nature porthl i O https://doi.org/10.1038/s41586-025-09061-4

Supplementary information

Scaling and logicinthe colourcodeona
superconducting quantum processor

In the format provided by the
authors and unedited



Supplemental Information for: Scaling and logic in the color code on a
superconducting quantum processor

CONTENTS
A. Device and Experimental Setup 1
B. Superdense Syndrome Extraction Circuit 3
1. Circuit Intuition 3
2. Fault-tolerance of the Superdense Syndrome
Extraction Circuit 4
3. Superdense Circuit Transformations 4
C. Distance scaling 5
1. Detailed Superdense Circuit 5
2. Color Code Location on Processor 5
3. Experimental Optimization and Calibration
Details 5
4. Error syndrome detection probabilities 6
D. Decoding 8
1. Decoder details 8
a. Mobius Decoder (Chromobius) 8
b. Most Likely Error (MLE) Decoder 9
c. Neural Network Decoder 10
2. Decoding Priors 10
3. Comparison of Decoding Performance 11
E. Pauli Simulations near the Superdense Color Code
Threshold 11
F. Logical Randomized Benchmarking 12
G. State injection 12
H. State teleportation 14
1. State Teleportation Circuit Details 14
2. Lower Bound on Average Fidelity of the
Teleportation Channel 15
3. Bias of the Decoded (Y1) in Teleported State
Tomography 17

I. Comparison of Qubit Resources Estimates for the
Superdense Color Code and the Surface Code 17

References 19

Appendix A: Device and Experimental Setup

We implement our experiments on a 72-qubit device
first introduced in Ref. 1. The device is installed at the
bottom of a dilution refrigerator [2] and wired to cus-
tom room-temperature electronics for control. We use
a single control line per flux-tunable transmon [3] qubit
to realize single-qubit gates and to tune the transition
frequency to implement two-qubit gates and multi-level

Cumulative distribution

Pauli and measurement errors

FIG. 1. Operation errors of the distance-five color
code on the 72-qubit processor. Cumulative distribu-
tions of single-qubit gate Pauli errors (red), simultaneous CZ
gate Pauli errors (green), measurement errors (blue), and
data-qubit idle errors during measurement and reset of aux-
iliary qubits when applying a dynamical decoupling sequence
(gold). The vertical faded lines indicate the mean value of the
distributions.

reset [4]. We implement single-qubit gates using mi-
crowave DRAG pulses [5] for X rotations and virtual
Z gates [6]. m-rotations and m/2-rotations have dura-
tions of 35ns and 18 ns, respectively. Controlled-Z (CZ)
gates between neighboring qubits are realized by tuning
the transition frequencies of the two qubits such that the
|11) state is resonant with the |20) state, while also ad-
justing the frequency of a tunable coupler to control the
coupling strength. These CZ gates have a duration of
37 ns.

Qubit states are read out dispersively by applying
frequency-multiplexed microwave pulses. The readout
protocol, including cavity depletion time, lasts for 600 ns.
Following readout, we perform a 160-ns multi-level re-
set as described in Ref. 4. For state preservation ex-
periments, we also include a data qubit leakage removal
(DQLR) procedure lasting 53 ns.

We benchmark all operations of the distance-five color
code and show the cumulative distribution of error rates
in Fig. 1. We display device maps of single-qubit param-
eters in Fig. 2, two-qubit CZ gate parameters in Fig. 3,
and readout parameters in Fig. 4. The coordinate system
used for these maps matches the one depicting the code
instances locations on the processor, see Appendix C2
for details.
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preparing random states on all qubits.

Appendix B: Superdense Syndrome Extraction
Circuit

1. Circuit Intuition

The superdense syndrome extraction circuit for the
color code, introduced in Ref. 7, draws inspiration from
the superdense coding protocol, where a Bell pair enables
the encoding of two classical bits [8]. The superdense

circuit is constructed such that these two classical bits
indicate whether a bit-flip error occurred (encoded as 0
for no error, 1 for an error) and/or a phase-flip error oc-
curred (encoded as 0 for no error, 1 for an error) on the
data qubits of a given color code tile.

The intuition behind this is that the two auxiliary
qubits of the tile are prepared in a Bell state, i.e. a shared
quantum resource. This Bell state encodes bit-flip errors
in its parity, toggling between even and odd parity de-
pending on whether a bit-flip error occurred on the neigh-



boring data qubits. Simultaneously, it encodes phase-flip
errors in its relative phase, which flips between positive
and negative depending on whether a phase-flip error oc-
curred. This simultaneous encoding allows the circuit
to identify both types of errors using a single round of
measurements.

The details of this process can be understood by an-
alyzing how the Bell state evolves throughout the syn-
drome extraction circuit. Initially, the auxiliary qubits
are prepared in the Bell state |Byg) = |00) + |11), where
the first index (0) represents even parity (symmetric
state), and the second index (0) indicates a positive rel-
ative phase. Due to this symmetry, a bit flip on either
auxiliary qubit transforms the state to | Byg) = |01)+]10),
with odd parity (antisymmetric state). This property al-
lows each auxiliary qubit to check for bit-flip errors on its
three neighboring data qubits using CNOT gates, where
the data qubits act as control. Each CNOT toggles the
Bell state between |Bgg) and |Byg) if the data qubit is
in the |1) state. After all six CNOT gates (left gray box
in Fig. 1b of the main text), the Bell state will remain
| Boo) if the total number of flips is even, and flip to | Bio)
otherwise.

Similarly, a phase flip on either auxiliary qubit changes
the state to |Bpi) = |00) — |11), where the second index
(1) indicates a negative relative phase. This enables de-
tection of phase flips on the data qubits by using the
auxiliary qubits as control in CNOT gates (right gray
box in Fig. 1b of the main text). If both bit and phase
flips occur, the state becomes |By1) = |01) — |10).

Finally, a Bell-basis measurement of the auxiliary
qubits determines the resulting Bell state, produc-
ing outcomes 00, 01, 10 or 11 corresponding to
|B01>7 ‘B()l>, |B()1> and |Bll>a respectively. Here, the
first bit is the outcome of the Z auxiliary qubit (detects
bit-flip errors) and the second bit is the outcome of the
X auxiliary qubit (detects phase-flip errors). This pro-
cess reveals whether a bit-flip error, a phase-flip error,
both, or none occurred on the data qubits. Remarkably,
this circuit achieves this even though each auxiliary qubit
interacts with only half the data qubits of the tile.

