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I. MODEL AND BROKEN SYMMETRY PHASES WITH CHIRAL CURRENTS30

We consider a two-dimensional system whose electronic states at the Fermi level are described31

by d-orbitals belonging to the t2g manifold (dxy,dxz,dyz) and can accommodate electronic phases32

which are marked by non-trivial loop currents.33

The model Hamiltonian for the surface of the Sr2RuO4 is compatible with the C4v point group34

symmetry. For the t2g manifold of the da orbitals we introduce the components of the local or-35

bital angular momentum. For the spin space, hereafter, we employ the Pauli matrices ŝj=x,y,z.36

Assuming that the basis of the local creation operator of electrons for the d-orbitals for a given37

spin orientation is d̂†k = [c†xy,k, c
†
yz,k, c

†
xz,k], we have that the components of the orbital angular38

momentum are given by:39

L̂x =


0 −i 0

i 0 0

0 0 0

 L̂y =


0 0 −i

0 0 0

i 0 0

 L̂z =


0 0 0

0 0 −i

0 i 0 .

 (1)

with L̂i fulfilling the usual angular momentum algebra.40

Then, in the complete spin-orbital basis, given by Ĉ†
k = [c†xy,↑k, c

†
yz,↑k, c

†
zx,↑k, c

†
xy,↓k, c

†
yz,↓k, c

†
zx,↓k],41

the Hamiltonian can be generally expressed as42

Ĥ =
∑
k

Ĉ†
kĤ(k)Ĉk, (2)

with Ĥ(k) given by43

Ĥ =
∑
k

[(ϵxy(kx, ky)− µ)Pz + (ϵxz(kx, ky)− µ)Py + (ϵyz(kx, ky)− µ)Px + (3)

+ ϵxz,yz(kx, ky)(L̂xL̂y + L̂yL̂x) + αOR(sin(kx) L̂y − sin(ky)L̂x)]σ̂0 + λSOL̂ · σ̂ .

We recall that Pa = (L̂2 − 2L̂2
a)/2 is the projector on the orbital state with a given distribution44

that is perpendicular to the a direction (e.g. for a = z the projection is on the xy orbital config-45

uration). Here, µ is the chemical potential. The term proportional to ϵxz,yz(kx, ky) corresponds46
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to the symmetry allowed hybridization processes of the (xz, yz) orbitals along the [110] and [1̄10]47

orientations. The choice of the following electronic parameters reproduces with good accuracy the48

experimental profile of the Sr2RuO4 Fermi lines at the surface as measured by ARPES (as in this49

paper and in Ref. 1, see e.g. Fig. 2):50

ϵxy(kx, ky) =−2t3[cos(kx) + cos(ky)]− 4t4 cos(kx) cos(ky)− 2t5[cos(2kx) + cos(2ky)]

ϵyz(kx, ky) =−2t2 cos(kx)− 2t1 cos(ky)

ϵxz(kx, ky) =−2t1 cos(kx)− 2t2 cos(ky)

ϵxz,yz(kx, ky) =−4t6 sin(kx) sin(ky)

with t1 = 0.145, t2 = 0.016, t3 = 0.08, t4 = 0.039, t5 = 0.005, t6 = 0.001, µ = 0.122,51

λSO = 0.035, in units of eV [1]. We assume a weak amplitude for the inversion symmetry breaking52

term αOR ∼ 0.01 eV, since the induced splitting is below the experimental resolution. The term53

proportional to αOR represents the orbital Rashba interaction [2–5] and couples the atomic angular54

momentum L with the crystal wave-vector k due to the breaking of inversion symmetry at the55

surface.56

Then, in order to take into account the breaking of time-reversal and mirror symmetry, we57

consider the spin-orbital chiral current phase along the l = [110] direction, as given the following58

term in the Hamiltonian:59

ĵso = gso · (L̂× σ̂) sin kl . (4)

