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I. EXPERIMENTAL DEVICE AND METHODS

In this work we use the same experimental device as in [1]. It consists of a tantalum transmon fabricated on
a sapphire chip [2-4], which is inserted into a waveguide tunnel connected to a high-Q A/4 3D microwave cavity
machined out of high purity aluminum [5, 6]. We use the fundamental mode of the cavity as our oscillator (described
by operator a, with Fock states {|0),]1),...}), and the transmon’s ground |g) and excited |e) states as our ancilla
qubit (described by Pauli operators o, .). The dipole coupling between the transmon and cavity gives rise to a
dispersive coupling between these modes. Co-fabricated on the sapphire chip are a stripline readout resonator and
Purcell filter, for dispersively measuring the state of the transmon qubit. We characterize the device and calibrate
our control pulses using the methods described in detail in Ref. [1]. For the sake of brevity, in this section we limit
ourselves to describing our experimental methods when they either differ from those used previously, or are important
for contextualizing our results.

We model the idling Hamiltonian of the transmon-cavity system, in the rotating frame of both the cavity (frequency
w.) and transmon qubit (frequency wy), as

1 1 1
Hy/h= 5Xcﬁaaz + §KaT2a2 + Zx/aﬂa%z, (S1)

where x is the dispersive shift, x’ is the second-order dispersive shift, and K is the Kerr nonlinearity. In Table S I
we present values for these parameters, measured in the same time-frame as the rest of our reported results. Our
measurements of the transmon and cavity lifetimes are presented in Fig. S 1. Due to the presence of a two-level
system (TLS) coupled to our transmon we find beats in the Ramsey coherence measurement. Note that our measured
value of the cavity pure-dephasing rate is

1

1 —1
e — (5.6+0.6 , 2
Foe = Ty O ( ms) (52)

which differs from from the rate of dephasing Ii((;éh) induced by transmon thermal fluctuations

(nen) . Mnth -1
KGreh) 7, = (134£06ms), (S3)

where the approximation we used for n((;éh) is valid in the regime x > T} ql and ny, < 17, 8. A similar discrepancy
was found in Ref. [1]. Since we expect our 3D cavity to have negligible intrinsic dephasing [5, 9-11], we attribute
this discrepancy to systematic error in our Thr . measurement. In particular, we expect that errors during the echoed
conditional displacement (ECD) circuit used in this measurement [1] cause leakage outside the {]0), |1)} subspace of
the cavity, leading to an apparent reduction of T5p ..

The stability of our system is well-captured by the measurements reported in [1]. The primary source of fluctuations
are spurious two-level-systems coming into and out of resonance with the transmon, causing fluctuations in the
transmon lifetimes. These fluctuations typically occur on a week-by-week timescale. Our training and evaluation of
the optimal GKP qubit, qutrit, and ququart were performed during periods of stability well-described by the reported
experimental parameters.

A. ECD Pulse Compilation

We compile our echoed conditional displacement (ECD) gates [12] in terms of displacements D(a) =
exp(aa’ — a*a), ancilla rotations, and evolution Uy(7) = e~Hom/h under the idling Hamiltonian of Eq. (S1) for
time 7. Our compilation takes the form

ECD(B; a,7) = D(iae®® cos 2¢) Up(1) D(—iae'®? cos ¢) o, D(—ice'®® cos ¢) Uy(t) D(ice’?), (S4)

where 3 = |B|e?® is the conditional displacement amplitude, o € R>¢ is the intermediate displacement amplitude,
¢ = X(T + Taisp)/2, Taisp = 48 ns is the duration of our cavity displacement pulses, and 7 is the wait time required
to achieve the desired |3| given the intermediate amplitude a. Following Ref. [1], we calibrate the wait time 7(«, )
empirically using the model

T(Oqﬁ) =D

2 (55)



Frequency we = 2w x 4.479 GHz
1st order dispersive shift x = 27 x 41.8 kHz
. 2nd order dispersive shift | ¥’ = 27 x 4.3 Hz
Cavity mode Kerr nonlinearity K =—-27x3.7Hz
Energy Relaxation Ti,c=631%£3 us
Dephasing (Ramsey) Tor,c = 1030 + 20 ps
Frequency wq = 27 % 6.009 GHz
Anharmonicity aq = —2m x 221 MHz
. Thermal Population nep = 2.2+ 0.1%
Ancilla transmon | p oo R laxation T =295+1 us
Dephasing (Ramsey) Tor,q =181£5 pus
Dephasing (Echo) Top,q =286+ 1 us
Frequency wr = 27 X 9.110 GHz
Dispersive shift Xqr = 27 % 0.60 MHz
Readout resonator Coupling strength Krext = 27 X 0.47 MHz
Internal loss Krint = 27 x 0.03 MHz

Table S 1. Measured system parameters.
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FIG. S 1. a, Transmon and b, Cavity lifetimes. The fit values are presented in Table S I.

and find typical values of p; ~ 1566 ns and py =~ 48 ns. We also calibrate the geometric phase accumulated by the
ancilla qubit during each ECD gate following established methods [1, 12]. Compiling our ECD gates in terms of these
primitive pulses, rather than long array pulses, gives us the flexibility to realize the complicated control sequences
required for manipulating GKP qudits.

B. Oescillator State Preparation

We prepare arbitrary oscillator states using ECD gates ECD(8) = D(8/2)|e){g|+D(—5/2)|g){e| and ancilla qubit ro-
tations Ry (0) = expli(o, cos ¢ + oy, sin ¢)0/2], which together enable universal control of the combined qubit-oscillator
system [12]. In particular, we can approximate the unitary operator Uy, that maps the state |g)|0) to the target state
|g) |1} with the interleaved sequence

—

Uy ~ Uy (5, ,0) = ECD(Bx) Ry (On)ECD(Bn—1)Roy_, (On—1) - - ECD(B1) Ry, (61), (S6)

where we refer to N as the depth of the ECD circuit. We optimize this unitary offline [13], with a fixed circuit depth,

- = =

finding the circuit parameters 3, ¢, and  that maximize the fidelity F = gl (¥|Uy (B, ¢,0)]9)]0)|? in the absence of
loss.



C. Wigner and Characteristic Function Tomography

We measure the state of our oscillator mode by performing either Wigner tomography or characteristic function
tomography. The Wigner function can be defined as the expectation value of the displaced photon-number parity

operator Il = eima'a according to
W(a) = (D(a)IID(-a)). (S7)

We map the photon-number parity to the ancilla qubit by initializing the ancilla in [+) = (|g) +|e))/v/2 and evolving
under the dispersive Hamiltonian Hgisp = XaTaaz /2 for time t = 7/, such that

- 7i7rafaoz - - - - -n
) > enln) — e Pl ealn) =14) D itealn) +1-) Y i"enln), (S8)
n=0 n=0 n even n odd

where [—) = (|g) — |e))/V/2 [14]. Afterwards, we rotate the ancilla around its y axis by applying Ry /»(—s7/2) and
measuring o, of the ancilla, such that the measurement result ¢, = +1 corresponds to the parity result II = +s,
where s = +1. In practice we symmetrize this measurement by using s = 1 half the time and s = —1 half the time.
To measure W (a), we simply prepend this parity measurement with a cavity displacement D(—a). To reconstruct
density matrices from Wigner tomography measurements we follow the method described in Ref. [1].

