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S1. EXACT SOLUTION VIA BETHE ANSATZ

Here, we consider the problem of an impurity interacting with a one-dimensional TG gas via a short-ranged §-
function potential of arbitrary strength g4;. The TG gas can be mapped to a gas of spin-polarized free fermions. The
system is governed by the Hamiltonian'

N N
3 1 2 L o
H:%;P¢+%P¢+9NZ5(%*M), (S1)

i=1

where z; and P; are the position and momentum of the i-th background particle, respectively. The position and
momentum of the impurity are denoted by z; and P, respectively. All particles are assumed to have the same mass
m. The dimensionless LL interaction strength is given by v, = %, where p= % is the density of the background
gas and L is the system-size. The Fermi momentum, defined as kr =7p, is directly proportional to the 1D density p.
This model (S1) is integrable for any value of g¢; and can be solved via Bethe ansatz®. Some calculations are easier in
the mobile impurity reference frame. This frame is accessed via the Lee-Low-Pines (LLP) transformation®, sometimes
called the polaron transformation, which is frequently used in polaron physics. For simplicity, we set gy, = g and

h=m =1 in the following.

A. Lee-Low-Pines transformation
The key object is the operator

Q = ¢tfriL, (S2)

Here, x| is the position of the impurity and P} is the total momentum of the host particles. The transformation of
an arbitrary operator O from the laboratory to the mobile impurity reference frame is given by

O — 0g = Q09 1. (S3)

The LLP transformation does not affect the momentum of the host particles but changes the momentum operator of
the impurity

Po=P, Po=P-P. (S4)
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Therefore, the total momentum of the system in the mobile impurity reference frame reads

Py = Py. (S5)
Let us apply Q to the wavefunction. Recall that
" f(z) = f(x +a). (S6)
As a result,
QU (xy,21,...,an) = Vo(zy, 21 +2p,...,2n +2)) = 9" Vo (0,21,...,2N). (S7)

Here V¥ is the wavefunction in the original frame, the subscript @ indicates the value of the total momentum of the
system. Note that we work with fermions in the continuum, hence our system is translationally invariant. The shift
of all coordinates is achieved by the action of the momentum operator as follows from Eq. (S6). This is how we got
the right hand side of Eq. (S7). We can rewrite Eq. (S7) as

\I]Q(x@fl,n-,-TN) = eiQ‘”\I/Q(O,xl —xi,...,xN —.’Iii) = eiQI¢fQ(y1,...,yN), (SS)

where y; =z; —x,, j=1,...,N.

The function fo(y1,...,yn) is the wavefunction of the system in the mobile impurity reference frame. Working
with its first-quantized representation, we aim at doing an exact calculation for finite N. Hence, we impose periodic
boundary conditions to take into account finite-size effects. For the following calculations, we consider the case where
N is odd.

B. Bethe ansatz solution for arbitrary coupling

The Hamiltonian S1 in the mobile impurity frame transforms to,

N N

- 1 - 1, .

Ho =5 Pl+ (P —P1)* +g) 0(u). (89)
i=1

i=1

Thus, any gas particle in the impurity frame is scattered by the impurity particle positioned at the origin. The
wavefunctions of the problem in the impurity frame look particularly simple. They are just Slater determinants*

eiklyl . eikN+1y1
fol P S 0<y <L (S10)
QWis-- - YN) = \/W eiklyN eikN+1yN ’ Sy Ly
l/(k'l) I/(kN+1)
where
()=2—7 (s11)
v =———.
V= 2—2(A+i)
The factor Y ensures the normalization condition. The set of quasi-momenta ki,...,ky41 satisfies a system of
nonlinear equations (Bethe equations)
k;L  2k;
cotJT:—]—A, i=12...,N+1. (S12)
g

Here A is a free parameter, whose value is fixed by requiring

N+1

Q=D k. (S13)
j=1

That is, the sum of the quasi-momenta give the total momentum (which is an observable). In the system with finite
number of particles the total momentum is quantized as usual,