Here, we take a representative gso vector with amplitude |gso| = 0.04 eV, with generic coefficients,60

so that it does not point in any high-symmetry direction in the lattice. The outcome of the orbital61

and spin-orbital quadrupole moments within the Brillouin zone is not qualitatively affected by the62

choice of the coefficients. This current term can arise by a mean-field decoupling of the Coulomb63

interaction for nearest-neighbor Ru centers (see Sect. IV). In Fig. 1 we report the orbital and64

spin-orbital textures for all the bands assuming different types of broken symmetry chiral phases65

marked by orbital and spin-orbital quadrupole currents.66

In order to capture the different behavior of the orbital and spin-orbital moments in the presence67

of chiral currents one can consider the equation of motion associated with the expectation values68

of the spin and orbital moments for a given eigenstate at momentum k. In general, the time69

dependent evolution of the spin and orbital angular momentum is provided by the equation of70

motion dM
dt

= τM with M = s,L and τM being the corresponding torques. For a given eigenstate71
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FIG. 1. Orbital and spin-orbital textures in the presence of chiral currents. a Electronic phase with

chiral orbital-quadrupole currents: amplitude of the orbital angular momentum Lz(n, k) of all bands |ψn,k⟩

evaluated along the Γ−X direction (Lz(n, k) = ⟨ψn,k|L̂z|ψn,k⟩). For clarity we plot both Lz(n, k) and

−Lz(n,−k) for any given momentum k to directly compare the amplitudes at opposite momenta. b Elec-

tronic phase with chiral orbital-quadrupole currents: amplitude of the spin projected orbital angular mo-

mentum (L±
z (n, k) = ⟨ψn,k|(1 ± ŝz)L̂z|ψn,k⟩). The amplitudes of Lz(n, k) and L±

z (n, k), displayed in a

and b, do not show any symmetry and do not match at k and −k. c Electronic phase with chiral spin-orbital

quadrupole currents with antisymmetric LS combination: Lz(n, k) and Lz(n,−k) coincide. d Electronic

phase with chiral spin-orbital quadrupole currents with antisymmetric LS combination: spin projected or-

bital moment L±
z (n, k) at opposite momenta are unequal in amplitude.

|ψnk⟩ of the band n at momentum k, one can write a torque equation for the amplitudes of the spin72

snk = ⟨ψnk|σ̂|ψnk⟩ and orbital Lnk = ⟨ψnk|L̂|ψnk⟩ moments. The equation of motion reads as73

dMnk

dt
= τM

nk with M = s,L and τM
nk = i⟨ψnk|[H,M̂ ]|ψnk⟩. Now, since we deal with equilibrium74

configurations in time-independent conditions the amplitudes of the spin and orbital moments have75

to fulfill the relations τMnk = 0 with M = s, L. These relations in turn set out the amplitude of the76

4



spin and orbital moments.77

For convenience and clarity, we introduce a Cartesian reference xyz and, without loss of gen-78

erality, we assume that the chiral current in the broken symmetry phase flows parallel to the x-79

direction. The spin-orbital current in Eq. (4) can be then generally expressed as80

ĵso =
[
gxso(L̂yσ̂z − L̂zσ̂y) + gyso(L̂zσ̂x − L̂xσ̂z) + gzso(L̂xσ̂y − L̂yσ̂x)

]
sin kx (5)

Furthermore, it is also convenient to write the Hamiltonian in the following compact form:81

Ĥ = H0 + Ĥso + ĵso (6)

with H0 containing the kinetic and the orbital Rashba coupling terms and Ĥso = λsoL̂ · σ̂. We82

notice thatH0 preserves the vertical mirrors (Mx andMy) and the time-reversal symmetries. Then,83

we point out that among the components of ĵso, the term related to gxso is the source of chiral84

symmetry breaking, as all the mirror symmetries are broken. This is because the components of85

L̂ and σ̂ are pseudovectors and are perpendicular to the current flow direction. Instead, the other86

components, related to gyso and gzso, preserve the Mx vertical mirror symmetry.87