The characteristic function C(8) is defined as the expectation value of the displacement operator (D(3)) and it is
also the Fourier transform of the Wigner function, which is why we often call S-space reciprocal phase space. Following
previous work [12, 15, 16], we map the characteristic function of the cavity state |¢) to our ancilla qubit by performing
an ECD gate starting with our ancilla in the |+) state. This entangles the cavity with the ancilla according to

L
V2

Tracing out the cavity, the reduced density matrix on our qubit can be written

_1( 1 (D)
=3 (ot "5 10

such that the characteristic function is encoded in expectation values of the qubit with respect to the equator of its
Bloch sphere according to

ECD(8)[4)19) = —= [l9)D(=8/2)16) + e} D(5/2)|w)]. (59)

(D(B)) = (o) +i(oy). (St1)

The derivatives of the characteristic function at the origin of reciprocal phase space enable us to measure photon
statistics of the field in the cavity according to [15]

8m+n

tmony _
aa"y = —————C ‘ . S12
(@"a") = ~ g, (512

In particular, for 5 = x + iy the average number of photons in the cavity can be written
1 1[o%C  o%C

T\ - |22 2~ 1

(a'a) 571 L‘f)m? + ayzL_g. (S513)
y:

II. GOTTESMAN-KITAEV-PRESKILL QUDITS

In its most general form, the Gottesman-Kitaev-Preskill (GKP) code can be used to encode a logical qudit within
N oscillator modes [17]. As discussed in the main text, we restrict ourselves to the single-mode square code with ideal
stabilizer generators

Sx = D(ly) = e V2, (S14)
Sy = D(ity) = eV, (S15)



ideal codewords

o0

Zn)ax Y Iny/2r/d+ kv2rd), (S16)

k=—o0

with n =0,1,...,d — 1, and ideal logical Pauli operators
Xq = D({afd) = e itaV2r/d, (S17)
Zq = D(ily)d) = e'+V?1/d, (S18)

where ¢; = vVnd and d € Z~¢ is the dimension of the logical qudit. Note that with our choice of phase-space units,
translations in position and displacements along the real axis of phase space differ in amplitude by a factor of v/2.
The Pauli operators act on the Z-codewords according to

Zi|Zn)a = wilZn)d,

Xd|Zn>d = |Z(n+1) mod d>d7 (819)
ZgXq=wqXqZq,

where wg = €>™/¢ is the primitive dth root of unity. Here the oscillator is described by mode operator a, position

operator ¢ = (a+a')/v/2, momentum operator p = i(at —a)/+/2, and displacement operator D(a) = exp(ozaT - a*a).
The eigenstates of the generalized Pauli operators play a key role in our experiment. For Pauli operator P; with
non-degenerate spectrum {1, wy, o.)?j7 ...7wf1171}, we define the nth eigenstate | P, )4 according to

Pu|Pp)a = wi|Pn)a- (S20)

To ensure Py has the desired spectrum we either define it as X} Z7" or \/wq X} Z]", for integers n and m. Note that we
sometimes omit subscripts d and/or the factor of /w4 for convenience, when the meaning remains contextually clear.
We present the Pauli eigenstates of the qubit, qutrit, and ququart used throughout this work in terms of the Pauli
Z4 basis states in Table S II. We find these representations by numerically diagonalizing the relevant operators. In
this table we also present the ququart parity basis {|4,n)4;s = £,n = 0,1}, which are the simultaneous eigenstates
of X2 and Z3 according to X3|4,n)s = £|£,n)y and Z2|4,n)s = (—=1)"|£, n)4, in terms of the Zy basis.

In practice, we work with an approximate finite-energy version of the GKP code, obtained by applying the Gaussian
envelope operator Ea = exp(fAQQTa) to both the operators O and states |¢) of the ideal code according to[17, 18]

[¥)a = Ealt),

S21
Oa = EAOEL’, (521)

up to normalization. The parameter A determines both the squeezing of individual quadrature peaks in the grid
states as well as their overall extent in energy.

To find the finite-energy Pauli eigenstates numerically, we extend the approach of Ref. [12] to the case of GKP
qudits. We find the finite-energy |Zp)q,a state by computing the ground state of the fictitious Hamiltonian

1 1
H = ~3Ex (SX n SL) 3! - Ea (SZ + S}) EX' —dEa (Zd n Zjl) o (S22)
and then obtain the remaining |Z,)q A states according to

1 Zn)a.n = BEaXJEX | Zo)a,n- (S23)

Finally, we obtain the remaining states using the expressions in Table S II.
A. Stabilizing Finite-energy GKP Qudits
We follow Ref. [19] to generalize the sBs protocol to stabilize finite-energy GKP qudits. The stabilizers (S) of the

ideal square GKP qudit are given by Sy = €!V2744 Gy = ¢~#V2mdP  The finite-energy analog of these stabilizers can
be expressed as

SZ,A — ei\/ 27d(q cosh A% +ipsinh A2) , (824)
SX,A — e—i\/?‘n'd(p cosh A% —igsinh Az). (825)



Qubit Pauli
n=20 n=1
States
| Xn)2 |Zo)2 + | Z1)2 |Zo)2 — | Z1)2
VWX Zn)2 | |Zo)2 +Vw|Z1)2 | |Zo)2 — Vw|Z1)2
Qutrit Pauli
n=20 n=1 n=2
States
| Xn)s |Zo)s + | Z1)3 + | Z2)3 | Zo)s + w?|Z1)3 +w|Za)s | |Z0)s 4+ w|Z1)s + w?|Z2)s
| X Zn)s | Zo)s + | Z1)3 +w|Z2)s | |Z0)3 + w?|Z1)s + w?|Z2)s |Zo)s + w|Z1)3 + | Z2)s
|X2Zn>3 |Z0>3+w2\Z1>3+|Z2>3 |Zo)s + | Z1)s +UJ2|ZQ>3 |Zo)s + w|Z1)s + w|Z2)3

Ququart Pauli

n=20 n=1 n=2 n=23
States
X0 | Zo)a + | Z1)4 |Zo)a — w|Z1)a |Zo)a — | Z1)a | Zo)a + w|Z1)a
n/4
+|Z2)a + | Z3)a —|Z2)a + w|Z3)a +|Z2)a — | Z3)a —|Z2)s — w|Zs)a
VEX Z) |Zo)a + Vw|Z1)4 VW|Zo)a + | Z1)a [Zo)a — Vw|Z1)a VW|Zo)a — | Z1)a
w n/4
—|Z2)a + Vw|Z3)a | +/w|Z2)a — | Z3)a | —|Z2)a — Vw|Z3)a | +/w|Z2)a + | Z3)a
|X2Z,)4 |Z1)a + w|Z3)a | Zo)a — w|Z2)a |Z1)a — w|Z3)a | Zo)a + w|Z2)a
N8 | Zo)a — V@l Z1)a | VolZo)a+1Z1)s | |Zo)a+VwlZi)a | VwlZo)a—|Z1)a
w. n)4
+\Z2>4 + \/E|ZS>4 —\/l;|22>4 +|Z3)a +|Z2>4 — \/LTJ|Z3>4 —/w|Z2)s — |Zg>4
X 22) | Zo)a + | Z1)a |Zo)a — w|Z1)a |Zo)a — | Z1)a | Zo)a + w|Z1)a
)4
—|Z2)s — | Z3)4 +|Z2)a — w|Zs)4 —|Z2)a + | Z3)a +|Z2)a + w|Z3)a
Ququart Parity |+, 0)4 |—,0)4 [+, 1)4 |=1)a
States
| Zo)a + | Z2)a | Zo)a — | Z2)a |Z1)a + | Z3)a |Z1)a — | Z3)a

Table S II. Pauli eigenstates of the qubit, qutrit, and ququart expressed in the Z4 basis, and the ququart parity states expressed
in the Z4 basis. For each qudit, w = €2/ is the primitive dth root of unity and 1/w = ¢*™/%. The overall normalization constants
are omitted for simplicity.



To construct the engineered dissipation onto the codespace of these finite-energy stabilizers, we introduce an effective
mode operator ax,z  log(Sx z) which annihilates the GKP qudit codewords. These mode operators can be written

ay = (q[m] + iptanh A?)/V2tanh A2, (S26)
ax = (p[\/m] —igtanh A%)/vV2tanh A2, (S27)
Here vp,,,) denotes the symmetric version of the modular quadrature v (mod m), also known as the Zak-basis [20].