Note that the Z auxiliary qubit also detects bit-flip er-
rors on the X auxiliary qubit and vice-versa. In that way,
the two auxiliary qubits detect errors on each other in ad-
dition to the errors on the data qubits [7]. This feature
is important for ensuring the fault-tolerance of the cir-
cuit, which is analyzed in greater detail in the following
subsection.

2. Fault-tolerance of the Superdense Syndrome
Extraction Circuit

It is generally not guaranteed that a syndrome ex-
traction circuit for a given code preserves the full code
distance. For instance, the conventional syndrome ex-
traction circuit for the color code [9-12]| requires flag
qubits [13] to ensure fault-tolerance. In this Appendix

we provide evidence that the superdense syndrome ex-
traction circuit [7] for the color code preserves the full
distance of the color code.

We define the circuit distance d. to be the mini-
mum number of independent error mechanisms in the
syndrome extraction circuit that must occur to flip the
logical operator without causing any syndrome element
to flip. In general, d.. < d, where d is the distance of
the code (the minimum weight of a logical operator in the
code). It is well known that the standard surface code
syndrome extraction circuit preserves the code distance
(deirc = d), provided that the sequence of gates is chosen
correctly to avoid hook errors [14]. However, the circuit
distance dgj of the superdense color code circuits from
Ref. 7 has not previously been studied.

We verify the circuit distance of the superdense color
code using two different methods. The first one is an
exact method that consists in mapping the task of de-
termining the code distance to a Maximum Satisfiability
(MAXSAT) problem [15]. MaxSAT is an optimization
problem where the goal is to find the maximum number
of constraints that can be satisfied simultaneously in a
given Boolean formula. This approach works for our
problem because determining the code distance involves
finding the smallest set of independent errors that lead
to an undetectable logical error, which can be encoded
as a set of Boolean constraints. To generate the set of
constraints for our circuits, we use the stim software
package to create a circuit-level noisy representation of
the superdense syndrome extraction circuit, where each
operation is susceptible to potential errors. We then em-
ploy stim.Circuit.shortest_error_sat_problem()
to produce the corresponding set of constraints in the
WDIMACS format. These constraints are solved exactly
as a MaxSAT problem using the CASHWMaxSAT-CorePlus
MaxSAT solver, which provides the exact circuit dis-
tance. Using this method, we compute the circuit
distance for distances 3, 5, and 7, confirming that
deire = d.

Solving the MaxSAT problem to determine the circuit
distance is NP-hard [15|, which makes it increasingly
challenging to compute the exact distance for larger
circuits. Therefore, we employ a heuristic method to
search for undetectable logical errors in circuits with
larger distances (up to d = 15). Specifically, we use the
Circuit.search_for_undetectable_logical_errors
function in stim (with the first two arguments set to
3). Note that this heuristic approach only provides an
upper bound on the circuit distance. Nonetheless, the
results also suggest that the superdense circuit preserves
the full code distance for all distances tested.

3. Superdense Circuit Transformations

Here, we detail how our implementation of the super-
dense syndrome extraction circuit differs from the orig-
inal one introduced in in Ref. 7. The circuit shown in



Fig. 1b of the main text (reproduced in Fig. 5b for con-
venience) is identical to the one shown in Ref. 7, ex-
cept for two modifications: we do not show the condi-
tional Pauli flips on data qubits that are handled in pre-
processing [7], and we invert the orientation of the final
CNOT along with the corresponding measurement bases
of the two auxiliary qubits, for reasons that will become
evident below. This is possible because the two orienta-
tions are nominally equivalent sub-circuits for performing
Bell measurements.

When a qubit is measured, the readout pulse can unin-
tentionally dephase other qubits that are not being mea-
sured [16]. On our device, this effect is more pronounced
for qubits located on the same readout line as the mea-
sured qubit. To execute this circuit on our processor with
best performance, we therefore apply additional transfor-
mations to ensure that all qubits sharing a readout line
are measured simultaneously. Specifically, we swap the
roles of auxiliary and data qubits for specific pairs, as
indicated by the red arrows in Fig. 1c of the main text,
such that each readout line contains only auxiliary qubits
or only data qubits but no mixture of both types.

This transformation is illustrated for a single tile in
Fig. 5. The most straightforward approach involves mov-
ing the measurement and reset operations from the X
auxiliary qubit to its lateral data qubit neighbor, D3,
and introducing swap gates between these qubits before
the measurement and after the reset in each cycle (see
Fig. 5d). Effectively, this swaps the role of the X auxil-
iary qubit and qubit D3 (we therefore relabel the qubits
accordingly in Fig. 5d).

Since our device does not support direct implementa-
tion of swap gates, each swap must be decomposed into
three two-qubit gates (Fig. 5e), which adds six layers
of two-qubit gates to the error correction cycle. To cir-
cumvent this overhead, we implement a logically equiva-
lent circuit (Fig. 5h) that increases the cycle by only two
layers of two-qubit gates by reusing operations already
present in the cycle. This optimized circuit is derived
from the one shown in Fig. 5b by commuting CNOT gates
between the X auxiliary qubit and data qubit D3 (Fig. 5f)
outwards and applying circuit identities, as highlighted
in the green and blue boxes in Fig. 5g-h. The final cir-
cuit contains a Z gate applied to D3 conditioned on the
measurement, outcome of the X auxiliary qubit being 1.
Similarly to other conditional Pauli operations in this
circuit, this gate is not applied physically but instead
commuted through the circuit in pre-processing by our
error correction software [17].

Applying this circuit transformation to every tile of the
code results in a deformed code layout (Fig. 5¢) where
each readout line (dotted gray line) exclusively contains
either data qubits or auxiliary qubits. To achieve this
using the described transformations— where the X auxil-
iary qubit is swapped with its lateral data qubit neighbor
— neighboring tiles must have a mirrored layout for the
X and Z auxiliary qubits. At the code boundaries, where
the X auxiliary qubit has no lateral neighbor, the swap

is performed with the upper data qubit neighbor (D1)
instead, as shown in Fig. 1c of the main text. Note that
these circuit transformations are applicable to arbitrary
distances of the superdense color code.

Finally, before executing the circuit on our hardware,
the CNOT gates are decomposed into a combination of
Hadamard and CZ gates which are natively supported
by our processor. The compiling software optimizes this
decomposition by canceling consecutive Hadamard gates
on the same qubit to minimize the number of gates ap-
plied to each qubit, see also Appendix C. The total error
correction cycle duration after decomposition and opti-
mization is approximately 1.3 ps.

Appendix C: Distance scaling

In this Appendix, we provide additional details
about the state preservation experiments performed on
distance-three and distance-five logical qubits.

