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I. INTRODUCTION TO THE SUPPLEMENTARY INFORMATION

The supplementary information provides a self-contained, comprehensive, and pedagogical presentation of our
results and the techniques employed in this work. To guide the reader through these materials, we offer an overview
of each section below.

In Section we begin with detailed ab initio results for the 1T-SnSe, and 1T-ZrS, monolayers (referred to hereafter
as SnSe, and ZrS,, respectively). This section discusses the crystal structure, symmetries, and low-energy physics of
these materials. We then turn to their homobilayer heterostructures in Section [[II} presenting first-principles results
for both untwisted and twisted bilayers. Key results include band structures, lattice relaxation profiles, Wilson loops,
and a comparison of different van der Waals functionals.

In Section[[V] we shift to a symmetry-based analytical approach, deriving the moiré Hamiltonian for twisted SnSe,
and ZrS, bilayers. We start by obtaining a Bistritzer-MacDonald model [I] for the twisted heterostructures, using
a two-center, first-monolayer harmonic approximation for the interlayer hopping amplitude. We then introduce the
notation for the low-energy moiré Hamiltonian and analyze the exact crystalline symmetries of the corresponding
model. Section [V] generalizes these results by deriving the most general moiré potential without gradient terms
(i.e., terms proportional to gradients of the low-energy fermionic fields) using the exact symmetries of the twisted
heterostructure. An explicit symmetry-obeying parameterization of the moiré potential up to the first moiré harmonic
is also provided. Additionally, we show how the moiré potential can be further constrained by the symmetries of the
untwisted heterostructure in the so-called “local-stacking approximation” [2]. The limit in which these constraints are
imposed is referred to as the zero-twist limit.

Section [VI] explores additional effective symmetries of the moiré Hamiltonian that emerge under various physically
relevant limits. A key finding is the presence of momentum-space nonsymmorphic symmetries in the zero-twist limit
without gradient terms, and this section examines their implications in detail. Section [VI further investigates the
symmetries arising in other limits of the moiré Hamiltonian. Finally, it analyzes the symmetries of simplified two-
and three-parameter models, which, as shown in Section [XI provide an excellent description of the lowest bands of
the twisted heterostructures at small angles.

For completeness, Section [VII] derives the most general form of the moiré potential with gradient terms, and shows
how these latter terms are further constrained in the zero-twist limit. The resulting generalized moiré Hamiltonian
(away from the zero-twist limit) will then be used in Sectionto build numerically exact models for the first few moiré
bands. Returning to ab initio methods, Section [VIII| details the extraction of valley-projected moiré Hamiltonians
in the plane wave basis, starting from the corresponding first-principles Kohn-Sham Hamiltonians. This section also
provides elementary results for the valley-projected Hamiltonians, including their ab initio band structures and charge
density distribution at the smallest commensurate angle studied.

Section [[X]is a technical section that outlines the algorithms used to obtain continuum models from the ab initio
Hamiltonians. We present both a linear least-squares extraction method, adapted from Refs. [3H5], as well as a nonlin-
ear fitting one. Strategies to minimize the number of parameters in these methods are also discussed. Section [X]then
shows how analytical band structure calculations can be performed for the M-point moiré plane-wave Hamiltonians.
The strategy employed is similar to the “tripod” [I] and related [6], plane-wave truncation schemes used for twisted
bilayer graphene.

Finally, building on the concepts introduced beforehand, Section [XI]offers a comprehensive summary of our findings.
This section begins by presenting both numerically exact and simplified moiré Hamiltonian models for all monolayers,
stacking configurations, as well as all the commensurate angles studied. It provides the parameter values for these
models and compares their band structures, layer-resolved charge density distribution, Berry curvature, and Wilson
loops, delivering a detailed and cohesive perspective on the twisted heterostructure physics investigated in this work.

II. FIRST-PRINCIPLES RESULTS FOR MONOLAYER MATERIALS

In this section, we present ab initio results for the monolayer materials considered in this work, namely SnSe, and
ZrS,. For each material, we discuss the crystal structure, the symmetries, and their density functional theory (DFT)
band structures, and additionally provide k - p Hamiltonians around the M point of the monolayer Brillouin zone
(BZ).

A. DMonolayer SnSe,

The crystal structure and band dispersion for single-layer SnSe, are shown in Fig. [S1] Monolayer SnSe, crystallizes
in the 1T structure within the symmetry group P3m11’ [Shubnikov Space Group (SSG) 164.86], as shown in Figs.
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FIG. S1. Ab initio results for monolayer SnSe,. (a) and (b) show the crystal structure of monolayer SnSey, from top and side
views, respectively. (c) shows the ab initio band structure of monolayer SnSe,, with the black (red) lines denoting the bands
without (with) spin-orbital coupling (SOC). The (spinless) IRREP of the M valley is marked on the plot. (d) and (e) show
the orbital weights of the s orbital of Sn and the p orbitals of Se. The inset in (d) shows the monolayer BZ, high-symmetry
momenta and reciprocal lattice vectors. The bottom conduction band is isolated with the minimum at the M point, and is
contributed mainly by the s orbitals of Sn and the p orbitals of Se. (f) Comparison of the dispersion from the DFT result,
minimal TB model defined in Eq. , and the k - p model from Eq. .

and [S1(b)l The lattice vectors are given by

a;=a(l,0), az=a (;, ?) , (52.1)

with a being the lattice constant and the atoms being located at

1 2 21
: (L2 21, 2.2
Sn: (0,0,0), Se (3,3,2’), (3,3, z) (S2.2)

In Eq. 7 the first two coordinates are written in the unit cell basis a; 2, with a = 3.811 A and z = 1.528 Am
The Sn atom is located at the 1a Wyckoff position, which features 3m site symmetry (with inversion), while the Se or
S atoms are positioned at 2b Wyckoff position, which has 3m symmetry (without inversion). Within a unit cell, the
two 2b Wyckoff positions are mapped to one another by inversion. The reciprocal lattice vectors of the single-layer
system are given by

by = %” (1, ;g) by 2;” (o, \%) , (52.3)

such that a; - b; = 2md;;, for 1 < 4,5 <2.

The band structure and corresponding orbital projections of monolayer SnSe, are shown in Figs. to
The bottom conduction band is well-isolated and mainly contributed by the s orbital of Sn and the p orbitals of Se,
all of which have negligible spin-orbital coupling (SOC). The conduction band minimum (CBM) appears at M point,
and transforms as the M3M, double irreducible representation (IRREP) in the spinful case.

The isolated bottom conduction band is characterized by the L4ls, MsMy, and K4 K5 (or I‘f, Mf , and K in the
spinless case) IRREPs at the three high-symmetry momenta, which correspond to the elementary band representation
(EBR) [8H10] induced by 'E2E;Q@la (or A;4@la in the spinless case). This EBR is therefore induced by a (spinful)
s orbital located at the la position and, as such, allows us to construct a Wannier tight-binding model of the bottom
spinful conduction band which features a single effective s orbital at the Sn site (1a position). This is also confirmed
by the orbital weights shown Figs. [S1(d)| and [S1(e)} which indicate that the bottom conduction band is mainly
contributed by the s orbital of Sn and p orbitals of Se. The latter form molecular orbitals surrounding the Sn atoms
which, from a symmetry standpoint, behave as effective s orbitals.

1. Symmetries

The symmetry group of monolayer SnSe, is generated by two-dimensional translations, time-reversal symmetry
7T, inversion Z = {—1/000}, in-plane three-fold rotation C3, = {37,;/000}, and out of plane two-fold rotation



Caz = {2100|000}. We now consider the action of these symmetries on the effective spinful s orbital located at the
la Wyckoff position which spans the bottom isolated conduction band. We let d%s be the electron creation operator
corresponding to the effective s orbital in unit cell R having spin s =1, (and which is located at the unit cell origin).
The corresponding momentum space operators are defined according to

1 .
St -t kR
a, = —— ap .€ . S2.4
k7s ; R7s ( )

Consider g to be a certain (unitary or antiunitary) symmetry operation whose action on a real space vector r is given

by gr = Rr, where R denotes the rotation part of the transformation g. On the d;  fermions, the transformation g
is implemented simply as

gig o9 =Y [DM ()], dlr., (S2.5)

S2
where the representation matrices D*! (g) for the various symmetries of the model are given explicitly by
DMNT) =isy,, DY (Cs.)=e 5%, D (Cop)=—iss, D" (T)=s0, (S2.6)

with sg, Sz, Sy, and s, denoting the identity and Pauli matrices in the spin subspace. In momentum space, the action
of g reads as

g&LSlg_l = Z [DSI (g)] S281 d;k752 (827)
S2
where
gk — Rk ?f g ?s uni’.cary ' ($2.8)
—Rk if g is antiunitary

Despite the system featuring spin-orbit coupling (SOC), the isolated bottom conduction band exhibits an effective
spin SU (2) symmetry. As we show below, such an effective SU (2) symmetry can always be defined for a two-band
system with ZT symmetry (but this effective SU (2) symmetry does not generalize to systems with a larger number
of orbitals). We will also show that the breaking of the global SU (2) symmetry (which is defined in the original
atomic orbital basis) remains weak in the case of SnSe,, due to the weak SOC associated with the effective s orbital,
primarily contributed by the Sn s and Se p orbitals.

First, we consider the most general Hamiltonian featuring a single spinful band

h(k) = hn (k) sn, (S2.9)

where h, (k) are real functions of momentum k. The Hamiltonian has eigenvalues ho (k) &= />>,_, , . hn (k). In a
system with Z7 symmetry, the Hamiltonian A (k) obeys h (k) = s,h* (k) sz, which immediately implies that h,, (0)
(for n = x,y, z) rendering all bands doubly degenerate in spin, and resulting in an effective SU (2) symmetry. It is
important to note that this effective SU (2) symmetry is defined in the effective Wannier basis of the two-band model
(i.e., the basis of h (k)) and may differ from the global SU (2) symmetry.

To evaluate the global SU (2) symmetry breaking, we consider the projector into an isolated set of bands with wave
function |¢nk a,s), where n, a, and s are the band, orbital, and spin indices, respectively

Pk,a,s,ﬁ,s’ = Z |"/}nk,a,s> <wnk,ﬂ,s" . (8210)
n
The spin-symmetric part of the projector is defined as

- 1
B pe =005 D P ps (52.11)

while the spin-antiymmetric part is

Pensps = Phasps = Peas s (S2.12)



The SU (2) symmetry breaking is defined as the measure of the spin-antisymmetric part

Pasym
Z B (82.13)

where ||.. .|| denotes the Frobenius norm of a matrix.

To numerically assess the global SU (2) symmetry breaking for the bottom conduction band in monolayer SnSe,,
we construct a Wannier tight-binding model using Sn s and Se p orbitals. From this model, we find a 9.0% SU (2)
symmetry breaking for the bottom conduction band, leading to the conclusion that the global SU (2) symmetry is a
good approzximate symmetry for the bottom conduction band. We reiterate that the bottom conduction band has a
perfect effective SU (2) symmetry, as discussed around Eq. .

2. Hamiltonian for the lowest conduction band and effective k - p model at the M valley

We now build a Wannier model for the lowest conduction band. The tight-binding (TB) Hamiltonian corresponding
to the model can be written as

W=D [ (K], A s, (S2.14)
k

In Eq. , the Hamiltonian matrix A (k) can be obtained from Wannier90. The resulting Wannier function,
which is also plotted as an inset in Fig. is a molecular orbital formed by the s orbital of Sn and the p orbitals
of Se and is consistent with the orbital projections in Fig. Its exact expression in terms of the atomic s and p
orbitals is straightforward, but beyond the scope of this work.

We also build a simplified TB Hamiltonian with the following form, constrained by P3m11’ symmetries

1
Bl (k) = |eo + 2t1 (cos(ky) + cos(ka) + cos(ky + ka)) + 2t2 (2 cos(glﬁ) cos<2k1 + kg) + cos(ky + 2k2))
+ 2t3 (cos(2k1) + 2 cos(k1) cos(ky + 2k2)) } 50, (S2.15)

where sq is the two-dimensional identity matrix acting on the spin subspace and k = k1b; + k2bs. The Hamiltonian
matrix h* (k) includes an onsite energy ey, nearest neighbor (NN) t1, next NN t5, and fourth NN 3 hoppings. By
fitting to the ab initio dispersion, we find ¢y = 1.589eV, t; = 0.029eV, t; = 0.115eV, and t3 = —0.087eV. The large
long-range hopping is due to the extended nature of the effective s Wannier orbital. The fitted dispersion is shown in
Fig. [S1(f)

We then build an effective k - p Hamiltonian at the M valley. Letting dk denote the momentum deviation from the
M point located at Ky; = %bg, the k - p expansion of the Hamiltonian matrix from Eq. around the bottom
of the conduction band is given by

ok ok2
sLK k) ~ A 2.1
h* (Ka + 0k) <2m om, + ) S0, (52.16)

where m, and m, are mass parameters, while A is an energy gap parameter that will be set to zero in what follows
without loss of generality. By fitting to the ab initio band structures, we obtain m, = 0.21m., m, = 0.73m, for
SnSe, at the M valley (i.e., at k = %bg), where m, is the electron mass. As shown in Fig. [S1(c), the dispersion
along the I' — M line is controlled by m, and is flatter compared to the dispersion along the M — K line, due to the
significantly larger value of m, relative to m;. A comparison of the dispersion from the DFT, the minimal TB model
Eq. , and the k - p expansion is shown in Fig. [S1(f)| all of which show excellent agreement near the M valley.

B. Monolayer ZrS,

The crystal structure of monolayer ZrS, is the same as 17-SnSe, as shown in Fig. |[S1(a)l with symmetry group
P3m11’. The lattice constant is a = 3.661 A and the out-of-plane displacement of S atom is 1.441 A [I1].

In Fig. [S2] we show the band structure of monolayer ZrS,. Compared with SnSe,, where there exists a single
(spinful) isolated conduction band above the Fermi level, ZrS, has three connected (spinful) conduction bands. These
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FIG. S2. Ab initio results for monolayer ZrS,. In (a), we compare the bands with (red) and without SOC (black). SOC has
only a minor effect on the bands. The (spinless) IRREPs for the three lowest conduction bands are shown. (b)-(d) are the
Zr d orbital weights of the bottom three conduction bands. (e) is the comparison between the DFT dispersion and the k - p
expansion near the M valley.

three bands are mainly contributed by the d orbitals of Zr, with the CBM at M mostly given by the d.= orbital. From
the (spinless) IRREPs shown in Fig. [S2(a)] the three lowest conduction bands form the EBRs A;,@la and E,@la.
As shown by the orbital projections of Figs. [S2(b)[to [S2(d), the CBM at M arises from the hybridization of the five
d-orbitals of Zr.

To build a low-energy theory of ZrS,, we can focus exclusively on the states near the CBM at M. We observe that
the IRREP of the CBM at M is M;", which is the same as in SnSe,. Note that M, — the IRREP for the second
lowest conduction band at M — has the opposite Cy, eigenvalue compared with M;". We then construct an effective
molecular s orbital, which we also denote by &R’S, in analogy to the case of SnSe, discussed around Eq. li These
effective s orbitals are formed by a linear combination of the five d orbitals of Zr, as can be seen from the orbitals
weights at CBM in Figs. to It is important to note that onsite coupling between d,» and the other four d
orbitals is forbidden, as d.> form the A;, IRREP while (d,.,d,.) and (d.,, d,2_,2) form the 2D E, IRREP under the
point group 3m of la position. However, off-site coupling is allowed, leading to hybridization at the M point. Their
EBR further supports this because both A;,Q1la and E;@la induce M;" IRREP at M.

The effective s orbitals span the CBM at the M point. Moreover, because &TR  are effective orbitals located at
the 1a Wyckoff position, they will have the same symmetry properties as the effective s orbitals defined for SnSe,.
As such, the effective k - p Hamiltonian describing the bottom of the conduction band of ZrS, takes the same form
as the one of SnSey from Eq. . The corresponding masses are given by m, = 0.29m,. and m, = 1.86m.. A
comparison of the DFT dispersion and k - p expansion is shown in Fig. [S2(e)} which have good agreement near the
M point. The mass along the y-direction is significantly larger than that along the X-direction, indicating flatter
dispersion along the M-I" direction.

Similar to SnSe,, the lowest conduction band of ZrS, at the M valley exhibits an approximate global spin SU (2)
symmetry, despite the bands originating from the d orbitals of Zr. Using the global SU (2) symmetry-breaking metric
defined in Eq. , we find a 12.7% SU (2) symmetry breaking near the M point for the lowest conduction band.
At the T point of the lowest conduction band, the global SU (2) symmetry breaking reaches 70.1%, primarily due
to the weak SOC-induced splitting of the band crossings near I'. However, being effectively a single band model,
Hamiltonian describing the bottom of the conduction band exhibits perfect effective SU (2) symmetry, as discussed

around Eq. (52.9).

III. FIRST-PRINCIPLES RESULTS FOR BILAYER MATERIALS

Having presented the ab initio results on the monolayer materials in Section [[I, we now turn to the bilayer case.
Specifically, for each single-layer material considered in Section [[I] this section discusses the symmetries and band
structures of the corresponding twisted and untwisted bilayer heterostructures.



Se
Sn

gy/eV
o
(=]

(a) AA bilayer (b) AA bands (c) AB bilayer (d) AB bands

Energy/eV

Ener;

7 .
L a9 -2.0

I
e
i
T M K r

FIG. S3. Crystal and band structures of the untwisted AA- and AB-stacked bilayer SnSe,. (a) illustrates the crystal structure
of the AA-stacked bilayer, while (b) shows the band structure with (red lines) and without (black lines) SOC. (c) and (d) are
the same as (a) and (b), but for the AB-stacked bilayer.

A. Bilayer SnSe,

In this first section we show results on bilayer SnSe,. Both the twisted and untwisted bilayer heterostructures
feature two types of inequivalent stacking patterns, which we refer to as AA- and AB-stacked structures, and which
will be defined below in both cases.

1. Untwisted bilayer SnSey

In the untwisted case, the crystal and band structures of the AA- and AB-stacked SnSe, bilayers are shown in
Fig. The symmetry group of the AA-stacked bilayer is given by P3m11’ (SSG 164.86), while for the AB-stacked
one, it is P6m21’ (SSG 187.210). The symmetry generators in both cases comprise the C3, and T symmetries. As
seen in Figs. and respectively, the AA-stacked bilayer additionally features inversion symmetry Z, while
the AB-stacked one is symmetric under z-directional mirror reflections henceforth denoted by M,. The resulting Z7T
symmetry of the AA-stacked bilayer enforces a Kramers degeneracy of its bands throughout the entire BZ, as shown
in Fig. The band structure of the AB-stacked bilayer from Fig. does, however, exhibit spin splitting of
the valence bands. As they are mainly contributed by the s orbitals of Sn and p orbitals of Se, the bottom four spinful
conduction bands of AB-stacked SnSe, feature negligible SOC and spin splitting. The layer splitting in bilayer SnSe,
is 312meV for AA-stacking and 213 meV for AB-stacking.

Experimentally, the bulk SnSe, crystals are mainly reported in the AA-stacked phase [7, [12]. From DFT, the
A A-stacked bilayer has 21.6 meV lower total energy than the AB-stacked bilayer, which means the A A-stacked bilayer
is more stable thermodynamically. Nevertheless, the metastable AB-stacked configuration can still be experimentally
obtained through the tear-and-stack method.

2. Tuwisted bilayer SnSey

Similarly to MoTe, [5l, [14], 5] (which has a different crystal structure), but unlike graphene [I], SnSe, does not
feature a C5, symmetry around the unit cell origin. As a result, in the twisted bilayer arrangement, just as in the
untwisted case, two inequivalent stacking configurations, which we call the AA- and AB-stacked structures, can be
constructed, as illustrated in Fig. We denote the two layers by I, where | = + (I = —) corresponds to the top
(bottom) layer. The two configurations can be obtained as follows:

1. In the AA-stacking configuration shown in Fig. |[S4(a), the two layers are first stacked directly on top of one
another. We then rotate layer [ in-plane by an angle % counterclockwise (with 6 > 0).

2. In the AB-stacking configuration illustrated in Fig. [S4(b)} the two layers are again first stacked directly on top
of one another. However, before twisting the two layers, the bottom layer is rotated by 180° around the z
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FIG. S4. The crystal structure of the twisted AA- and AB-stacked bilayer SnSe, and ZrS, at 13.17°. The grey spheres represent
Zr/Sn atoms, while the green spheres denote Sn/S atoms. The twisted AA-stacked structure is shown in (a) and is symmetric
under the P3121’ group (SSG 149.22), generated by the Cs., C2,, and T symmetries, In contrast, the AB-stacked structure
illustrated in (b) is symmetric under the P3211" group (SSG 150.26), which is generated by the Cs., Cay, and T symmetries.
For each structure, we use the black arrows to denote the two-fold in-plane rotation axes. Circles of different colors highlight the
C3.-symmetric local regions, i.e., the triangular (red) and honeycomb (blue and orange) sites. As the twist angle decreases, the
three local configurations are close to the corresponding untwisted bilayer structures shown on the side, where the subscripts
1, 2, and 3 denote three types of inequivalent in-plane shifting in each stacking, as indicated in the inserted subplots. Notably,
the AAs and AB; regions have neighboring Se atoms from both layers aligned at the same in-plane positions, resulting in a
larger local interlayer distance (see Fig. for more details).

direction, with the rotation center at the origin point (i.e., the Sn atom). Only then is each layer [ in-plane
rotated by an angle % counterclockwise (with 6 > 0).

a. Symmetry. The symmetry groups of the AA- and AB-stacked twisted bilayer SnSe, are given, respectively
by the P3121’ (SSG 149.22) and P3211’ (SSG 150.26) groups. The point groups of both structures are generated by
the C3, and in-plane two-fold symmetry Cs operations. In the AA-stacked case, the Cs axis is along the % direction,
while in the AB case, the Cy axis points along the y direction, as indicated by the black arrows in Fig. We
use colored circles to denote the Cj.-symmetric local regions, i.e., the triangular (red) and honeycomb (blue and
orange) sitesﬂ As the twist angle decreases, these local structures become similar to the bilayer AA/AB, 5 3-stacking
configurations shown on the right side and denoted with the same color, where the subscripts 1, 2, and 3 denote three
types of inequivalent in-plane shifting in each stacking. In the AA; and AB; regions, the Sn atoms in both layers are
aligned directly on top of each other. In the AAs; and ABj3 regions, the Sn atoms of the top layer are aligned with
the lowermost Se atoms of the bottom layer. Lastly, in the AA3 and AB; regions, the Sn atoms of the top layer are
positioned above the uppermost Se atoms of the bottom layer.

b. Twisted band structures. According to the previous researches on twisted systems, geometric relaxation
significantly influences the moiré bands. However, large-scale ab initio calculations require substantial computational
resources and time. To reduce these costs, we initially pre-relax the twisted structure using a trained machine learning
force field (MLFF), which is constructed using NequlP [I6] and DPmoire [I7]. Subsequently, we further relax the
pre-relaxed structure using the Vienna ab initio Simulation Package (VASP) [I8422]. During the lattice relaxation
process, we use the DFT-D2 method of Grimme [I3] to describe the van der Waals (vdW) corrections. This method
provides lattice parameters that most closely match experimental results among 21 different vdW corrections, detailed
in Figs. and

In the fully-relaxed twisted AA and AB crystal structures, the interlayer distance (ILD) is defined as the distance
between Sn atoms in different layers. As shown in Fig. the ILD reaches its maximum in the AAs region of the

I These Cj3,-symmetric local regions are the C3,-symmetric Wyckoff position of the moiré unit cell.
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FIG. S5. Comparison of van der Waals (vdW) functionals for describing crystal structures of SnSe,. (a) and (b) show the relaxed
lattice constants, while (c) displays the root-mean-square error (RMSE) quantifying the discrepancy between the theoretically
predicted lattice constants and the experimentally observed ones for bulk SnSe,, using various vdW functionals implemented
in VASP. The experimental values are depicted by dashed lines in (a) and (b), where “T'S” refers to the Tkatchenko-Scheffler
method. Experimental data is taken from Ref. [7]. We employ the DFT-D2 method of Grimme [I3] to account for vdW
interactions in SnSe,, as it provides the most accurate reproduction of lattice parameters compared to experimental data.