To realize our engineered dissipation, we siphon energy from the operator ax z into an ancilla qubit by evolving
under

H o ax,z(05 —ioy) + ak (05 + ioy) (528)

for a short time, resetting the ancilla, and repeating. Resetting the ancilla extracts entropy from the oscillator in a
way that stabilizes the ground state manifold of ax, 7, which is designed to be the finite-energy GKP qudit codespace.
Starting with the ancilla in |g), the desired entangling unitary associated with az can be expressed

_ ot 2
Uz = exp [z tanh AZ (q[\/m]am + po, tanh A )] , (S29)

where v is the rate of dissipation onto the ground state of az. We can now use second-order trotterization of Uz to
derive the circuit that stabilizes the logical Z subspace,

s _ oup [ gy /201 12RN(A%) PN L _jy/ 10t tanh(4%) 3/2
U3 exp( Zﬁpgy exp| —1¢ tanh(AQ)q[ am7a O | eXP| i 1 poy | + O[(ydt)*/=].

(S30)
Since the modular quadratures are translation invariant we impose the constraint q J27d) — ¢ on the trotterized
unitary, and choose
wd 2 2\ 2
~vot = ?tanhA (cosh A*)~. (S31)

Plugging back in, we obtain
UsBs = exp(—isdpay/Z\/ﬁ) exp(—i@dquUI/\/i) exp(—i&:dpay/2\/§>7 (S32)

where ¢4 = Vmdsinh A% and Ly = Vmdcosh A?. We next introduce Hadamard gates H and ancilla rotations to
express the circuit in terms of conditional displacement gates conditioned on the o, axis of the ancilla Bloch sphere,
as used in the main text. Doing so, we obtain

UsP® = exp (—iedpaz/2ﬁ> R} (7/2) exp (—iEquaz/\/i) Ry (7/2) exp (—isdpaz/Q\/i) ) (S33)

where we now assume that we begin with the ancilla in |+) rather than |g) (and we ignore ancilla gates at the end
since we follow the last entangling operation with a reset). This circuit can be expressed in terms of ECD gates as

UsP® = ECD(4/2) Ro(m/2) ECD(—ilya) RY(7/2) ECD(c4/2). (S34)

If we update the cavity reference phase by a factor of i, we obtain the circuit in Fig. 1c of the main text.

B. Maximally-mixed GKP Qudit States

Since the codespace of the GKP qudit is the steady state of the engineered dissipation realized by the sBs protocol,
we can prepare the maximally mixed state pg“x by turning on sBs and waiting, as discussed in the main text. In Fig.
S 2a we reproduce the dataset presented in Fig. 1d of the main text, but here we include our measurement of Im|[C]
as well, which is zero as we expect. In Fig. S 2b we plot the simulated Wigner functions of these mixed states.

Interestingly, the maximally mixed GKP states in odd dimension d have regions of Wigner negativity, indicating
non-classicality [21]. This can be viewed as a consequence of the interference fringes of the |Z,,)q basis states in phase
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FIG. S 2. Maximally-mixed GKP qudit states. a, Measured characteristic functions of the maximally-mixed states of
GKP qudits. This is the same dataset presented in Fig. 1d of the main text, except here we include our measurement of Im[C]
for completeness. b, Simulated Wigner functions of the maximally-mixed states of GKP qudits.

space, which occur at half lattice spacings (see Figs. S 3,S 8, and S 14). In even dimensions this half lattice spacing
is commensurate with the lattice, and when the states mix incoherently the negative peaks get canceled out by the
positive peaks from other states. In odd dimensions, however, this half lattice spacing is not commensurate with the
lattice, and these negative peaks remain even after incoherent mixing of the states. For our measurement of these
mixed states, we opted to perform characteristic function tomography rather than Wigner tomography because of the
inherently low contrast of the Wigner function of p™* for increasing d; achieving the same signal-to-noise ratio with
Wigner tomography would have taken a prohibitively long time.

III. CHARACTERIZING QUANTUM MEMORIES

As discussed in the main text, we characterize the performance of our logical GKP qudits as non-binary quantum
memories via the average channel fidelity

d—1
1 1
I) = Tr (U}

which compares the channel € to the identity I [22]. Here the U,,,’s are elements of a unitary operator basis satisfying
the orthogonality relation Tr[U}, Uki] = 8,10mid, which in our case we take to be the generalized Pauli operators
Upm = XJZ7 (up to a phase factor, which will be important in our analysis later). Although Fy will have a
complicated time evolution in general, it can always be expanded to short times dt as

Fal& D)~ 1— L; 1Pdt, (S36)



where I' can be interpreted as the effective depolarization rate of the channel £ at short times. This interpretation
comes from considering the qudit depolarizing channel

Eaeplp) = ¢ p + (1 ") STv]p], ($37)

which transfers probability from p to the maximally-mixed state I/d at rate 7. Note that the factor of Tr[p] = 1
is included so this channel is explicitly trace-preserving, even when applied to operators U,,, as in Eq. (S35). The
average channel fidelity of Egep relative to I takes the form
1 d—1 _, d—1
]:d(gdepyl) = E + d (& AT T'ydt7 (838)

where in the last step we have expanded the expression to short times dt.

This rate I' enables us to compare different decay channels on the same footing. In particular, we want to compare
the decay rate Fldoglcal of our logical qudit to thysmal of the best physical qudit in our system. We define the QEC
gain as their ratio

Gd _ ]-—\ghysical/]-—\ilogical7 (839)

and the break-even point is when this gain is unity.

A. Cavity Fock Qudit

The best physical qudit in our system is the Fock qudit in the cavity, spanned by the states {|0),]1),...,|d — 1)}.
The cavity itself decays under both photon loss and dephasing, described by the Kraus operators

cdt
Koy=1I- m’TaTa — kg dt(a’a)?,

Kl =1/ Iilﬁcdt a, (840)
Ky =+/2K¢ cdt a'a,
where 1, =1/T1 . and k¢ = 1/Tor,c — 1/211 . The overall decay channel of the cavity is then given by

Eclp) = KopK{ + K1pK| + KapK]. (541)

To express the effective short-time depolarization rate TE° of the cavity Fock qudit in terms of k1. and k4., we

truncate the channel &, to the first d Fock states, plug into Eq. (S35), expand to lowest order in d¢, and compare the
result to Eq. (S36). We perform this calculation in Mathematica and obtain

2 2 -
FgOCk _ 751764, SKee = (851 :I:Q[Ls) 1,

3 3
9 3 -

Dok = S+ Sge = (488 £ T ps) (S42)
8 8 -

piock — =hle + 3hioe = (332 £ 6 us) b

where in the last step we plugged in our measured values for k1 . and kg . (see Table S I).

B. Breaking Down the Average Channel Fidelity

We next analyze the average channel fidelity of our logical GKP qudits by breaking down Eq. (S35) in terms
of quantities we can measure experimentally. Our strategy is to partition the set of Pauli operators {U,,,} into
subsets {P, P%,..., P71}, where P € {U,,} is assumed to have a non-degenerate spectrum. Since we are free to
choose an overall phase factor of our U,,,, we may assume without loss of generality that the eigenvalues of P are
L wa, w2, ..., wg_l, where wy = exp(2mi/d) is the primitive dth root of unity. The operator P can therefore be spectrally
decomposed as

d—1

P =Y wilP)(Pi, (543)
k=0
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where |P;) is the kth eigenket of P satisfying P|P;) = wk|P). We can also express the projectors |Py)(Py| in terms
of the operators P* by considering the expression

1d—1 1d—l d—1
—Lk —Lk 17
D DT St A
=0 =0 =0

d—1 d—1 S44)
1 eGi—k (
= 2 1PB Wi,
j=0 £=0
=|Pp) (Prl,
where in the last step we used the identity
-1
Zws(y—k) = ddj. (S45)
£=0

We next consider terms of the form Tr [(P?)TE(P7)], as appear in Eq. (S35). Using the above results and summing
over j, we can write

d—1 d—1
T [(P)TEP)] = D (Pl(P)TE(P)| P,
j=0 J.k=0
d—1 )
= Y W PUPY(PUE(|Pn) (Pl | i),
7,k,£,m=0
d—1
= 3 Wl TPUEN PR Pl P,
7,k,m=0
d—1
=AY (PL|E(|P)(Pe])| Pe),

k=0

(S46)

where in the last step we again used Eq. (S45). Finally, we want to remove the contribution of the identity to the left
hand side of Eq. (S46). Assuming the steady state of the channel £ is the maximally mixed qudit state, and therefore
that £(I) = I, we obtain

d—1 d—1
S T [(P)TE(P))] = —d+d Y (Pel&(|Pe)(Pe])| Pe). (S47)
j=1 k=0

The right hand side of this equation is now in terms of experimentally accessible quantities: the terms in the sum can
be measured by preparing the state |Py), applying the channel £, and measuring the probability that the final state
is still | Py).