Let us now consider the spin and orbital amplitudes of the torque by taking for instance the88

corresponding orientations along the x-direction. For this configuration, the commutators of the89

Hamiltonian with the x component of spin and orbital angular momentum yield90

[Ĥ0, σ̂x] = 0 (7)[
Ĥso, σ̂x

]
= iλso(L̂zσ̂y − L̂yσ̂z) ≡ iλsoÂ (8)[

ĵso, σ̂x

]
= i

[
hx(kx)B̂x + hy(kx)B̂y + hz(kx)B̂z)

]
(9)

where B̂x = L̂yσ̂y + L̂zσ̂z, B̂y = L̂xσ̂y, B̂z = −L̂xσ̂z and hi(kx) = giso sin(kx) with i = x, y, z.91

On the basis of these relations, the equilibrium condition for the spin torque yields:92

τ sxnk = τ sx,sonk +
∑

i=x,y,z

τ
sx,jiso
nk = 0 (10)

with93

τ sx,sonk = −λso⟨ψnk|Â|ψnk⟩ (11)

τ
sx,jiso
nk = −hi(kx)⟨ψnk|B̂i|ψnk⟩ . (12)

We notice that in the equation for τ sxnk the torque arising from the x component of the spin-orbital94

current (i.e. τ sx,j
i
so

nk ) breaks the Mx mirror symmetry. Instead, the terms related to gy,zso are mirror-95

symmetric. We also observe that in the absence of the spin-orbital current the spin torque due to96
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the spin-orbit coupling is identically zero. This implies that the spin and orbital moments must be97

collinear at any k. On the other hand, the presence of the chiral spin-orbital currents leads to a98

deviation from the collinearity between s and L.99

Let us now consider the analogous equations for the orbital moment. For the commutators with100

L̂x we have:101

[Ĥ0, L̂x] = −ify(k)L̂z − i
∑

a=x,y,z

(gay{L̂a, L̂z} − gzy{L̂a, L̂y} ≡ iQ̂(k) (13)[
Ĥso, L̂x

]
= −iλsoÂ (14)[

ĵso, L̂x

]
= i(−hx(kx)B̂x + hy(kx)Ĉy + hz(kx)Ĉz) (15)

with Ĉy = L̂yσ̂x and Ĉz = L̂zσ̂x. Here, the coefficient fy(k) = αOR sin(kx) is related to the102

orbital Rashba coupling. Hence, the equation for the orbital moment torque becomes:103

τLx
nk = τLx,0 + τLx,so

nk +
∑

i=x,y,z

τ
Lx,jiso
nk = 0 (16)

with104

τLx,0
nk = −⟨ψnk|Q̂(k)|ψnk⟩ (17)

τLx,so
nk = λso⟨ψnk|Â|ψnk⟩ (18)

τ
Lx,jxso
nk = hx(kx)⟨ψnk|B̂x|ψnk⟩ (19)

τLx,j
i=y,z
so

nk = −hi(kx)⟨ψnk|Ĉi|ψnk⟩ . (20)

Now, it is interesting to observe that τ sx,sonk = −τLx,so
nk and τ sx,j

i
so

nk = −τLx,jiso
nk . This relation is105

a hallmark of the phase with spin-orbital quadrupole currents. Taking into account these relations106

and the Eq. (10) for the spin torque, one can replace τ sx,sonk and τ sx,j
i
so

nk in the Eq. (16) with the107

combination of τ sx,j
a=y,z
so

nk . Hence, one can deduce an equation for the orbital torque that contains108

only terms that are mirror symmetry compatible. This implies that the expectation value of the109

orbital moment has a definite parity as for mirror-symmetric systems.110

Let us now consider the case of the orbital quadrupole current:111

ĵo =
[
gxo (L̂yL̂z + L̂zL̂y) + gyo(L̂zL̂x + L̂xL̂z) + gzo(L̂xL̂y + L̂yL̂x)

]
sin kx . (21)