Bandwidth (meV)|13.17°|9.43°|7.34°|6.01°|5.09° [4.41° |3.89°
AA 318 | 136 | 64 | 33 19 11 7
AB 324 | 130 | 61 33 | 20 15 12

TABLE S1. The bandwidths of the lowest set of conduction bands of twisted AA- and AB-stacked SnSe, for angles ranging
from 13.17° to 3.89°.

twisted AA configuration. This maximum is attributed to the local AAs structure, detailed in Fig. [S4(a)l where the
Se atoms from the top layer align directly above the Se atoms from the bottom layer, resulting in increased repulsion
compared to the other local configurations. Figs. and illustrate the intralayer displacements of Sn atoms
in the bottom and top layers, respectively, after full relaxation. The atoms rotate around the C5,-symmetric centers,
with rotation directions opposite for the top and bottom layers. We also note that the intralayer displacement is largest
around the regions with large ILD. Figs. to display the ILD and intralayer displacements for the twisted
AB configuration, which exhibit an approximately six-fold symmetric pattern, rather than just the Cs,-symmetric
pattern observed in the AA configuration. This difference stems from the fact that the AB, and ABj3 regions are
symmetrically equivalent under Cs, and share the same Wyckoff position in the twisted AB configuration. In contrast,
the two regions are inequivalent in the twisted AA configuration.

The conduction bands of twisted SnSe, calculated using VASP are shown in Fig. with the twist angles ranging
from 13.17° to 3.89°. The upper row depicts the bands of twisted A A-stacked SnSe, originating from M valleys of the
untwisted bilayer structure. In these bands, we identify one or two sets of isolated moiré bands, each comprising six
spinful bands. The moiré bands within each set arise from three inequivalent Cj3,-related M valleys, where each valley
contributes two nearly degenerate bands due to approximate SU (2) symmetry. This degeneracy among different M
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FIG. S6. Lattice relaxation results of 3.89° twisted AA- and AB-stacked SnSe,. (a), (b), and (c¢) are interlayer distances, the
intralayer displacement of the bottom and top layers for the fully-relaxed AA-stacked structure, respectively. (d), (e), and (f)
are the same but for the AB-stacked structure. We note that the largest interlayer distance region is AAs (AB1) in the AA-
(AB-)stacked case. This agrees with the local configurations because the AA; and AB; regions have neighboring Se atoms
from both layers aligned at the same in-plane positions (see Fig. , resulting in a larger interlayer repulsion.
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FIG. S7. The ab initio band structure of twisted AA-stacked (a-g) and AB-stacked (h-n) bilayer SnSe, from 13.17° to 3.89°. The
lowest group of conduction bands isolated from other energy bands consists of six bands stemming from the three inequivalent
M valleys of monolayer SnSe,. The bandwidths of the lowest group of six bands are listed in Table[S1]

valleys, protected by symmetry, will be analyzed in detail in subsequent sections. As the twist angle decreases, the
moiré bands significantly flatten, with the bandwidth of the lowest set reducing to just a few meV, as detailed in
Table The band structure of twisted AB-stacked bilayer SnSe, shown in Figs. to is similar to the
twisted AA-stacking case. When the twist angle decreases to 3.89°, two sets of conduction bands become isolated as
shown in Figs. to Nonetheless, the spin splitting within the same M valley is more prominent at small
angles compared to the twisted AA case (e.g., the splitting in the third lowest set of bands is larger in the AB case).
The bandwidth of the lowest set of valence bands from 13.17° to 3.89° are listed in Table

c. Wilson loops. Finally, we compute the Wilson loops of the lowest conduction bands to explore their topology.
As shown in Fig. the two lowest isolated sets of conduction bands for both twisted AA and AB configurations
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FIG. S8. The Wilson loops of twisted SnSe, at 3.89°, computed along the by, direction and plotted as a function of momentum
along the by, direction. (a) and (b) show the results for the AA-stacked configuration, while (¢) and (d) correspond to the
AB-stacked configuration. The first and second lowest sets of conduction bands are displayed in (a) and (c), and (b) and (d),
respectively.

exhibit no winding in their Wilson loops, indicating topologically trivial bands. However, this does not imply that the
system’s low-energy physics is trivial. The presence of multiple valleys and the emergence of new momentum-space
non-symmorphic symmetries — discussed in detail in Sections [V] and [VI] - introduce nontrivial physical consequences
not found in other systems. Note also that the Wilson loop for the AB-stacked configuration is approximately
pinned at 0y = 0 and Oy = w. Although no ezact symmetries enforce this behavior, it arises due to approzrimate
symmetries, which will be explored in Section[VI} We further discuss the implications of these approximate symmetries
in Section X1

B. Bilayer ZrS,

This section presents the same ab initio results for ZrS, as discussed for SnSe, in Section [[ITA] For simplicity and
ease of comparison, we employ similar figure layout and only highlight the differences with SnSes.

1. Untwisted bilayer ZrSs

The AA- and AB-stacked untwisted bilayer ZrS, have the same crystal structures as the untwisted bilayer SnSes.
The corresponding band dispersions are shown in Fig. [S9} The SOC opens small hybridization gaps at the band
crossings but has only minor effects on the CBM at M. The layer splitting in bilayer ZrS, is 93 meV for the AA-
stacking configuration and 222 meV for the AB-stacking one.

2.  Tuwisted bilayer ZrSy

The twisted AA- and AB-stacked bilayer ZrS, share similar crystal structures and the same space groups as
twisted bilayer SnSe,. After evaluating 21 vdW corrections, as shown in Fig. we chose the DFT-D3 method
by Grimme [23] for the vdW correction in ZrS, (i.e., the third best one). This method provides lattice constants close
to experimental values and is less computationally demanding than the SCAN correction. Fig. illustrates the
ILD and intralayer displacements of atoms in ZrS, after full relaxation, showing substantial similarities with SnSe,,
although the variations in ILD and the magnitude of intralayer displacements are about half of those in SnSe,.

The ab initio band structures of ZrS, for different angles and both stacking configurations are shown in Fig.
The bands are qualitatively similar to the ones of SnSey, but the relevant energy scales are reduced by roughly
30% — 40%. The bandwidths of the lowest set of bands is given in Table and similarly show a reduction in the
energy scale compared to SnSe,. Finally, in Fig. we also plot the Wilson loop of the first two sets of conduction
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FIG. S9. Band structures of the untwisted AA- and AB-stacked bilayer ZrS,;. The DFT bands obtained with (without) SOC
are shown in red (black). (a) shows the band structure for the AA-stacked bilayer, while (b) shows the same for the AB-stacked
configuration.
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FIG. S10. Comparison of van der Waals functionals for describing the crystal structure of ZrS,. The layout of the figure is
identical to Fig.|S10} but applied to ZrS,. Experimental data is sourced from Ref. [7].

bands at 3.89°. As is the case of SnSe,, there is no winding in the Wilson loop spectrum. Further results at other
angles for both SnSe, and ZrS,, as well as a discussion of the Wilson loop spectra are provided in Section [XI]
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FIG. S11. Lattice relaxation results of 3.89° twisted AA and AB ZrS,. (a), (b), and (c¢) are interlayer distances, the intralayer
displacement of the bottom and top layers for the fully-relaxed AA stacking structure, respectively. (d), (e), and (f) are the
same but for the AB stacking structure.
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FIG. S12. The ab initio band structure of twisted AA-stacked (a-g) and AB-stacked (h-n) bilayer ZrS, from 13.17° to 3.89°. The
lowest group of conduction bands isolated from other energy bands consists of six bands stemming from the three inequivalent
M valleys of monolayer ZrS,. The bandwidths of the lowest group of six bands are listed in Table[S2]

IV. SINGLE-PARTICLE BISTRITZER-MACDONALD MODELS FOR TWISTED SNSE, AND ZRS,
BILAYERS

In this section, we construct single-particle moiré heterostructure models for twisted SnSe, bilayers. We start by
obtaining a Bistritzer-MacDonald (BM) [1] model using a two-center first monolayer harmonic approximation for the
interlayer hopping amplitude. We constrain the form of the interlayer hopping amplitude using the symmetries of the
twisted heterostructure and then further simplify the former using the symmetries of the untwisted bilayer. We then
rewrite the resulting moiré Hamiltonian in the more familiar notation analogous to that used in the case of twisted
bilayer graphene (TBG) by Refs. [6 24H30] and discuss its symmetries at the general level. Importantly, this moiré
Hamiltonian is defined on a kagome plane-wave lattice in momentum space.

The two-center first monolayer harmonic approximation employed in this section will be relaxed first in Section [V]
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Bandwidth (meV)|13.17°|9.43°|7.34°|6.01°|5.09° [4.41° | 3.89°
AA 232 | 100 | 47 | 23 12 6 4
AB 237 | 105 | 51 26 14 8 5

TABLE S2. The bandwidths of the lowest set of conduction bands of twisted AA- and AB-stacked ZrS, for angles ranging from
13.17° to 3.89°.
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FIG. S13. The Wilson loops of twisted ZrS, at 3.89°. The layout of the figure is identical to Fig. but applied to ZrS,.

where we derive the moiré single-particle potential without gradient terms, and then in Section [VII where we ad-
ditionally define and include gradient terms for the moiré potential. In Section [VI, we also discuss the additional
approximate symmetries of the moiré Hamiltonian arising under different physically-relevant limits, and introduce
simplified models, which, as shown in Section [XI accurately describe twisted SnSe, and ZrS,.

A. Deriving a BM model for twisted SnSe,; and ZrS,

Starting from the single-layer model of SnSe, from Section [TA] we now build a BM model for the corresponding
moiré heterostructures. We will consider both the AA- and AB-stacking configurations, which were introduced and
discussed in Section [ITA2l

1. AA-stacking configuration

In the context of the twisted bilayer heterostructures, we will employ the same notation as in Section [[TA 2] for the
fermionic operators, to which we will add a layer index. As such, dk < corresponds to the Wannier orbital of the
lowest conduction bandﬂ and creates an electron within layer | = + located at position Ry ;R, where the rotation

matrix Rg; is given by
cos (%l) —sin (—Ql)
Ro, = . 4.1

o (sin (4) cos (%) (84.17)

Correspondingly, the Fourier-transformed fermion operators for the two layers read as

1 )

_ . ik R, R
a = — E a e A S4.18
k,s,l /N = R,s,l ( )

2 Tn SnSe,, the lowest (spinful) conduction band is gapped from the rest of the spectrum and is described by a single (spinful) Wannier
orbital throughout the entire monolayer BZ. For ZrS,, the lowest conduction band is part of a gapped group of three bands. However,
we do not need to employ three Wannier orbitals because, at the M point of the monolayer BZ (i.e., the low-energy electronic states
relevant for the twisted heterostructure), there is a single (spinful) conduction band. This band is spanned (around the M point) by a
Wannier orbital with symmetry properties analogous to an effective s orbital at the 1a Wyckoff position, similar to SnSe,.
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We will also find it useful to employ the Dirac bra-ket notation and define
ks, 0) =af,,[0) and |R,s,l)=ak,,[0). (S4.19)

In deriving a BM model for the twisted bilayer heterostructure, we will adapt the method of Refs. [I, B1]. We start
by defining the following matrix elements

(AR (kK] = (k, 51,11 |HanlK', 52,12), (S4.20)

51l1;32l2
where Haa is the (yet unknown) single-particle Hamiltonian operator of the system. The intralayer matrix elements
can be approximated by the single-layer Hamiltonian from Eq. (S2.16|) and are given by

(B3 (K], ) = G {hsl (R;}k)] . (S4.21)

S182

This approximation ignores any intralayer moiré potential terms which could arise from relaxation effects [32], as it
happens in the case of MoTe, [14] [I5]. To obtain the interlayer coupling, we first transform Eq. (54.20) in real space
to afford

(7R (k)]

s1l;s2(—1)

1 iy ;.
=N Z e Ro, iR =ik Ro, R (R, s1,l|Han|R/, s2,—1). (S4.22)
R,R/

In this section, we will follow Ref. [I] and make a two-center, tight-binding approximation for the interlayer hopping
amplitude, i.e.

(R, 51, I[Haa|R/, 59, =) = t42% (Ry R — Ry R) =

S182

Ztl AN (g1 g)e —z‘(q+g)'(Re,flR’—R9JR), (54.23)

S182

NQSI

where Qg is the surface area of the single-layer material unit cell, while t44% (r) and t/4% (q + g) are the tunneling
amplitude between two effective s Wannier orbitals located a dlstance r apart and its Fourier transformation, respec-
tively. In Eq. , the sum over  runs over the momenta of the unrotated BZ of the single-layer material, while
g are the unrotated reciprocal lattice vectors of the single-layer material. It is worth noting, however, that due to
the extended nature of the effective s-orbitals comprising the lowest two conduction bands of SnSe,, the two-center
approximation derived here might not furnish an accurate model for the resulting moiré Hamiltonian. The delocalized
nature of the s-orbitals suggest that assisted hopping will likely take place between the layers, similarly to MoTe,,
where the indirect hopping processes also give rise to additional intralayer contributions beyond Eq. . For
the sake of completeness, we first will carry out a complete derivation of the moiré Hamiltonian in the two-center

approximation, which will then be relaxed in Sections [V] and [VII}
Plugging Eq. (S4.23)) into Eq. (S4.22)), we obtain

this (a+g)
bl
[hAA (k7k/)}sll;52(—l) = Z 2L 6q+g*k"Re,—zg’ék*quﬂze,zg”

} Qsl
g'.g"
tl AA (k/ + RO 7lg/)
= Z = [9) Ok—K',Ro, 18" +Ro, 18" (54.24)
g .g" sl

where the sum over g’ and g’ runs over the unrotated reciprocal lattice vectors of the monolayer material. The
low-energy physics of the system near charge neutrality and for small twist angles § < 1 is dictated by the momentum

states near the M points of the two layers. As a result, we can take k = Cy K/, + dk and k/ = C" K_l + 0k’ in
Eq. (S4.24), where 0 < 7,7’ < 2 index the three mequlvalent valleys within each layer, |0k|, |0k’| < |K M| are small
momentum displacements, and we have introduced the following notation for the M points of the two layers

Kb, = Ro K. (S4.25)

At the same time, we assume that the Fourier transformation of the interlayer tunneling amplitude decays quickly
on the single-layer reciprocal lattice scale [I], such that in the sum over g’ in Eq. m, only the leading terms

need to be considered (i.e. the terms for which |k’ + Ry ;8’| = ’cik +Ro i (g + )’ ~ |Ka|). We call the

resulting approximation the two-center first monolayer harmonic approximation. There are only two such terms, which
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correspond to g’ = (71)”Cg;KM - C’g;KM for n = 0,1. At the same time, since |0k’| < |Kus|, we can assume that
{hAA (5k’ + (—1)ncg;K;j) ~ thAA ((71)"0;7;ng> ~ thAA ((71)"0§’;KM). With these simplifications, Eq. (S4.24

5182 5182

can be rewritten as
(W (CILK, + ok, CLKG] + oK) | ot =
S1t382(—
(LAA (( )"C;ZZKM)

S182
E:OZ; CY Kl +0k—CJ K/ 0K/ Ro 18" +Ro, 1 [(~1)"CJ. Kns—CJ K |
n g

1 £l AA )nCszKM)

_ E S182

1 l, AA n
Z tols ) Cy,Kr)
= 152 3 651{_51{’7(—1)"(Re,fl—Re,L)ngKM(snnl' (8426)

0 ]

Sk—0k/+C7, (Kb, —K}/),(Ro1—Ro,—1)[1—(—1)"]CH. K 711

In going from the second to the third line of Eq. (S4.26), we have used the fact that |dk|, |0k’| < |Kas|, which
implies that the §-function can only be non-zero if g” = —Rg, [(71)”Cg;KM — Cg;KM]. Introducing the following
auxiliary vectors

q, =C3, (KK/[ — KX/[) , for 0<n<2, (54.27)

as well as the rescaled hopping amplitude Fourier transformation

tihs (a+g)
7,AA s1
tilss (a+8) = == , (S4.28)
sl
we can rewrite the interlayer matrix elements as
R (CLK + ok CLKG ok )| Z FAN (1) CLK ) S s, b (94.29)

where the reader is reminded that [ and s1, so refer to the layer and spin indices, respectively. In contrast to TBG, the
absence of additional phase factors in Eq. arises from the fact that the effective s-orbitals in the monolayer
material are centered at the origin of the unit cell. Furthermore, unlike TBG, within a single valley, momentum states
are coupled only along a single direction (determined by qy in valley 7). As will be discussed in Section this
leads to the first monolayer harmonic model having discrete moiré translation symmetry in only one direction and
continuous translation symmetry in the other.

2. AB-stacking configuration

The derivation of the single-particle Hamiltonian for the AB-stacking configuration proceeds analogously to the one
shown for the AA-stacking case. This time, however, &k,&l will create an electron within layer [ located at position
IRg, R (note the additional layer index specifying that the bottom layer is additionally rotated by 180° around the 2
direction relative to the AA-stacking configuration). The Fourier-transformed operators for the two layers [ = + are
now defined by

CLk sl = \/— Z AR,s,1¢ eltieRoR, (54.30)

In this modified momentum basis, the matrix elements of the AB-stacked configurations are defined similarly to
Eq. (S4.20))

[A8E (k,X')] = (k,s1,l1|HaB|K , 52,12), (S4.31)

Slll;SQZQ

but with the intralayer matrix elements being given by

B35 (. K)o = e {hsl (lR;}k)} . (S4.32)

S182
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Note that because the monolayer Hamiltonian h®! (k) is even in k, the introduction of the additional [ factor compared
with Eq. (S4.21) does not change the intralayer part of the moiré Hamiltonian between the AA- and AB-stacking
configurations at the level of the two-center first monolayer harmonic approximation.
At the same time, the interlayer part of the Hamiltonian is given by
1 - ;o
(W5 (k,K)] = 2 ¢ R R TIR R (R sy 1M ABIR 52, 1), (54.33)
R,R’

s1lys2(=1)

for which the same two-center approximation as in Eq. (S4.23)) gives

tl AB

S DA (a+ g) el (R RAHIRR) (5434
sl
9,8

(R, s1,l|HaB|R/, 59, —1) = thAB (—IRp R/ — IRy R) =

S182

From Eqs. ((S4.33)) and (S4.34]), we find that

thAP (q + g)

bl / — o
[hAB (kv k )]511;52(71) = Q 6q+g*k’7*1729,7zg’6k*qu,l739,zg”

a.,g sl

g/ 7g//
l AB ZR
s s 0,—18 )

= E = Ok—K/,IRg 18" ~IRo, 18’ - (54.35)
-4

As in Section [[V A 1} we take k = C3, K}, + 0k and k' = C’gz/K]Tj + 6k’ in Eq. (S4.35)), with 0 < 7,7’ < 2 and assume
that the Fourier transformation of the mterlayer tunneling amplitude decays quickly on the single-layer reciprocal
lattice scale [I]. As such, in the sum over g’ from Eq. m, we can restrict ourselves to the leading terms for

which |k’ —IRg 18| = ‘5k’ + Ro,—1 ( lg’ + C;’ZKM)’ ~ |Kps|. There are only two such terms, which correspond
to —lg’ = (-1 )"C’;’ZKM - C’gzKM for n = 0,1. At the same time, since |0k’| < |Kp/|, we can assume that
AR (6K + (—1)"CYLKG ) ~ thAP (-1)"CLKG ) ~ A8 ((—1)"CI Ko ). With these simplifications, Eq. (54.35

8182 8182 8182

can be rewritten as
(1R (CLK, + ok, CLKG + oK) -

s1l;s2(—1)
tl AB (( )nC )

S182
- Z% Z CJ K, +0k—CJ K/ —3K IRo.18" +Ro,—1 [ (~1)" CYL Kas —CJ. K |
n= g//
1,AB
e <( )nC )5 $4.36
*ZOZ CI Kl +5k—Cl K} -k’ Rg,lg'wm,,,[(71)ncgz’KM—cgz/KM]" (54.36)
n=0 g’

where, in the last line, we have changed the summation variable g” — Ig”. Eq. ( is similar to the second line
of Eq. (| m, so the derlvatlon proceeds analogously, allowing us to conclude that

[n8s (CLKS, + ok, CLKG/ + 0K )| Z FUAB ((—1)"CJ. K r) Ssiesier 11y, O (54.37)

s1l;s2(
where we have defined the rescaled hopping amplitude Fourier transformation

f1.AB _ i (ate)

siss (A1 8) O (S4.38)
sl

Note that Egs. (S4.29) and (S4.37) are identical in form. The difference between the interlayer Hamiltonians of
the two stacking arrangements arise due to the different symmetries of the two structures, which were discussed in

Section [ITA2] The constraints imposed by these symmetries on the interlayer hopping amplitudes will be the focus
of the following Section [V B}
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B. Constraining the interlayer hopping amplitude with symmetries

Naively, the two-center interlayer hopping amplitude for both the AA- and AB-stacking configurations tlsls2 (£CJ . Knr)
is characterized by 2 (spin s1) X 2 (spin s2) X 6 (distinct momenta =+ CY,Kys) x 2 (layers [) = 48 complex parameters
(or 96 real parameters), where no Hermiticity condition was imposed. However, not all of these parameters are
independent. Our goal in this section is to employ the exact symmetries of the twisted bilayer system, as well as the
properties of thSISQ (q+g) to obtain the independent components specifying the interlayer hopping amplitude. We
will also show how the symmetries of the untwisted bilayer arrangements discussed in Section further provide
approzimate constraints on the interlayer hopping amplitude [33].

We start by noting that due to the Hermiticity of the bilayer Hamiltonian, one must have that (R, s1,|H|R/, s2, —1) =
(R/, 59, —l|H|R, s1,1)", which implies that

sy (@+g) =17 (a+g). (S4.39)

Strictly speaking, for arbitrary angles and interlayer in-plane displacements (which result in an incommensurate
arrangement of the two layers), our heterostructures, similar to TBG [34], do not feature any ezact symmetries, other
than time-reversal symmetry Tﬂ Nevertheless, for TBG at incommensurate angle, over length scales comparable with
the moiré unit cell, but much larger than the single-layer unit cell, the Cs, and C5; symmetries of the single-layer give
rise to emergent (but otherwise approximate) Cg, and Cy, symmetries of the twisted bilayer arrangement. Moreover,
while not even an emergent symmetry of TBG at nonzero twist angles 6, the m, symmetry of monolayer graphene
(corresponding to reflections across a plane perpendicular to the graphene plane) constrains the form of interlayer
hopping amplitude, which is therefore only specified by two real parameters within the BM model [33].