C. Average Channel Fidelity for GKP Qubits

In d = 2, we partition the set {U,,} as

{Unm} = {1} U{X2} U{Z2} U {\/w2X2Z2}, (S48)

which is somewhat trivial since each constituent set has only one element, but serves to illustrate our approach
nonetheless. We break up Eq. (S35) into sums over each subset of the partition and use Eq. (S47) to obtain the
average channel fidelity

FAE D) =5 3 S (BIEIPPDIP, (519)

PePs k=0



11

where Py = {Xa, Zs, \/wa X2Z5}. Assuming each Pauli eigenstate |Py) of the GKP qubit decays exponentially toward
the maximally mixed state I/2 at rate yp,, the effective depolarization rate 'SP can be expressed as

1
rgir — % > k., (S50)

PeP2 k=0

in agreement with previous work [1].

D. Average Channel Fidelity for GKP Qutrits

In d = 3, we partition the set {U,,} as
{Upm} = {1} U{X3, X3 U{Z5, 22y U{ X375, X272}y U{X2Z3, X373}. (S51)

We again break up Eq. (S35) into sums over each subset of the partition and use Eq. (S47) to obtain the average
channel fidelity

2

Fy&.1) = o5 3 SOURIEQP) (PP, (852)

PePs k=0

where P = { X3, Z3, X373, X3 Z3}. We note that the bases of Pauli operators P € P3 form a maximal set of mutually
unbiased bases in d = 3 [23]. Assuming each Pauli eigenstate |Py) of the GKP qutrit decays exponentially toward the
maximally mixed state I/3 at rate vp,, the effective depolarization rate T§XF can be expressed as

2
g = £ 3 S (553)

PeP3 k=0

E. Average Channel Fidelity for GKP Ququarts

In d = 4 the situation is more complex, since {U,,,} can’t be partitioned into disjoint subsets {P, P?, ..., P4~1}.
The best we can do is
{Unm} = {I} U{X4, X3, X7}
U{Zs, 73,23}
U Vi X4 Z4, 04 X773, wi/2XfZi’}
U{XiZ4, 23, X373}
U Vs X3 2y, ws X222, w3 X, 73}
U{XuZ3, X3, X373}

(S54)

If we apply the same procedure here as in d = 2 and d = 3 we would end up double-counting the contribution of Pauli
operators X3, Z2, and X372 to Eq. (S35). As it turns out, however, [X3, Z7] = 0, so all three of these operators can
be simultaneously diagonalized, enabling us to effectively subtract off the effect of this double counting. To this end,
we introduce what we call the ququart parity basis {|£,n), : n = 0,1}, which are the simultaneous eigenstates of X3
and Z? according to

X2+, n)y = £|+,n)4,

Z24,n)s = (—1)"|+, n)4. (S55)
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Using the spectral decomposition of the operators in Pparity = {X3, Z3, X323}

X2 = Z sls,n) (s, n|,

s==+
n=0,1
Zﬁ% = Z (_1)n|san><s»n|a
2 (856)
n=0,1
XEZZ = Z 5(71)n|57n><57n|7
s=%
n=0,1
we can calculate
ST T[PrEP)] = ST (st st(—1)"F 4 (<17 (s, nlE ([t mhE, mi)s, n),
PEPparity si=d
4t D (L st st 1) (1) (s, mlE ([t m)E mi)s, ), -
s,t==% ( 9 )
n,m=0,1
—— 444 Y (s, nl€(s,n) (s, n))ls, n),
s=%
n=0,1

where in the last step we used 1+ st + st(—1)"t™ 4 (—=1)"*™ = 4§,,,,,0; for s,t € {—1,1} and n,m € {0,1}. We can
now once again break up Eq. (S35) into sums over each subset of the non-disjoint partition from Eq. (S54), evaluate
these sums using Eq. (S47), and subtract off the contribution of the set Pparity that is double-counted due to the
non-disjointness of the partitioning. Doing so, we obtain the average channel fidelity

1
f4(€71) = %

3
DY (BlEP) P 1P - <8anl<‘3(|87n><87n)|svn>]- (S58)
PePy k=0 s==+

n=0,1
Finally, if each Pauli eigenstate |Py) (parity eigenstate |4,n)) of the GKP ququart decays exponentially to the
maximally mixed state /4 at rate vp, (7+.n), the effective depolarization rate T$XF can be expressed as

3
rger = % [ SN - >0 ’Yﬂ:,n‘|~ (S59)
s==+

PeP4 k=0
n=0,1
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IV. LOGICAL GKP QUBIT

In this section we present the methods and results pertaining to our experimental realization of a logical GKP qubit
beyond break-even, using established techniques from prior work on GKP qubits [1, 16, 24, 25]. Our goal is to provide
a basis of comparison with our novel techniques and results for the GKP qutrit and ququart.

A. State Preparation

To prepare the Pauli eigenstates of the GKP qubit defined in Table S II, we use interleaved sequences of ECD
gates and ancilla qubit rotations [12], as described in Sec. I1B. We optimize depth 8 ECD circuits for each state
with envelope size A = 0.34, approximated numerically using the method described in Sec. II. To verify that we
are preparing the desired states, we run these ECD circuits experimentally and perform Wigner tomography of the
prepared states, the results of which are presented in Fig. S 3. We then reconstruct the density matrices pprep of the
prepared states from their measured Wigner functions and compute their fidelity with respect to the target states
|Vtarget) according to Fprep = (Ytarget|Pprep|Wtarget), the results of which are presented in Table S III.

B. Pauli Measurements

Following previous work [16, 24, 26], we measure the GKP qubit in the basis of Pauli operator P, by initializing
the ancilla in the |4) state and performing a controlled-Pauli operation CP,. If the GKP qubit starts out in state
[t0)o = co|Po)2 + 1| P1)2, then this operation entangles the two systems as

FIG. S 3.

CPa|+)[¥)2 = col+)[Po)2 + c1|[+)|P1)2, (S60)
[Xo)2 |Zo)2 [VwXZo)2
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GKP qubit state preparation. For each state, the measured Wigner function of the prepared state is on top,
and that of the target state is on the bottom. We use depth 8 ECD circuits and a finite-energy envelope size A = 0.34.
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Table S III. Fidelity Fprep = (Ytarget|Pprep|itarget) Of prepared Pauli eigenstates of the GKP qubit, determined by reconstructing
the prepared state from its measured Wigner function and comparing it to the target state.
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FIG. S 4. GKP qubit Pauli measurement backaction. In each column, we implement a projective measurement with
respect to the indicated basis and then perform Wigner tomography post-selected on the measurement outcomes.

such that a subsequent measurement of the ancilla along its « axis constitutes a measurement of the GKP qubit in
the basis of P,, and collapses the state accordingly. In this work we use C' P,; operations designed for the ideal GKP
code, which incur infidelity when applied to the finite-energy code. In the case of GKP qubits these C'P, gates have
been adapted to the finite-energy code [19, 25, 27] but we choose not to use them in the present work, in the interest
of comparison with the techniques we develop for the GKP qutrit and ququart. For Py € {Xs, Zs, VwX2Z5}, we
compile the controlled Pauli gate C'P; in terms of an ECD gate and ancilla rotations according to

CX, =D(y/7/2/2)ECD(\/7/2)0.,
CZy =D(in/7/2/2)ECD(i\/7/2) 0, (S61)
C(vVwXyZs) =D(e™*\/7 /2)ECD(e!™/* /7)o,

as described in the Methods section of the main text. In our experiments we do not implement the unconditional
displacements D(fB,,/2), which means that our measurement sequence will apply an overall displacement D(—,,,,,/2)
that brings us out of the code space. However, it also means that the envelope of our finite-energy code remains
centered, since our conditional displacements are symmetric about the origin.