2
Q- %n n=0,+1,+2, ... (S14)



The energy of the state is

Ep = ! NHkQ S15
P=5 2 (515)

Let us recall how Eqgs. (S12) are obtained. The function (S10) has to be continuous,

nly =0 (S16)

Yi

fQ(y17~--7yN)

Its first derivative should experience a jump such that the second derivative generates the terms gd(y;):

=L
_anyQ(yh' .. 7yN) z;:() = ng(y1> Y= 07' .. >yN) (317)
Substituting the function (S10) into these two equations we get the desired equations (S12).

The form (S10) is valid when all y; are contained in the interval from zero to L. The expression, for example, for
y; in the interval from L to 2L is not given by Eq. (S10). We discuss how to extend Eq. (S10) from the interval
0 <y; < L for the particular case g — oo in the next section.

C. Bethe ansatz solution in the limit of infinite repulsion

The form of Eq. (S10) further simplifies in the limit of infinite repulsion, g — co. There, the function (S11) becomes
momentum-independent,

1
V(Q):il\—i—i’ g — (818)
and the wavefunction (S10) takes the form
eiklyl o 6ikz\r+1yl
fol ) = 7L P = (S19)
Q\¥Yt,--.,YN) = N'LN eiklyN eikN+1yN ) g e
1 e 1

in the domain 0 < y; < L. The Bethe equations (512) also simplify a lot:

kL
cot 22 = A, j=12.. N+l g (520)

We see that the quasi-momenta k; are quantized like free fermions plus a shift, same for all k;s from a given set:

bi=g+% =12 N+l g, (S21)

where 1 = —2tan(A) and g; are free-fermion momenta

2m
q; = T’I’L]‘, Uz ZO,:l:l,:l:Q, (822)
We therefore have
eyl elN+YL
Y/ N
. = —— [[ew/® : — 23
folyr, .- yn) \/Wj:1e gaun | giawsiun |’ g — 00 (523)
1 .. 1

in the domain 0 < y; < L.

It is worth mentioning that the function fg remains far from trivial even in the g — oo limit, despite the seemingly
“free-fermion” form of the expressions (S19) and (S23). This is because each plane wave, e*s¥_ still does not satisfy
periodic boundary conditions, that is, e?*iL £ 1.
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It is important to keep in mind that the function (S19) is defined in the domain 0 < y; < L (which means that the
gas particles are positioned to the right of the impurity). Let us now extend the definition to the case where some
particles are placed to the left of the impurity, that is, we tackle the domain —L < y; < L by defining the function

extension as fQ. We require periodicity of fg on a ring of circumference L:

fQ(ylv'-'vyjfLa"'ayN):fQ(yla"'ayja"'ayN)v ]:LaN (824)

Having Eq. (S19) and using Eq. (S24) we propose

eiklyl . eikN+1y1
_ Ve is [tosen(yy) | . .
e = : K : , — 00. S25
fal, - yw) VNN |eibun . gikaaun g (525)
1 .. 1

It is the factor containing the sign functions that ensures the validity of Eq. (S25) in the whole domain —L < y; < L.
Coming back to the laboratory frame we get for this wavefunction

eik‘lzl . 6ik‘N+1I1
Ve it [l sen(z;—zy) . . .
Uolxy,z1,...,2N) = X . : . — 00. S26
Q( 121, s ) NTLN ikien  gikniian ) g ( )
eiklmi . eik}N+1CEi

valid in the domain —L/2 < z; < L/2, j = 1,...,N,]. Recall that Egs. (S25) and (S26) are connected by the
transformation (S7). The function (S26) is antisymmetric with respect to any permutation of the host particles.