The emergence of various symmetries in the twisted bilayer arrangement at incommensurate angles can be un-
derstood as follows. In the two-center approximation for the interlayer hopping, the t} |5, (r) function introduced in
Eqgs. (S4.23) and (S4.34) is independent on the twist angle 6. At the same time, within the first-harmonic approxima-
tion, the interlayer matrix elements from Egs. and only depend on the twist angle via the auxiliary
vectors q; from Eq. . As a result, one can choose a commensurate geometry for the bilayer arrangement, and

use the ezact symmetries of the system to constrain the form of the £ +C47,Ks) tensor and determine its inde-
(£C3,Kyr) determined in the symmetric commensurate

(
8182
pendent components. Finally, the parameterization of &} L5

arrangement will remain valid (within the first-harmonic approximation) for general layer displacements and small
(but non-zero) twist angles. As a result, the exact symmetries of the moiré heterostructure at commensurate twist
angles give rise to emerging symmetries of the system at generic incommensurate angles.

An alternative approach, which we will employ below, is to consider a generic (incommensurate) twist angle 6
without any interlayer shift. This is consistent with the convention introduced around Eq. , where the twisted
heterostructure is generated by rotating the two layers relative to each other around the common origins of the two
monolayer lattices. This configuration retains point group symmetries about the origin, which can be used to constrain
the interlayer hopping amplitude.

We will now determine the properties of the interlayer hopping amplitude ¢, , (+Cf K,/) arising from the sym-
metries of the single-layer material. We will consider both the symmetries of the system arising for a small, but
non-zero twist angle, as well as the enhanced symmetries of the bilayer system at zero twist angle. As was discussed
in Section [[ITA] depending on the stacking arrangement, both the untwisted and twisted heterostructures will feature
different symmetries, in addition to time reversal 7 symmetry:

1. For AA-stacking and 6 # 0, the system features C3, and Cs, symmetries which give rise to the space group
P3121" (SSG 149.22). In the # = 0 case, the system will additionally feature Z symmetry, such that its symmetry
group is given by P3m11’ (SSG 164.86).

2. For AB-stacking, the system will feature C3. and Cs, symmetries in the § # 0 case, which generate the P3211’
group (SSG 150.26). When 6 = 0, the system features P6m21’ symmetry (SSG 187.210), which is generated by
the C's;, Cay, and M, symmetries.

In what follows, we will first employ the symmetries of the § # 0 heterostructure to constrain the interlayer hopping
amplitude. We will then use the additional symmetries arising in the § = 0 case to further constrain the interlayer
tunneling. We expect that these latter constraints will hold approximately in the limit of small but nonvanishing
twist angles.

the number of real independent parameters of £, 155

3 For example, imposing the Hermicity condition from Eq. (54.39) and the time-reversal symmetry according to Eq. (S4.44)) will reduce
(£C3,Kr) from 96 to 24.
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To this end, we let g be a symmetry of the bilayer system. As a result, [g,H] = 0 (where H is the Hamiltonian of
the heterostructure), which implies that

(R, 31,1|H|R’ s2, —l) = (R, s1,l|g ' gH|R/ 52, 1) = (R, 51,1

=3 (DM@, (R, 81 elIHIGRY 5, ¢, ) ) [D (g)]

81,82

g " Hg|R' 52, 1) =
(54.40)

/ .
8252

In Eq. (S4.40), () denotes a complex conjugation of the matrix elements whenever g is antiunitary, while e, = +1

(g = —1) if the symmetry g preserves (exchanges) the two layers. Using the notation from Eqs. (S4.23) and (S4.34)),
Eq. (S4.40)) imposes the following constraint on the two-center hopping amplitude function

.= [0, - t;’ff*) (gr) [D* @] gy, - (S4.41)

1ol
81,82

where r = Ry, R’ — Rg ;R in the AA-stacked case or r = —IRy R’ — IRy ;R in the AB-stacked case. This follows
directly from the definitions in Egs. and . For general incommensurate twist angles, as R and R’ take
different discrete values in the monolayer lattice, r forms a dense subset of the entire two-dimensional space. As such,
because t. . (r) is a smooth function of r, Eq. will hold for any two-dimensional vector r. In momentum

818

space, Eq. (54.41) can therefore be written as

o (ate) = > [DY)]., 14 (9(a+e) [0V (9)],,., - (84.42)

51782

Section [VB] provides a proof that does not rely on any assumptions about the twist angles and derives the moiré
potential beyond the two-center first monolayer harmonic approximation.

1. Constraints arising from the 6 # 0 symmetries

Explicitly, the C3, and 7 symmetries, respectively, impose the following constraints on the hopping amplitude
tensor for both the AA- and AB-stacking configurations

foros (O3 Ka)= 3 [P (Cax)] . g, (08" Kur) [D7(Caa)],,,, o with D (Can) = ¥, (3443)
i, (£C Kap)= Z[Dsl(T)]:,131 £, (FOL.Kar) [DM(T)] ., » with  D*(T) = is,,. (S4.44)

Depending on the stacking arrangement, we additionally have

AN (ECLK)= Y [P (C)], i f*A (£CC3.Kn) [DY (Caa)] o with DY (Cyp) = —is,,  (S4.45)

S182
sh,s)

AR (£CL K=Y [D (Czy)]g s SZAB (+£C4,C, K ) (D (C2)],,,, with D* (Cyy) = —isy.  (S4.46)
51,85

Egs. (54.43)) to (S4.46]) provide exact symmetry constraints on the interlayer hopping amplitude. Apart for the Cs,
symmetry, whose representation matrix is only given in Eq. (S4.46)), the representation matrices of all the other
symmetries appearing in Eqs. (S4.43)) to (S4.46) are given in Eq. (S2.6)) and repeated here for convenience.

2. Constraints arising from the 6 = 0 symmetries

The zero-twist heterostructure features additional symmetries, as discussed above Eq. m These symmetries
further constrain the interlayer hopping amplitude for § = 0. Because t. . (q+ g) is taken to be approximately

8182
angle-independent, we expect that these constraints will continue to hold approximately for small, but non-zero twist

angles 6 = 0. To determine the constraints imposed by the 8 = 0 symmetries, we can still use Eq. (S4.40) in the limit
of a small vanishing incommensurate angle, for which we find

*

AN (LK) = Y (DY (D)), t,l,AA( C1 K [D*(T)]

S152 s 181 818

where D (T) = s, (54.47)

’
shso
’ ’
81,89
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\

FIG. S14. Deriving the moiré translation vectors for general twist angles . The monolayer hexagonal lattice spanned by
Ro,+a1,2 (Rg,—ai,2) corresponding to the top (bottom) layer is shown by the orange (blue) grid, where the rotation matrix
Reo, is defined in Eq. . The two lattices are rotated relative to one another by an angle § around the common origin,
which is marked by the thick black dot. A general position r is displaced by dr4 (ér_) from a nearby unit cell origin of the
top (bottom) layer, as defined in Eq. . The relative displacement between the two layers at position r is defined and

obtained around Eq. (S4.54]).

LAY (£CLKw) = Y [PV, 50 (01K [D (M2)]

S182 shs1 s|sy

where D' (M) = —is.. (54.48)

shsy
s ,sh
A more rigorous and complete derivation is presented in Section [VB] which also extends beyond the two-center
approximation.
With the exact symmetry constraints in Section[[VBT] the interlayer hopping matrices for the AA- and AB-stacking
arrangements are given by

A (LK) = (Filwi® +w5?) so £ (wp +wi?eThE) s, + (ilwy™ £wh?) s, (S4.49)

tAB (£K ) = whBso + ilwiBs, + whBs, +ilwiPs., (54.50)

where wlAA for 1 <i <6 and wlAB for 1 <14 < 4 are real parameters characterizing the interlayer hopping amplitudes
within the two-center single-harmonic approximation. The interlayer tunneling matrices at other momenta can be
directly determined from Eq. (S4.43)). Finally, we note that the symmetries of the § = 0 configuration will further
impose that

wt =0, for 3<i<6, and wiP=0, for 3<i<4. (S4.51)

i =

In what follows, we will call the model corresponding to Eq. the simplified two-center first monolayer harmonic
model, while the model of Eqs. and 1S4.50: will be called the full two-center first monolayer harmonic model.
It is worth noting that in the AA-stacking case, the Z7 symmetry of the untwisted bilayer implies SU (2) symmetry
within the simplified two-center first monolayer harmonic model, since the interlayer hopping matrix becomes spin-
diagonal.

C. The twisted bilayer model and its exact symmetries

From a geometric standpoint, the twisted bilayer system exhibits an effective moiré translation symmetry charac-
terized by the moiré unit cell lattice vectors a,s, and apz,, which will be determined below. To derive these vectors
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for a general (not necessarily commensurate) twist angle 6, we begin by examining Fig. which shows the two
twisted monolayer lattices superimposed.

Our goal is to determine the relative displacement 0R (r) between the two monolayer lattices at a given position r.
In layer [ = +, the position r is displaced from a nearby unit cell’s origin of the corresponding monolayer unit cell by

2

1
or; = Z o [(Rob;) -r mod 27| (Re,a;)
i=1
21
= Z Py [bi -Ro_}r mod 27| (Rg,a;), (S4.52)
i1 T
as shown in Fig. We note that dr; is only defined up to a rotated monolayer lattice vector Ry a; (for i = 1,2).
For concreteness, we take dr; to obey 0 < dr; - (Rg a;) < 1 (for i = 1,2), but the exact convention is unimportant in
what follows.
We then imagine rotating back the two monolayer lattices (i.e., layer [ is rotated by f%) around the point r. The
two monolayer lattices will become aligned (i.e., their lattice vectors will become parallel), but their origins will be

displaced from one another by the relative displacement. We define this relative displacement as the local displacement
of the top layer relative to the bottom layer modulo monolayer lattice vectors

SR (r) =) % [(Rgiar_ - R;}#su) : bz} a;. (S4.53)

=1

The relative displacement dR (r) is only defined up to a direct monolayer lattice vector.
A simpler form for the relative displacement can be derived using Eq. (S4.52)

2 2
R (r) = Z % {2 [Qlﬂai (bi ~R;,1_r mod 2”) - %ai (bi 'R;ir mod 27r>} 'b]} a;

i i=

a; bZ . (R;l_ — Rg_fr) r mod 2%}

1T 0

= —a; |b; - (2 sin () zZ X r) mod 277}
— 2 | 2

= Zia _r~ b; X 2sin 0 Z ) mod 27| . (54.54)
21" | ‘ 2

The periodicity of the moiré pattern arises from the periodicity of the local displacement in r. For any vector Ar that
satisfies

0
Ar - (bi X 2sin <2> 2) €2nZ forany i=1,2, (S4.55)

we must have that R (r + Ar) = R (r). The vectors Ar satisfying Eq. form the moiré direct lattice, which
is spanned by ayps, (with ¢ =1,2). To find a,,, we note that Eq. also implies that the reciprocal moiré lattice
is spanned by b; X 2sin (g) z, for © = 1,2. Using the auxiliary vectors from Eq. li we define the reciprocal moiré
lattice vectors as

by, = by X 2sin (g) 7 = 2qo, by, = (b2 — by) X 2sin (Z) Z = —2qa, (S4.56)

which generate the corresponding moiré reciprocal lattice @ = Zbys, + Zbyy,. At the same time, the direct moiré

lattice vectors ayy, are defined to satisfy ays, - by, = 275, for 1 <4, 5 < 2.

1. Model in momentum space

We are now in a position of writing down the Hamiltonian of the twisted M-point bilayer system. To this end, we
introduce three momentum lattices, as shown in Fig. [ST5]

9, =9+4+qy, for 0<n<2 (S4.57)
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FIG. S15. The moiré BZ and momentum lattices generated by twisting the M valley. In (a), the gray continuous (dashed)
hexagons correspond to the BZs of the top (bottom) layers. The M valleys of the two layers located at Kfj are shown
explicitly, together with the auxiliary q, vectors defined in Eq. . The three inequivalent M valleys are shown in solid
(hollow) blue, green, and red for the top (bottom) layers. (b) shows the three momentum lattices defined in Eq. ,
as well as the reciprocal moiré lattice vectors. Each lattice site corresponds to two M valleys from different layers. For
clarity, the momentum lattice corresponding to valley 7 = 0 is shown in (c), where we mark the high-symmetry momentum
[ = (0,0), Mar = 3bar,, My = 3basy, Knr = 5(bar, + bary).

where the g,, vectors were defined in Eq. (S4.27) and which together form a kagome latticd]

2
Qtot = U Q. (S4.58)
n=0

For later convenience in notation, we also extend the definitions in Eqs. (S4.27) and (S4.57) beyond 0 < 1 < 2 and
0 < n < 2, respectively, using

9, =9, mod3 and qn =qn mod 3, for n e Z. (S4.59)
For every Q € Qiot, we also associate a sublattice factor defined as
(@q=n, for QeQ,, with 0<n<2 (54.60)

Similarly to TBG [31], we define the following low-energy operators

Qi =l i e qap 0 QEQyu and ke MBZ, (S4.61)
where MBZ denotes the first moiré BZ. The definition of the éL)Q)S’l operators can be extended outside the first MBZ
through the following embedding relation

trG.Qui = thggen for GEQ. (54.62)

Note that the éL,Q,s,l fermions do feature a layer index [, but not a valley 7 index. This is because the valley 7

associated with éLQSJ can be directly inferred from Q and I: n = (q — l More intuitively, the éLQS,l from valley
7 are supported on the complement of lattice Q,,, meaning that Q € Qit/ Q-

4 Tt is crucial to highlight the distinction between Eq. (S4.57) and the Q/, lattices that emerge when twisting the K valley (such as in
TBG [31] or in MoTe, |5, 14, [15]). As illustrated in Fig.|1] the reciprocal moiré vectors are identical in both scenarios, being given by
by, for i = 1,2. However, the three qg) = C’gglqp vectors are defined differently between the two cases: q} = % (le — QbMQ),
while q; = % (fle + bM2). These differences in the lengths and orientations of the qg) vectors lead to the generation of a kagome
lattice for M-point twisting, as opposed to a honeycomb Q lattice for the K-valley case.

5 This is similar to TBG [31], where knowing the valley n and the Q vector of a given low-energy fermionic operator éL Q.am,s fully
specifies the layer [.
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Depending on the stacking arrangement, we employ Eqs. (S4.20) and (S4.31)) to write the Hamiltonian of the twisted
bilayer heterostructure in the two-center first monolayer harmonic approximation. For A A-stacking, we have

bl M el N2y la / AT ps
H :Zz[h (CK 5k, CPK 5k)] a s
AA Aa (G By + 0k, O Ky + sulyisaly CCTIKY 4ok sy 1, COITKIZ 40K 52,
5k, 6k’ s1,l1,m ’

s2,l2,m2
_ sl n —1 A ~
_Z Z [h (CfﬁzKM +R9,l5k)L o, on K 4ok,s1 1 VOTL K, 0k 50l
o0k s1,82,m,1 1o
1
FLAA (1 \m M AT "
+Z Z Ztswz ((=1) C3zKM)acgzxgv,+5k+z(_1)mqn,sl,zacgzK;ij,sQ,—l7 (54.63)

0k s1,82,m,l m=0

where the rotation matrix Ry is defined in Eq. (S4.17). For AB-stacking, we similarly obtain

Hap =Y > [n (10K + 1R} 0k )]

ok s1,52,m,1

1
;1,AB n AT -
+ Z Z Z bsys ((_1)mC3ZKM)aC;’ZKlM+6k+l(71)mqn,sl,laC§7zK;;+5k,S2ﬁl' (54.64)

ok s1,82,m,l m=0

The last term in both Eqs. (S4.63)) and (S4.64) can be recast in the notation of Eq. (S4.61)) as

CALTC'” Lo acy Kt +0k,s9,1
$182 o, Ko +ok,s1,0 7 C32 8y ,52,

1
71 _1\mm ~T A
Z Z Ztslsz(( 1) C3ZKM)aC;’zKﬁ\/IJrék%»l(fl)mq,,,sl,lacé'sz_VIl+5k>Sz,*l
ok s1,s2,m,l m=0

1
. A )
= Z Z Z Z tsrsa ((—l)mC;,’ZKM) CTk7Q+l(_1)MQn;517—lck!Q)827l’ (S4.65)
k,1n,l Q€EQy 41 S1,52 m=0

which holds for both AA- and AB-stacking and where we have made the substitution dk =k — Q as well as | — (—1).
Note that if Q € Q,4;, such that Q = G + q,4; (with G € Q), then

Qta,=G+ayp+a,—(aFay) =[G~ (a, Fay)] —ay—1 € Q1. (54.66)

This implies that both the éx q.s,,; and éL QHl(—1) ey 51,1 fermions belong to valley 1. Eq. (S4.65|) allows us to
rewrite the Hamiltonian of the entire moiré system as

H= Z Z Z [hQ’QI (k)]5111;52lz éLQ,Shllékal’s?vl?’ (S467)

keMBZ s1,52 Q,Q’ € Q¢ot

where the first-quantized Hamiltonian hq q' (k) is given by

Sk2 Ok2
’ k = ! J y
[hQ,Q ( )]3111;8212 (SQ’Q 681826l1l2 <2mz + 2my>

+ [TQ7Q']S1I1;8212 ’ (8468)
sk=Cy. R, (k-Q)

and the momentum space lattice Qo was defined in Eq. (S4.58). The form of the first-quantized Hamiltonian from
Eq. (S4.68) is generically valid even beyond the two-center first monolayer harmonic approximation. In the case of
the latter, the moiré potential term Tq g’ can be directly determined from Egs. (S4.49) and (S4.50)

[Tar.Qls,i, 001, = (=)™ CHLK M) 6qr.Qtla(—1)maqy Ot (—12),  for Q€ Qpyy, (54.69)
or explicitly for valley n =0

[TS/[’\Q]Sl(—l);szl =0q/,Qutiqo [(Filwi? +wih) so £ (Wi +wgte™5) s, + (—ilwi™ £ wih) s.] sy 0 (5470

I:Tél]:?Q:ISl(—l);Szl =6Q/,Qtiqo (W5 s0 — ilwiBs, £ wiPs, —ilwiPs. ] , (54.71)

8182

where Q € Q;. The moiré potential in the other valleys can be obtained using the C5, symmetry, as will be explained
around Eq. (S5.91). Because the inter-valley coupling vanishes at the single-particle level, the moiré potential term
generally (i.e., even beyond the two-center first monolayer harmonic approximation) obeys the following property

TaQly, i e, =0, for Q€ Qpiy, and Q€ Quuypy,,  with 1y # 0. (54.72)
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2. Model in real space

It is also useful for the following discussion to recast the model obtained in Section from momentum to real
space. For this purpose, we introduce the following real-space fermion operators

wjm Z Z T (S4.73)

kEMBZ QEQ +1

Qe = /erwnsl ) ek mAT - for Q€ Qi (S4.74)

where € is the area of the moiré heterostructure. The operator T,ZJT , (r) creates a fermion of spin s at position r,
within layer [ and valley 7. The real space Hamiltonian then takes the form

Z/d%wnsl ) (cs Re}v) (2% ?) (C3"RG1V) s (1)

n,8,1 2m
+ Z /d2 slll,Sle ( )7/}1-, S1,l1 ( )1/}77 52,12 ( )v (8475)
mn, 31792

with the real-space moiré potential being given by

) G_ )
‘/qul1;52l2 (I‘) = Z [an+11’qn+l2+G] s1l1:sals el(qn+l2+ QW+11) r7 (8476)
GeQ

where we have employed Eq. (S4.59). It is easy to check that the real space moiré potential obeys the following
periodicity property on the moiré lattice scale

r+Ry) = Vgll;sm (r) etz 7q"+11)'RM, for any Ry € Zay, + Zayy,, (S4.77)

i (
s1li;s2l2

or, alternatively,

‘/S’Zl;sgl (I‘ + RM) = ‘/;ZI;SQI (I‘) ) (8478)
s1l382(—0) (I‘ + RM) = V;Zl;sz(—l) (I‘) ei(zqﬂfl_anrl—Qn—l)'RM — Vsyil;”(—l) (I‘) eicln'RM7 (8479)

for any Ry € Zap, + Zapy,-

3. Ezact symmetries of the model

The continuum model features a series of eract symmetries depending on the stacking arrangement. The action of
a symmetry transformation g on the low-energy fermions introduced in Eq. (S4.61)) is given by

A -1 _ AT
gCLQ,SlJlg B Z [D<g)]5212;5111 Cok,gQ.s2.1>" (54.80)
s2,l2

In both the AA- and AB-stacking arrangements, the system features C3, and 7 symmetries whose representation
matrices are given in both cases by

D(T) =isyoo, D(Cs:) = e gy, (54.81)

where here and in what follows, we define o, (for a = 0,x,y, z) to be the identity and the three Pauli matrices acting
on the layer subspace.

Additionally, in the A A-stacked case, the system features Csy, symmetry, while in the AB-stacked case, the system
has Cy, symmetry. The representation matrices of these symmetries read as

D (Cag) = —i5305, D (Coy) = —i5y04. (54.82)



27

The action of these symmetries on the real space fermions defined in Eq. (S4.73) is given by

g0h o g7 = Du0)], st P eata (97) (54.83)

N2,82,l2

with the corresponding real space representation matrices being given by

100 001
Dy (T)=i|0 1 0| syo0, Dy (Cs.)=11 0 0| e 30,
001 010
100 100
D¢ (Cgm):— 001 SxO0x, Dw (ng):—i (0 01 SyOzq, (8484)
010 010

Finally, in both the AA- and AB-stacking cases, the model also features discrete moiré translation symmetry

- 1 N —i(c? K\, +k—Q)-R
TRMcLQ,SlTRM =& o, ¢ (CLKH—Q) Rar (S4.85)

N _i07 KL .
TRM@Z);SJ ( ) RM 1’[}77 s,l ( + RM) € @3- K RMa (8486)

where Tgr,, denotes the discrete moiré translation operator, which translates by the moiré lattice vector Rys €
Zay, + Zayy,. Eq. can be proved by assuming a commensurate configuration such that R, is also a lattice
vector of the two monolayers’ Bravais lattices. By definition, the action of the translation operator Tg,, on the
monolayer Wannier orbital operators is given by

- ot
TRJ\/I aR s lTRju aR‘*’RS_}RNI,S’l or TR]VI aR s lTRzu aR+lR9_.}RM,S,l7 (8487)

for AA- or AB-stacking, respectively. Using the Fourier transformations from Eqs. (S4.18) and (S4.30]), we can
determine the action of the translation operator on the momentum space operators for both AA- and AB-stacking

TR, ak s lTRL dli,s,zefik'RM- (54.88)

From this, Eq. directly follows using the definition in Eq. . In the continuum limit, Eq. holds
even when the commensuration condition is relaxed.

As mentioned already in Section[[VB] together with the moiré translation symmetry, the exact symmetries discussed
in this section give rise to the P3121’ (SSG 149.22) and P3211’ (SSG 150.26) groups in the AA- and AB-stacked cases,
respectivelyﬁ Additionally, we note that because the three M valleys are decoupled at the single-particle level, the
system also features a U (1) x U (1) x U (1) valley-charge symmetry in both the AA- and AB-stacking cases. Because
valley is a good quantum number, we can restrict ourselves to a single valley (which, without loss of generality, we
choose to be = 0). The single-valley system only features C, (C3,) and 7 symmetries in the AA- (AB-)stacked
case, which give rise to the P21’ (SSG 3.2) single-valley symmetry group.