1. Detailed Superdense Circuit

We outline the steps of a Z-basis state preservation ex-
periment on the distance-five logical qubit, after perform-
ing all circuit transformations described in Appendix B 3.
First, the data qubits are initialized in a randomly se-
lected product state of Z-basis eigenstates (i.e. a random
bitstring) and all auxiliary qubits are prepared in the
|+) state (step O in Fig. 6). Then, we execute n cycles
of error correction (steps 1 to 19). During the auxiliary
qubit measurement and reset (steps 19 and 1), we apply
an XY4 dynamical decoupling sequence [18] on all data
qubits. After the auxiliary qubit resets, we also apply
data-qubit leakage removal (DQLR) [19]. Note that in
the first cycle, resetting the auxiliary qubits to the |+)
state (frame 1 and 2) is skipped as it is already performed
simultaneously to the data qubit initialization (step 0).
In the last cycle, the auxiliary qubits are read out (step
19) simultaneously to all data qubits (step 20).

2. Color Code Location on Processor

We use 37 qubits of a 72-qubit quantum processor to
encode the distance-five logical qubit, and three 13-qubits
subsets to encode the distance-three logical qubits. The
placement of the distance-three qubits on the processor
is chosen to cover most of the qubits used in the encoding
of the distance-five qubit, as visualized in Fig. 7.

3. Experimental Optimization and Calibration
Details

We employ similar techniques as described in Refs. 1
and 20 to minimize coherent phase errors in the cir-
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cuit [21], reduce dephasing during idle time on data
qubits using dynamical decoupling, and ensure short-
lived leakage errors with multi-level reset [4] on auxiliary
qubits and a data-qubit leakage removal (DQLR) [19]
protocol at the end of each cycle.

To mitigate effects from calibration drift, we interleave
experiments with different codes, initial bases, and num-
ber of cycles following the approach described in Ref. 20.
Each experiment is repeated 5000 times for 10 different
initialization bitstrings: five are randomly chosen and
the remaining five are their binary complements, thereby
ensuring equal representation of both eigenstates for odd-
distance codes. This results in a total of 50000 experi-
mental runs per experiment.

4. Error syndrome detection probabilities

In each error correction cycle, the measurement of each
auxiliary qubit indicates the parity of its associated sta-
bilizer: 0 for even parity and 1 for odd parity. After ini-
tialization, the stabilizer parity (and thus the auxiliary
qubit measurement outcome) should remain constant, ex-
cept for intentional flips introduced by the circuit. Er-
rors, such as bit-flips or phase-flips, alter the parity of
neighboring stabilizers, leading to changes in the auxil-
iary qubit measurement outcomes between consecutive
cycles. Comparing auxiliary qubit measurements across
cycles therefore reveals information about errors occur-
ring on the device. These comparisons for individual aux-
iliary qubits between two consecutive cycles are referred
to as syndrome elements (also sometimes called detec-
tors [20]) and take a value of 1 if an error is detected by
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the syndrome extraction circuit, and 0 otherwise.

Analyzing how often each syndrome element detects an
error provides insights into the frequency of errors across
different parts of the device and stages of the quantum
circuit. We calculate the error detection probability pq
for each syndrome element by averaging its value across
all experimental runs. For all codes and bases, syndrome
elements in the bulk of the experiment (5 < n < 25)
show relatively stable detection probabilities between 0.1
and 0.2, indicating that errors are rare and do not in-
crease over time (see Fig. 8). In the distance-five state
preservation experiments, weight-6 stabilizers (red lines)
exhibit higher error detection probabilities than bound-
ary weight-4 stabilizers (golden lines). This is expected
since weight-4 stabilizers involve fewer gates and are thus
less prone to errors. Error detection probabilities are
consistent across all experiments, except for certain X-
type syndrome elements in the lowest distance-three code
and the top-right part of the distance-five code, which
have higher detection probabilities. Identifying the exact
physical mechanism behind these additional phase errors
requires further investigation. However, we hypothesize
that they may result from spurious frequency shifts in
data qubits induced by flux pulses used to reset auxiliary
qubits, which are not fully corrected by our in-situ phase
calibration [21]. Near the time boundaries of the circuit
(n < 5 and n > 25), higher error detection probabili-
ties are observed in the X basis for both distance-three
and distance-five codes. We suspect this issue may be re-
lated to the one described above, and therefore warrants
further investigation.

Appendix D: Decoding

For each experimental run, the collection of all syn-
drome elements form an error syndrome than can be
used by a decoder to infer whether the logical oper-
ator has been flipped. In the color code, each data
qubit is included in three X-type and three Z-type sta-
bilizers. Therefore, a single bit-flip or phase-flip error
on a data-qubit in the bulk of the code will typically
flip three syndrome elements (versus two for the surface
code), creating a so-called hyper-edge in the syndrome
graph. This prevents the direct use of the widely-used
minimum-weight-perfect-matching decoders [22], which
rely on each error triggering a pair of syndrome elements.

In this work, we explore three decoders for the color
code: a mobius decoder (Chromobius) [7], a most-likely-
error (MLE) decoder, and a neural-network decoder (Al-
phaQubit) [23]. We provide a short description of each of
these decoders in the following Subsection and highlight
their advantages and limitations.

1. Decoder details

a. Mobius Decoder (Chromobius)

Chromobius [7] decomposes the color-code decoding
problem in three main steps. First, it decomposes
the color-code decoding graph into three complementary
matchable graphs without hyper-edges. These subgraphs
are connected at their spacial boundaries in a Mobius
topology [24]. Compared to other decoders that use sim-
ilar decomposition methods [25], connecting the bound-
aries enables more accurate weighting of the relative costs
of matching syndrome elements to a boundary (typically
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underestimated when graphs are disconnected) versus
matching them to other syndrome elements in the bulk
of the complementary subgraphs [7, 24]. The resulting
decoding graph is then processed by a minimum-weight
perfect matching algorithm to find a perfect matching
solution. Finally, the solution is lifted back to the orig-
inal color code decoding graph by merging the matched
syndrome elements using a dynamic programming algo-
rithm [7].

Chromobius decodes data much faster than many other
color code decoders, including the two other decoders
used in this work, because the graph decomposition, the
matching subroutine, and the solution lifting steps can
all be performed efficiently. This makes Chromobius a
promising candidate for real-time decoding in the near
future.

Nonetheless, Chromobius has two notable limitations.
First, it does not currently support flag-based decoding
nor the ability to exploit correlations between the Z-basis
and X-basis matching graphs. Second, it does not sup-
port certain logical operations that modify the decoding
graph, such as those transforming X stabilizers into Y
stabilizers. Consequently, Chromobius does not provide
optimal performance and cannot be used to decode logi-
cal randomized benchmarking circuits.