To verify that our logical Pauli measurements work as intended, we prepare the maximally mixed state of the GKP
qubit pJ* by performing 160 rounds of sBs starting from the cavity in vacuum, implement the C' P, gate, measure the
ancilla along its = axis, and perform Wigner tomography of the cavity post-selected on outcome of this measurement.
The results of this experiment are shown in Fig. S 4, from which we can see that the Pauli measurement works
as we expect: it projects onto the Pauli eigenstate |P,)s according to the measurement result, and implements a
D(—pBnm/2) operation on the underlying ideal GKP codewords while leaving the finite-energy envelope centered.

C. Optimized Qubit Beyond Break-even

We optimize the QEC protocol of the GKP qubit using a reinforcement learning (RL) agent [28] following the
method described in Ref. [1] (also, see the Methods section of the main text). In Fig. S 5 we present both the
reward signal and key parameters of the sBs circuit as a function of training epoch. Our interpretation is that the RL
training serves three main purposes [1]. First, it enables us to go beyond the constraints imposed by our model for
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FIG. S 5. GKP qubit RL training. Lines indicate mean values while the shaded regions indicate the one-standard-deviation
confidence interval.

the QEC protocol (for example, finding a better strategy where the second small conditional displacement amplitude
|Bs2] of the sBs protocol is greater than |Bs;| of the first). Second, it mitigates experimental imperfections that are
difficult to model (for example, finding intermediate displacement amplitudes |ag: B g2| that avoid bringing spurious
two-level-systems onto resonance with our ancilla qubit). Third, it performs a meta-calibration of all pulse parameters
in the midst of the complicated control sequences required for QEC (for example, finding a 3% deviation between
|Bp| and /27, and finding optimal DRAG parameters [29] for each ancilla qubit pulse). The total duration of each
sBs round is constrained to be 7 us; the optimal protocol found by the RL training spends 3632 ns measuring and
resetting the ancilla qubit, 1792 ns performing the sBs protocol, 1352 ns idling, and 224 ns executing FPGA sequencing
instructions.

To evaluate the average channel fidelity of the optimal QEC protocol via Eq. (S49), we measure the probabilities
(Po|EX (| Pn) (Pul)|Pn)2 as a function of N for n = 0,1 and P € Py = {X3, Zs,\/wX2Z5}, where ], is the channel
corresponding to N rounds of the optimal QEC protocol. We measure these probabilities by preparing state |P,),
performing N rounds of QEC with the optimal protocol (sweeping the value of N), and measuring the GKP qubit
in the basis of Pauli operator P. The results of these six experiments are presented in Fig. S 6. We then fit each
probability (P,[EX (| Pn)(Pal)|Pa)2 to an exponential decay and find the decay rate vp,. Note that we neglect the
first data point of these measurements, due to an artifact resulting from imperfect state preparation. These rates vp,
enable us to calculate the effective short-time depolarization rate of the optimized logical GKP qubit

rSRP = (1537 12 pus) ", (S62)
using Eq. (S50). Comparing with Tk = (851 + 9 us)~!, we obtain a QEC gain of
Go = TEock /TGP — 1.81 +0.02, (S63)

well beyond the break-even point. There are several possible reasons why this result is worse than the factor of 2.3
previously reported for the same device [1]. First, we reclamped the chip containing the transmon, leading to lower
transmon thermal population, less storage dephasing, a smaller ['5°° and thus a smaller Go. Second, this reclamping
and thermal cycling of the device likely changed the bath of two-level-systems coupling to the transmon [30, 31].
Third, we use a longer sBs duration of 7 us that may be suboptimal.

Lastly, we find the effective envelope size of our optimal GKP qubit by measuring its steady-state characteristic
function C(/3) near the origin of reciprocal phase space. In this experiment we run the optimal protocol for 500 rounds
followed by characteristic function tomography, the result of which is shown in Fig. S 7. We fit the real part of the
characteristic function to a Gaussian according to Re[C(8)] = A exp(—|8|?/2A%;) + B, and find Acg = 0.290 £ 0.001.
This is not exactly the same thing as the envelope size, since Az will be affected by population in error spaces, such
as photon-loss and photon-gain acting on the code space [1]. More precisely, this measurement of the characteristic
function near the origin of reciprocal phase space enables us to calculate photon statistics of the state [15] (see Sec.
1C). For Gaussian Re[C(3)] and null Im[C(B)], we have (a'a) = (1/A2%; —1)/2 = 5.45 & 0.04 photons.
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FIG. S 7. Steady-state characteristic function of the optimal GKP qubit QEC protocol, sampled near the origin of reciprocal
phase space.
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V. LOGICAL GKP QUTRIT

In this section we present the methods and results pertaining to our experimental realization of a logical GKP
qutrit (d = 3) beyond break-even.

A. State Preparation

To prepare the Pauli eigenstates of the GKP qutrit defined in Table S II, we again use interleaved sequences of
ECD gates and ancilla qubit rotations [12], as described in Sec. I B. We optimize depth 8 ECD circuits for each state
with envelope size A = 0.32, approximated numerically using the method described in Sec. II. To verify that we
are preparing the desired states, we run these ECD circuits experimentally and perform Wigner tomography of the
prepared states, the results of which are presented in Fig. S 8. We then reconstruct the density matrices pprep of the
prepared states from their measured Wigner functions and compute their fidelity with respect to the target states
[Ptarget) according to F = (Yrarget |Pprep|¥target), the results of which are presented in Table S IV.
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FIG. S 8. GKP Qutrit state preparation. For each state, the measured Wigner function of the prepared state is on top,
and that of the target state is on the bottom. We use depth 8 ECD circuits and a finite-energy envelope size A = 0.32.
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Forep (%) | | Xn)s | |Zn)s | | XZn)s | |X?Z0)s

n=0 86 85 85 74
n=1 85 86 81 85
n=2 87 84 83 82

Table S IV. Fidelity Fprep = (Usarget|Pprep|Ptarget) Of prepared Pauli eigenstates of the GKP qutrit, determined by reconstructing
the prepared state from its measured Wigner function and comparing it to the target state.

B. Pauli Measurements

To measure our GKP qutrit in the basis of Pauli operator P3 we devised the two-part circuit depicted in Fig. 2b of
the main text, which measures the state of our logical three-level system via two binary measurements of our ancilla.
If the GKP qutrit starts out in state |1)3 = cg|Py)3 + c1|P1)3 + 2| P2)s and the ancilla starts out in state |+), then
the first part of the circuit entangles the two systems as

R ,(7/2) CPs Ri(0) CPJ Ro(6y) CP3 |4)[1hs) = colg)|Po)s + e~ %/2|e) (C1|P1>3 - 02|P2>3)7 (564)

where 6y = 2 arctan(l / \/§), such that a subsequent measurement of the ancilla along its z axis constitutes a projective
measurement on the qutrit distinguishing between the | Py)3 state and the {|P;)3, | P2)3} subspace. Similarly, the second
part of the circuit entangles the two systems as

RY_(m/2) CPs R{(60) CP§ Ranss(60) CPs |+)|t5) = c1lg)| Pr)s + e~ *%/2e™/3e >(CO|P0>3 +02|P2>3)7 (S65)

such that a subsequent measurement of the ancilla along its z axis constitutes a projective measurement on the
qutrit distinguishing between the |Py)3 state and the {|Py)s,|P2)3} subspace. Performing these two measurements
sequentially therefore projects the qutrit onto one of the three states, with probabilities determined by the initial
amplitudes {co, c1,ca}. Note that the relative phases accumulated between the states |P,)s do not affect the overall
projective measurement.