V. DIRECT GENERAL DERIVATION OF THE MOIRE POTENTIAL WITHOUT GRADIENT TERMS

In Section [V C| we have derived BM models for the twisted SnSe, and ZrS, and heterostructures using the two-
center first monolayer harmonic approximation for the interlayer tunneling. The form of the latter was derived in
Section [[VB] by employing the symmetries of the 6 # 0 or § = 0 heterostructures. In this section, we will employ a
similar strategy to directly constrain the moiré potential term T/ q defined in Eq. . By doing so, not only
the interlayer, but also any intralayer moiré potential contributions (arising, for example, from lattice relaxation
effects) can be constrained using symmetry considerations. The intralayer moiré potential contributions are zero in
the two-center first monolayer harmonic approximation. Throughout this section, we will also assume that the moiré
potential has the form given by the second row of Eq. . The reader is referred to the following Section

6 To avoid any ambiguities, we define the rotation axes using the Cartesian coordinate system. This is because the moiré unit cell basis
vectors and the single-layer unit cell ones are different, as explained in the beginning of Section @
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for a more general derivation that includes gradient terms in the moiré potential (which will also be discussed and
explicitly defined therein).

Similarly to Section [VBT] we will first use the exact symmetries of the 6 # 0 heterostructure to obtain all the
symmetry allowed terms (including the intralayer terms) of the moiré potential up to the first harmonic (which will be
defined below). We will then consider the case of small twist angles, for which the enhanced symmetries of the § = 0
heterostructure further constrain the moiré potential. The main results of this section are general symmetry-obeying
parameterizations of both the intralayer and interlayer moiré potentials.

A. General form of the moiré potential restricted by the exact 6 # 0 symmetries of the heterostructure

We begin by constraining the moiré potential using the exact symmetries of the problem arising for non-zero twist
angles. For starters, the moiré potential matrix must be Hermitian

[TQ,Q’]Slll;Szlz = [T(g’,Q}Slll;Szlz’ (8589)

and obey the moiré periodicity

Tq,q =Tq+c,q+c, for GeQ. (S5.90)

For every crystalline symmetry g of the twisted structure, whose action on the moiré fermions is given by Eq. (S4.80)),
the moiré potential will satisfy

Ty = D(Q)Té;)cyDT (9)s (S5.91)

where () indicates that a complex conjugation should be taken in the cases when g is antiunitary. Additionally, the
U (1) x U(1) x U(1) valley-charge symmetry will require that the moiré potential always satisfies Eq. .

Using the symmetry constraints of Eqs. (S4.72)) and (S5.89) to (S5.91) we can construct the most general form of
the moiré potential. For simplicity, we restrict ourselves to first moiré harmonic terms, i.e. such that

[fz—v(j}z)Q/lell;s?‘l2 = 0, for |Q — Q/‘ > |bM1| (8592)

We find that compared to the two-center first monolayer harmonic approximation from Egs. and ,
Eqgs. (S5.94) and (S5.95|) contains ten additional real parameters in the AA-stacked case and twelve additional ones
in the AB-stacked case. Keeping the same notation as in Eqgs. and for the parameters characterizing
the first monolayer harmonic terms (i.e., w;AA with 1 <17 <6 and wi B with 1 <i < 4), we denote the additional real
parameters by

WAt with 1<i<10 and w™B, with 1<i<12. (S5.93)

)

Depending on the stacking configuration, the potential in the first moiré Harmonic approximation is given by

1
AA AA . AA AA N\ AA AA . AA
[TCF1 di1—ba } = (w2 — 1wy ) So+ | wy "+ = <\/§ + z) wg ) 8y + (w5 — 1ws ) Sz
’ 2ds1(=)s2(+) 2
1 1 1. .
[TO/?_Al a1 = sow’gAA + =Sz (fwéAA - wéAA) + sy (wéAA - w/QAA) - ZszwéAA
' 4s1(=)ss2(+) 2 2 S182
AA ] _ . IAA IAA _ . IAA IAA
|:TQ—17sz +q-1 . - [80 (7“01 twg T — g +wyg )]5152
ds1(=)ss2(-)
AA | _ . JAA IAA | - JAA  7AA
[Tq+1,bM2+q+1_ s1(4)552(+) - [SO ( twy + Wy + 1wy Wig )]3152

1 1 1
AA _ TAA - TAA TAA T IAA _  JAAN TAA
{Tq_l,le—ZbMQqu_*_l_ ) Sowsg T+ 550 (W + wi™?) + 50y (wg wy) — is wg

’ 8182

AA | _ . IAA IAA | - JAA  7AA
[Tq_l,lefbMﬁq_l_ s (=)isa(=) [30 ( wy T Fwg T+ wy Wig )]3152
1 1
AA _ AA | . AA VN ) AA _AA . AA
[TQ—ule —ba,+a41 ) - (wz + 1wy ) S0 + ( Wy B (\/g Z) 6 Sy + ( W W3 ) S,
ds1(=)ss2(+) 5159
AA _ i JAA TAA - TAA JTAA
|:Tq+1,bM1—bM2+q+1_ ) [s0 (—iw™ + w iw + whi) )]5152
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|:TqAA1,le +a- 1] [80 (ngA ZwIQAA)] 5182
[ q+1,le+q+1} oy = [P0 (BT ] (85.94)
[Tc?%,q+1 bM2:| or(2)isa(4) [wQABSO — ZUJ?BS;C + w?Bsy — waBSz] 5159
[ o 1’q+1Ll( o) = [s0 (wAP + iwlPB) + s, (—wAB — iwAP) 4 s, (wAP - ZwéAB)Llsz
(T80 sy = (50 (™ ™ o iufd® - wif®)]
[ Cl+1,bMQ+OI+1} (4+):52(+) [50 ( iw /AB + wéAB + ZwII%B - wllgB)}slsz
[TCJIA 1,bary *2bM2+q+1:|81( Yisa(4) [80 (w iwéAB) + sz (’wlll?B Z'w/lAB) + S, ( ’LU::,AB — ZwéAB)}SISz
[Tﬁﬁ,bhfl —bn,+a- 1} s1(=)isa(=) [ (ZwéAB + wéAB ZwII%B - wllgBﬂ 5189
[TC‘lA 1,bar, —b1v12+q+1:| s1(—)isa(4) [ngBSo — ZUJ?BS w?Bsy — waBSz] 5189
{Tfﬁ-Bl*bNh —bu, +q+1] 1(+);s2(+) [SO ( ZwéAB + ’LUéAB Zw/l%B A /AB)} 182
[ o 1,le+q 1} () = [so (’u)’7AB + z’wéAB)]s152
[ Q+1,le +01+1] (4+):52(+) [50 (w/7AB ZwéAB)]slsz ' (S5'95)
In Eq. we have only listed half of the nonzero components of Tq g/ for valley n = 0. The other nonzero

components in valley n = 0 can be obtained with the Hermiticity condition from Eq. (| m The moiré potential in
the other valleys can be obtained with the C3, symmetry using Eq. m The additional terms are within the first
moiré harmonic approximation, but go beyond the two-center first monolayer harmonic approximation.

B. General form of the moiré potential restricted by the approximate § = 0 symmetries of the
heterostructure

Having obtained the most general form of the moiré potential for an arbitrary non-zero angle, we now further con-
strain its form in the limit of vanishing twist angle # — 0, using the exact symmetries of the untwisted configuration.
In doing so, we will make the “local-stacking approximation” [2]. We will make this approximation mathematically
rigorous in Section Briefly, for small (but nonzero) twist angle 6, we can locally understand the heterostruc-
ture as being comprised of two monolayers which are untwisted, but are otherwise displaced by AR, where AR is
determined by the twist angle and the position within the heterostructure. We will first study the untwisted bilayer
Hamiltonians H (AR) for different displacements AR, and characterize their symmetries. Then, we will illustrate
how the moiré continuum Hamiltonian can be obtained from # (AR), which will finally allow us to further constrain
the moiré potential in the limit of vanishing twist angle.

1. Hamiltonian for the untwisted configuration

We begin by considering a family of Hamiltonians H (AR) describing an untwisted bilayer arrangement, where the
top (bottom) layer is displaced by +1AR (—3AR). In the untwisted AA-stacked configuration, the two layers are
stacked directly on top of one another for AR = 0, while in the AB-stacked configuration, the bottom layer is rotated
around the origin by 180° relative to the top layer in the AR = 0 case. We let &}“ denote the creation operator
corresponding to an electron in layer [ located at rf R =R+ LAR (rff RrR = IR+ LAR) in the AA- (AB-)stacking
untwisted configuration. The Hamiltonian H (AR) can be wrltten generlcally as

= ZH + Z 55151,8252 (AR I'l2 R, — rﬁl}ll) aJlr?{I S1, lla’Rz,Sz,lw (8596)
l

Ri,l1,s1
Ro,l2,s2
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where the first term is the single-particle Hamiltonian of a single layer given by Eq. (S2.14)

HlSI = Z [h’ (k)}slsz dL,sl,ldk752>l' (8597)
k

The second term of Eq. is the additional single-particle contribution arising from stacking the two lay-
ers. It contains both interlayer terms (arising from tunneling), as well as intralayer terms, arising from e.g. as-
sisted hopping through the adjacent layer. Because the Hamiltonian H (AR) retains the discrete translation sym-
metry of the single layer material, for a given interlayer displacement AR, the amplitude of the second term

AR AR : AR AR o AR
Ssilrssals (AR rL R, — I Rl) only depends on the distance rj ;g — rj g , but not on the positions r;) 'z —and

rﬁfﬁl separately. We will also assume that the perturbation stemming from the stacking the two layers only couples

fermions that are a few lattice sites apart, which means that Ss,;,.s,1, (AR, ) &~ 0 for r > |a;|. We will later use this
condition in Section where we derive the continuum model for the twisted moiré heterostructure.

In the untwisted bilayer arrangement, the tunneling between two fermions located at the same distance r is the
same irrespective of whether the layers are shifted by AR or by AR + a; (for 1 <i < 2), d.e

Ssilyisals (AR + a5, 1) = Sq1,:6,0, (AR, x), for 1<¢<2. (S5.98)

Consider now a symmetry operation g of the zero-displacement (AR = 0) untwisted configuration, whose action on
the lattice fermions is given by

AT -1 _ 1 AT
Gig o197 =D (D], AR o) (S5.99)

s2

where similarly to Eq. , €, = +1 (e, = —1) if g exchanges the layers, and D%!(g) has been introduced in
Eq. . We also comment that certain single-layer symmetry operations, such as Cy, or Cy,, also flip the layer
index, which justify the presence of the ¢, factor. The action of the symmetry g on the untwisted, but displaced
bilayer Hamiltonian is given by

gH (AR) g~ ! = H (e,9AR). (S5.100)
We also provide an intuitive understanding of the above equation. By acting with a symmetry operation g, we obtain
a new Hamiltonian, gH (AR) g~!. Considering e. g the AA-stacking configuration, the symmetry operation g changes
the position of a fermion operator dks,l from rl R =R+ ZAR within layer [ to gR + 2gAR = rzgiﬁg within layer
eq4l. Effectively, g changes the interlayer displacement from AR to g9 AR, thereby showing that the two Hamiltonians

gH (AR) ¢! and H (e,gAR) are equivalent. Since g is a symmetry of the undisplaced and untwisted configuration,
we have [g, >, H;| = 0, where H, was defined in Eq. (S5.97)), which means that Eqgs. (S5.96] and (S5.100) simplify to

Z 5211)178212 (AR rlz R2 rll Rl) [DSl( ):Is’lsl [DSl( )]S 252 A;Rl,sl Egll gR2,92 EQZQ

Ry,l1,s1,s]
’
Ro2,l2,52,55

2 : €g9AR €ggARY\ ~t
56151,6252 (699AR r,RrR. ~ TRy aRl,sl,ll R2162752 (55101)

Ri,l1,51
Ro,l2,s2

In Eq. (S5.101), ) indicates that a complex conjugation should be performed if g is antiunitary. Equivalently,
Eq. (S5.101)) implies that

Z [DSl(g)] sis1 Sgl)l;szlz (AR rlz R, — Ty, Rl) [DSI( )] 5582 - 5836911;3/269[2 (eggAR,g (rﬁ}}h rﬁ%l))

51,52

Z [DSI(g)] s s1 Séjl)uszlz (AR& I‘) [DSI( )]5 Lo = Ssllsglﬁslzégl? (EggAR’ gI‘) ' (85102)

51,82
Finally, we note that as a result of Hermiticity, we must have that

Ssll1152l2 (AR I‘) AR, —I‘) . (85103)

églz s1ly (

Because S, 1,:5,1, (AR, 1) is periodic in AR, as implied by Eq. (S5.98), for a given r, it can be expanded as a Fourier
series

58111;8212 AR I‘ 258111,8212 gv ) zg~AR’ (85104)
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where g runs over the reciprocal lattice vectors of the single—layer material. Additionally, for a given AR Sy, 5,1, (AR, 1)
is only defined for discrete values of r = rﬁf}h I'l1 &, Assuch, Sg1,.5,1, (AR, 1) also accepts a momentum space

representation in the second variable

S,

s1l1;82l2

(AR, 1) 233111,32,2 (AR, k) e~ kT, (S5.105)

AR AR

Ssll1§52l2 (ARa k Z 551l1 ;s2la (AR rlg R rﬁl}h) eZk (r12 Ry~ Fl1, Rl) (85106)
R;

with k belonging to the first BZ of the single-layer material. Eq. (S5.106)) can be extended outside the first Brillouin
zone by noting that

AR i(k+ r —rAR
Ssitissats (AR K+ 8) =D Soytyisat (AR IR, — 1R, ) /HE) (i3, —rir )
R
Z AR AR ik-(r2R, _rAR ig- AR2Z1
= 55111§S2l2 (ARv r, R, — Ty, R1) € ( t2:R2 Ll’Rl)elg 2
R1

la—ly
2

258111;8212 (AR, k) eig‘AR (85107)

where the phase is just the “embedding” factor of a typical tight-binding Hamiltonian. Finally, one can Fourier-
transform over both variables and obtain

Sertrisals (AR, T) Zsslll,% g k) e i@ ARk (S5.108)

which, as a result of Eq. (55.107)), obeys

lo — 1
55111;5212 (g7k+ g/) = 55111;5212 <g + 2 9 1g/’k) . (85109)

2. Hamiltonian for the twisted configuration

We are now in a position of obtaining the Hamiltonian for the twisted bilayer arrangement. As in Section[[VA] in the

twisted configuration, the fermion é;{’s’l is located at r; r = Ry, R in the AA-stacked case or at r; r = [Rg ;R in the

AB-stacked case. Consider now two fermions 6}11 s, and éTRQ sy.1,+ At the single-particle level, these two fermions will

only be coupled provided that |r;, g, — r;, r,| is not larger than a few lattice constants of the single-layer material. As
explained at the beginning of Section[[V C| at a position r, the two monolayer lattices are displaced by 6R.(r), where the

effective local displacement was obtained in Eq. (S4.54)). Because for any two fermions ékl ., and é;b sy.1, COUPled at

the single-particle level, |r;, r, — I, R, | ~ |a1| < |an, |, we will have 0R (r, r,) = 6R (11, r,) ~ 0R (%)

As such, we can take the single-particle term coupling these two fermions to be [2]

T R: T TR, A N
581l1;82l2 (5R< 9 »Tly, Ry — Tl Ry aTRl,sl,llaRmSsz (S5'110)

which allows us to write an expression for the Hamiltonian of the twisted bilayer heterostructure

H = § :Hlsl + Hmoiré, with
v iy Ry T Tip Ry -1 5
JHmore — E 55111;5212 ((SR (2 y T, Ry — T, Ry aRl,sl,llaRZ’S%lz' (85111)
Ri,l1,81
Ro,l2,s2

We now take a low-energy approximation for the lattice fermions, using the notation introduced in Eq. (S4.73])

ot ™ \rZ/dM (rir = 1) O |, (r) e R (S5.112)
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with the aid of which the moiré potential part of the Hamiltonian becomes

moiré r +r
H QO Z /dQTl d T2 SS1l1,52l2 ((SR ( ! B 2) , o — rl) 6(rl1,R1 — I'1)5 (rlz,Rg — 1‘2)

Rai,l1,81,m
Ro2,l2,52,7m2

N ~ 2
X 1/}:]1,51,l1 (rl) ¢n2,82’lz (1‘2) G KM " 1032K (S5'113)

We then employ the Poisson summation formula

Zé r R —T) = Zem“gf (S5.114)
0

ri+ro
2

and simultaneously change the integration variables to the center of mass x = and displacement y = ro — ry

coordinates in Eq. (S5.113)

eroiré :Qi Z d2x d2y 581l1;82l2 (5R (X) ,Y) e—iRs,zl (g1+03"21 KM)-(x ) 1R,y (g2+03z KM) (x+%)
0
s,
shon

AT y
X wm,sl,h ( 5) 1/)7;2,52,12 (X + 5)

%Qi Z dzx d2y 55111;5212 (5R (X) aY) e—i'Re,ll(g1+C§leM)'<X—%)€’L"R9,LQ (g2+cg3KM).(x+%)
0
s,
ga.la. 2,112

X 'l/]m s1,l1 ( )172}772»52,12 (X)
e S [y S (R () ) e R (I )R L1 (:4)
0

l1,51,l2,82

x wﬂ s1,l1 ( )1&77 s2,l2 (X)
Qo Z /dQ:ndeSSll1 500, (OR (X),y) e i(Ro.ty +Ro.1, ) (8+C5. Kar )- 3
g:1

l1,81,l2,82

X 'IZJT,GLM ( ) 12)77 52,02 (X) eiiRs*ll (ngCg’]ZKM)'x+iR3’Z2 (g+C§72KM)-x

Z /dzxd ySe1l1 sala (5R( ) ) i(ngC;IZKM)‘y
QO g

l1,81,l2,52

XY o1y () Dy sy (x) €0 (e O Ko ) xiRo.ty (&G, Ko ) (S5.115)

In performing the first approximation of Eq. (i.e. from the first two lines to the following two), we have
used the fact that Ss,1,:5,1, (0R (x),y) is only non-zero for |y| ~ |a;|, which allows us to assume |y| < |a;| under
the integral. As we are interested in the long-wavelength description of the moiré system, we have expanded the field
operators for small |y| and neglected all the terms containing derivatives of the fermionic field (since, by assumption,
y- V@;’SJ (x) ~ Tann, | b N < 1), or equivalently speaking, we have approximated wn a(xEy/2) ~ n o1(%). Additionally,
from the second to the third line, we have also employed the fact the field operators are “slow” operators, and do
not “vary” over the single layer lattice scale. As such, only those terms whose complex exponential factors do not
significantly oscillate at the single-layer graphene scale (corresponding to g1 = go = g and 1y = 72 = 7) will survive
the integration over x. Finally, in the last row, we have again used the fact that Ss,;,.s,1, ((R (x),y) is only non-zero
for |y| ~ |a1| < |aag, |, for which we can approximate

oRo.+(8+CLKn ) ¥  Li(g+CLKu) ¥ (S5.116)
Plugging the Fourier representation from Eq. (S5.108)) into Eq. (S5.115)), we obtain

Z Ss1l1,82l2 g k)/dee—ikyei(g-i-C;’ZKM)-y

g8 kn
l1,81,l2,82

Hmoire _

NQO
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X /dQ.’L‘ 1[}3;.,51,l1 (X) 1&?7,52,[2 (X) C_iRG,ll (g""C;]zKM)'XeiRWz (g""ngKM)'xe_ig/‘&R(x)
= Z Sslll;szlz (g7 C;JZKM)

g,
l1,81,l2,82

. /d% U o () Upsaty (%) ¢i(Ro.1a=Ro.1, )O3 Kar-x o —ig: SR ()

la—ly

- Z /d2r 58111;8212 (ga OL?ZKM) 1/;;,51711 (I‘) 1[}7],52712 (I') 671‘ 2 q,,-I‘e*Qi Sin(%)(gXi).r' (85117)
g,m

l1,81,l2,82

In performing the integral over y, from the first line of Eq. (S5.117)), we have used the fact that the summation over
k only runs over a single monolayer BZ, meaning that

/de o—iky i(8+CL K )y _ NQ00g0m 1 1 = N00g,0007 1,40 1c- (S5.118)

This completes the derivation of the moiré potential term. At the same time, the intralayer kinetic term can be readily
expressed using the low energy operators from Eq. (S4.73) as

1
St A -y / d2rajl | (x) (cng;;V)T (276” 0 ) (CLRGI) o (x). (S5.119)
l

n,s,l 2my

Comparing Eqs. (55.117) and (S5.119) with Eq. (S4.75) allows us to immediately identify the moiré potential in real
space

Vo (0 =3 Saitiiats (8 CLK ) 7 27 Hanre2isin(§) (xa)r ($5.120)
g

and, by inverting the Fourier transformation from Eq. (S4.76|), we can obtain

L[ o i +G- :
[an+lqun+lz+G] s1lyisals — ﬁ/d T‘/;,le;sﬂz (I‘)e Z(qn+lz qTH-ll) r

la—ly

- % /d27“ Z Ssll1§82l2 (g7 ngKM) e_i 2 qn‘r672i sin(%)(g)(i)-!‘e*i(qwrb +G7q"+l1 )~r
g

1 G' %Xz . _al_ la—ly .
- 5 dQT Z Ssll1;82l2 . ) C;JZKM € z(q,,+12+G G Ar+i T2 qn) r
G/

25111(%)

-9 ((qﬂ+l2 +G— An+1, + !
= Psilissala

zgllqn) X 2

2sin (g)

= Syl ([G + (I = l2) ap—1] X ZanZKM> . (85.121)

) ngKM>

2 sin (g)
We note that for

G+ (b — ) gp—1] X 2

=8 S5.122
2sin (%) & ( )

if follows from our discussion surrounding Eq. (S4.54)), that
G € Zby, +Zbyy, iff g€ Zby + Zbs. (S5.123)

As such, we can replace the summation over g with a summation over G in the third row of Eq. (S5.121J).
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8. Constraining the moiré potential

Due to the one-to-one equivalence from Eq. ((S5.121)), constraining the moiré potential T4, s1, an11,+G In the limit
of vanishing twist angle is equivalent to constraining S, ,.s,1, (8, C5,Kar). As a result of the Hermiticity property of

Eq. (S5.103)), the latter obeys
55111;5212 (g, C;?ZKM) =57 (—g, CgZKM) . (85.124)

s2la5s1ly
Additionally, the constraints imposed by a crystalline symmetry ¢ in Eq. (55.102) imply that

> [Dsl(g)}sllsl S o (8 CLKu) [Dsl(g)]s,zsz = Sateyliisheyls (€998, 905 Kar) . (S5.125)

S$1,52

The exact symmetries of the heterostructure in the 6 # 0 case can either be imposed through Eq. or through
Eq. : the two approaches are equivalent. However, the additional constraints arising from the symmetries of
the zero-twist heterostructure can only be imposed through Eq. , because they do not correspond to crystalline
symmetries of the twisted heterostructure. Moreover, we note that Eq. constrains the moiré potential but
does not impose the crystalline symmetries of the untwisted heterostructure on the full moiré Hamiltonian. For
instance, in the zero-twist limit, the AA-stacked moiré Hamiltonian does not acquire inversion symmetry, unlike the
untwisted AA-stacked heterostructure. Instead, as we show explicitly in Section [VIA] it develops an effective mirror
symmetry in the plane of the heterostructure.