As for the case of the spin-orbital quadrupole current, the term related to gxo break both the hori-112

zontal (Mz) and vertical (My and Mx) mirror symmetries, while for the other current components,113

we have that gyo and gzo preserve Mx. For this configuration one can deduce that the spin torque114
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FIG. 2. Fermi surface in the presence of the staggered octahedral rotation and average asymmetry

of orbital and spin-projected orbital moment. a Fermi surface. b k-integrated and band-averaged orbital

moment ⟨δLz⟩ = 1
12

∑
n

∫
|Lz(n, k)+Lz(n,−k)|dk and ⟨δLσ

z ⟩ = 1
12

∑
n

∫
|L+

z (n, k)+L
−
z (n,−k)|dk as

a function of the ratio of the staggered spin-orbital quadrupole current jstgso with respect to the homogeneous

spin-orbital quadrupole current jso component.

is not affected (i.e. σ̂ commutes with ĵo) and that the orbital part includes all the torques due to115

the ga=x,y,z
o current components. Then, the resulting orbital moment has to explicitly manifest a116

breaking of the mirror perpendicular to the current flow as demonstrated in Fig. 1.117

A. Surface reconstruction118

To take into account the surface reconstruction due to the staggered octahedral rotation we119

double the unit cell, in order to include both sublattices of the square lattice within the unit cell.120

Then, the term related to the octahedral rotation can be included in the Hamiltonian as a staggered121

potential for the d-states at the Ru site of the form:122

V̂stg = ηstgτ̂z

(
L̂xL̂y + L̂yL̂x

)
, (22)

where τz is a sublattice pseudo-spin operator given by the corresponding Pauli matrix and ηstg is123

a characteristic energy scale of the rotation pattern. This term leads to a staggered splitting of124

the (xz, yz) orbitals at the Ru site that arises due to the local vertical mirrors symmetry breaking125
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FIG. 3. Orbital and spin-orbital moments in the presence of uniform chiral currents and octahedral

rotation pattern. Chiral orbital-quadrupole currents: a orbital Lz(n, k) for all bands |ψn,k⟩ evaluated along

the ky = 0 direction (Γ − X), b spin-orbital L±
z (n, k). Chiral spin-orbital quadrupole currents: c orbital

Lz(n, k) of all bands |ψn,k⟩ evaluated along the ky = 0 direction, d spin-orbital L±
z (n, k).
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resulting from the rotated octahedra. Here, for the computation of the electronic structure, we126

use a representative value for ηstg = 5 meV. Variation of the strength of ηstg does not alter the127

qualitative outcome of the analysis. We also introduce a staggered spin-orbital current component128

as given by the following contribution:129

ĵstg
so = τ̂z

[
gstg

so · (L̂× σ̂) sin kl

]
. (23)

130

Hence, regarding the chiral current broken symmetry phase, we assume an amplitude modulation131

of the spin-orbital current along the [110] direction so that it is given by jso+ = jso + jstg
so when132

connecting Ru sites in octahedra that are clockwise rotated and jso− = jso − jstg
so for anticlockwise133

rotated octahedra.134

We have thus considered the possibility of having an amplitude modulation of the spin-orbital135

quadrupolar currents that follows the surface reconstruction due to the rotation of the RuO6 oc-136

tahedra. Then, it is expected that the ground state hosts chiral spin-orbital quadrupole currents137

which are not spatially homogeneous, being affected by the structural change of the octahedra,138

that result into different current amplitudes when linking ruthenium sites with inequivalent oc-139

tahedral rotation. We have analyzed this configuration as a function of the current amplitude140

unbalance associated with the two sublattices. For such a current pattern we find that the band141

resolved dichroic asymmetry in the reconstructed electronic states (Fig. 2 a) is not exactly zero142