Experimentally, we find that for finite-energy GKP qutrits the fidelity of this measurement scheme depends on the
state | P,)3. To mitigate this effect we symmetrize the measurement by adding a geometric phase to the ancilla via a
o.(27k/3) gate after every C'P; operation (and a o,(—27k/3) gate after every C’Pg operation), where we call k the
symmetrization index. This modifies the measurement circuit such that the first part distinguishes between | Py)3 and
the subspace {|P,.r)3}, and the second part distinguishes between |Py;1)3 and the subspace {|Pnxk+1)3}. For all
the GKP qutrit Pauli measurements presented in this work, we average this measurement scheme over k =0, 1, 2.

For Py € {X3,Z3, X373, X273}, we compile the controlled Pauli gate CP3 in terms of an ECD gate and ancilla
rotations according to

CX3 =D(\/7/3/2) ECD(/7/3) s,

(
CZs =D(i\/7/3/2) ECD(i\/7/3) 04, (566)
CX3Z3 =D(e™/*\/21/3/2) 0.(—n/3) ECD(e"™*\/21/3) 0,
CX2Z3 =D(*™/*\/21/3/2) 0.(r/3) ECD(e*™/4\/21/3) 0.,

as described in the Methods section of the main text. In our experiments we do not implement the unconditional
displacements D(f,,,,/2) associated with each CP3, but here they all commute through the entire circuit so their
combined effect can be considered at the end of the two-part circuit. This means that our measurement sequence
will apply an overall displacement D(—/,,,) that keeps us in the code space and has no effect on the measurement
outcomes.

To verify that our logical Pauli measurements work as intended, we prepare the maximally mixed state of the GKP
qutrit p* by performing 200 rounds of sBs starting from the cavity in vacuum, implement the two-part measurement
circuit, and perform Wigner tomography of the cavity post-selected on the outcomes of the two binary measurements.
The results of this experiment are shown in Fig. S 9, from which we can see that the Pauli measurement works as we
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FIG. S 9. GKP qutrit Pauli measurement backaction. In each column, we implement a projective measurement with
respect to the indicated basis and then perform Wigner tomography post-selected on the measurement outcomes.
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expect: it projects onto the Pauli eigenstate | P, )3 according to measurement result, maintaining its centered envelope
and remaining in the codespace.

We simulate the fidelity of these logical Pauli measurements on the qutrit by preparing eigenstate | P, )3 with finite-
energy envelope size A, performing the Pauli measurement in the basis of P3, and finding the probability p(P,|P,)
that we measure state |P,)s at the end. We quantify the average measurement fidelity by

Fr, = 5 p(PolPo) + p(P1|Py) + p(Ps|Py). (567)

The results of this simulation as a function of A are shown in Fig. S 10. As noted in the main text, these measurements
are designed for the ideal code, leading to limited fidelity when applied to finite-energy codewords. We expect it is
possible to adapt these measurements to the finite-energy case [19, 25, 27, 32], but we leave this for future work.

C. Optimized Qutrit Beyond Break-even

We optimize the QEC protocol of the GKP qutrit using a reinforcement learning (RL) agent [28] following the
method described in Ref. [1] (also, see the Methods section of the main text). In Fig. S 11 we present both the
reward signal and key parameters of the sBs circuit as a function of training epoch. For our interpretation of these
results, see our discussion in Sec. IV C. The total duration of each sBs round is constrained to be 7 us; the optimal
protocol found by the RL training spends 3632 ns measuring and resetting the ancilla qubit, 1808 ns performing the
sBs protocol, 1336 ns idling, and 224 ns executing FPGA sequencing instructions.

To evaluate the average channel fidelity of the optimal QEC protocol via Eq. (S52), we measure the probabilities
(Po|EX(IPa) (Pul)|Py)s as a function of N for n = 0,1,2 and P € P3 = {Xs, Z3, X373, X3 Z3}, where £}, is the
channel corresponding to NV rounds of the optimal QEC protocol. We measure these probabilities by preparing state
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FIG. S 11. GKP qutrit RL training. Lines indicate mean values while the shaded regions indicate the one-standard-
deviation confidence interval.

|P,), performing N rounds of QEC with the optimal protocol (sweeping the value of N), and measuring the GKP
qutrit in the basis of Pauli operator P. The results of these twelve experiments are presented in Fig. S 12. We then fit
each probability (P,|EX(|Pn)(Pnl)|Pn)s to an exponential decay and find the decay rate yp,. Note that we neglect
the first data point of these measurements, due to an artifact resulting from imperfect state preparation. These rates
~p, enable us to calculate the effective short-time depolarization rate of the optimized logical GKP qutrit

TSRP — (886 £ 3 us) ™", (S68)
using Eq. (S53). Comparing with ['5°k = (488 + 7 us) ™!, we obtain a QEC gain of
Gy = 5ok TGKP — 1.82 +0.03, (S69)

well beyond the break-even point.

Lastly, we find the effective envelope size of our optimal GKP qutrit by measuring its steady-state characteristic
function C(3) near the origin of reciprocal phase space. In this experiment we run the optimal protocol for 400 rounds
followed by characteristic function tomography, the result of which is shown in Fig. S 13. From this measurement we
find an effective envelope size Aqg = 0.261+0.001, corresponding to average photon number (a'a) = (1/A%; —1)/2 =
6.85 + 0.06. For more context on this analysis, see our discussion in Sec. IV C.
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FIG. S 12. Lifetime of the optimized GKP qutrit. The solid grey lines are fits to an exponential decay. The dashed
black line indicates a probability of 1/3.
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FIG. S 13. Steady-state characteristic function of the optimal GKP qutrit QEC protocol, sampled near the origin of reciprocal
phase space.
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VI. LOGICAL GKP QUQUART

In this section we present the methods and results pertaining to our experimental realization of a logical GKP
ququart (d = 4) beyond break-even.

A. State Preparation

To prepare the Pauli eigenstates and parity states of the GKP ququart defined in Table S II, we again use interleaved
sequences of ECD gates and ancilla qubit rotations [12], as described in Sec. IB. We optimize depth 8 ECD circuits
for each state with envelope size A = 0.32, approximated numerically using the method described in Sec. 1. To verify
that we are preparing the desired states, we run these ECD circuits experimentally and perform Wigner tomography
of the prepared states, the results of which are presented in Fig. S 14. We then reconstruct the density matrices pprep
of the prepared states from their measured Wigner functions and compute their fidelity with respect to the target
states [Ytarget) according to F = (Ytarget|Pprep|WPsarget), the results of which are presented in Table S V.

B. Pauli and Parity Measurements

To measure our GKP ququart in the basis of Pauli operator P, we devised the two-part circuit depicted in Fig. 3b
of the main text, which measures the state of our logical four-level system via two binary measurements of our ancilla.
This is a simpler measurement than the case of the qutrit, since sequential binary measurements are more natural for
a 2" dimensional system. If the GKP ququart starts out in state |1))4 = co|Po)s + ¢1|P1)4 + ca| P2)a + c3|P3)4 and the
ancilla starts out in state |+), then the first part of the circuit entangles the two systems as

CP) )0 = [+) (ol Poa + ealPi)a) +1-) (el Poda + sl Pa)a ), (570)

such that a subsequent measurement of the ancilla along its x axis constitutes a projective measurement on the
ququart distinguishing between the even subspace {|Py)4, |P2)4} and the odd subspace {|P;)4, |Ps)4}. Depending on
the measurement result, our post-measurement state is given by one of the two states

1
|¢even>4 :W <00|P0>4 + 02|P2>4)7
0 2

1

Viel? +es|?