To impose the zero-twist constraints, in practice, we first parameterize the moiré potential using the exact 6 # 0
symmetries, as explained in Section The moiré potential can then be further simplified by imposing Eq.
for the symmetries of the zero-twist heterostructure that are not ezact symmetries of the § # 0 heterostructure. To
be specific in the AA-stacking case, Ss,1,:s,1, (8, Ca,Kr) is additionally constrained by the Z symmetry, while in the
AB-stacking case, it is additionally constrained by the M, symmetry

Z [DSI (I)]s’lsl SSAllA1§82l2 (gv ngKM) [DS] (I)]:’Qsz = S?'l/(\*ll)ﬁ'z(*lz) (g’ _C;’]ZKM) ’ (85'126)
81,52
Z [DSI (MZ)] 8181 S-;All?l;szlz (g’ ngKM) [DSI (MZ)] :/252 = S?i](gfll)w/z(*lz) (_g7 ngKM) : (85127)

51,52

Imposing these constraints on the moiré potential derived in Eqs. (S5.94) and (S5.95)) (as will be done explicitly in
Section |[VI A)), we find that the latter is characterized by fewer tunneling parameters in this approximation

AM—(0 for 3<i<6,

wl

ngA=0 for 6 <1 <10,

wf‘Bz for 3 <i <4,

whB =0 for 8<i<12 (S5.128)

Specifically, with the zero-twist constraints, there are only seven (nine) real tunneling parameters in the first moiré
harmonic case for AA- (AB-)stacking.

VI. ADDITIONAL SYMMETRIES OF THE FIRST MOIRE HARMONIC MODEL IN DIFFERENT
LIMITS

In this section, we investigate the additional symmetries of the first moiré harmonic model that arise under different
limits (i.e., when some of its parameters vanish). For now, we will focus on identifying these limits and their
corresponding symmetries, leaving the discussion of how well these limits apply to the ab initio Hamiltonian to
Section [XI} We begin by showing that in the zero-twist limit, the moiré Hamiltonian has additional symmetries in
both the AA- and AB-stacked cases. Specifically, under the zero-twist constraints, the moiré Hamiltonian features
an additional valley-preserving symmetry, whose action in momentum space is non-symmorphic: in the AA- (AB-
)stacked case, this symmetry maps k to k + q, (—k + q,) in valley . In the AA-stacked case, this symmetry
resembles an effective mirror-z operation, allowing the moiré Hamiltonian to be block-diagonalized in real space. We
also provide a simple lattice model with the same symmetry. In the AB-stacked case, the additional momentum-space
non-symmorphic symmetry is equivalent to an effective inversion.
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Next, we explore two further limits: the C5, limit, where the moiré Hamiltonian is C5, symmetric, making the
AA- and AB-stacked parameterizations identical, and the SU (2) limit, where the model has SU (2) symmetry within
each valley. We also investigate the additional effective symmetries of the two-center first monolayer harmonic model.
Finally, we perform a symmetry analysis of the models whose moiré Hamiltonian is described by only three parameters
and which best reproduce the ab initio band structure at small angles of SnSe, and ZrS,, as shown in Section [XI}

A. Additional symmetries in the zero-twist limit

This first section considers the consequences of Eqgs. (S5.126)) and (S5.127)) on the moiré potential in more detail.
Specifically, we will employ Egs. (S5.126)) and (S5.127)), as well as the mapping from Eq. (S5.121]) to explicitly constrain
the moiré potential Tq g/ in the zero-twist limit.

1.  Momentum-space non-symmorphic symmetries in both the AA- and AB-stacking configurations
Starting with the AA-stacking case, we find that Eq. ((S5.126]) becomes equivalent to

sl m sl AA
Z [D (I)] s)s1 Ssll1,82l2 (g’ C3lz ) [D (I)]S Lo SS/I(fll);Slz(flg) (g7 _C;]zKM)

51,52

—S’( 11);85(—l2) (g»C:?ZKM_ZC:?zKM)
= SO (ot (84 (2 = 1) CEL. K, O Kar),  (S6.129)

where we have used Eq. (S5.109) in the last line. Since Eq. (S6.129) holds for any g € Zb; 4+ Zby, then for given
0<n<21,lo ==, and G € Q, it should also hold for

G _ lo—14 X o
o= T q7.7+110+ 7 ) z (S6.130)
2sin (5)

Upon substituting Eq. (S6.130]) into Eq. (S6.129)), the latter becomes

. Uiz + G — Ay, + 251q,) X 2 .
Z [D ! (I)] 51 SSIZl,Sle <( s nth 2 77) ;ngKM> [D ! (I)]S 482

P 2sin (%)
lo—l 7
(q,7+12 +G— A+l + 2 qn) Xz n o
S, —+ lo — 1) CI K 7CzK
L (=11)ssh(~l2) ( 2sin () (=) ot €K
Ayt + G —ayri, + 25%aqy — (b —h) g, X2
—ghA [, nth T 75y ! ,C1.K
(—ta)ssh( m( 2sin () e
Ayt + G — ay, — 25aq,) X 2
—gAA . l (( ntiz 2 Ci. Ky
;8 31 9 8
(=l1);s5(=l2) 25111(5) :
G _9 9 _ (Zla)—(=h) 7
SAA dn—1, +( qn—1, + qnfll) An—1y + 2 An| X z " K (S6 ]_31)
=S 11)s5, (—l2) 2sin (§) e |

where, in the last equality, we have applied q,+; +q, = —q,—; = q,—; —2q,—;. We now apply the one-to-one mapping
between the S, i,;s,1, (8, C5,Kar) and Ty, ., q,.,, +G matrices from Eq. (S5.121)), along with the representation matrix
of 7 from Eq. (S2.6)). Together with Eq. (S6.131)), this allows us to show that in the zero-twist limit, we have

TAA _ [pAa
Aoty Antly TG s1li;sals =11, An—15 TG =201, + 291 s1(=11);82(—12)

TAA }

[ TAn—t1, " A1+ G s1(—l1);52(—12)
_ AA
- |: qW+ll+Q1)7Qn+12+G+q'n:| 31(—l1);32(—12) : (86132)
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Before investigating the consequences of Eq. (S6.132) on the moiré Hamiltonian, we also consider the AB-stacking
case, where evaluating Eq. (55.127) at the monolayer reciprocal vector from Eq. (56.130) leads to

lo—1y

Z [Dsl (Mz)] ol SAB ((qﬂ-‘rlz + G — A+l + 2 qu) X Z,CgZKM> [Dsl (Mz)]*

s1ly;82l . oo
1l138202 2¢in (g) 8582

51,82

~Qy+i; — G+ dyr, — B5Ray) X 2
=848 (=, ant 2 2 LCT Ko . $6.133
s1(=l1)s5(—l2) ( 2¢in (g) 3z M ( )

Using again Eq. (S5.121)), Eq. (S6.133]) implies that in the zero-twist limit, the moiré potential matrix obeys

Z [DSI (Mz)] shs1 {TfﬁﬁllvanQJrG

1,52

(DY (M), = [TAB (S6.134)

por = T2 v aniiy—Gra)
:|51l1;52l2 8582 q]+l1+qn An+ig +ay 5/1(*11);8'2(*12)’

with the reader being reminded that the representation matrix of the M, symmetry was given in Eq. and
reads as D®! (M) = —is..

When the zero-twist constraints are imposed, one should also ignore the relative rotation of the monolayer kinetic
terms appearing in Eq. and approximate the first-quantized Hamiltonian hq q (k) by

W+M@

2my;  2m,

[thQ’ (k)]51l1;52l2 =0Q,Q 051520111, ( + [TQ,Q’]Slzl;SQZQ ) (S6.135)

sk=Cyl T Q?k-Q)

where the moiré potential Tq g/ matrix obeys the zero-twist constraints from Eqgs. (56.132)) and (S6.134)), in that AA-
and AB-stacking case, respectively. We find that in the zero-twist limit, and depending on the stacking configuration,
the moiré Hamiltonian obeys one of two symmetries whose action is non-symmorphic in momentum space [35] [36]

AA _ [paa
Mo (k)]sﬂusﬂz N [hQJF%Q’*% (et q”)} s1(~l)is2(~12) (86.136)

Z [DSI (Mz)] 5/151 l:hg],?’Q’ (k)] Sllli,Szlz [DSI (MZ)] :/252 - {hé%+q"’7ql+q" (_k + qn):|

81,82

, S6.137
s1(—l1);s(=12) ( )

for Q € Qp11,, Q€ Qy41,, with 0 < i < 2. Specifically, in the AA-stacking case and in the zero-twist limit, the
system is symmetric under an effective mirror-z symmetry, which we denote as M, and whose action on the moiré
fermions is given by

MzéL,Q,s,le_l = é;rqu,QJrqn,s,—lv for Qe Q41 and Mzw;,s,l (r) M = w;,s,fl (r). (56.138)

In the zero twist limit []\Zf o ’HAA} = (0. At the same time, in the AB-stacking case, the moiré Hamiltonian is symmetric

under an effective inversion symmetry, which we denote as Z, and whose action on the moiré fermions reads as

Teh oI ' = (1 i qraye i for Qe Quu, and Il ()T = (=1)"df  (—r), (S6.139)

where the factor (—1)° is given by

(-1)° = {H for 5= (S6.140)

-1 for s=

— —

In the zero-twist limit, [i, ”HAB} =0.

We note that both M, and Z are termed effective symmetries because, while their action on the spatial degrees
of freedom is conventional, their action on the spins does not match a conventional mirror-z or inversion symmetry.
Additionally, both M, and Z preserve the valley quantum number, meaning that they enhance the single-valley
symmetry group. Furthermore, when the zero-twist constraints are imposed, M, ensures that the spectra of the
AA-stacked moiré Hamiltonian in valley 7 at k and k + q,, are identical. This can be seen from Eq. , which
implies that in the zero-twist limit, the valley-n blocks of the Hamiltonian matrix at k and k+q,, are unitarily related.
Similarly, in the AB-stacked case, Z ensures that the spectra of the moiré Hamiltonian in valley n at k and -k + q,
are also identical, in the zero-twist limit.
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It is important to note that Eqs. (S6.136) and hold if and only if the zero-twist constraints from
Egs. (55.126) and (S5.127) are imposed, respectively. Consequently, the AA- and AB-stacked moiré Hamiltoni-
ans retain the momentum-space non-symmorphic symmetries M, and Z even beyond the first moiré harmonic level,
as long as the zero-twist constraints from Eqs. ((S5.126[) and (S5.127) are enforced.

For AA-stacking, the M, symmetry preserves the spatial position and therefore allows one to define an even and odd
basis for the real-space low-energy fermions. We will now discuss this in more detail in the following Section [VIA2]

2. FEven-odd basis of the AA-stacked moiré Hamiltonian

As shown in Eq. (S6.138) the AA-stacked configuration the effective M, symmetry does not change the spatial
position of the real-space moiré fermion operators. Therefore, we can introduce fermion operators that diagonalize
the M, operator at a given position

Phap (¥) = % (¢l+ (r) +po! , _ (r)) : (S6.141)

where p = +1 denotes the parity of the @I,’S’p (r) operator under the M, symmetry. The action of the M, symmetry

and of the other (exact) symmetries of the AA-stacked moiré heterostructure on the M,-symmetric states are given
by

N 1 o
92N 51 00 =D D9 aapsms sip Phassapa (9T) 5 (S6.142)

N2,82,p2

with the corresponding real space representation matrices reading as

100 001 _
D, (T)=i |0 1 0| sy, Dy, (C3)=[1 0 0|e 54,
001 010
100 100
Dy (Cog)=—1i |0 0 1] s.6., D, (MZ): 01 0| sots, (S6.143)
010 001

where £, (for a = 0,z,y,2) are the identity and the three Pauli matrices acting on the M.-symmetric fermionic
operators. Note that the layer-exchanging U, symmetry also becomes diagonal in parity in the even-odd basis.
Under the moiré translation operators, the M -symmetric operators transform as

7,8, —

= [0} o (04 Rag) + pe (U Ras gt (1 Ryy) | ¢ O KA R

N _ _ k7 + . A~ _ - .
Try, (P;r,,s’p (I‘) TRIL = 1p;g’s7+ (I‘ + RM) e iCy, Ky Ru _’_pr (I‘ + RM) e iCy Ky, Ry

= (Do (0 Rag) - pe 0 RGE (r 4 Ray) ) e IR

. » +
= I;,s,pe—"'qn'RM (r+Ry)e iCy. Ky RM’ for R € Zay, + Zapy,, (S6.144)
where e~ Ba — 41 In particular, we find that
A — ~ —_icm + .
Tex aun P OV T} oy, = Py 0+ Cllany,) e K2, (56.145)
A~ — N rrei + .
Teg an, Phop ) Ton 0, = @hop 0+ Cilan,) e CFarans, (S6.146)

which implies that TngaMl not only effects a translation of the Mz—symmetric fermionic operators, but also exchanges
their parity (unlike a conventional mirror-z symmetry).

In the zero-twist limit, the AA-stacked moiré Hamiltonian becomes block-diagonal in the Mz—symmetric basis

1

. e\ [zmy O ~19) &
HAL = — Z /d2r cp;fhs,p (r) (C3Z"V) <20” 1) <C3znv) Prsp (1)

,8,p 2my
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bYW )8 (1) P 1) (56.147)
7,P,51,52
with the M,-symmetric real-space moiré potential being given by

WP (r) = VIS | (0) + pVT 82 (r). (S6.148)

5182 s1+;s2+ s1t+382—

The Mz—even and M,-odd electrons are therefore decoupled at the single-particle level. Additionally, as a result of
the M, symmetry from Eq. (S6.132), the real-space AA-stacked moiré potential obeys

AA AA
VS?h;Szb (I‘) = V;j(—h);sz(—lz) (I‘) : (86'149)

As a result of Egs. (IS4.78[) and (]S4.79[), the M.-symmetric real-space moiré potential satisfies the following period-
icity condition

WP (r4all, ) = WIP (r), WIP (r+al,)=WIP (r), (S6.150)

8182 8182 8182 S$182
where we have defined the following rectangular lattice vectors
ay, = 2Ciay, +Clay,. and ay, = Ciay,. (S6.151)

Moreover, as a result of Eqs. (S4.78) and (S4.79), we can show that

Wil (r+ Cllan,) =W (r), (S6.152)

8182 8182
which enables us to rewrite the AA-stacked moiré Hamiltonian in the zero-twist limit as

1

R T [z O - .
HAN = — Z /dQT%Tv,s,p (r) (C5."V) (20m L ) (C5."V) Gn.sp (x)

1,5,D 2my

+ ) / W) (2] 0, 40 (0) @osain (0) @, o (0 Clang,) @1 (v + Clhans) ) - (56.153)

7,581,582

Thus, within the valley 7, each ]\Zfz—symmetry sector from the Hamiltonian in Eq. (S6.147)) is equivalent to the problem
of a free fermion @I]’ s,p (r) moving in a conventional two-dimensional periodic rectangular potential WP (r), with
periodicity defined by the lattice vectors a"Wi (for ¢ = 1,2). These vectors define a unit cell that is twice the size of

the original moiré unit cell. Since the translation operator Tcg ay, MAaps between the two mirror sectors, as shown

in Eq. , it is sufficient to focus on just one M,-symmetry sector when analyzing the single-particle properties
of the system.

Now, consider the scenario where the system exhibits spin SU (2) symmetry, such as the limit discussed in Sec-
tion[VIC] Assuming an isolated spin-degenerate band is trivial, it can support exponentially localized Wannier orbitals
that respect the system’s symmetries. To be specific, we focus on the i = 0 valley. In this case, the Wannier orbitals
of the isolated spinful band, corresponding to different M, sectors, are decoupled at the single-particle level and form
a rectangular lattice spanned by a%,i (for 2 = 1,2). Since the translation operator T%,,, maps between the two mirror

sectors in the 7 = 0 valley, we find that the Wannier centers of the M.-even and M.-odd fermions are shifted by
aps, . When combining the Wannier orbitals of the even and odd electrons, they form the hexagonal moiré lattice
spanned by ay, (for i = 1,2). However, if we consider only the electrons in the even (or odd) basis and assume
that the Wannier orbitals have approximately isotropic spread, then the hopping along the y-direction must be much
stronger than the one along the X-direction. This asymmetry arises because the distance between two neighboring

|a[‘;V1 | )
73 )
Consequently, the system behaves effectively as one-dimensional at the single-particle level, with flat(er) dispersion

along the X-direction in valley n = 0.

Wannier orbitals along the X-direction (|a?,[,1 |) is larger than the distance along the y-direction (|a(€/v2’ =

3. Toy model for momentum-space non-symmorphic symmetry

To better understand the momentum-space non-symmorphic M, symmetry of the AA-stacked moiré Hamiltonian
in the zero-twist limit, we build a simple one-dimensional tight-binding toy model that also harbors such a symmetry.
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B = By
t
S N\ B Bt Bt
n,+ n+1,+ n+2,+

220 Q\ t/
Z
<CL—0> bIhi bL+1yi bj:-L+2’7
X

FIG. S16. Lattice model with momentum-space non-symmorphic M, symmetry. We consider a one-dimensional ladder of
fermions. The real hopping amplitudes along the % and 2 directions are given by ¢ and ', respectively. Additionally, each
plaquette is pierced by a m magnetic flux stemming from a magnetic field applied along the y direction.

The connection between this toy model and the AA-stacked moiré Hamiltonian will be explained more carefully in
Section [VTA4l We consider two chains of fermions located at

{(nao, 20) |n € Z} U {(nao, —z) |n € Z} (S6.154)

and let BLi create an s orbital electron at position (nag,+zp). We then introduce a magnetic flux along the §
direction such that there is a m magnetic flux for each small plaquette with vertices at

(nag,z0), ((n+1)ag,20), ((n+1ag,—z20), (nag,—2o)- (S6.155)

We set the nearest-neighbor zero-field real hopping amplitudes to be ¢t and ¢’ along the x and z directions, as depicted
in Fig. In the presence of a magnetic field, a phase is introduced to all hoppings such that the product of phase
factors around each plaquette equals ¢™ (corresponding to the 7 flux induced by the magnetic field). We work in a
gauge where the hopping of the bottom fermions acquires a negative sign, resulting in the following Hamiltonian for
the system

Hip =t (zz%jl’li)nﬂ,l + h.c.) +3¢ (BL} b+ h.c.) . (S6.156)

n,l

In Eq. m the additional phase factor [ = + stems from the nonzero magnetic flux piercing each plaquette.
We now discuss the symmetries of the model. The system has translation symmetry 7,, and Cs, rotation symmetry.

Additionally, the system also has M, and T symmetry. This is because, under either M, or T, the magnetic field
(and hence the magnetic flux) will flip sign. Since a 7 flux and a —7 ﬂux are equivalent, M, and 7 are symmetries
of the system. The actions of these symmetries on the fermions of the model are given by

Tapbl Tot=bl 1, 7o, T =bf

n,l’

MB! NZ=B] (1), Coybl O t=ilhT . (S6.157)
By considering the successive action of the T,,, and M., operators
Top MLOY  MIT, 0 = (1)),

MTb TlM 1:( )’I’H*lbf

aon,l n+1,—

TaoMzbn,le Tl = —M.T,b! T 1M L (S6.158)

ao“n,l
we can see that the real-space operators BIL ! form a projective representation of the space group since [35] [36]
{MZ,TGO} —0, (S6.159)

which arises from the applied magnetic 7 flux.
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We now discuss single-particle dispersion of the H,p Hamiltonian. Since {.FAI 1D, Tao} , we can introduce the following
momentum space operators

N 1 o .
b, = i > bf et (S6.160)
k

Next, consider a certain eigenstate of the single particle Hamiltonian H,p at momentum k

) = urabf,10) (S6.161)
l

where uy,; is the wave function of the state and
Hip lu) = By |ug) - (56.162)

From M, symmetry, we find

1 . . .
= Z Uk, Z ﬁb;&ﬁz@?knﬂm |0) = Z uk7lb£+ﬂ',7l 0), (56.163)
l

meaning that M maps a state with momentum k to a state with momentum k + 7. Since M, commutes with
Hamiltonian, M |ug) is also a eingenstate of the Hamiltonian H 1p with same eigenvalue E}. Therefore, we conclude

the spectra of the Hamiltonian at k and k£ + 7 are identical. To show this explicitly, we rewrite the Hamiltonian Hip
in momentum space

Hip = Z 2t cos(k)l;z,ll;k’l + Zt’ (EL#IA}&, + h.c.) . (S6.164)
1k
The dispersion of the Hamiltonian is given by

Er+ = £/ (2t cos(k))” + 172 (S6.165)

and is seen to obey Ejir+ = Ej +. We note that one can also make the action of ]\Zfz symmorphic in momentum
space by “folding” the BZ so that k& and k + m are identified. This is equivalent to doubling the real-space unit cell.
However, adopting this convention obscures the fact that the system retains translation symmetry generated by Tp,,,
rather than by T5,,.

4. Connecting the toy model and AA-stacked moiré Hamiltonian

In the simple one-dimensional model from Eq. , the non-symmorphic action of the M, symmetry in mo-
mentum space (i.e., its anticommutation with the T,, translation operator) is seen to arise from an externally applied
magnetic field. To make the connection between M, and a magnetic field more apparent for the moiré AA-stacked
Hamiltonian with the zero-twist constraints imposed, we can make a gauge transformation and define new operators

W ) =) () e/, (S6.166)

As we show below, by expressing the AA-stacked moiré Hamiltonian with zero-twist constraints in this new basis, the
presence of an effective magnetic field becomes explicit

1
= / A @l ) (0) [C5 (—iV — eA] )] (2731 ?) [C3 (—iV — eA] (r)] ¥,y.4 ()

n,8,l 2my,

3 [ (T, )W )Wy () 4 Vi, ) B ) B (1) (S6.167)

n,l,81,82
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In Eq. (S6.167)), we have employed Eq. (56.149) and have also defined the following intra-, inter- and vector potentials

T, (0) = VI, - () e, (S6.168)

Vi, () = VRS (r), (56.169)
l

Al (r) = ~5gdn (S6.170)

with e being the electronic charge. In this new basis, both the inter- and intra-layer potentials satisfy the moiré
periodicity

T, (r) = T2L, (v + Ra) (S6.171)

8182 S182

Vi, (r) =V, (r+Ru), (S6.172)

§182 S182

for Ry € Zbyay, + Zbyy,. In contrast, the moiré potential corresponding to the 1[’:,,3,1

Eq. ((S4.76) are only periodic up to a nontrivial phase, as shown in Eq. (S4.77)). In the Nl (r) basis, the Hamiltonian

n,8,l
HAA also has a coupling to an effective valley-dependent magnetic field. Within valley n = 0, the magnetic field is
along the y direction and gives rise to a flux

(r) operators introduced in

r=an r=0
/ eAY (r)-dr+ / eAS (r)-dr=m, (S6.173)
r

=0 r=apns,

piercing each moiré unit cell from the side.