In this work, we use Chromobius for the state injec-
tion experiment, and compare its performance to other
decoders for the state preservation experiments (see Ap-

pendix D 3 for details).

b. Most Likely Error (MLE) Decoder

Inspired by Refs. 12 and 26, we develop a most-likely-
error (MLE) decoder that identifies the most likely chain
of Pauli errors given the observed error syndrome. The
most-likely error is found by mapping the decoding prob-
lem onto a mixed-integer program [27, 28, Supp. 1A]
which is solved with the High Performance Optimization
Software (HiGHS) package [29]. This method is more
accurate than matching-based approaches and naturally
accounts for correlations between X and Z syndrome el-
ements. Additionally, the Pauli error chains returned
by the decoder can be used to iteratively refine the de-
coder’s prior knowledge of frequent errors, as detailed in
Appendix D 2.

The MLE decoder also has limitations. First, it is con-
siderably slower than the other decoders. Specifically,
it is currently about 880 times slower than the Mobius
decoder and 260 times slower than the neural-network
decoder when applied to the experimental data of the
distance-five color code. While none of the decoders
used in this work were fully optimized for speed, such
optimizations will be necessary in the future to enable
real-time decoding.

Second, while being more accurate than matching-



based decoders, it is not an optimal decoder such as a
maximum likelihood decoder [30] or its tensor-network
approximation [20]. These optimal decoders consider the
probability of all possible error sets yielding the observed
error syndrome, dividing them into two groups: those
that flip the logical operator and those that do not. They
then select the group with the greater total likelihood.
However, such optimal decoders require much larger com-
putational resources than our MLE decoder.

We compare the performance of the MLE decoder to
other decoders for the state preservation experiments and
use it in the simulations described in Appendices E and I.

c. Neural Network Decoder

AlphaQubit is a recurrent attention-based neural net-
work first described in Ref. 23, and used in Ref. 1 to
decode surface code experiments. Here, we adapt the
network to decode color code experiments. Because of
the lower translational symmetries of the color code com-
pared to the surface code, the architecture of the model
does not contain convolutions. In all experiments de-
coded in this work besides the state-teleportation exper-
iments, we add up to two attention/recurrent layers to
compensate for the loss of computational power. The
resulting networks are significantly smaller: 4.1 million
parameters (for the two layer variant) and 2.1 million
(for the single layer variant), compared to the 5.4 million
used in Ref. 1. We use a recurrence update as described
in Ref. 23, rather than a gated-recurrence [31] update as
in Ref. 1.

For each experiment, AlphaQubit is trained to predict
the logical observable, based on the error syndrome cal-
culated from the stabilizer measurements. The network
processes one cycle of syndrome elements at a time, and
(for the randomized benchmarking experiments) receives
information about logical gates applied in between cycles,
updating an internal state representation which consists
of a vector for each stabilizer. At the end of the exper-
iment the state vectors are combined and further pro-
cessed to make the prediction of the logical observable.

For state preservation experiments, separate models
are trained for the X and Z bases for each code instance.
By contrast, for logical randomized benchmarking and
state-teleportation experiments, a single model is used
for all logical circuits in each respective experiment. For
state teleportation, a single instance of AlphaQubit pro-
cesses the syndrome elements from both logical qubits in
each cycle, along with additional syndrome elements cor-
responding to the stabilizers at the interface of the logical
qubits during the merge cycles.

The network is trained in two stages. First, it is pre-
trained on synthetic data generated with Stim [17] us-
ing a device-agnostic noise model (SI1000 with a range
of noise levels). After pretraining, each network is fine-
tuned by further training on a limited amount of exper-
imental data (or device-specific simulated data e.g. for
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the error budget). We do not fine-tune the network on
a synthetic dataset generated with an error model de-
rived from experimental data (as was previously done in
Ref. 1). Particular care is taken to never train and test
on the same data, by either using:

— an even/odd experimental run partitioning (ran-
domized benchmarking),

— a causal split where we only fine-tune on data taken
in a separate run prior to the test dataset (state
preservation experiments),

— a fully independent synthetic training dataset (er-
ror budget), or

— a separate part of the experimental dataset for test-
ing purposes (state teleportation).

After training, AlphaQubit can decode at an interme-
diate speed which is about 3 times slower than Chromo-
bius, but 260 times faster than the MLE decoder at dis-
tance d = 5. Due to its high accuracy, AlphaQubit is the
decoder we used used in most of the main text of this arti-
cle (besides the magic state injection experiments, where
we make use of Chromobius and post-selection).

2. Decoding Priors

Both Chromobius and the MLE decoder rely on prior
knowledge of the probabilities of individual errors occur-
ring in the circuit. To provide this information, we ex-
plore three different approaches.

The simplest method calculates error probabilities of
each operation in the circuit based on the SI1000 error
model [32] parametrized with a single error parameter p.
This model reflects the typical hierarchy of error rates in
superconducting qubits (for instance, all two qubit gates
have an error p while single-qubit gates have an error
p/10) but remains device-agnostic.

The remaining two approaches make use of experi-
mental data to refine a Pauli error model where each
circuit operation has an associated a depolarizing error
parameter and/or a bit-flip error parameter. The first
experimentally-informed approach derives error proba-
bilities for each circuit operation from experimental data
decoded with Chromobius, following the reinforcement-
learning methodology outlined in Ref. 33. The error
probabilities are inferred from the 9-cycles dataset for
each experiment separately, and then extrapolated using
time-invariance to all other numbers of cycles [33].

Finally, we explore an edge-reweighting strategy in-
spired by Ref. 34, which iteratively adjusts the proba-
bilities of individual errors based on their frequency as
reported by the MLE decoder. Initially, all errors are
assumed to be equally likely. In the first iteration, a cali-
bration dataset is decoded using the MLE decoder, which
provides the most likely error chain for each experimental
run in the dataset. The probabilities of individual errors



are then updated by counting their occurrences in the list
of most likely error chains across the dataset. This pro-
cess is repeated until the decoded performance stabilizes,
typically after 3 to 6 iterations.

3. Comparison of Decoding Performance

We use the state preservation experiments on the
distance-three and distance-five codes to compare five de-
coding strategies:

1. Chromobius decoder with an SI1000 prior (green
symbols in Fig. 9)

2. Chromobius decoder with a learned prior from ex-
perimental data (blue symbols)

3. MLE decoder with an SI1000 prior (red symbols)

4. MLE decoder with a prior obtained via iterative
edge reweighting based on experimental data (pur-
ple symbols)

5. Neural-network decoder (AlphaQubit), pretrained
on SI1000 simulated data and fine-tuned on exper-
imental data (yellow symbols)

For each decoding strategy, we fit the decoded data and
extract the logical error per cycle for each code instance
and basis independently. Note that, for clarity, we show
the logical error as a function of cycle number and the
logical error per cycle averaged over the X and Z bases for
each code instance in Fig. 2 of the main text. We average
all distance-three and all distance-five experiments, and
compute the error suppression factor As;5. We use the
standard error reported by each fit and standard error
propagation techniques to obtain error bars for the error
suppression factor.