At this point, let us summarize our knowledge about the wavefunctions and about the spectrum in the ¢ — oo
limit. Equation (S26) is a Slater determinant. This way, the impurity problem at infinite repulsion behaves just
as the free fermion one. Indeed, if any two of the coordinates from the set z1,...,z N,z take the same value, the
determinant vanishes regardless of the values of the quasi-momenta k1, ..., kxy1. This is how fermions should behave.
The function (S26) is antisymmetric with respect to any permutation of the host particles. What is really amazing
about Eq. (526) is its periodicity, that is, ¥ takes the same values at ; = —L/2 and z; = L/2, j =1,...,N, | in
the case of k1,...,kn+1 quantized according to the Bethe equations (S20) and (S14), despite the fact that each plane
wave is not periodic in this interval, e?*s’ = ¢**. We now reformulate the problem in the language of the second
quantization.

D. Anyon-fermion mapping of the ¢ — co problem and second quantization

The parameter p is related to the total momentum 7@ as @ = kr(1 + £). The wavefunction for each value of 4
can be written in the second-quantized form as follows

1 L
‘\I/Q> = W/O dxlda:1~-~da:N\IlQ(a:¢,x1,...,xN)wZ(x¢)¢T(x1)~-~¢T(JSN)|O>. (827)
Here, v is the fermion destruction operator and 1) behaves as an impenetrable anyon with respect to v,

Pa(z))(x) — e HFmsenE=2)y, (g, (2) = 0, (S28)

while the host particles behave with respect to each other as free fermions. The impurity-host exchange phase is
zero for Q=0 and 7 for QQ = kr as anticipated in the main text. Note that the momentum distribution of the impurity
ny (k) is the same whether the host particles are free fermions or a TG gas and ny (k) can be expressed through a
correlation function of 1D impenetrable anyons®.

S2. ANYON-HUBBARD MODEL IN A NUTSHELL

In this section, we briefly review the properties of the above-mentioned anyon-Hubbard model, which is a paradig-
matic model to describe anyons in 1D lattices®”,

Hana = 7Y (a}aw + h.c.) n %Zm (e — 1), (S29)
l ¢



where J and U denote the tunneling amplitude and the on-site interaction between anyons, respectively, and ny = dz&g

is the number operator at site £. The anyonic operators a, obey the generalized commutation relations

AT A z@sgn(

ajay — J= k)akaj =0k, Gjap—e —ifsgn(j— k)akd =0. (S30)

The above relations can be obtained by means of a fractional version of the Jordan-Wigner transformation, i.e., via
the anyon-boson mapping

dg = lA)geieN[, Ng = Zﬁj, (831)

where by are bosonic operators and obey the bosonic commutation relation [E IA)T] = 81, [bj, bx] = 0 = [IA);, BL] Note

that the above transformation gives the same number operators, i.e., ny = aeag bTbg
Combining the anyon-boson mapping (S31) with Eq. (S29), the anyon-Hubbard Hamiltonian can be expressed in
terms of bosonic operators as

. e o U o
Hipy = —JZ (bzb€+1619n2 + h.c.) +5 ZW (e —1). (S32)
¢ ¢

Here, we will be interested in the quasi-momentum distribution. One has to distinguish the quasi-momentum distri-
bution in terms of bosonic operators from that using anyonic operators,

~ 1 i WIS
() =3 D _ e bbe), (833)
o
1 . /
=7 2 M ajan). (834)
o

In the hardcore limit, the bosonic Hamiltonian (S32) will be independent of the statistical angle 6, i.e.,
Hn e Hpy = _JZ (BZBEJA + h.c.) : (S35)
¢

Thus, computing the quasi momentum of bosons (ﬁ‘g) would give a f-independent quasi-momentum distribution®.
However, the anyonic nature can be revealed by computing the anyonic quasi-momentum distribution (23), because
the anyonic correlation (d;&m are modified by the Jordan-Wigner transformation. To clarify this, we can explicitly

write the anyonic correlation as

19(N£/—Nz)> Y >/

i0(N, — N@—i-1)>7 0 < /. (836)