B. The (3, symmetric limit

Another limit that we consider is termed the Cs, limit. In this limit, the AA- and AB-stacked moiré potentials
have identical parameterizations and, within valley n = 0, the Hamiltonian is symmetric under C5,, Cay, and Ca,
symmetries. Specifically, the Cs, limit is established whenever

w?A =0,

wa:O

wih =0, wit =0, WP =0, WwP=0 wWwPr=0, WP =wPh, (S6.174)

, wrP =0, wfP=0, wfP=0, wPP=0, wPfP=0, WiP=0. (S6.175)

The representation matrices of the Cy, and Cy, were given in Section[[lVC3] The action of the Cs, symmetry is given
by Egs. (S4.80) and ([S4.83)), where the momentum- and real-space representation matrices, respectively, read as

100
D (Cy,) = —is,00 and Dy (Co,)=—i |0 1 0] s.00. (S6.176)
001

In the Cy.-symmetric limit, the parameterizations of the AA- and AB-stacked moiré potentials are identical with the
following correspondence between their parameters

wht o whB, Wit o wiB Wit o wiB W o wPB WP o wiB,
Wit o whB W o WP WP = wtt o whB, Wit o whB. (S6.177)

C. The SU(2) symmetric limit

In the SU (2) symmetric limit, the moiré potential is spin-diagonal. This effectively enhances the U (1) xU (1) x U (1)
valley-charge symmetry to a U (2) x U (2) x U (2) spin-valley-charge one. The 3 x 4 = 12 corresponding generators
are given by

S Z Z [Sals s, éL,Q,sl,lék’Q’Sml’ for a=0,z,y,2z and 71 =0,1,2. (S6.178)
k,l,s,8' QEQy+1
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Within the first moiré harmonic model, this symmetry is established whenever

wit =0, wit=0, wir=0 witr=0 wWirr=0, wPr=0 wPi=0, (S6.179)
wiB =0, wyP =0, wpP=0, wPB=0 wfP=0, WH®=0, (S6.180)

in the AA- and AB-stacked case, respectively. It is worth noting that for the A A-stacked case, the zero-twist constraints
also imply the SU (2) symmetric limit. This contrasts with the AB-stacked arrangement (or even the AA-stacked case
beyond the first moiré harmonic limit), where the zero-twist constraints do not necessarily imply that the system has
SU (2) symmetry.

D. Additional symmetries in the two-center first monolayer harmonic model

In the two-center first monolayer harmonic model, the moiré potential from Eq. (S4.76|) features continuous trans-
lation symmetry along one direction. Restricting ourselves to valley n = 0 without loss of generality, the real-space
moiré potential contains only interlayer terms and is given by

VO @)= 3 [(intu 4 ) so b n(u + wf e ) s, o (il 4] e

n==+1
(S6.181)
Vol i (0 = [wiPsg —ilwiPs, + nwiPs, —ilwiPs.]  emmiaor, (S6.182)

n==+1

while

s1l;s2l (I‘) =0. (86183)

As a result, one finds that
‘/;()111;5212 (.’E, y) = Vscill;s2l2 (xv Y+ 5y) ) (86184)

making the moiré Hamiltonian from Eq. (S4.75) and valley n = 0 invariant with respect to translations along the ¥y
direction. In the two-center approximation, the system is quasi-one-dimensional within each valley, having continuous
translation symmetry along the Cf,y direction in valley 1.

E. Additional symmetries of the simplified three-parameters models

In Section [XI| we show that the ab initio band structures of AA- and AB-stacked SnSe, and ZrS, can be described
by simplified models featuring only three parameters: w®, wi?, and w{** (in the AA-stacked case), or wyB, w{B,
and w{*B (in the AB-stacked case). In this section, we examine the symmetries of these two simplified models and

briefly discuss their implications on the band structure of the corresponding moiré Hamiltonian.

1. The three-parameter AA-stacked model

We begin by analyzing the three-parameter moiré Hamiltonian for the A A-stacked configuration. On the Q-lattice
depicted in Fig. corresponding to valley n = 0, w** and w4 describe the real and imaginary parts of the NN
“hopping” along the x direction, while ngA represents the NN “hopping” along the y direction. This three-parameter
model involves only interlayer moiré terms. It is already in both the zero-twist limit and the SU (2) limit, and therefore
inherits all symmetries previously discussed in Sections [VIA] and [VIC]

To uncover any additional symmetries, we cast the moiré potential in real space to find

Vo (1) = [2% (wA)? + (wh*)” cos (Jao|z + ) + 2w cos (ﬁmw)} [50]4y,

VOAA (p) =0, (S6.185)

s1l;sal
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where we have introduced a phase factor 0 < o < 2, such that

AA AA
gio — Wi W . (S6.186)

V@) £ (whh)?

From Eq. (56.185) it becomes evident that the system possesses an additional two-fold rotation symmetry, which
we denote by Cs,, and whose center of rotation does not coincide with the unit cell origin (located at the intersection
of the Cy, and (s, rotation axes). The action of this symmetry on the moiré fermions in real space is given by

Codl, L0, C5 = 3 Dy (Ca:)] Dt (—r+ aq”) : (S6.187)

n2,52,D2 n282laim1s1ly |q77|
with
100
Dy (Coz) =i [0 1 0] 5. (S6.158)
001

Note that, within each valley 1, the centers of rotation for the Cs. symmetry operation are located at the generic
points Iaqlz’ ‘qu"Q + 20 IZ(:IZ + 22 and IZ(:IUZ + m, none of which correspond to the unit cell origin (or
any Cj,-symmetric Wyckoff position). Thus, while the symmetry group within a single valley is enhanced to a
larger crystallographic space group, the overall symmetry group of the Hamiltonian (which incorporates all three
valleys) does not necessarily correspond to a crystallographic space group. This occurs because the Cs. rotation
centers vary between the three valleys. However, when one of the four C». rotation centers coincides with one of
the three C3, symmetric Wyckoff positions of the AA-stacked moiré Hamiltonian, the symmetry group of the entire
moiré Hamiltonian is similarly enhanced by the Cs, symmetry to form a bona fide crystallographic space group. The
enhanced symmetry group of the full moiré Hamiltonian becomes a true crystallographic group whenever

aqy _k

=5
\QO|2 3
Eq. (S6.189) holds only when m = n, leading to the condition

ay, + n ay, +ap,), for k=0,1,2 and m,ne€Z (S6.189)

m
2aM1 +aM2)+7 2(

2

aqo 2k +3m

ol s (2ap;, +an,), for k=0,1,2 and meZ. (S6.190)
90
which is satisfied for a = %Tm, where m = 0,1, ...,5. Finally, we note that the Cy. symmetry, when combined with

M., generates an effective momentum-space non-symmorphic inversion symmetry, denoted as C.M.. This symmetry
behaves similarly to the 7 symmetry described in Eq. 1) with the key distinction being that the inversion center
of Cy, M, is not at the unit cell origin, but at the point | ‘2

We now turn to the topological characteristics of the three parameter AA-stacked Hamiltonian. Due to the SU (2)
symmetry present in each valley, the system can be effectively treated as spinless. Moreover, the presence of the Co.T
symmetry allows us to fix the gauge such that the wave function for each isolated spin-degenerate band becomes real.
This gauge choice leads to a vanishing Berry curvature for each isolated spin-degenerate band. Consequently, we
conclude that every isolated band in the system is topologically trivial within the three-parameter model. Because
the ab initio band structure and the one approximated by the three-parameter model are adiabatically connected, we
can also conclude that each approzximately degenerate set of isolated bands of the AA-stacked moiré Hamiltonian are
topologically trivial. As discussed at the end of Section [VIA2] these bands can be quasi-one-dimensional as a result
of the M, symmetry.

Finally, for the topologically trivial bands within the three-parameter model, it is instructive to discuss the positions
of the corresponding Wannier orbitals. In the even-odd basis introduced in Section [VTA2] the moiré potential from

Eq. (S6.185)) is given by

Wt (r)=p [2\/(wa)2 + (w?A) cos (|qo|z + a) + 2w cos (\/§|q0y)} (504, s, - (S6.191)

For the mirror-even (p = +1) or mirror-odd (p = —1) sectors, the minimum of W2 (r) occurs at |qolz + o =

(1+p)5 +2my7 and V3laqoly = (1 +psgn( AA)) 5 + 2mam, for my, ma € Z. Since the Wannier orbitals for each
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mirror sector form at the potential minima, we conclude that all Wannier orbitals (i.e., from both mirror sectors) in
valley n = 0 are localized at

1+p sgn(ngA)
1 ——s—=+2m
(z,y) € T ﬂ—#le—g, 2 2

o] 2 ™ V3

my,mg € Z,p= =1 3, (36192)

or, equivalently, at

1 — sgn (wA4
(z,y) = (2m1 - g) apy, + | m1+mg — = + M ay, and
s 2 4

a  3+sgn (wh

(z,y) = (2m1 +1-— %) ay, + <m1 + mg — o + 1 )> ay,, for myi,mq € Z. (S6.193)

This indicates that the positions of the Wannier orbitals within the unit cell in valley n are given by

1— IAA
(x,y) =CY, [—:aMl + (sgnﬁl(w?,) - ;;_) aMQ] , with a=arg (iw‘fA —|—w2AA) (S6.194)

and thus depend on the energetics of the system.

2. The three-parameter AB-stacked model

The simplified model for the AB-stacked moiré Hamiltonian is defined by three parameters: w5B, wiAB, and wB,
corresponding to the NN “hopping” in the x-direction, NN “hopping” in the y-direction, and next NN “hopping” in
the %-direction, respectively, on the Q-lattice shown in Fig. for valley n = 0. In the AB-stacked configuration,
the three-parameter model includes both interlayer and intralayer terms

s182 7

VO et (0) = [2087 cos (Jao ) + 2P cos (V3laoly) | [so]

Vo (v) = 20w sin (2]qola)] [so]

s1l;s2l

(S6.195)

51852

This model is already in both the zero-twist and SU (2) limits, thereby inheriting all the symmetries discussed earlier
in Sections [VI'Al and VI Cl

To discuss the topological properties of this model, we can simplify it further by setting ngB to zero. This is
justified because: (1) in the ab initio calculations, wj*B is smaller than w{® and w*B for both SnSe, and ZrS,, and
(2) reducing wéAB to zero still keeps the first two sets of bands individually gapped. The resulting two-parameter
AB-stacked Hamiltonian reaches the Cs, limit as outlined in Section @L Due to the SU (2) symmetry in each valley,
the system can again be treated as effectively spinless. As with the three-parameter AA-stacked Hamiltonian in
Section [VTET] this two-parameter AB-stacked model also possesses C2, 7 symmetry, which allows for a gauge choice
where the wave functions of isolated spin-degenerate bands become real. This leads to vanishing Berry curvature for
each isolated spin-degenerate band, confirming that all isolated bands in the system are topologically trivial. The
two-parameter model is adiabatically connected to the ab initio band structure, meaning that each approximately
degenerate set of isolated bands in the AB-stacked moiré Hamiltonian is topologically trivial.

Furthermore, because the simplified two-parameter AB-stacked model retains both Cs, symmetry (from the Cs,
limit) and 7 symmetry (from the zero-twist limit), it also exhibits M, = ZC,, symmetry. Consequently, depending on
the orbital shape, each gapped spin-degenerate topologically trivial band can be quasi-one-dimensional, as discussed
in Section [VIA2] similar to the AA-stacked case. Moreover, we note that the two-parameter AB-stacked model can
be mapped to the three-parameter AA-stacked model from Section by setting wi*® — 0, wy® — wiB, and

w — wAP in the latter. As such, for the trivial bands of the AB-stacked two-parameter model, the Wannier

orbitals will be located at
<Sgn (w5?) — sgn (wi‘AB)> an 1 (S6.196)
2 ’ :

($7 y) = ng

4

in valley 7.
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Model or limit Stacking | Zero-parameters Symmetries Crystallographic space group Valley
NL|Z |- / oz | Valley 4 |All valleys U(N)

First moiré AA |None X | X X P3121' (SSG 149.22)

harmonic P21’ (SSG 3.2) p U (1)
AB  |None XX X P3211' (SSG 150.26)

Jero-tuist AA  |wi for 3<i <6, wr for 6 <i <10 v |X| X |Pmm2l’ (SSG 25.58) |P6m21’ (SSG 187.210) U (2)

Eero-twis

AB  |wiB for 3 <i <4, wP for 8 <i <12 X |v| X |P2/ml’ (SSG 10.43) |P3m1l’ (SSG 164.86) U(1)
AA AA1 ?A7 AA1 TAA /AA‘ /AA7 IAA ) TAA

Cb. limit W oW bW W2 W7 WS TS |yl o, |P2221 (SSG 16.2) | P6221' (SSG 177.150) )
AB  |wiP, wi*® wiB wit® witP wi P, wig®
AA A WA Wi wh w A  wih wt P3121' (SSG 149.22

SU(2) limit s ot W5 W6 Mo WS 9 x |x|  x |P21 (SSG 3.2) ( ) U @)
AB |wit®, wi®, wi® wit®, P wit? P3211’ (SSG 150.26)

Two-center first AA WA for 1<i<10 x|x| x 521’@5@ 3.2) Lo |P3121 (G 149.22) v

monolayer harmonic IAA . ontlnuf) s translation ’ & @
AB  |wi** for1<i<12 X X X along CJy P3211" (SSG 150.26)

h . AA | All except wi®, wh?, and wiA V| X| Co. |Cmmml’ (SSG 65.482)| P6/mmm1’ (SSG 191.234) U Q)

ree-parameter —

AB  |All ezcept whB, wE, and wirB X |/| X |P2/ml’ (SSG 10.43) |P3ml11’ (SSG 164.86)

Two-parameter AB  |All except ws? and wi*P / V| Ca |Cmmml’ (SSG 65.482) | P6/mmml’ (SSG 191.234)| U (2)

TABLE S3. Summary of the additional symmetries present in the first moiré harmonic model under various limits for both
AA- and AB-stacking configurations. Each limit specifies the parameters set to zero, highlights any effective symmetries
with momentum-space non-symmorphic action (i.e., M, and Z), and indicates the presence of two-fold rotation symmetries

perpendicular to the heterostructure’s plane, such as Cs, or the effective Cs.. The corresponding crystallographic space groups

are listed assuming the momentum-space non-symmorphic symmetries act conventionally (i.e., with symmorphic momentum-
space actions). For the three-parameter AA-stacked model, the space group for the full model is provided when oo = 3%, for

m =0,1,...,5. Lastly, the continuous symmetry group in each valley is also indicated.

F. Summary of symmetries in different limits

This section summarizes the symmetries of the first moiré harmonic model across different limits for AA- and
AB-stacking configurations, as outlined in Table[S3] Notably, the low-energy ab initio spectra of both SnSe, and ZrS,
are well-approximated by simplified three-parameter and two-parameter models for the AA- and AB-stacked cases,
respectively. These models exhibit enhanced symmetries, including effective symmetries acting non-symmorphically
in momentum space. The table compares the various limits, listing the parameters set to zero, the presence of effective
symmetries, and the relevant crystallographic space groups. These space groups are determined by assuming that the
symmetries with momentum-space non-symmorphic actions act conventionally (i.e., symmorphically).

VII. DIRECT GENERAL DERIVATION OF THE MOIRE POTENTIAL INCLUDING GRADIENT
TERMS

This section further generalizes the results of the previous Section [V] by considering gradient terms in the moiré po-
tential. We begin by writing down the most general form of the moiré Hamiltonian, which includes the aforementioned
gradient terms. We then show how the form of the latter can be efficiently parameterized and constrained by the
exact symmetries of the 6 # 0 heterostructure, as well as by the approzimate symmetries of the § = 0 heterostructure.

A. General form of the moiré Hamiltonian with gradient terms

Following Ref. [5], we write down the most general expression for the single-particle moiré Hamiltonian

Hes 30 3 [ttt o [ (000, () s 0

N Mg,Ny s1,l1
s2,l2

(i)l () 00y s (1) (S7.197)

1,851,011
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which contains terms proportional to arbitrary gradients of the low-energy field operators introduced in Eq. (S4.73|).
In Eq. (S7.197), t,".0, (r) denotes the generalized moiré potential and obeys the following Hermiticity property

i, ) = (2, @) (57.198)

As a result, the integrand of Eq. (and not just the Hamiltonian as a whole) is a Hermitian operator. We have
also implicitly incorporated the intralayer “kinetic” part into the function t;?;;?z (r), as the distinction between the
conventional “kinetic” and moiré potential fades away in the general gradient expansion case. Note that in Eq. ,
without loss of generality, only terms where all derivatives act on either the creation or the annihilation operators
need to be considered, as we will prove below.

To see that Eq. indeed represents the most general form of the moiré Hamiltonian, we first notice that any
term containing spatial derivatives acting on the fermionic fields has the form

SO [, () i (00 (1)) 0500 e (1)

N sl
s2,l2
2, imatnl gt el gyl 7 ;
S [ @) (000G @) D, (0)
s1.l
T
+ {terms proportional to gradients of t/s?lysle (r)} .
1 2 1 . 4 . / nIJrn; n +n: f 5
:i Z Z /d rtsﬁll;sﬂz (I‘) [an+nm+ny+ny (833 4ayy Jw ,81,01 (I‘)) mez,lz (I‘)
n syl
salla
gt - e, grytny 2
(et gl @) OO Gy s (1)
+ {terms proportional to gradients of t-;rlllﬁszb (r)} ce (S7.199)

" ..., (r) is some moiré potential and the ellipses denote terms in which the field operators
16158262

have less than n, + n}, z-derivatives and less than n, + n; y-derivatives. We can therefore conclude that any term
appearing in the Hamiltonian featuring spatial derivatives of the fermionic field can be written as the sum between a
term where all derivatives act on the creation field and another term where the derivatives act on the annihilation field,
in addition to other terms containing strictly fewer derivatives acting on the fermionic fields. Using this observation,
we can straightforwardly prove (through induction) that any term having the form of the first line of Eq. can
be written as a sum of pairs of the form of the last equality of Eq. : each pair is a sum between one term in
which all spatial derivatives act on the creation field and a term where all spatial derivatives act on the annihilation
field; each pair contains an equal or smaller number of spatial derivatives as the original term

. . ’ ’ ~ /, TL,/ ~
>0 / @ty (1) ()0 (00t (1)) 08 0 s (1)

N s1,h
s2,l2

= X X [ o e (oot 1) s

mg<ng+n, 1 51’51
. ,
my<ny+n, S2,t2

()t ) 00 g s (1)) (87.200)

To prove Eq. , we note that Eq. (S7.200) is trivially valid for n,+n!, = ny—i—n; = 0. One then assumes it holds
for some n, 4+ n), = M, and n, + n; = M, (where M,, M, € N). Because the ellipses in Eq. (S7.199)) denote terms
with fewer spatial derivatives acting on the fermionic fields, it follows that if Eq. holds for n, +n!, = M, and
Ny +n’y = M,, it should also hold for n, +nl, = M, + 1 and n, + nfy = M, or n, +nl, = M, and n, +n’y =M, +1,
thus completing the inductive proof. In what follows, we will employ Eq. as the most general form of the
moiré potential.

As in the case where the moiré potential contains no gradient terms, the Hamiltonian from Eq. is diagonal
in the valley subspace and translation-invariant at the moiré lattice scale. As a result of the latter property, the
generalized moiré potential obeys

where 1y, ny, nj,ny, € N, ¢

tety (p 4 Ryy) =070 () ei(qWHZ’%Hl)'RM, for any Ry € Zay, + Zayy,, (S7.201)

s1l1;82l2 s1li;s2l2
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which is identical in form to Eq. (S4.77)). This follows from Eq. (S4.73|) which requires that
(8n18nywn 51,01 ( + RM)) (8;7118;77@1[}”’82’[2 (I‘ + RM))
(8”18"yw17 sl ( )) (8;”18;11412)7]7827[2 (I‘)) efi(qn-*—lz*Qn-*—h)'RM’ (87202)

for any ng,ny,mz,my € N and Ry € Zay, + Zapg,. In turn, Eq. (S7.201) enables us to express the generalized
moiré potential as the following Fourier series

NNz, Ny _ Mg, My i(qn+12+G—qn+Ll)-r
t5111;52lz (I‘) - Z {an+ll7qq+12+G:| s1l1:52ls € ’ (87203)
GeQ ’
Nz, My 2 77 N, My —i(qn+12+G—qn+l1)~r
[ qn+11,qn+12+G:| 81l1'82l2 /d Slll Salo ( ) € 9 (87204)

where we have used a notation analogous to Eq. (S4.76)), and cast the Hamiltonian from Eq. (57.197)) in momentum
space

H:

Qw nL ( y Qy)ny + (kfw - le)nm (k'y - Q;)ny Tnz,ny AT ~
Z Z [ Q,Q’ i| s sl ck,Q,sl,llckaQ',Sz,lT
k,ng,ny  s1,01 S1l138202
Q,Q'E€Q¢cr 5212
(S7.205)

In Eq. (S7.205)) the momentum-space moiré potential matrix coupling any plane wave-vectors Q, Q' € Qo is obtained
from Eq. (S7.204]) through

Mg,y o Mg, My f
= r an, . 2
TG as] = Tar i), L, forany Gi.Gae Qo ($7.206)

B. Restricting the generalized moiré potential using the exact § # 0 symmetries of the heterostructure

The form of the generalized moiré potential matrix TS’”(’;,y can be constrained using the exact symmetries of the
twisted heterostructure in the 6 £ 0 case. To start with, the moiré Hamiltonian from Eq. (S7.205)) is Hermitian, which
immediately implies that

T} [T””} ’ . S7.207
[ QQ s1l1;s2l2 Q.Q salajsily ( )
At the same time, moiré periodicity requires that

Too' =ToYdq+a: for GeQ, (S7.208)

which is equivalent to Eq. (S7.206). Additionally, the U (1) x U (1) x U (1) valley-charge symmetry will require that
the moiré potential always satisfies the analogue of Eq. (S4.72))

[T”f;gy]s =0 for QEQuuy and Q'€ Quin. with m #m. (S7.209)
1t1,52¢62
To obtain the constraints arising from crystalline symmetries, we note that for any symmetry g and momentum k
Ny 't
()™ (196,) " = D0 Unowgmn, (KSR, (57.210)
n

7 ’_
ny, +ny _nm+ny

with [gk], denoting the z component of gk. In other words, under a symmetry g a monomial in momentum components
transforms into a polynomial function of momentum components, in which each term has the same total power in
momentum as the original monomial. The corresponding matrix Uninyint, i, (g) is related to the totally symmetric
representation of g and can be obtained by direct construction from the cartesian representation of g. As such, for
every crystalline symmetry g, the generalized moiré potential will obey

Mg Ty MMy, () +
S U, @0Ta04 = Do) (Tara”) Do), (s7211)

Mg Ny
! !’
Ng+Ny=n, +ny
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where () indicates that a complex conjugation should be taken in the cases when g is antiunitary. Taken together,
Egs. (]S7.207[) and (|S7.211 constitute a series of homogeneous linear equations for the components of Tn””Qrfy By

solving the resulting system of equations, one can obtain the independent components of generalized moiré potential,
as well as its parameterization.

C. Restricting the generalized moiré potential using the approximate 6 = 0 symmetries of the
heterostructure

In the limit of vanishing twist angle 8 — 0, the generalized moiré potential can be additionally constrained by the
symmetries of the untwisted heterostructure. We follow the same strategy that we used to constrain the moiré potential
without gradient terms in Section We start from the family of Hamiltonian H (AR) introduced in Eq. (S5.96)),
but absorb the single-particle Hamiltonian of the single-layer material into the second term by a redefinition of the

Ss1ly:sals (AR, ré%z - rﬁ%l) matrix, such that the Hamiltonian H (AR) reads as

_ E : AR AR \ At .