(S71)

[odd)s = <C1|P1>4 +63|P3>4)-

Forep (%) | [Xn)a | [Zn)a | VWX Zn)a | |X?Zn)a | [V0XPZn)a | |XZ72)a Fprep (%)
n=0 92 89 87 87 87 88 [+,0)4 | 83
n=1 94 83 89 89 93 91 |—,0)4 | 90
n=2 93 85 88 85 91 90 [+, 1)4 | 74
n=3 86 92 89 89 86 91 |-, 1)4 | 84

Table S V. Fidelity Fprep = (Ptarget |Pprep|Wsarget) of prepared Pauli eigenstates and parity states of the GKP ququart, determined
by reconstructing the prepared state from its measured Wigner function and comparing it to the target state.
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GKP ququart state preparation. For each state, the measured Wigner function of the prepared state is on
top, and that of the target state is on the bottom. We use depth 8 ECD circuits and a finite-energy envelope size A = 0.32.
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Starting from these states, and the ancilla reinitialized in the |+) state, the second part of the measurement circuit
entangles the two systems according to

1

Vol + le2|?

_ 1
Vel +lesl?

where | £i) = (|g) £ile))/V/2 are the o, eigenstates of the ancilla. If we are in the even subspace, we perform a
projective measurement distinguishing between the remaining two states by measuring the ancilla along its z-axis,
whereas if we are in the odd subspace we do so by measuring the ancilla along its y-axis. All together, this measurement
will project the ququart onto one of the eigenstates |P,), with probability |c,|?.

For Py € {X4, Zy,JwXuZy, X3Z4,\JwX3Z4, X472}, we compile the controlled Pauli gates C'P; according to

CX, =D(\/7/4/2) ECD(\/7/4) 0,
CZy =D(i\/7/4/2) ECD(i\/7/4) o4,
C(VwX4Zs) =D(e"™/*\/7/2/2) ECD(e"™/*\/7/2) 0,
(
D(

CPil+) [even) (col-)1Po)a + ol ) P)a)
(S72)

CPil+)[Yoda)s (1l + P+ esl = i) Po)a).

CX3 74 =D((2 +i)\/7/4/2) 0.(—7/2) ECD((2 +i)\/7/4) 04, (573)

C(VwX3Zy) =D(¥™/4\/7/2/2) 0.(x/2) ECD(e*™/*\/7/2) o,
CX4Z% =D((1 + 2i)\/7/4/2) 0.(—n/2) ECD((1 + 2i)\/7/4) 0,

as described in the Methods section of the main text. In our experiments we do not implement the unconditional
displacements D(S,,,,/2) associated with each CPy, but here they all commute through the entire circuit so their
combined effect can be considered at the end of the two-part circuit. This means that our Pauli measurement
sequence will apply an overall displacement D(—f,,,/2) that brings us out of the code space (ignoring the additional
effect of D(—Bym) from the first part of the circuit, which applies an overall phase and keeps us in the code space).
However, the envelope of our finite-energy code remains centered since our conditional displacements are symmetric
about the origin.

To measure our GKP ququart in the parity basis {|s,n)s;s = £1,n = 0,1}, defined to be the simultaneous
eigenstates of X7 and Z7 according to XZ|s,n)y = s|s,n), and Zi|s,n)y = (—1)"|s,n)s, we devised the circuit
depicted in Fig. 3d of the main text. This circuit sequentially measures the eigenvalues of X? and Z7 via two binary
measurements of our ancilla. If the GKP ququart starts out in state |1))s = c4 o|+,0)a + c— o|—,0)a + c4 1|+, 1)a +
¢_1]|—,1)4 and the ancilla starts out in state |[+), then the first part of the circuit entangles the two systems as

CXFI))a = 1+) (4.0, 0)a + i1l a) + =) (e ol =, 04 + el = 1)), (574)

such that a subsequent measurement of the ancilla along its x axis constitutes a projective measurement on the
ququart distinguishing between the +1 eigenspaces of X2. Similarly, the second part of the circuit entangles the two
systems as

CZ3)Eha = 14 (ex.0l+,0)a + e 0l 0)a) + =) (ex 1l Dha + +e-al= 1)a), (575)

such that a subsequent measurement of the ancilla along its x axis constitutes a projective measurement on the
ququart distinguishing between the 41 eigenspaces of Z2. Note that when we compile CP} gates in terms of ECD
gates, omitting the unconditional displacement means that we apply an additional P, operation, which keeps us in the
code space. However, unlike our previous examples of Pauli measurements, in this case the X4 operation applied by
the first part of the parity measurement circuit does not commute through the second part of the circuit. This must
be considered when decoding measurement results and determining the measurement backaction, but the analysis for
taking this into account is straightforward.

To verify that our logical ququart Pauli and parity measurements work as intended, we prepare the maximally
mixed state of the GKP ququart p** by performing 200 rounds of sBs starting from the cavity in vacuum, implement
the two-part measurement circuit, and perform Wigner tomography of the cavity post-selected on the outcomes of
the two binary measurements. The results of this experiment are shown in Fig. S 15, from which we can see that the
measurements work as expected.

We simulate the fidelity of these logical measurements on the ququart by preparing Pauli eigenstate | P, )4 or parity
state |+, m) with finite-energy envelope size A, performing the corresponding logical measurement, and finding the
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FIG. S 15. GKP ququart Pauli and parity measurement backaction. In each column, we implement a projective
measurement with respect to the indicated basis and then perform Wigner tomography post-selected on the measurement
outcomes.
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FIG. S 16. GKP ququart Pauli measurement fidelity (simulation)

probability p(P,|P,) or p(x,m|£,m) that we measure the state correctly at the end. We quantify the average
measurement fidelity by

1
Fp, = 1 [p(Po\Po) +p(P1|Py) + p(P|P2) + +p(P3|P3)}7

1
Frarity = 7 [P(+,014+,0) + (= 01—, 0) + p(+, 11+, 1) + (=, 1|, 1)
The results of this simulation as a function of A are shown in Fig. S 16. As noted in the main text, these measurements
are designed for the ideal code, leading to limited fidelity when applied to finite-energy codewords. We expect it is
possible to adapt these measurements to the finite-energy case [19, 25, 27, 32], but we leave this for future work.

(S76)

C. Optimized Ququart Beyond Break-even

We optimize the QEC protocol of the GKP ququart using a reinforcement learning (RL) agent [28] following the
method described in Ref. [1] (also, see the Methods section of the main text). In Fig. S 17 we present both the
reward signal and key parameters of the sBs circuit as a function of training epoch. For our interpretation of these
results, see our discussion in Sec. IV C. The total duration of each sBs round is constrained to be 7 us; the optimal
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FIG. S 17. GKP ququart RL training. Lines indicate mean values while the shaded regions indicate the one-standard-
deviation confidence interval.

protocol found by the RL training spends 3632 ns measuring and resetting the ancilla qubit, 1648 ns performing the
sBs protocol, 1496 ns idling, and 224 ns executing FPGA sequencing instructions.

To evaluate the average channel fidelity of the optimal QEC protocol via Eq. (S58), we measure the probabilities
<Pn|5({¥,t(|Pn><Pn|)|Pn>4 as a function of N forn =0,1,2,3 and P € Py = { Xy, Zy, JwX4Z4, X3 Z4,Jw X3 Z4, X473},
and (s, n|EX, (s, n)(s,n|)|s,n)4 as a function of N for s = +1 and n = 0,1, where £ is the channel corresponding
to N rounds of the optimal QEC protocol. We measure these probabilities by preparing Pauli eigenstate |P,) (or
parity state |s,n)4), performing N rounds of QEC with the optimal protocol, and measuring the GKP ququart in the
basis of Pauli operator P (or the ququart parity basis). The results of these twenty-eight experiments are presented
in Fig. S 18. We then fit probabilities (Py,|EX, (|Pn)(Pn|)|Pn)a and (s, n|EL (|s,n)(s,n|)|s,n)4 to exponential decays
and find the decay rates yp, and vs,. Note that we neglect the first two data points of these measurements, due to
an artifact resulting from imperfect state preparation. These rates vp, and s, enable us to calculate the effective
short-time depolarization rate of the optimized logical GKP ququart

TRP = (620 £ 2 ps) ™", (S77)
using Eq. (S59). Comparing with T'f°k = (332 + 6 us) ™!, we obtain a QEC gain of
Gy = 5o TR — 1.87 +0.03, (S78)

well beyond the break-even point.