{

Here, (o) = (| @ |T) represents the expectation value with respect to the ground state |¥) of the Hamiltonian (S32),
which can be expressed in the Fock state basis {]1);)} as

U) =3 eily) |5 =Ind,nd, e oni) (837)
J

- 2t i0(Ny —Ne) 7, <IA)TIA’
(#}au) = (B =Nhy) = { e

with complex coefficients ¢;, n} = {0,1} in the hard-core limit, and L being the total site number of the chain. In
this case, the above anyonic correlation (S36) can be rewritten as

S e (Wilbibe ) e®NeND >,
(afap) = { & (S38)

i,j o
> e (Wilbfbe e NN <

0,J
with N7 = S Here, the (N-dependent) phase factors in Eq. (S36) and (S38) are attributed to the contribution
4 J

from the Jordan-Wigner transformation, which transfers the bosonic correlation (bjbs) to be the anyonic one () ay).

To benchmark the anyonic correlations from the AHM with the experiment, we consider the experimental impurity
momentum distribution at /7 = 0.53(2) as an example. As shown in Fig. S1, the agreement between the experimental
data and the anyonic momentum distribution obtained from the AHM improves for large system sizes and low filling.
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Figure S1. Benchmarking the experimental data by the AHM. (a) Effect of total host particle number at L = 40 and
U — co. (b) Effect of the system size at filling 1/4 at U — co. (c) Effect of the on-site interaction U at L = 40, N = 10. The
blue dots are the experimental data for 8/7 = 0.53(2); the solid lines are the prediction from the AHM. Note that in (a,b), the
peak has been rescaled to match the amplitude of the experimental data.
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Figure S2. Effect of different system parameters of the swap model. (a) Quasi-momentum distribution for the
impurity for varying number of host particles N4+ with Jex = 0.1,L = 40; (b) Quasi-momentum distribution of impurity
for varying system size L with Jex = 0.1, Ny+/L = 0.1; (¢) Quasi-momentum distribution of impurity for varying Jex with
N4 =12, L = 120. The black dotted lines in (a-c) show the location of the peak, which is given by kpeak/kr = 0/m. Note that
the peak has been rescaled according to the experimental data.

S3. GROUND-STATE PROPERTIES OF THE SWAP MODEL I:Is“,ap

Next, we investigate the effect of various system parameters of the swap model, specifically the number of host
particles Ny, the length of the system chain L, and the swapping strength Jex. As shown in Fig. S2, changes in these
parameters lead to similar behavior, in the sense that larger values give rise to a narrower quasi-momentum distribution
(less uncertainty in momentum space). Note that the height of the theoretical quasi-momentum distribution results
are rescaled by the experimental data.

Now we fix the system length to L = 120, and tune the parameters Jox and N;. By computing the residuals
0 = >, lyi — f(x;)| between experimental data y; and the model f(x;), one can see that low values of § appear in
a wide parameter regime, as shown in Fig. S3(b). Similar results can be obtained by using either low filling (e.g.
n = 0.1) with Jox = 0.1 or higher filling (e.g. n = 0.25) but lower Jox = 0.02, see Fig. S3(a). This trend indicates that
in the thermodynamic limit (N4 — 00), the optimal value of Jex would tend to 0. The behavior of anyionization in a
finite system with open boundary conditions is well captured by using a finite Jox in our swap model.

