigenmodes.
	Eigengroup
	Wavelength (mm)
	Eigenmodes included in the eigengroup

	0
	
	1

	1
	297.7
	2–4 

	2
	171.9
	5–9

	3
	121.5
	10–16

	4
	94.1
	17–25

	5
	76.9
	26–36

	6
	65.0
	37–49

	7
	56.3
	50–64

	8
	49.6
	65–81

	9
	44.4
	82–100

	10
	40.1
	101–121

	11
	36.6
	122–144

	12
	33.7
	145–169

	13
	31.2
	170–196

	14
	29.1
	197–225




Supplementary Table 2. HCP task contrasts.
	Task type
	Number of contrasts
	Contrasts
	Key contrast

	social
	3
	random; tom; tom_random
	tom_random

	motor
	13
	cue; lf; lh; rf; rh; t; avg; lf_avg; lh_avg; rf_avg; rh_avg; t_avg; cue_avg
	cue_avg

	gambling
	3
	punish; reward; punish_reward
	punish_reward

	working memory (wm)
	19
	2bk_body; 2bk_face; 2bk_place; 2bk_tool; 0bk_body; 0bk_face; 0bk_place; 0bk_tool; 2bk; 0bk; body; face; place; tool; body_avg; face_avg; place_avg; tool_avg; 2bk_0bk
	2bk_0bk

	language
	3
	math; story; math_story
	math_story

	emotion
	3
	faces; shapes; faces_shapes
	faces_shapes

	relational
	3
	match; rel; match_rel
	match_rel




Supplementary Table 3. Fixed and free parameters of the BEI neural mass model.
	Fixed parameters
	Free parameters

	Symbol
	Value
	Symbol

	
	0.1 s
	

	
	0.01 s
	

	
	0.641
	

	
	0.01 nA
	

	
	310 nC-1
	

	
	125 s-1
	

	
	0.16 s
	

	
	615 nC-1
	

	
	177 s-1
	

	
	0.087 s
	

	
	0 nA
	

	
	0.382 nA
	

	
	1.0
	

	
	0.7
	

	
	0.15 nA
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Supplementary Video 1. Stimulus-evoked activity. Wave propagation of activity after a 1 ms stimulation of the primary visual cortex (V1) from t = 1 to 2 ms.
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