(Fig. 2 b) as found for the uniform current configuration. In order to get an overall estimate of143

the difference between the orbital and spin-projected orbital moments as a function of the current144

sublattice unbalance, we have followed their integrated values (i.e. summing up all the band con-145

tributions and integrating along the Γ − X line). The outcome is reported in Fig. 2 b where one146

can clearly see that a non-vanishing orbital moment is induced by the spatially modulated chiral147

currents. Nevertheless, the asymmetry for the orbital moment turns out to be significantly smaller148

than that related to the spin projected one. For instance, for a spatial modulated configuration of149

the spin-orbital current with a sublattice unbalance of around 3% we find that the integrated value150

of the spin-projected orbital moment is about five times larger than that of the orbital moment. The151

point here is that the spatially homogeneous chiral spin-orbital current would lead to exact zero152

asymmetries in the dichroic amplitude due to the balance among the torques arising from the chiral153

current and that one arising from the spin-orbit coupling. Now, since the spin-orbit coupling at the154

Ru site is homogeneous, a spatial dependent amplitude of the chiral spin-orbital current cannot be155
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compensated and a non-vanishing amplitude of the dichroic signals can occur. Due to the surface156

reconstruction of the electronic states in the Sr2RuO4 one might argue that small deviations of the157

dichroic signals from zero can be consistent with the theoretical prediction when considering the158

orthorhombic configuration due to the staggered octahedral rotations around the c-axis. The main159

finding is that one can also account for an amplitude asymmetry of the dichroic signal keeping160

however a significantly larger spin-dichroic asymmetry as compared to the dichroic one.161

Finally, we have verified that for a uniform configuration of the spin-orbital quadrupole currents162

the asymmetry of the orbital moment at k and −k is identically zero irrespective of the surface163

reconstruction (Fig. 3).164

B. C4 rotational invariant spin-orbital chiral phases165

We have considered states with spin-orbital chiral loop currents that preserve the C4 rotational166

symmetry (see Fig. 4). These configurations lead to a symmetric dichroic amplitude and an167

asymmetric spin-dichroic value as related to the orbital moment Lz(n, k) and spin projected orbital168

orbital moment L±
z (n, k) for all bands |ψn,k⟩ evaluated along the ky = 0 direction. In particular,169

due to the C4 symmetries the orbital moment Lz(n, k) can be vanishing. This implies that for this170

type of configurations we also expect a large difference between the asymmetry in the dichroic171

and spin-dichroic signals.172

C. Canted antiferromagnetic order173

We consider the case of a magnetic order with a canted antiferromagnetic configuration. The174

broken symmetry state is introduced by an effective magnetic term in the spin channel with uni-175

form/staggered magnetization:176

Hmag = gµB (τ̂0Muni + τ̂zMstg) · σ̂ , (24)

with Muni and Mstg being the uniform and staggered magnetization components. We have com-177

puted, for a representative antiferromagnetic configuration with canted moments, the orbital and178

spin-resolved orbital moment for all the bands crossing the Fermi level (Fig. 5). As one case see179

from the inspection of the results in Fig. 5 the orbital and spin-projected orbital moments exhibit a180

sizable asymmetry when comparing the amplitudes at k and −k. This is a general feature of all the181
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FIG. 4. Schematic configuration of a C4 rotational invariant spin-orbital chiral state. a The arrows

indicate the current direction on a given bond associated with the corresponding spin-orbital momentum. b

Schematic representation of a spin-orbital chiral state with C4 rotation symmetry.

magnetic phases with similar symmetry content with respect to mirror and time reversal symmetry182

and based on a long-range spatial order of Ru spin moments.183

II. SPIN RESOLVED CIRCULARLY POLARIZED ARPES: MATRIX ELEMENTS AND OR-184

BITAL ANGULAR MOMENTUM185

We report here the main steps to deduce the expressions for the dichroic and spin-dichroic186

ARPES transition amplitudes. To this aim, we follow the derivation reported in Ref. [3] and adapt187

it to the spin-dichroic case too. The starting point is to consider that the circular dichroic signals188

probed by ARPES can be expressed through the normalized amplitude as189

D(k) =
∑
σ

[
IRσ − ILσ

]
IRσ + ILσ

. (25)
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FIG. 5. Orbital and spin-orbital textures in the presence of canted antiferromagnetism and staggered

octahedral rotation. a orbital moment Lz(n, k) and b spin projected orbital orbital moment L±
z (n, k)

for all bands |ψn,k⟩ evaluated along the ky = 0 direction. The amplitudes of the magnetizations are:

Mstg = (0, 0, 0.1) and Muni = (0.02, 0, 0) in units of eV(g µB)
−1 (g is the electron g-factor and µB is the

Bohr magneton.