H (AR) = S31l1;32l2 (AR,7 rl27R2 — I‘ll,Rl) aRI)Sl’llaszsle. (37212)
Ri,l1,51
Ro,l2,52

Such a notation treats the single-particle Hamiltonian of the monolayer material, as well as the interlayer contribution
on equal footing.

1. Moiré Hamiltonian in the local-stacking approximation with gradient terms

Making the same local-stacking approximation as in Section [VB2] we find that the moiré Hamiltonian of the
twisted configuration is given by

H=q Z d*z d2y Ssitysats ((R (X)) e " Ro.ty (g1+CQQKM)‘(X*%)eiR”2 (B2+C52Kn ) (x4 ¥)

g1,l1,81,m
g2,l2,52,m2

. vy - y
x ¢1T71,sl,l1 (X - 5) Pz 52,02 (x + 5)
%é Z / d*z d2y Ss1l;sals (6R (X> ,Y) e Ro.u (ngcgzKM)'(X*%)eiRe,ZQ (g+C7. K ) (x+3)
0

g:n
l1,81,l2,82

n Y\ 4 y
X ’(/}I],Sl,ll (X - 5) 1/}77752;l2 (X + 5)

Y [y
0 gm

l1,81,l2,52
y , . - 1K)
X (55111;5212 (5R (x - 5) ,y) wjhshll (X = ¥) yspiy () €700 (g+Ci. K )y

+ Ssil1:s0ls <5R (x + %) ,y) w;ﬁsl,ll (X) Vn, 50,05 (X+Y) ezRe,zz(ngC;gKM).y) ) (S7.213)
The first two lines of Eq. are identical to the first two lines of Eq. , with the exception that the
single-layer contribution has been incorporated into the Sy, ;,:s,1, (0R (x),y) matrix. From the first two lines to the
following two, we used the fact that Ss,;,.s,1, (R (x),y) is only nonvanishing for |y| < |ai|, and varies slowly in x on
the monolayer lattice scale, just as the low-energy fermionic fields. As a result, only the term for which the complex
exponential factor does not oscillate strongly on the single-layer lattice scale will survive. Compared to Section
we will not make any further assumption about the length-scale over which the low-energy fermion operators vary.

We will now focus on simplifying each term of Eq. . Because both terms are similar in form, we can simplify
only the second one, with the first one following in the same way. To do so, we begin by noting that the fermion field
operators can be expanded as

oo

Pt Gt 3) = 3 (v V)" i (30)

n=0
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> (nT+ny) yz yy

- 3

0= Oy s, (x)

nx7ny:O (ng +ny)!
= Z Yo" yy anzanwn,gl( X). (S7.214)
nx,nyfo

In turn, this allows us to rewrite the second term of Eq. (S7.213)) as

Z /de d2ye i(Ro,i,—Ro, ) (8+C3. Kar)x etRo.ia (e+Co.Knm )y
2Q
g7

l1,81,l2,82

X SS111,5212 (6R (X + ) ) wn s1,l1 ( )1&"%52’12 (X + y) =
Z /d2$ d2y p Re,z2—R9,Ll)(g+C§7ZKM)~X€i'R9,12 (g-‘ngZKM)'y

l1,81,l2,82
Y'Yy’ o SR -~
x ng!ny! silissala wn 51, 1 (%) 0770y sy 1, (X)
1
~aN,

Z /d2xd2y€ (Rg lp— Rg ,1)(g+C KM)'xeiRF),lg (ngC;zKM)-yefig,~5R(x+%)efik-y

g.g" k.
l1,81,l2,52

Yz y ne Ay
7; 'ny| 5511176212 (g k) ¢n s1,l1 ( )618:[/ ¢177527l2 (X)

i X[ ety Fana e ) xR )
SRR
(i)t ope o) o
X 551l1,s2l2 (g k) 1/177 51,01 ( )a;ha;lywn,smlz (X)

Ng!n,!

2,12
QNQO Z /dxdye

g.k,n
l1,81,l2,82

(i redp-of ; )
X £ Sslll;s2l2 (g7k) w:;,sl,ll (X) a:?za;}ywn’sz’b (X)

Ng!ny!

> /d%:e

l1,51,l2,82
nmany

%o Ok,
nw'ny' S5111;52l2 (g’k)

. . .. 0 N .
'ernglzngKM'ye_ig'aR(x)e_QZ sm(E)(ng)-%e—zk-y

X EORCIGT 1y () (=) TR Oy 0, ()

n,81,01

) (S7.215)
k=R, Cq. Ky —sin($§)(gx2)

where we have also used the Fourier representation from Eq. (S5.108|). Similarly, for the first term of Eq. (S7.213)),
we find that

L Z /d2x dee (Re 15— Ro, 11)(g+ngKM) x zRe 1 (g-i-C'gzKM)
200
g:n
l1,51,l2,52

X Surtysots (R (x - —) Y ) iy (= 3) s (%) =
Z /d2:1:e i25-Lqyx ,—ig-0R (%) ( nz+ny3n13ny¢n s (x )) %Smb (x)

l1,81,l2,82

Mg Ny

ooy
| SSll1§S212 (ga k)

Ng My

(S7.216)

k=R, C3. K +sin( ) (gx2)
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Putting together Egs. (S7.215)) and (S7.216)), we find that in the local-stacking approximation, the moiré Hamiltonian
with gradient terms can be written as

1 2, . —il2zh an-x,—ig R (x)
H =3 gzy; /d re Tz e

l1,51,l2,82

8]?:825 NNy ANe ANy T 7
X P Ssilyisals (8:K) (@ @ y@Iwayywn’shh (x)) U 50,15 (X)
v k=Rg, 1, C3, Knr+sin($§)(gx2)
8]?: ]?: ot NNty g Gy ],
non ' 55111;5212 (g>k) ,(/Jn,sl,ll (X) (_Z) ¢ yazzayywmsz,lz (X) : (87217)
v k:R9,12CQZKAf—SiH(%)(gXQ)

A few remarks are in order regarding Eq. (S7.217)):

1. In principle, one could obtain the moiré Hamiltonian, by performing multiple ab initio simulations for untwisted
bilayer systems displaced by different positions. Effectively, this amounts to computing Ss,i,:s,1, (AR, 1) for
multiple values of AR. In turn, this allows one to obtain the generalized moiré continuum Hamiltonian through

Eq. (S7.217).
2. It is worth noting that Eq. (S7.217) does not exactly match the form of Eq. (S7.197)). Specifically, in Eq. (S7.197)),

the matrix elements multiplying the term with all the gradients acting on the creation operator and ones
multiplying the term with all the gradients on the annihilation operator are the same, unlike Eq. , where
they are merely hermitian conjugate of one another. This difference is just a matter of notation. Eq.
represents one possible, but not the only, fully general parameterization of the generalized moiré Hamiltonian.

One could recast Eq. (S7.217)) into the form of Eq. (S7.197)) by performing a series of integrations by parts,
though this falls outside the scope of our current discussion.

3. In the following Section [VIIC 2| we will show that Eq. (S7.217) can be further simplified by taking the limit
6 — 0. By doing so, we will show that Eq. (S7.217]) becomes manifestly of the form of Eq. (S7.197]).

2. Further simplification in the zero-twist limit

In order to simplify Eq. in the limit of vanishing twist angle, we now take the limit § — 0. We cannot
ignore the finite twist angle in the exponential prefactors of Eq. 7 since x assumes values over the entire space.
However, we can impose the limit # — 0 in the momenta at which the Ss,;,.s,1, (8, k) is being evaluated. By doing
so, we directly obtain

1
H~= E
2

g'n  Neny=
l1,81,l2,52

Llo—1 P N
% /d27" et 27 1qn-re—2151n(%)(gxz)-r

Z - s1l1;s2l2 (ga k)
0

Ng!ny!

k=C K

x [(memapeapedt 1 (0) sty () + (=) H B @) 00, ()] (57.218)

Comparing Eqs. (S7.197) and (S7.218)), we find that in the local-stacking approximation and with the zero-twist limit
imposed, the real-space generalized moiré potential is given by
o= oY
e () =Y S Sael (8, k)
g

ng!ny!

67#2?1qn.re—Qisin(g)(gXi)"'_ (S7.219)
k=CJ K

To obtain the momentum-space generalized moiré potential, we employ Eq. (S7.204) and perform the integral in the
same way as it was done in Eq. (S5.121))

Mgy T alZLTal?u G+ =1 1l Xz
[T ity - s1l1;s2l2 <[ (1 2) i 1] 7k

q"+11’q"+l2+G} silissala nz!ny| 2sin (g)

(S7.220)

k=C2 K

Eq. (S7.220) is a one-to-one correspondence between the moiré potential and momentum derivatives of the Sy, i, 5,1, (8, k)
matrix evaluated at the C7, K point, akin to the one of implied by Eq. (S5.121) for the case without gradient terms.
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8. Constraining the gemeralized moiré potential in the local-stacking approximation

As in Section we can additionally constrain the generalized moiré potential T “" in the limit of vanishing

twist angle by constraining the Ss,i,.s,1, (8, k) matrix. Specifically, as a result of Eq 1' under a crystalline
symmetry g, the latter obeys

Z [DSl(g)] 5151 Sgl)1;szl2 ( k) [DSI( )] 8582 = 55/1595153'2€gl2 (6ggg7gk) : (S7'221)

51,82

Because the momentum derivatives of Ss,1,:s,1, (8, k) appear in Eq. (S7.220) it is useful to derive the symmetry
constrains imposed by ¢ on the partial derivatives of Ss,;,:s,1, (&, k) with respect to k. To do so, we begin by noting
that

s O O, Vlgh m my
TS Sk =i (oK) (19K,) " = GOy, (57.222)

Because the components of gk are linear combinations of the components of k, we must have that
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where Wi, n,in. ) (g) is a matrix which will be obtained below. Using the second equality in Eq. (S7.222)), as well as

Eq. m, we ﬁnd that
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from which we can immediately conclude that
W(g) =U"}(9), (57.225)

where the matrix U(g) was defined in Eq. (S7.210)). As a result of Eqs. (S7.223)) and (S7.225), we can conclude that

Ok 8,? , 89{(1 a[gi
o hy Z Unz,ny;n;,n;(g)W, (S7.226)
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By differentiating Eq. (S7.221]) with respect to k and employing Eq. (S7.226)), we obtain
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which, upon substituting k = C7,K s, becomes

o= oY
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As in Section [VB 3] the exact symmetries of the heterostructure in the # # 0 case can either be imposed through
Eq. (S7.211) or through Eq. , while the zero-twist symmetries can only be imposed indirectly through
. In practice, we first impose the exact § # 0 symmetries on the generalized moire potential through

. One can then further simplify the generalized moiré potential by using Egs. and (| m In
the AA- stacklng case, additional constraints arise from the Z symmetry, while in the AB- stacklng case, the generalized
moiré potential can be additionally constrained by the M, symmetries.

VIII. FIRST-PRINCIPLES RESULTS FOR TWISTED BILAYER MATERIALS WITH VALLEY
PROJECTION

This section is dedicated to the valley-projected Hamiltonians of twisted SnSe, and ZrS,, as obtained from ab
initio methods. We begin by outlining how the valley-projected Hamiltonians are constructed from the corresponding
OpenMX ones [37H40]. A key method employed to this end is the Léwdin orthogonalization [41H44], which will also
be briefly reviewed. The resulting valley-projected Hamiltonians will be employed in Section [XI|to directly obtain the
parameterized continuum moiré Hamiltonians. Lastly, we present some preliminary ab initio results on the valley-
projected spectrum of twisted SnSe, and ZrS,, including the energy dispersion across a range of commensurate angles
and the charge density distribution (CDD) at the smallest twist angle considered, § = 3.89°. More comprehensive
results at all angles, various continuum models, and further discussion are provided in Section [XI}

A. Loéwdin orthogonalization

We begin by reviewing Lowdin’s orthogonalization method [41H44]. Since this approach can be applied more
broadly (i.e., not just in the context of moiré materials) and to avoid keeplng track of many indices, we will employ

a Streamhned notation in this section, which is also summarized in Table Consider a Hamiltonian operator H
whose energies and corresponding eigenstates are given by €; and [1);), mspec‘mvely7 such that

H [v;) = € |¢hi) - (58.229)
In Eq. (58.229)), ¢ indexes each eigenstate and

(Wilh;) = 645 (58.230)
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States|Defined in |Meaning

[1)s) Eq. Eigenstates of H
) Section Trial states
> Eq. Projected trial states
q~51> Eq. Refined trial states
‘cpﬁ > Eq. Non-orthonormal basis states

TABLE S4. Summary of notation used in Section [VIII] Each state is listed along with the place where it is defined and a brief
description of its physical meaning.

We now take a set of N linearly independent trial states |¢;), indexed by 1 < j < N. Our goal is to project the
Hamiltonian H onto these trial states. We first assume that the Hilbert space spanned by |¢;) is ezactly identical
to an N-dimensional eigensubspace of H and the trial states |¢;) are orthonormal. The spectrum of the projected
Hamiltonian, whose matrix elements are given by (¢;| H |or) (for 1 < j,k < N) ezactly matches the N-dimensional
eigensubspace of H. R

More often than not, the trial states do not exactly span an N-dimensional eigensubspace of H. For example, the
s orbitals of Sn in monolayer SnSey have a high overlap with the lowest gapped conduction band, as shown in Fig.
but the Wannier orbitals of the band are described by effective molecular s-like orbitals that also have significant
weight on the Se orbitals, and not just on the s orbitals of Sn. In such cases, any eigensubspace of H will not be
exactly preserved under the naive projection (¢;| H |¢x) (for 1 < j,k < N).

To address this, we aim to obtain a refined set of orthonormalized states ‘q%> that are adiabatically connected to

the original trial states |¢;), but ezactly span an N-dimensional eigensubspace of H. This ensures that the projected
spectrum of H is identical to a particular N-dimensional eigensubspace of H. In our SnSe, analogy, |¢;) represent the
linearly independent (but in general non-orthonormal, due to the nonzero overlaps of different trial states) s orbitals
of Sn, while ‘qgj correspond to the orthonormal Wannier orbitals of the bottom conduction band, which also behave
as effective s orbitals located at the 1a Wyckoff position from a symmetry standpoint. Léwdin orthogonalization is a
method used to adiabatically refine a set of trial states |¢;) (with 1 < j < N), such that a relevant N-dimensional
portion of the energy spectrum of H is exactly preserved under the projection onto the resulting refined trial states

)

1. Obtaining the refined trial states

To illustrate Lowdin orthogonalization, we consider a gapped N-dimensional eigensubspace of H spanned by the
states |¢;) defined in Eq. (S8.229), for j € A. Given the N trial states |¢;), we want to obtain N refined trial

q/;i> (adiabatically connected to the |¢;) states), such that the eigensubspace A is exactly preserved under the

states

projection of H onto the states

q31> To this end, we define the projector in the eigensubspace A to be

Pa=Y w5 Wyl (S8.231)
jEA
The projected trial states
6;) = Palg;), for 1<j<N ($8.232)

will exactly span the eigensubspace A (provided that |q§j> are linearly independent, which we assume to be the caseEb.
They are, however, not orthonormal, with their (Hermitian) overlap matrix being given by

Sij = ($i|d;) = (dil Pale;), for 1<i,j<N. (S8.233)

7 We also assume that the trial states |¢;) have finite overlap with the eigensubspace A. In other words, PA |pj) # 0.
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The matrix S is positive semi-definite, since it is the restriction of the positive semi-definite operator PA on the space
spanned by |¢;). As we assume ’¢>J> are linearly independent and nonzero, the matrix S has no zero eigenvalues,

meaning that it is positive definite. This allows us to orthonormalize the projected trial state |$]> and obtain the
refined trial state [41H44]

‘&j> = i |p:) (8*1/2)“ : (S8.234)

i=1
where S=1/2 is the unique positive definite matri such that (S 1/ 2) . The trial states are orthonormal
o N o N
(3= 32 (), Gl (572),, = 52 (7)o (5) =0 s
i’,j'=1 i, =1

and exactly span the eigensubspace A, by virtue of being linear combinations of the |¢_)j> states. The projected
¢~>j> basis is given by H;; = <<51 H <5]>
All that is left to prove is that the refined states ‘¢j> are adiabatically connected to the trial states |¢;) (meaning

Hamiltonian matrix into the

that |¢;) transform in the same way as ’J)J> under the symmetries of the problem). To this end, assume that under

a symmetry g of H ([ﬁ,g} = 0), the trial states transform as

N
gles) = Uijlai), (S8.236)
=1

where U;; is some N-dimensional unitary matrix. Since PA, g} = 0, it follows that the projected trial states introduced
in Eq. (S8.232) transform in the same way as Eq. (S8.236]) under the symmetry g, which implies that

Z Us:SS Uy, (58.237)
i, =
with (*) denoting a complex conjugation in the cases in which g is antiunitary. As a result, we find that

9]d;) = Z [60) Ui (S ”2)(_%)

)

1,1/ =1
N —
= Z |i) (S 1/2) Uit
ir,j'=1
v
_ ~;> Ujij, (S8.238)
§'=1

which means that the refined states transform in the same way as the original trial states, while spanning the N-
dimensional eigensubspace A of H.

Finally, it is important to reiterate the significance of Léwdin orthogonalization: it refines a set of trial states such
that a chosen eigensubspace A is eractly preserved under the projection onto the reﬁned basis. One might wonder, since
Loéwdin orthogonalization employs the projector PA (which, as shown in Eq. , requires explicitly obtalmng
the eigenstates from .A4), why not simply use the states |¢)) ; (for j € A) to form the projected Hamiltonian directly?
There are two key reasons:

8 In practice, S~1/2 is obtained by diagonalizing the S matrix as S = VDV, where V is unitary and D is diagonal with strictly positive
entries. Defining D~1/2 as the diagonal matrix with elements (D_1/2) = A we compute ST1/2 as §~1/2 = v D~ 1/2yT,

(X2 /D“
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e Projecting H onto |¢;) affords the projected Hamiltonian in the band basis, but not in a basis adiabatically
connected to the trial states. For example, in the case of the moiré Hamiltonians, we need the projected moiré
Hamiltonian in the plane-wave basis, not the band basis.

e While constructing the entire projector PA requires finding the states [¢) j (for j € A) via full diagonalization

or shift-and-invert methods, its action on the trial states (i.e., Py |¢)) can be computed more efficiently using
contour integration techniques [45].

2. The Léwdin orthogonalization in a non-orthonormal basis

The Kohn-Sham Hamiltonians used in this work, obtained through ab initio methods, are generated with
OpenMX [37H40], which employs a pseudo-atomic localized basisﬂ This basis is linearly independent but is not or-
thonormal. For completeness, we now show how the Lowdin orthogonalization, reviewed generally in Section [VIITAT]
can be applied for such a non-orthonormal basis.

Let |a) denote a complete non-orthonormal basis (for a lattice Hamiltonian, this would be the atomic orbital basis).
The matrix elements of the Hamiltonian H in this basis, and the overlap matrix of the |p®) states, are given by

HP = (p°| H ), (S8.239)
5% = (%P, (S8.240)

where S,z is a positive definite matrix. The components of the eigenstates of H and those of the trial states |p;) in
the basis |¢®) are

) = >0 ™), (98.241)
6i) =D 62 ™), (58.242)
with the vectors ¢ satisfying the generalized eigenvalue equation
S HPY! =y 5Py? (S8.243)
B B
and being orthonormal with respect to the overlap matrix S#
) 52yl = 5. (S8.244)
a,B

To perform the Léwdin orthonormalization of the ‘qgl> projected trial states, we follow the same procedure as described

in Section [VIIT A 1} The Loéwdin overlap matrix, as given in Eq. (S8.233]), is expressed as
Sij = (Gils) = (bl Palég) = D {dilwow) (wrlég) = D D (#7)" S*P 0 (7)" 57°45. (S8.245)
ke A a,B,v,0 keA
Using the Léwdin overlap matrix S, the refined trial states can then be directly obtained from Eq. (S8.234). In the
non-orthonormal basis |a), the refined trial states are expressed as

bi) =D o), ($8.246)

with
~ N *
o =33 S (vf) 57 (s72) (8.247)
i=1 k€A B,y "
Finally, the projected Hamiltonian matrix reads as

Hyj = (6| ’éj> = (&g)" HoBG. (98.248)

a,

9 The pseudo-atomic basis has the same symmetry properties as atomic orbitals but is variationally optimized to reduce the computational
cost for large-scale ab initio calculations [37H40]
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B. Obtaining the plane-wave moiré Hamiltonians from ab initio simulations

We employ the Léwdin orthogonalization method followed by projection into the refined basis, in order to construct
the valley-projected Hamiltonians for the twisted bilayer systems. This procedure is carried out in two steps:

1. We begin by projecting the ab initio Kohn-Sham Hamiltonian onto a set of Wannier basis functions, which are
constructed via Lowdin orthogonalization of trial atomic orbitals. For twisted SnSe,, these trial states are the

s orbitals of Sn, while for twisted ZrS,, they are the d,2, d;2_,2, and d, orbitals of Zr.

2. The resulting Wannier-projected Hamiltonian is further projected into each of the three M valleys, by employing
a truncated atomic plane wave (TAPW) basis around each valley [46].

Although these two steps can theoretically be combined into a single step that directly projects into each valley, we
find that, in practice, the second step requires a careful selection of the projection eigensubspace A and trial wave
functions (i.e. number of plane wave states). Therefore, we maintain them as two distinct steps to allow for more
precise tuning of the valley projection steps. In the following, we provide a more detailed explanation of each of these
two steps.

Our ab initio simulations are performed using the OpenMX [37H40] package, which outputs the Kohn-Sham Hamil-
tonian in a non-orthonormal pseudo-atomic basis. We let |@;1.q.s (R4 Ti1o)) denote the basis state corresponding
to orbital & and spin s, located in the moiré unit cell R. Because we work at commensurate twist angles (such that
the moiré unit cell contains an integer number of monolayer unit cells), each basis state is additionally labeled by the
integer 4, which indexes the monolayer unit cell from layer [ within the moiré unit cell R. The orbital is also displaced
by T; o from the moiré unit cell origin. In this section, we adopt the notation outlined in Section m which is
further summarized in Table [S4] for trial, projected trial, non-orthonormal basis states, etc.. Additional indices such
as layer, spin, and unit cell are appended as needed.

The Kohn-Sham spectrum can be determined from the OpenMX Hamiltonian and overlap matrices, which are
defined by

Hi s g (6) = Y Tt RET000) (o) o (Tit0)| ks i 5.0 R+ Ti08) (S8.249)
R

Sitasii s (K) =Y M Tt T RIT0) (1) o (Tina)[0ir s (R A+ T ) (58.250)
R

whqre k denotes the moiré crystalline momentum and I:IKS is the Kohn-Sham Hamiltonian. The ab initio spectrum
of Hykg can be found from H; ;o s:j.17,8,s (k) and S; ;. a.s:5,07.8,s (k) by solving a generalized eigenvalue problem.