Three of the five strategies achieve a lower average
logical error per cycle for the distance-five code com-
pared to the distance-three code, as shown in Fig. 9.
The best decoding strategy provides an error suppres-
sion factor of Az/s = 1.56(4), demonstrating operation
of the color code below its critical noise threshold. As
expected, both the Chromobius and MLE decoders per-
form better with experimentally-informed priors than
with device-agnostic (SI1000) priors. Notably, the MLE
decoder achieves performance comparable to the neural-
network decoder, highlighting that a simple Pauli error
model with depolarizing parameters for each circuit op-
erations captures well the errors of the device. However,
the neural-network decoder is significantly faster than the
MLE decoder.

Note that the three decoding strategies relying on ex-
perimental data (strategies 2, 4, and 5) use different
train/test data partitioning schemes. Consequently, the
test dataset for each of these strategies may contain dif-
ferent experimental runs.
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FIG. 9. Comparison of decoding strategies for the
distance scaling experiment. Logical error per cy-
cle of the state preservation experiments as a function of
code distance for five decoding strategies: Chromobius de-
coder with SI1000 prior (green), Chromobius decoder with
reinforcement-learning prior (blue), MLE decoder with SI1000
prior (red), MLE decoder with iterative edge-reweighting
prior (purple), neural network decoder fine-tuned on experi-
mental data (yellow). Symbols with contours only correspond
to the logical error rates for individual experiments (i.e. one
code instance in a given basis) and the filled symbols corre-
spond to the average over all experiments. Error bars indicate
the standard error from the fit. The dashed line serves as a
guide to the eye. The error suppression factor Asz/5 is indi-
cated for each decoding strategy with the corresponding color.

Appendix E: Pauli Simulations near the Superdense
Color Code Threshold

In this article, we observe clear error suppression
(As/5 = 1.56(4)) when scaling the distance of the color
code from three to five. However, there is a crossover
region near the code threshold (A = 1) where the error
suppression factor A can depend on the code distance,
as reported in Ref. 20. Therefore, to relate our exper-
imental results to the color code threshold, we perform
simulations extrapolating to larger code distances.

We simulate the superdense color code circuit from
Ref. 7 for distances d = 3 to 9 using an SI1000 error
model [32] with varying noise strength p, and decode the
data with the MLE decoder. We observe that the thresh-
old at which the logical error per cycle for the higher
distances intersect is around py, &~ 0.005 (see Fig. 10).
Near this threshold, A5 is about 1.1 but decreases to
about 1.0 at higher distances Ag/(442y- The simulated
logical error per cycle for p = 0.005 is €3 = 0.039(1) and
e5 = 0.036(1).

We compare these simulated values to the experimen-
tal observations. Experimentally, we observe As/ 5 =
1.53(4), €3 = 0.0176(3) and &5 = 0.0115(2), using the
same MLE decoder. These are significantly lower than
the simulated values at threshold, indicating that our ex-
periment is indeed below the color code noise threshold.

Note that the SI1000 error model is a simplified repre-



sentation of the experimental system; it assumes homo-
geneity and does not account for error mechanisms such
as leakage and stray interactions. Therefore, it would be
valuable to experimentally measure the logical error per
cycle at larger code distances in the future.

Appendix F: Logical Randomized Benchmarking

Demonstrating the implementation of logical Clifford
gates is a critical step for fault-tolerant quantum com-
puting, but benchmarking their error rates at the logical
level presents significant challenges. Previous experimen-
tal efforts have primarily relied on partial [35] or full [36]
process tomography. However, this method is sensitive
to logical SPAM (State Preparation and Measurement)
errors, which can be comparable to or even exceed the
gate error itself, especially for the surface code in which
Y-basis readout is not fault-tolerant [36]. Additionally,
it may not accurately capture the performance of gates
when applied within a logical circuit. Similar to how
randomized benchmarking [37] provides robust error es-
timates at the physical qubit level, logical randomized
benchmarking [38] offers a more reliable method for as-
sessing the cost of logical Clifford gates within logical
circuits.

We focus on the implementation of LRB on a single
distance-three qubit. The 24 single-qubit logical Clifford
gates can be decomposed into a sequence of Hadamard
gates H (m-rotation along the x + z axis of the Bloch
sphere), phase gates S (m/2-rotation along the z axis of
the Bloch sphere) and Pauli X,Y, and Z gates. Specifi-
cally, they are obtained from a matrix product A-B where
Ae{l,H,S;HS,SH HSH} and B={[,X,Y,Z}.

In our implementation, we first generate logical cir-
cuits comprising a sequence of m randomly chosen Clif-
ford gates, followed by a Clifford recovery gate [37] that
returns the logical qubit to its initial state (|0r) in our
case). These gates are interleaved with error correction
cycles.

Applying a logical gate between error correction cy-
cles transforms the stabilizers, changing how syndrome
elements are constructed, as illustrated in Fig. 3b-d of
the main text. For instance, a transversal H gate turns
an X stabilizer into a Z stabilizer (and vice-versa). Con-
sequently, the X auxiliary qubit measurement in cycle
n must be compared to the Z measurement in cycle
n + 1 to form a valid syndrome element. Similarly, an
S-gate transforms X stabilizers into Y stabilizers (leav-
ing Z stabilizers unaffected), such that a phase flip in
cycle n flips both X and Z auxiliary measurements in
cycle n 4+ 1. We track stabilizer transformations and de-
termine which measurements to compare in each cycle
according to these rules.

The circuits are then compiled into individual gates
compatible with our hardware. During this compilation,
single-qubit gates used for transversal logical gates may
be merged with single-qubit operations from the neigh-
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boring error correction cycles. This approach is reason-
able because it could be employed for more complex log-
ical circuits. The observed logical gate errors reflect not
only by the additional physical operations performed for
logical gates but also by the frequent basis changes on the
logical qubit, including time spent in the Y-basis, which
is vulnerable to both bit-flip and phase-flip errors.
Using the idling experiment as reference [37], we ex-
tract the additional error introduced by logical Clifford

gates per cycle
1 pc)
ee==(1-= F1
=5 (1-5 (F1)

where pc and p; are the depolarizing parameters of the
decaying Clifford experiment and of the reference idling
experiment, respectively. pc and pr are obtained from
fitting the average values shown in Fig. 3e of the main
text to the function Ap™ + 1/2 with fitting parameters
Aand p € {pc,p1}-

Note that LRB is a benchmarking tool, and the logical
circuits it generates are not intended for practical appli-
cations, as these circuits comprising of Clifford gates only
can be efficiently simulated on a classical computer [39].