Lastly, we find the effective envelope size of our optimal GKP ququart by measuring its steady-state characteristic
function C(3) near the origin of reciprocal phase space. In this experiment we run the optimal protocol for 300 rounds
followed by characteristic function tomography, the result of which is shown in Fig. S 19. From this measurement we
find an effective envelope size Aqg = 0.246 +0.001, corresponding to average photon number (a'a) = (1/A%; —1)/2 =
7.76 £ 0.07. For more context on this analysis, see our discussion in Sec. IV C.
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FIG. S 18. Lifetime of the optimized GKP ququart. The solid grey lines are fits to an exponential decay. The dashed
black line indicates a probability of 1/4.
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FIG. S 19.  Steady-state characteristic function of the optimal GKP ququart QEC protocol, sampled near the origin of
reciprocal phase space.
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VII. SOURCES OF LOGICAL ERRORS

In this section we report the results of simulations aimed at estimating the relative contributions of different
physical error sources to the effective decay rates TSP of our logical GKP qubit, qutrit, and ququart. We consider a
simplified error model, consisting of transmon bit-flip errors during sBs at rate k1 4 = 1/T7 4 (i.e., combined heating
and decay), transmon dephasing errors during sBs at rate kg q = 1/Top,q — 1/2T} 4, cavity photon loss during sBs at
rate K1, = 1/T7 ., cavity photon loss during idling time at rate k1, and cavity dephasing during idling time at rate
Kgc = n/Th . With this error model, we assume cavity dephasing primarily occurs during idling time, and can be
fully attributed to thermal fluctuations of the transmon [5].

We simulate a simplified version of our optimal QEC protocols, where each ECD(8 = |3]e?#) gate in sBs is realized
by evolving under the Hamiltonian

Hep = %Xa (ei‘gﬁaT - e_wﬂa) 0., (S79)

for time ¢ = |B|/x« followed by an ancilla o, gate, rather than performing a pulse-level simulation of the compiled
ECD gate. For each ECD gate in sBs we use the a g1 p, 52 found by the reinforcement learning agent, and use 851 g, 52

scaled by a factor of v/7d/|B8p|, since we assume the deviation we find between v/7d and Sz is due to miscalibration.
During idling time, we evolve under the identity.

To isolate the relative contributions of each type of physical error, we simulate our optimal QEC protocols in the
presence of each individual source of error on its own. As a basis of comparison, we then simulate in the presence of
all errors. Finally, to estimate the extent to which different errors compound with one another, we simulate in the
presence of all errors occurring during sBs, and in the presence of all errors occurring during idling. We perform all of
our simulations using a combination of Dynamiqs [33] and QuTiP [34]. The results of our simulations for the optimal
GKP qubit are presented in Table S VI, those for the optimal GKP qutrit are presented in Table S VII, and those
for the optimal GKP ququart are presented in Table S VIII. Note that we calculate the relative contribution of each
error type (expressed as a percentage) by comparing FdGKP_l of that error type to the case of all errors. We emphasize
that with all of the simplifications and assumptions made in performing this simulation, these results are not meant
to be directly compared with our experimental measurements. Rather, they should be viewed heuristically, providing
a basis for analyzing the limiting factors of our QEC protocol and how they change with qudit dimension d.

We find that the most significant sources of logical errors are transmon bit-flips during sBs, cavity photon loss
during idling, and cavity dephasing during idling. The rate of logical errors caused by transmon bit-flips remains
fairly constant as we increase d from 2 to 4, limiting the lifetime to about 6.5 ms in d = 2 and d = 3, and to about
6 ms in d = 4. However, since the overall lifetime FgKP_l decreases as we increase d, the relative contribution of
transmon bit-flips to the total logical error rate decreases. On the other hand, the rate of logical errors caused by
cavity photon loss during idling increases as we go from d = 2 to 4, as does the relative contribution of these errors
to the total logical error rate. As we argue in the main text, this is due to having a smaller A as we increase d, which
means our codewords have more energy and lose photons more quickly as a result. We find that cavity dephasing
during idling is the dominant source of error for d = 2,3 and 4, and its relative contribution increases as we increase
d. For d = 4, it is responsible for about half of the logical error rate. As discussed in the main text, we attribute
this to the larger lattice spacing of GKP qudits, which means the codewords contain information further out in phase
space, making them more susceptible to cavity dephasing errors.

We find that all of these errors compound with one another, leading to larger logical error rates when combined
than on their own, as was previously found in the error budget simulations of Ref. [16]. Interestingly, this is also true
for all errors during sBs and all errors during idling; when these error rates are added, they only account for about
90% of the total logical error rate in d = 2,3, and 4 obtained when both are combined in the same simulation.



Error Type 'y (ms) | T,' (ms) | Ty, (ms) FQGKIr1 (ms) %
Transmon k1,4 during sBs 8.69 8.69 4.35 6.52 25
Transmon k4,4 during sBs 3230 3000 1550 2330 0.07

Cavity k1, during sBs 1210 1890 720 1100 0.15
All errors during sBs 8.60 8.60 4.31 6.46 25
Cavity k1, during idling 50.3 50.3 25.2 37.8 4.3
Cavity k¢,c during idling 6.74 6.74 3.41 5.08 32

All errors during idling 3.40 3.40 1.72 2.56 63
All errors 2.15 2.15 1.09 1.62 100

Table S VI. Error budgeting of the optimal GKP qubit. For each Pauli basis P>, we only simulate the |Pp)2 state.

Error Type I'y' (ms) | Iz' (ms) | I'ky (ms) | T3, (ms) N (ms) | %
Transmon k1,4 during sBs 9.73 9.67 4.87 4.86 6.48 11
Transmon kg, 4 during sBs 860 1180 660 620 780 0.09

Cavity k1, during sBs 370 340 180 160 230 0.3
All errors during sBs 9.42 9.41 4.73 4.74 6.3 12
Cavity k1, during idling 13.8 13.8 6.91 6.91 9.2 7.9
Cavity ke, during idling 2.42 2.42 1.22 1.22 1.62 45

All errors during idling 1.40 1.40 0.71 0.71 0.94 78
All errors 1.08 1.08 0.55 0.55 0.73 100

Table S VIIL. Error budgeting of the optimal GKP qutrit. For each Pauli basis Ps, we only simulate the |Py)s state.



Error Type F;{l F}l F;(lz F;:ZZ F;(éz F;(lzz FI}O FEKPA %
(ms) | (ms) | (ms) | (ms) | (ms) | (ms) | (ms) | (ms)

Transmon k1,4 during sBs 9.63 9.64 4.85 5.64 4.85 5.64 7.38 5.96 7.6
Transmon k¢, during sBs | 590 580 270 250 260 260 300 320 0.14
Cavity k1, during sBs 190 190 98 95 97 92 100 120 0.38
All errors during sBs 9.22 | 9.21 | 4.66 5.37 4.66 5.37 6.93 5.72 7.9
Cavity k1, during idling 6.35 | 6.35 | 3.25 | 3.05 3.24 3.06 | 3.24 3.91 12
Cavity k¢, during idling 1.42 | 141 | 0.75 | 0.67 0.75 0.67 | 0.73 0.88 51
All errors during idling | 0.87 | 0.87 | 0.47 0.40 0.47 0.40 0.45 0.54 83
All errors 0.73 | 0.73 | 0.39 | 0.34 0.39 0.34 | 0.39 0.45 100

Table S VIIIL. Error budgeting of the optimal GKP ququart. For each Pauli basis P4, we only simulate the |Py)4 state.
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