The sum over the final state spin σ indicates the spin-integrated nature of the detection approach.190

Thus, one can also introduce the spin-resolved dichroic amplitude as given by191

Ds(k) =

[
IRs − ILs

]
IRs + ILs

, (26)

here for convenience we assume that the spin configuration is along the z-axis and are labeled by192

s = +(−) to indicate the ↑z (↓z) spin states, respectively. Similar expressions can be derived for193

the all the other spin orientations.194

To calculate the amplitude of the dichroic and spin-dichroic signal one has to evaluate the transition195

probability I for an optical excitation between the initial and final states. The interaction with the196

photon is given byHint = A ·p. The vector potentials are A = ϵ1+iϵ2√
2

for right circularly polarized197

photons, and A∗ = ϵ1−iϵ2√
2

for left circularly polarized photons. Hence, the vector A × A∗ =198

−ik̂ph sets out the incident photon direction. For convenience and clarity, we report the main199
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steps and expressions of the derivation to show the link of the ARPES intensity with the orbital200

and spin-projected angular momentum. Let us consider as initial state the Bloch configuration201

with momentum k that is given by |ψI
k⟩ = 1√

N

∑
i,α,σ exp[ik · ri]uα,σ(k)|i, α, σ⟩, where |u⟩ =202 ∑

α,σ uα,σ(k)|i, α, σ⟩ is the Wannier configuration centered at the site ri associated with the t2g203

orbitals labeled by α = xy, xz, yz and spin σ. A plane-wave state is assumed for the final state204

|F ⟩ =
∫
exp[ikF r]|r⟩ [6, 7] with kF being the Fermi wave vector. We recall that the expected205

value of the orbital angular momentum evaluated on the state |ψI
k⟩ is given by ⟨L̂⟩ = i

∑
s us ×206

u∗s(k), with us = (uyz,s, uzx,s, uxy,s) and the spin projected orbital components are expressed as207

⟨L̂(1 + sσ̂z)⟩ = ius(k)× u∗s(k), with s = ± singling out the spin up and down configuration with208

respect to the z-direction, respectively. Following the derivation in Ref. [3], one can show that the209

spin resolved transition probability can be generally expressed as210

Dσ =
(A×A∗) · ∇gσ ×∇g∗σ

[(A · ∇gσ)(A∗ · ∇g∗σ) + (A∗ · ∇gσ)(A · ∇g∗σ)]
(27)

with211

gσ(kF ) = uσ · ∇kF f(kF ) (28)

where the gradients are respect to the Fermi wave vector kF , and f(k) is the Fourier transform of212

the part of the Wannier function that depends only on the radial distance r−ri related to the atomic213

center at ri. The denominator of D is always positive and has a minor role in the dependence of214

the matrix elements from the orbital angular momentum. The key quantity for our purposes is215

given by the factor Γs = ∇gs ×∇g∗s . One can show [3] that the term Γs can be expressed as216

Γs =
1

2
εαβγ (us × u∗

s)α∇Pβf ×∇Pγf (29)