Appendix G: State injection

To inject an arbitrary state |¢,) into a distance-three
logical qubit, we first prepare the desired state on a phys-
ical qubit and then use a code expansion protocol [40, 41|
to grow the color code from a degenerate distance d = 1
code to a d = 3 code. In this protocol, the six data qubits
that are added to the code are pairwise initialized in Bell
states, as indicated by the purple ellipses in Fig. 11a.
The standard circuit to prepare a Bell state from two
neighboring qubits initially in the zero state involves ap-
plying a Hadamard gate to the first qubit, followed by
a CNOT gate with the first qubit acting as the control.
However, since these pairs of data qubits are not directly
connected on our device, we create the Bell state between
them using an intermediate auxiliary qubit, as indicated
by the dashed black contour in Fig. 11a. This process re-
quires three two-qubit gates if the auxiliary qubit starts
in the |0) state, or four if it begins in the |+) state, see
Fig. 11b and Fig. 11c for a visual derivation of the cir-
cuit, respectively. While the Bell pairs are prepared, the
injection qubit is prepared in a desired arbitrary state
with single-qubit gates parametrized by the polar and
azimuthal angles introduced in the main text.

After this initialization step, we perform a standard er-
ror correction cycle on the distance-three qubit, followed
by a logical measurement in the X, Y, or Z basis for logi-
cal state tomography. We repeat the circuit 20 000 times
for each basis and compute the expectation value of the
corresponding logical operator (Or,) = 1 — 2(mo), where
(mo) is the logical outcome averaged over all repetitions.

We show the expectation values of XL, }A/'L, and Z;, for
states along x-y plane of the Bloch sphere in Fig. 12a.
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FIG. 10. Simulation of the superdense color code using an SI1000 error model and decoded with the MLE
decoders. a, Logical error per cycle versus the noise parameter p of the SI1000 error model. The different curve correspond
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To prepare these states on the injection qubit, we fix
the polar angle § = 7/2 and sweep the azimuthal angle ¢
from 0 to 27. Note that we add a phase offset of 0.0447 ~
7.9° to compensate for a coherent phase rotation of the
logical qubit determined using logical state tomography
in a prior calibration measurement. We reconstruct the
approximate density matrix

pr =5 I+ (Xi)ow + ioy + (Z)o)  (G1)
where [ is the identity matrix and o, . are the Pauli
matrices. We then calculate the state fidelity

F(pr, pL) = <T1“ VL PL\/ﬁ>L)2

to the target density matrix pr, = |[¢1) (¢r|, where Tr
denotes the trace operation.

We obtain an average infidelity of 1 — F(pr, pr) =
0.012(7) over the sweep when post-selecting on experi-
mental runs in which all syndrome elements are 0 (keep-
ing 74.4% of the data), see Fig. 12b. We observe the
largest discrepancy between decoded and post-selected
values for Y1,, which we attribute to both its sensitivity
to both bit-flip and phase-flip errors, and the limited abil-
ity of the Mobius decoder to capture correlations between
X and Z syndromes.

As described in the main text, we also prepare
specific magic states of interest for realizing T-gates.
Specifically, we examine |Ap) = %HOL) + e/ 1)),

(G2)

|Hp) = cos & [0r) +sin § [1r), and |T1) = cosg |0L) +
elm/4 Sing |11) (with B = arccos 1/v/3). For these states,
we perform an additional numerical optimization to ob-
tain the maximum likelihood estimate of the experimen-
tally reconstructed density matrix which ensures phys-
icality constraints (all positive eigenvalues and a trace
equal to 1).

We compare our results to other experimentally pre-
pared magic states in prior work with superconducting
qubits [36, 42-44] and trapped ions [35, 45, 46], see
Fig. 13 for an overview of magic state infidelity as a func-
tion of the rejected data fraction r. For our implemen-
tation (indicated by green markers in Fig. 13 and also
shown in Fig. 4e of the main text), we investigate four
post-selection methods:

1. no post-selection (r = 0);

2. partial post-selection rejecting runs in which the
syndrome or = 1 (r ~ 0.08);

3. partial post-selection rejecting runs in which the
syndrome or = 1 or o =1 (r =~ 0.13);

4. full post-selection where all experimental runs with
any non-trivial syndrome are rejected (r =~ 0.25).

Here, or and o denote the syndromes constructed from
the final data qubit readout of the red and blue tiles
in Fig. 1la, respectively. Among the seven syndromes
in the circuit, these two are expected to be the most
effective ones for detecting errors on the injected state.
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FIG. 11. Bell state initialization circuit for magic state
injection. a Schematic of a distance-three color code, with
data qubits shown as gold dots and auxiliary qubits as red,
blue, and green dots. Gray lines represent qubit connectivity.
Purple ellipses indicate pairs of data qubits initialized in Bell
states for the magic state injection protocol (see main text
for details). The dashed black contour highlights qubit sub-
sets used to generate Bell states with the circuits shown in b
and c. b Circuit transformations to generate a Bell state be-
tween two data qubits using an intermediate auxiliary qubit
initialized in the |0) state. Red arrows indicate the sequence
of circuit transformations. Starting with a circuit using swap
gates (highlighted in red), the first swap gate is removed as
both qubits are in the |0) state. The remaining swap gate
is decomposed into three CNOT gates (second circuit), with
the first CNOT removed (grayed out in third circuit) since
its control qubit is in |0). The resulting circuit uses 3 two-
qubit gates (fourth circuit). ¢ Similar approach as in b but
for a set of qubits in which the auxiliary qubit initialized in
|[4+). The first swap gate cannot be removed trivially. Swap
gates are decomposed into CNOT gates (second circuit), the
first CNOT is removed since its control qubit is in |0), and
commuting CNOT gates are reordered (third circuit). Two
consecutive CNOT gates cancel out (fourth circuit), resulting
in a final circuit with 4 two-qubit gates (fifth circuit).