S4. DYNAMICAL EVOLUTION GOVERNED BY H.puwm

As mentioned in the main text, a strong host-impurity interaction and a weak force are necessary to achieve
anyonization in our system. In the following, we present simulations for which we relax these requirements. We
simulate the dynamical evolution by solving the time-dependent Schriodinger equation associated with the spinful
Bose-Hubbard Hamiltonian (sBHM). For this simulation, the initial state of the impurity is set to the ground state
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Figure S3. Comparison between experiment and the predictions of the swap model for different values of Jex
and N;. (a) Comparison between experimental data (blue dots) and the quasi-momentum distribution obtained by using the
swap model for optimal values of the parameters. (b) Residuals between the data and the model as a function of Jex and Ni.

of Heprn + %Z/Qﬁ 1¢, where V' quantifies the strength of the impurity harmonic trapping. For weak interactions,

the impurity hardly feels the presence of the host particles and drifts away, see the spatio-temporal distribution of
the impurity shown in Fig. S4(a). As a result, the quasi-momentum of the impurity is simply shifted from the initial
state, in Fig. S4(d) to the final state in Fig. S4(e). In contrast, in the strongly-interacting regime, the impurity hardly
moves, i.e., the density is not affected, see Fig. S4(b). The asymmetry in the momentum distribution survives in a
wide range of values for the impurity-bath interaction U, which suggests the robustness of the protocol. As the spin
wave is a low energy excitation, the force should remain weak to properly prepare it. Indeed, as shown in Fig. S4(c),
applying a strong force will result in Bloch oscillations of the impurity?. In Fig. S4(f) we see that the force Fya/J
needs to be kept significantly smaller than 1 to properly reproduce the momentum distribution data.
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Figure S4. Effect of the impurity-host interaction U and applied force F| as calculated from the sBHM. (a-
¢) Spatio-temporal density distribution of the impurity as a function of time for (a) U/J = 1,Fla/J = 0.25, (b) U/J =
15, Fia/J = 0.25 and (¢) U/J = 9.1, Fla/J = 2.5. Effect of the impurity-bath interaction in the quasi-momentum distribution
of the impurity at (d) 8 = 0, (e) 8 = 0.537 The same legend applies for (d) and (e). (f) Effect of the force on the quasi-
momentum distribution of the impurity at 6 = 0.987. Blue dots are experimental data from Fig.2 in the main text and the
solid lines are the numerical results. Other parameters are Ny = 20, L = 40 and the initial state is chosen as the ground state
of the sSBHM with harmonic trap V/J = 0.02 applied to the impurity.

We next investigate the effect of the impurity’s initial density distribution by subjecting it to a hard-wall confinement
of width W (in unit of lattice constant a). Namely, we start with the ground state of the sSBHM with an initial hard-
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Figure S5. Effect of the initial density distribution of the impurity determined by a hard-wall confinement.
(a-c) Spatio-temporal density distribution of the impurity for various values of the hard-wall width (a) W =1, (b) W =3 and
(¢) W =11 in the case of Ny =10 and L =40. (d) Comparison of quasi-momentum distribution between the experimental
data (blue dots) and the results obtained by using the sBHM (solid lines) for various values for W. (e) Same as (d), but
using Nt =30 and L =120. (f) Comparison of the quasi-momentum distribution between experimental data (blue dots) and
the results obtained from the dynamical evolution governed by the sBHM. The analysis suggests that a decrease in system
length can be compensated by considering a larger number of host particles. The other parameters are set to U/J =4.55 and
Fa/J=0.03125. Note that in (d-f) the peak has been rescaled according to the experimental data.

wall potential felt only by the impurity and using different values for W. The confinement is then removed for ¢ > 0.
For W =1, which corresponds to the impurity initially localized at a single site, i.e., a single Wannier state, the spatial
density distribution of the impurity shown in Fig. S5(a) exhibits a decaying breathing pattern. In this case, it is
difficult to observe a consistent anyonic feature. For large values of W, the impurity has a broad spatial distribution
(see Fig. S5(c)), which thus allows for a proper generation of a spin wave, and the quasi-momentum distribution
gets closer to the experimental data; see Fig. S5(d,e). Note that for a long chain (L =120) and wide enough initial
hard-wall potentials, the time-evolved quasi-momentum distribution agrees with the experimental data, see Fig. S5(e).
For a shorter chain (L=40), as shown in Fig. S5(e), using a higher host particle density gives rise to similar results.
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