=i
1

2
εαβγ⟨L̂α(1 + sσ̂z)⟩∇Pβf ×∇Pγf (30)

with the vector P having the following components (Qyz, Qzx, Qxy) with Qij = ∂i∂j . We notice217

that while the structure of the orbital angular momentum is similar to that of p-orbitals because we218

are using an effective L = 1 manifold for the t2g sector, the second order differential operator Qij219

takes into account the different structure of the orbital configurations. In a similar way, one can220

show that the spin integrated Γ amplitude is given by221

Γ = i
1

2
εαβγ⟨L̂α⟩∇Pβf ×∇Pγf , (31)

with εαβγ the Levi-Civita tensor. Then, one can see that the amplitude Γ and thus the dichroic222

signal is proportional to the projected orbital angular momentum components ⟨L̂α⟩ with respect223
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to the incident photon direction. Additionally, the spin-dichroic signal is proportional to the spin-224

projected orbital angular momentum as given ⟨L̂α(1+sσ̂z)⟩ with s = ± for projecting spin up and225

down configurations, respectively. The remaining form factors depend on the Fermi momentum226

and on the photon energy. Since our study aims to have a qualitative understanding of the anoma-227

lies in the transition amplitude probed by Spin CD-ARPES, their contribution does not affect the228

conclusions of our findings.229

In the employed experimental setup the spin orientation is selected in a direction that is perpendic-230

ular to the surface (i.e. z) and the incident photon direction is primarily selecting the out-of-plane231

z-component of the orbital angular momentum. Hence, the dichroic and spin-dichroic signal are232

proportional to ⟨L̂z⟩ and ⟨L̂z(1± σ̂z)⟩ as considered in the manuscript.233

III. CURRENT DRIVEN PHASE BY COULOMB INTERACTION234

Let us now present how the electronic current phase arises as a broken symmetry state with a235

nonvanishing expectation value of the current operator on the Ru-Ru bond due to the Coulomb236

interaction. Indeed, in order to demonstrate this point one needs to introduce the spin-orbital237

asymmetric operator238

ϕαβ
σ,σ′(l,m) = i

(
c†α,σ(l)cβ,σ′(m)− c†β,σ′(m)cα,σ(l)

)
(32)

for the l −m bond between two Ru atoms with position identified by the coordinates Rl and Rm.239

Here, cα,σ(l)(c†α,σ(l)) are the annihilation (creation) operators associated with an electronic state240

with α orbital and spin σ at the atomic site Rl. Then, the spin and orbital dependent terms that241

build up the density-density inter-site Coulomb interaction Ulm for a generic l − m bond can be242

written in the following form243

Ulmnα,σ(l)nβ,σ′(m) = −1

2
Ulm(ϕ

αβ
σ,σ′(l,m))†ϕαβ

σ,σ′(l,m) +
1

2
Ulm (nα,σ(l) + nβ,σ′(m)) (33)

where the orbital and spin resolved density operators, nα,σ(l), are defined as nα,σ(l) = c†α,σ(l)cα,σ(l).244

Hence, by decoupling the quartic term, one can introduce an order parameter associated with the245

expectation value of ϕαβ
σ,σ′(l,m) and express the interaction as246

Ulmnα,σ(l)nβ,σ′(m) ∼ −1

2

[
⟨ϕαβ

σ,σ′(l,m)⟩(ϕαβ
σ,σ′(l,m))† + h.c.− |⟨ϕαβ

σ,σ′(l,m)⟩|2
]

(34)

where the average value indicates the summation over all the electronic states weighted by the247

Fermi distribution function. Taking into account the spin-orbital order parameters on the l − m248
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bond, by suitable superposition of the ϕ operators one can construct a bond current order parameter249

that is given by the expectation value of the following orbital and spin-orbital quadrupole current250

operators:251

Jo
i,j(l,m) = i

(
c⃗ †(l)L̂iL̂j c⃗ (m)− h.c.

)
Jso
i,j(l,m) = i

(
c⃗ †(l)L̂iŜj c⃗ (m)− h.c.

)
(35)

with c⃗ †(l) =
[
c†xy,↑(l), c

†
yz,↑(l), c

†
zx,↑(l), c

†
xy,↓(l), c

†
yz,↓(l), c

†
zx,↓(l)

]
and i, j ∈ {x, y, z}.252
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