This is because ogr includes the readout of the injection
qubit and is therefore sensitive to errors on that qubit
throughout most of the injection protocol while og is
sensitive to errors on the injected qubit during a limited
part of the circuit. The remaining five syndromes are
not directly sensitive to errors on the injection qubit at
any stage. Conditioning on trivial outcomes of or and
op thus increases the likelihood of detecting errors on the
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FIG. 12. Arbitrary state injection along the z-y plane
of the logical Bloch sphere. a Decoded (semi-transparent
circles) and post-selected (solid dots) expectation value of the
logical Pauli operators X1, (blue), Y1, (red), Z1, (green) when
sweeping the azimuthal angle ¢. The solid lines correspond
to ideal expectation values. d Decoded (semi-transparent cir-
cles) and post-selected (solid dots) infidelities for the prepared
logical state |¢r,).

injected state while minimizing the rejected data fraction.

For convenience, we use the Mobius decoder along with
a device-agnostic SI1000 noise-model prior for all state-
injection experiments. When full post-selection is ap-
plied, the achieved infidelity is independent of the de-
coder, as no syndrome information remains for the de-
coder to process. For partial or no post-selection, more
elaborate decoders or priors could offer modest improve-
ments in performance, though they ultimately would
not reach the infidelity levels achieved with full post-
selection.

We observe that our implementation can achieve
higher fidelities and lower data rejection fractions than
other implementations with superconducting qubits, and
is on the Pareto front with some trapped ion implemen-
tations.

In our realization, the infidelity of |Ay,) appears lower
than that of the other two magic states under full post-
selection, but we note that the difference is not statisti-
cally significant within the 95% bootstrapped confidence
intervals (indicated by the error-bars).

Appendix H: State teleportation
1. State Teleportation Circuit Details

We provide a detailed circuit for teleporting |11,) from
logical qubit L1 to logical qubit L2 using lattice surgery.
The circuit is divided into three parts: initialization,
Mxx merge (X basis parity measurement of the two logi-
cal qubits), and split, highlighted in green, blue, and red
in Fig. 14, respectively.

During initialization, L1 is prepared in |¥1) = |1r)
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FIG. 13. Comparison of magic state injection experi-
ments. Infidelity of four experimentally realized magic states
(see legend) plotted against the rejected data fraction, r, with
r = 0 corresponding to no post-selection. Open symbols rep-
resent implementations with trapped ions, while filled sym-
bols correspond to superconducting qubits. Each color repre-
sents states realized in a different study. Each color represents
states realized in a different study: purple [35], brown [36],
red [42], light-blue [43], dark-blue [44], pink [45], yellow [46],
and green (this work). Some works (including ours) report re-
sults with various post-selection strategies, leading to several
symbols for the same magic state to appear multiple times in
the same color. All data points have error bars, but some are
too small to see. The error bars reported from our work cor-
respond to a 95 % confidence interval calculated using boot-
strapping.

and L2 in |0r), using one cycle of error correction ap-
plied separately to each logical qubit. The merge op-
eration, consisting of three cycles, introduces stabilizers
in the X basis at the interface between the two logical
qubits (hashed blue tiles) and expands four stabilizers
(one X-type and one Z-type for each of the two bound-
ary tiles) from weight-4 to weight-6 by incorporating two
additional data qubits. In the first merge cycle, these
interface data qubits are prepared in a Bell state (grayed
operation in the dashed red box, panels 10-11) and are
measured in the Bell basis during the third merge cycle
(grayed operation in the dashed red box, panel 19). The
Mxx parity outcome is the product of the two interface
X stabilizers and the additional data qubit read out in
the X basis.

The split operation consists of a single error correction
cycle, after which the data qubits of L1 are measured in
the Z basis, while those of L2 are measured in the X, Y, or
Z basis for logical tomography. The Pauli frame update
Z7 X[ (where mq, me € {0,1}) is applied to the logical
operators of L2 in post-processing (i.e. offline), based on
the parity outcome m; and the measurement result of L1
me, as outlined in the circuit diagram in Fig. 5a in the
main text.

Our primary goal in this lattice surgery experiment is
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to demonstrate functionality, and given circuit complex-
ity, we choose not to apply the circuit transformation in-
troduced in Appendix B 3. Nevertheless, we believe that
such transformations can in principle still be applied in
the context of lattice surgery. In future work, the im-
pact of measurement-induced dephasing may be reduced
through a combination of circuit-level techniques (such as
these transformations) as well as hardware design choices,
including wider frequency spacing of readout resonators,
individual Purcell filters [47], or pulse shaping.

2. Lower Bound on Average Fidelity of the
Teleportation Channel

In the main text, we report the expectation values of
logical Pauli operators and the corresponding state fi-
delity for the teleportation of the Pauli eigenstates |0f,),
[11), |+1), and |—1). These values can be used to provide
a lower bound on the average fidelity F 48] of the tele-
portation channel 7 with respect to the identity channel
7.

First, we note that [48]

_dF(T)+1

F(T) = =74 (11)

where d = 2 is the dimension of the single logical qubit
Hilbert space and

Eo(T) = (0l(ZeT)(0)(¢])]e) (H2)

is the entanglement fidelity [49] of the teleportation chan-
nel. Here, |¢) = (|0L0L) + |11.11.))/V/2 is a Bell state of
two logical qubits. Suppose 7 has a Kraus representation
Tp) =2 KkaZ. By expanding each Kraus operator
in the logical Pauli basis, we can express 7 as

T(0) = Kipk] (H3)
k
:
=y (Z amH) p| D arP (H4)
k i J
= Z (Z akiakj) PipP; (H5)
ij k

whered,j € {0,1,2,3}, Po = I, P = X1, P, = Y1, P3 =
Zy,, and k € {1,...,r} where r is the channel’s Kraus
rank. The matrix x;; = >, ari@x; is called the channel’s
process matriz [50]. The action of T on a density matrix
p can then be written in terms of the process matrix as

T(p) = Z Xij PipP;j. (H6)

Note that y is positive semidefinite and has unit trace.
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FIG. 14. Detailed quantum circuit used to teleport |11) from logical qubit L1 to logical qubit L2. Active data
qubits (auxiliary qubits) are denoted with golden dots (red, green and blue dots), and inactive qubits are shown in gray. The
red, green, and blue tiles indicate X and Z stabilizers with support on the data qubits located at the vertices of the tile, while

the hatched blue tiles indicate X stabilizers only.

The green, blue, and red boxes highlight the three parts of the protocol:

initialization, merge, and split. Double black lines indicate repeated cycles of the merge operation, with dashed red outlines
marking operations performed only in the first or last cycle (see text for details). The black boxes labeled R and M (Rx and
Mx) correspond to reset and measurement operations in the Z basis (X basis), respectively.



Moreover,
Fo(T) = injwl (I@P)g) (ol (I®P;)lg) (HT)
-3 > xtr(R)ir(P) (H8)
= Xo0 (H9)

where the first equality results from the substitution of
Eq. (H6) into Eq. (H2) and the second from the defini-
tion of |@). Therefore, we can read entanglement fidelity
directly from a single element of the process matrix y.
For any two (logical) Pauli operators P and @, the
quantity 2tr(Q7 (P)), which we term Pauli correlation, is
experimentally accessible by taking linear combinations
of preparations of the eigenstates of P and measuring in
the basis of Q). To see this, suppose that we perform the
following experiment N° times: prepare |0r), apply 7
and measure the observable Z1,, obtaining the +1 eigen-

value Nj,.. times and the —1 eigenvalue N§i_, . .. times
with Nggree —I—Z\fgisagree = NY. Then the Born rule implies
that
]E[NS rcc] - E[N((i)l T ]
tr(ZL7(10L){0L]) = o (HI0)

where E denotes the expectation value. Similarly, if we
perform a similar experiment N'! times, preparing |11,)
instead of |0r) and obtain the +1 eigenvalue N&isagree

times and the —1 eigenvalue N, times with N, .. +
N&isagree = Nl? then

E[N(}isagree] - E[Négrcc] (Hll)

tr(ZuT (1) (1)) = N1

Subtracting Eq. (H11) from Eq. (H10) and using linearity
of the trace and the channel 7, we find

E[NC,...] — E[N?

disagrcc]

tr(ZLT(Z1)) = agree NO (H12)
E[N; rcc] - ]E[le T ]
E e e, (H13)

We can also express Pauli correlations as linear com-
binations of the elements of the process matrix. In par-
ticular,

%tr(XLT(XL)) = % zj: Xijtr(X P X Pj) (H14)
= Xo00 T X11 — X22 — X33 (H15)
and
1
itr(ZLT(ZL)) = Xo0 — X11 — X22 + X33- (H16)
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Therefore,
1/1 1
3 <2tr(XLT(XL)) + 2tr(ZLT(ZL))) = X00 — X22
(H17)
< Xoo (H18)

— F.(T) (H19)

where we used 0 < x99 implied by the positive semidef-
initeness of the process matrix. Note that oo tends to
zero as 7 tends to the identity, so the bound above is
asymptotically tight when 7 — Z.

Because Eq. (H1) is an affine transformation of the
entanglement fidelity, it implies a lower bound on the
average fidelity of the channel.

3. Bias of the Decoded (Y1) in Teleported State
Tomography

In the lattice surgery data (see Fig. 5f-i of the main
text), we find that initializing the logical qubit 1 (L1) in
the X-basis (to either |[+1,) or |[-1)) and measuring in the
Y-basis results in a non-zero (decoded) expectation value.
This is unexpected because the teleported logical state
does not commute with the logical measurement basis.
Consequently the logical outcome in an ideal experiment
should be fully random, such that (Y1) ~ 0. However,
the neural-network decoder detects a bias in the logical
measurement, leading to (Y1) ~ 0.2.

The exact source of the bias remains to be investigated,
although we hypothesize that it is caused by a system-
atic Z-rotation of all the data qubits in the initialization
cycle (before the merge operation) that was uncompen-
sated in these two circuits specifically. In particular, in
our matched basis experiments (i.e. experiments with
a deterministic outcome such as measuring |+1,) in the
X basis), we calibrate and apply virtual phases to com-
pensate for the Z-rotations. However, no such phases
were calibrated or applied in the non-deterministic mis-
matched basis circuits (e.g. measuring |+1,) in the Y ba-
sis), which may explain the observed bias.

We expect to be able to correct this phase in future
work by performing an appropriate virtual-Z rotation on
each data qubit.

Appendix I: Comparison of Qubit Resources
Estimates for the Superdense Color Code and the
Surface Code

Estimating the number of physical qubits required to
reach algorithmically relevant error rates (< 107%) on a
single logical qubit is critical for evaluating the resources
required for large-scale quantum computation. The su-
perdense color code requires n¢. = %dz - %, to encode
a distance d logical qubit where n¢. is the number of
qubits in the circuit (including auxiliary qubits). This



improves on the rotated surface code circuit, which re-
quires ng, = 2d% — 1 qubits — about 25 % more at a fixed
distance.

However, the codes have different noise thresholds and
their error suppression factor depend on the physical er-
ror rates of the device. Therefore, to assess the qubit
overhead needed to reach algorithmically relevant error
rates for each code, we compare them under realistic
noise conditions of near-term processors. Specifically, we
simulate both codes using an SI1000 error model [32] with
noise parameters p = 10~2 (about two times smaller than
the error rates of our current device) and p = 5-1074, for
increasing code distances. We simulate d cycles of error
correction for a distance-d code. We decode the result-
ing data with the MLE decoder to determine the logical
error per cycle for each code and distance.

As expected, the logical error per cycle decreases with
increasing code distance (and thus the number of qubits
used), see Fig. 15. The results indicate that the sur-
face code and the superdense color code will require a
comparable number of qubits to achieve a given logical
error per cycle. At large distances, the simulations sug-
gest that the color code may require slightly fewer qubits
than the surface code to reach logical error rates on the
order of ~ 1078, particularly at p = 5- 104,

This finding is promising, as it suggests that the two
codes require similar resources at the physical error rates
expected in near-term processors. This allows the choice
of error-correcting code to be guided by other consider-
ations, such as the ability to perform logical gates effi-
ciently — a distinct advantage demonstrated in this work
for the color code. On a longer horizon where physical
error rates get even smaller, the color code is expected to
eventually outperform the surface code in terms of qubit
overhead.

We observe that the logical error per round for the su-
perdense color code does not follow a linear trend on the
square-root scale. Namely, the error suppression factor
does not remain constant but increases with code dis-
tance. We attribute this effect to spacial boundary ef-
fects of triangular color code at small d, which become
less relevant at larger distances.
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FIG. 15. Numerical simulations of the superdense
color code and surface code. Simulated logical error per
cycle for a qubit encoded in the superdense color code as
in Ref. 7 (yellow) and the surface code (blue) for increasing
code distances. The error per cycle is plotted as a function
of the number of physical qubits required to encode the cor-
responding logical qubit. Simulations are based on samples
taken from an SI1000 error model [32] with noise parame-
ter p = 1073 and p = 5- 10~ decoded using a most-likely-
error decoder implemented as a mixed integer program (Ap-
pendix D). The error bars are calculated from a 90% confi-
dence interval of a binomial test. Dashed lines correspond to
linear extrapolations based on the logical error per cycle of
the highest-two code distances.
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