1. The Wannier projection step

In the first step, which we denote as the Wannier projection step, an appropriate low-energy eigensubspace and a
set of trial Wannier orbital states must be selected. For the case of twisted bilayer SnSe,, the spinful s orbitals of Sn
provide a suitable set of trial states. Note that while both Sn s and Se p orbitals contribute to the M valley, using
only the Sn s orbital is sufficient to reproduce the bands when applying the Léwdin orthogonalization method to
the corresponding trial states. The low-energy projection eigensubspace is defined by the lowest set of gapped moiré
conduction bands originating from the bottom gapped (spinful) conduction band of the monolayer. This results in a
total of Niayer X Ng X Ngpin X Nyrial = 4N, trial states, where N, is the number of monolayer unit cells within the
moiré unit cell, Ngpin = 2 is the number of spin flavors and Ny = 1 is the number of trial orbitals within each
monolayer unit cell. For ZrS,, we choose the d .2, d,2_,2, and d,, orbitals of Zr as the trial Wannier orbitals, resulting
in Nayer X Ng X Ngpin X Nipial = 12N, trial states (where Niia1 = 3). The low-energy projection eigensubspace in this
case consists of the 12N, gapped moiré bands, originating from the three lowest gapped (spinful) conduction bands
of the monolayer.

In the Lowdin orthogonalization method, the number of states in the eigensubspace A must match the number
of trial states. For SnSe,, the first gapped moiré conduction bands arise from the monolayer’s lowest-energy spinful
gapped band (see Fig. [S1)), so we include one atomic orbital trial state per monolayer unit cell. In contrast, for ZrS,,
these bands come from a set of three spinful gapped bands with significant overlap with the d,2, d 2_,2, and d,
orbitals of Zr (see Fig. . As such, we include three atomic orbital trial states per monolayer unit cell in ZrS,,
corresponding to the d,», dz2_,2, and dg,, orbitals of Zr.

Denoting the trial states by |¢iia.s R+ Tisa)), where 1 < a < Niya, we can find the refined trial states

q%jha,s (R+ Ti7l,a)> through the Lowdin orthogonalization procedure reviewed in Section [VIIT Al The refined trial
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states are adiabatically connected to the original trial atomic orbitals. As such, they can be indexed with the same
quantum numbers, with a = 1 in the case of SnSe, (since we include only one spinful s orbital per monolayer unit cell
in the trial state basis) and o = 1,2,3 for ZrS,, which, respectively, correspond to the d,2, d,2_,2, and d,, orbitals
of Zr.

The Wannier projected Kohn-Sham Hamiltonian is given by

Hi,l,a,s;j,l’,ﬁ,s’ (k) = <(Z;i,l,a,s (k)‘ I;[KS ‘ng,l/,ﬁ,s/ (k)> ) (88251)

where the Fourier-transformed refined trial states are given by

2 1 e
Dila,s (k)> = i Ze“‘ (R+Ti1,0)
R

Pitas (R+ Ti,l,oz)> ; (58.252)

with N denoting the number of moiré unit cells. Because the number of trial states is significantly smaller than
the number of OpenMX basis states, the Wannier projected Hamiltonian matrix H; o s;j,v.8,s (k) is much easier to
manipulate than the original OpenMX matrices from Egs. (S8.249) and (S8.250)). Additionally, the refined trial states
are orthonormal, meaning that the spectrum of H; o s .1 5.« (k) can be found by solving a conventional eigenvalue
problem.

2. The valley projection step

After constructing the low-energy Wannier-projected Hamiltonian, we proceed with the valley projection. This
step, while similar to the TAPW method [46], incorporates an additional Léwdin orthogonalization on the trial states,
ensuring that the resulting projected Hamiltonian exactly matches the low-energy ab initio spectrum. The trial states
used in the valley projection are written as atomic plane-wave combinations of the refined trial states from the Wannier
projection step outlined in Section [VIITBI]

1 .
s (k,G)) = i(k+G) (RT3 1,0
61,5 (k, G)) mgze

1 § eiG'Ti,z,a,s
VN, ;

Pitas (R+ Tz‘,l,a)>

éi,z,a,s(k)>, with o = 1. (S8.253)

In Eq. , N, is the number of monolayer unit cells in one moiré unit cell, k denotes the moiré Bloch momentum
assuming values in the first moiré BZ, and G are the reciprocal moiré lattice vectors G € Q. The moiré reciprocal
vectors G characterizing the trial states are selected such that k + G is close to one of the three M valleys. This
gives a total of Niayer X Nepin X No X Ng trial states used in the valley projection step, where Ng is the number
of plane-wave states considered per valley. For each G, layer [, and spin s, we select a single orbital for both SnSe,
and ZrS,, corresponding to the effective s or d,2 Wannier orbitals, respectively. For ZrS,, despite the first Wannier
projection step considering three d orbitals of Zr, only the d.2 orbital (having maximal overlap with the lowest-energy
monolayer states near the M point) is considered during the valley projection. After Léwdin orthogonalization, the
resulting refined trial states are linear combinations of all Zr d orbitals.

Armed with the trial states from Eq. ([S8.253]), we obtain the corresponding refined trial states ‘@75 (k, G)> through

the Lowdin orthogonalization method reviewed in Section [VIITA] The low-energy projection eigensubspace used for
the Lowdin orthogonalization consists of the lowest-energy states of the Wannier-projected Kohn-Sham Hamiltonian
defined in Eq. . The number of states in this subspace matches the number of trial states used in the valley
projection step. The moiré Hamiltonian expressed in the plane-wave basis from Eq. is then obtained by

projecting the Kohn-Sham Hamiltonian into the refined trial states ‘(fbl,s (k, G)>

[hgljg’ (k)}81l1§52l2 = <¢ll781 (E’ G) ’ Hys ’@2752 (E7 G/)> ) (58.254)

where
CIKY, +k-Q=k+G, with Q€ Q,,;, and Ge Q, (S8.255)
CIKZ +k—Q =k+G', with Q€Q,, and G’ €Q, (S8.256)

for 0 <np <2
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FIG. S17. Mapping between the M valleys of the monolayer and moiré BZs. The red (blue) hexagons represent the top (bottom)
monolayer BZs for twist indices m = 2 (larger hexagons, with 6 ~ 13.17°) and m = 3 (smaller hexagons, with 6 =~ 9.43°).
The twist index m is defined in Eq. (§8:257). Black hexagons denote the moiré BZs. The red (blue) dots correspond to the
momentum sublattices Q41 (Q—_1), as defined in the continuum model and shown in Fig. [S15| For twist angles with even
indices m, the M point of layer [ belongs to the momentum sublattice Q;, while for odd twist angles, it is mapped to Q_;.
This behavior contrasts with that of the continuum model, where the M point of layer [ is consistently mapped to sublattice
Q;. Note that for better visualization in the plot, we maintain a fixed size for the moiré BZs while adjusting the size of the
monolayer BZs. This approach is contrary to the actual scenario, where the monolayer BZs remain constant and the moiré BZs
vary with different twist angles.

3. Alternation in the mapping of M points between the monolayer and moiré BZs

According to Egs. d88.251|) and (]SS.Q54D, the low-energy spectrum of H; j o «jir 5.5 (k) should match the spectrum
of [hgf‘g, (k)]slll;s2lz, provided that k and k are related by Eq. (S8.255). We now examine this correspondence in
detail for the commensurate twist angles considered in this study.

Fig. illustrates the relationship between the moiré and twisted monolayer BZs. In our ab initio simulations, we
employ the following commensurate twist angles, as described in [47]:

meN, (S8.257)

3m2 +3 1/2
0, — arccos (m+m+/> ,

3m2+3m+1

which are indexed by the twist index m. Considering Egs. (S8.255)) and (S8.256) at 6 = 6,,, we have

l
2 C'k—q=C"k+G, for GeO,
(‘f (2m + 1)> lqo| + C5. q 5, K+ or Q

1-1 _
f%le + <m + 2) by, = C3 (k—k) +G, for GeQ. (S8.258)

This demonstrates that

(S8.259)

k, foreven m
k+q,, forodd m
In other words, for even commensurate twist angles, as defined by Eq. (S8.257)), the low-energy spectra of the

Wannier-projected Hamiltonian from Eq. (S8.251) and the moiré Hamiltonian hg, (k) are identical at the same

momentum k. For odd commensurate angles, however, the spectrum of the continuum Hamiltonian hglf, (k) in
58.251))

valley 7 is shifted by q, relative to the low-energy spectrum of the Wannier-projected Hamiltonian from Eq. (
This relative shift can be understood visually by considering Figs. [S15]and [SI7] In the continuum model illustrated
in Fig. the M point of layer [, located at Ké\/l, is consistently mapped to the moiré Bloch wave vector k = Iq;.
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FIG. S18. Valley-projected band structures of twisted bilayer SnSe, for twist angles ranging from 9.43° to 3.89°. Panels (a)-(f)
represent the AA-stacking configuration, while panels (g)-(1) correspond to the AB-stacking configuration, with the twist angle
specified above each panel. The plots display only the bottom conduction bands, with contributions from the three M valleys
distinguished by different colors. The high-symmetry points used in the plots are defined in Fig. [S15(c)|

However, for the commensurate angles defined by Eq. , this mapping to k = Iq; holds only for even m. For
odd m, the M point of layer [ is instead mapped to k = Iq_;.

When plotting the ab initio spectra, we always align k along the same high-symmetry line. The spectra are then
compared with those of hq,q (R) for even commensurate angles, and with the spectra of hq,q’ (R+ qn) (where
Q, Q' ¢ 9,) for odd commensurate angles.

C. Valley-projected band structure and charge density of SnSe,

In Fig.[ST8] we present the M-valley-projected band structures for SnSe, in the AA- and AB-stacking configurations.
As the twist angle decreases from 9.43° to 3.89°, two sets of conduction bands near the band minimum become gapped
from the higher conduction bands. Each set consists of six bands originating from the three M valleys, with each
M valley contributing two nearly degenerate bands due to the approximate SU (2) symmetry of the monolayer, as
discussed in Section [TATl

Within each gapped set, the six bands further split into two subsets of two and four bands, a feature that can be
understood through symmetry considerations. At small twist angles, the M valleys are decoupled, and the symmetries
of the moiré heterostructure relate the valleys along the high-symmetry paths. We analyze the AA-stacking case as
follows:

e Along the I'y; — M), line, the four nearly degenerate bands originate from valleys 17 = 1,2. This line possesses
C5, symmetry, which exchanges the valleys n = 1 and 1 = 2 while preserving the valley n = 0. This symmetry
leads to the observed four-fold degeneracy among bands from valleys n = 1, 2.

e Along the My, — K path, the four nearly degenerate bands also stem from valleys n = 1,2. Here, the Cy, T
symmetry of the high-symmetry line exchanges the n = 1 and 1 = 2 valleys while preserving the valley n = 0.

e Along the Kj; — I'ys line, the bands from valleys n = 0 and n = 2 are nearly degenerate. The Ky — I'ps
line is characterized by C5 1197 symmetry (i.e., a twofold rotation along the ap;, — ap, direction followed by
time-reversal symmetry), which exchanges valleys n = 0 and n = 2, while leaving the valley n = 1 invariant.
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FIG. S19. The ab initio spectral weight on the Q-lattice for twisted AA-stacked SnSe, at § = 3.89°. Each row, labeled (a)-(d),
focuses on one of the lowest four sets of conduction bands in valley n = 0 at Tas, Mas, M), and Kas. The high-symmetry
points are marked by black circles in each plot. Each set comprises two bands originating from the two approximately SU (2)-
degenerate bands. The total spectral weight is normalized to 1 in each plot. The charge at each Q point corresponds to the
square of the respective wave function component. Notably, the charge distribution is localized at the Q sites close to the wave
function’s momentum for the lowest four bands, as expected.

In the AB-stacking case, the degeneracy between bands originating from different valleys remains the same but is
protected by different symmetries. The I'py — Mas, Mas — Kps, and Ky — I'ps lines are invariant under the Cy, T,
Cyy, and Cz 110 symmetries, respectively. These symmetries relate the three M valleys in a manner analogous to the
Caz, Coz T, and Cy 11797 symmetries in the AA-stacking case, resulting in the same band degeneracy.

Next, we analyze the distribution of the spectral weight on the Q-lattice at various high-symmetry points of the moiré

BZ. Specifically, let the wave function of the n-th band in valley 7 at k be uq,s,i;n,n (k). We plot Y |uq,s,inn (K)|

2

on the Q-lattice. In Fig. we show the spectral weight distribution on the Q-lattice for the lowest four sets of
conduction bands in valley n = 0 for AA-stacked SnSe, at § = 3.89°.

Additionally, Figs.[S20(a)| and [S20(b)| show the real-space CDD of twisted AA-stacked SnSe, at § = 3.89°. For the
lowest set of conduction bands, the charge density is localized near one of the two honeycomb sites, %aM1 + %aMQ,
forming a triangular lattice. The second-lowest set of bands displays three C3,-symmetric peaks surrounding the
honeycomb site, resembling a distorted kagome lattice. However, these peaks do not precisely align with the kagome
sites, as the system lacks sufficient symmetry to pin the Wannier center at the kagome positions. In Figs.
and we show the valley-projected CDD for valley n = 0. For the first set of bands, the charge density is
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FIG. S20. The ab initio charge density distribution (CDD) of twisted AA- and AB-stacked bilayer SnSe, at 8 = 3.89°. (a) and
(b) depict the total charge density from the three M valleys for the two lowest sets of conduction bands in the AA-stacking
configuration (with the first set being the lowest), while (c¢) and (d) show the valley-projected CDD for valley n = 0. (e)-(h) are
the same but for the AB-stacking configuration. In each plot, red regions indicate high CDD, blue regions indicate low CDD,
the two black arrows represent the moiré unit cell basis vectors, and the hexagon marks the Wigner-Seitz cell.
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FIG. S21. Valley-projected band structures of twisted bilayer ZrS, for twist angles ranging from 9.43° to 3.89°. The layout of
the figure is identical to Fig. but applied to ZrS,.

localized near one honeycomb site. For the second set, the charge is concentrated around fayy, (i.e., near one of the
three kagome sublattices).

In Figs. [S20(e)| to |S20(h)|, we present the CDD for AB-stacked SnSe, at a twist angle of § = 3.89°. As shown
in Figs. [S20(e)| and [S20(g)} the charge distribution of the first band peaks near the kagome sites, with the Wannier
orbitals from each valley approximately localized at one of the three kagome sublattices.
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FIG. S22. The ab initio CDD of twisted AA- and AB-stacked bilayer ZrS, at 8 = 3.89°.The layout of the figure is identical to
Fig. [520] but applied to ZrS,.

3001 300

4001 /

200 200

200 100

0 o: ~ 0

0 " i i i " i i i
I'm Mum Ku T'm 'm Mu Ku T'm 'm Mum Ku TI'm 'm Mu Ku TI'm

100

FIG. S23. Effects of lattice relaxation on the band structure of twisted AA-stacked SnSe,. The panels show the valley-projected
ab initio band structure of twisted AA-stacked SnSe, at both large and small twist angles, as indicated above each plot. (a)
and (b) correspond to fully relaxed crystal structures, while (c¢) and (d) represent unrelaxed structures where the monolayers
are rigidly stacked without considering lattice relaxation, either in-plane or out-of-plane.

D. Valley-projected band structure and charge density of ZrS,

In Fig.[S21] we show the M-valley-projected bands of twisted ZrS, for both the AA- and AB-stacking configurations,
with twist angles ranging from 9.43° to 3.89°. Similar to SnSe,, two sets of isolated bottom conduction bands emerge
as the twist angle decreases to 3.89°.

The corresponding CDD of twisted ZrS, is shown in Fig.[S22] For the AA-stacked case, the lowest set of conduction
bands has its charge density localized at a single honeycomb site, %aM1 + %aMQ. The corresponding Wannier orbitals
form three nearly overlapping triangular lattices, one for each valley. The CDD of the second-lowest set of bands
exhibits three Cj.-symmetric peaks surrounding the same honeycomb site. Analyzing the valley-projected charge
density reveals that, for the second set, the charge splits into two peaks near the honeycomb site. In the valley
1 = 0-projected CDD, the charge distributions between the two layers are related by Cs, symmetry.

For the AB-stacked configuration, shown in Figs. [S22(e)] to [S22(h)] the charge distribution resembles that of the
AA-stacking case but is instead centered at the triangular site 1a. Additionally, in the AB-stacked case, the charge
densities of the two layers are related by Ca, symmetry.

E. Effects of lattice relaxation

Lattice relaxation has a significant impact on the electronic spectra of moiré heterostructures. A key feature of
our ab initio calculations is the use of a comprehensive relaxation procedure that accounts for both in-plane and
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out-of-plane atomic displacements. In Fig. we provide a detailed comparison of the effects of lattice relaxation
on the band structure of AA-stacked SnSe,. Specifically, we contrast the fully relaxed energy spectra at large and
small twist angles with those obtained using unrelaxed crystal structures.

For the unrelaxed structures, the monolayers are rigidly stacked without any in-plane atomic displacements (aside
from those resulting from the relative twist angle), and the interlayer distance is fixed to a constant value corresponding
to the average interlayer separation in the fully relaxed heterostructure.

Inspecting Fig. [S23] we find that lattice relaxation induces both qualitative and quantitative changes in the moiré
band structure. Notably, the energy gaps shrink significantly in the unrelaxed band structures. These findings
highlight the crucial role of lattice relaxation in shaping the electronic spectra of M-point moiré materials, consistent
with observations in other moiré heterostructures.

IX. OBTAINING CONTINUUM MODEL FROM AB INITIO SIMULATIONS

The ab initio moiré Hamiltonian from Eq. is computed only at a finite set of k points throughout the
moiré BZ. However, it is often desirable to have an explicit functional form for hq q’ (k) that can be evaluated, either
analytically or numerically, over arbitrary momentum-space k-meshes. To achieve this, we can parameterize hq q' (k)
by enumerating all the symmetry-allowed terms (potentially including gradient terms) and then restricting them
according to the ezact or approzimate symmetries of the model, as outlined in Sections [V] and [VII} In this section,
we describe the method used to extract or fit the numerical values for these symmetry-allowed parameters from the
ab initio moiré Hamiltonian ha,Fg, (k). The result is an explicit functional form of hq,q (k) that can be evaluated at
any arbitrary momentum in the moiré BZ.

Because the techniques described in this section can be applied to any Hamiltonian matrix, and to avoid tracking
many indices, we begin by introducing a simplified generic notation. We then outline how the expansion coefficients
of the analytical Hamiltonian matrix, expressed in a symmetry-allowed matrix basis, can be extracted from the ab
initio Hamiltonian. We present two methods: a linear least-squares method, similar to the one used in Refs. [3] 4] for
conventional crystalline systems and in Ref. [5] for moiré models, and a nonlinear fitting method. The linear method,
which does not require parameter fitting, is effective for obtaining numerically accurate models that quantitatively
reproduce most of the ab initio spectrum, but potentially with a large number of parameters. In contrast, the
nonlinear method is suited for deriving explicit Hamiltonians that quantitatively capture only the low-energy bands
(with the higher energy bands reproduced qualitatively), using significantly fewer parameters.

A. Notation

In what follows, we denote by h?jFT (k) the ab-initio Hamiltonian, which is evaluated at a subset of momenta in

the BZ (denoted by M). The indices 1 < i,j < A, where A is the dimension of A" (k), correspond to combined
indices such as orbital, spin, plane wave, or other quantum numbers. Our goal is to find the analytical explicit matrix
function h;; (k) that best matches hg-FT (k) at k € M according to a cost function, which will be defined later. The
matrix function h;; (k) can be expanded in a predefined, symmetry-constrained basis

d
hij (K) =Y Aahasi; (), (S9.260)
a=1

where d is the dimension of the basis and hq; (k) represent d Hermitian matrix functions that obey the symmetry
of the problem. The coefficients A, are the parameters of the Hamiltonian function h;; (k) (which implicitly depends
on them). For example, in the zero-twist limit, the A A-stacked moir¢ single-particle Hamiltonian can be expanded in
the corresponding symmetrized matrix basis as

2
[hQ,Q' (k)blsl;[rsz :wSA Z (5Q,Q'+q"611(712)(55152 + 6Q7Q'*qn6l1(fl2)55152)
n=0
2
+ mélllQ(sQ)Q/(sSlSQ (kr - Qw)Q 5§Q*1170 + 2 . . 5CQ*11,2

2
. (km—Qz)\/@—(ky—Qy)] I G ($9.261)

2
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with the ellipses denoting other terms. In Eq. (S9.261), each term comprises a parameter (e.g., wy* and ﬁ)

multiplying a Hermitian matrix.
The goal of this section is to fix the parameters of the expansion A, such that h;; (k) best reproduces (according
to a cost function defined below) the numerically obtained h?jFT (k) for k € M. For this purpose, it is also useful to

define the eigenvalues €, (k) and eigenstates ¢p; (k) of the APFT (k) and h;; (k) matrices according to

Zh@”) o' (k) = ePFD (k) o0 (k) (59.262)

where n indexes the eigenpairs in the order of increasing eigenvalue. We will now define two types of cost functions
and briefly describe the numerical methods used for their optimization.

B. Linear Extraction

Perhaps the simplest cost function is the Frobenius norm of the matrix difference between the Hamiltonian matrix
function and the ab initio one

Co(Phad)= 3 Tr [(h(k) _ DT (k)ﬂ : (59.263)

keM

In terms of the expansion coefficients from Eq. (S9.260)), Eq. (59.263) takes a quadratic form

d d
Co({Aad) = > AN 23" BN, + 0O, (S9.264)
a,B=1 a=1
where the real coefficients are given by
A} =Re | > Tr (ha (k) by ()| | (S9.265)
keM
B = 3" Tr (ha (k) BT (k)) | (S9.266)
keM
CO =" Tr (WP (k) WP (K)) . (S9.267)
keM

It is easy to check that the real symmetric matrix A((log is also positive definite. Therefore, the cost function Cy admits
a single minimum for

Ao = [(A(O))lB(O)} . (S9.268)

(03

We refer to this method as “linear extraction”, analogous to the linear least-squares method. In the form given in
Eq. (59.263)), this method was employed by Ref. [5] to obtain moiré Hamiltonians from ab initio simulations.

1. Low-energy restriction

The cost function from Eq. (S9.263) has one shortcoming: it attempts to fit the entire energy spectrum of hP¥T (k).
This becomes clearer if we express Eq. (S9.263)) in the eigenbasis of hPFT (k)

o ({Aad) =D D iR (k) (hij (k) — hi)FT (K)) (hjk (k) — AT (k) o0k " (k) . (89.269)

keM n

In practice, however, we are primarily interested in the low-energy spectrum of hP¥T (k). To reduce the number of
parameters in h (k) and focus on improving the match with the low-energy spectrum, we can introduce an energy
weighting function into the cost function from Eq. (59.269)), defining a new cost function

(e = D> w( k) ¢ (k) (haj (k) — h)FT (k) (hje (k) — hET (K)) ¢t (k) (89.270)

keM n
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where w (€) is the energy weighting function. In this work, we use a smooth step function, parameterized by an energy

cutoff €. and a spread o
w(€) = 1 1 — tanh [ <% (S9.271)
2 o ’ '

with the cutoff and spread chosen based on the band structure. The cost function from Eq. (S9.270) also takes a
quadratic form in terms of the expansion coefficients from Eq. (59.260))

d d
G (ad) = Y AN =23 BOA, + 0, (S9.272)

a,f=1 a=1

where the coefficients are given by

AS) = Re Z w (EEFT (k)) d):BFT (k) hoz;ij (k) hB;jk (k) ¢55¢T (k)‘| ’ (89'273)
keM n
B =Re | 373w (e (1) 6507 () b () BEFT (1) 62T <k>], (89.274)
keM n
CO =33 w (" (1)) ¢ (k) BT (1) BRI () 9T (k). (89.275)
keM n

Since AS; is also positive definite, the global minimum of Eq. (S9.270) can again be found analytically

Ao = {(A(1)>_1B(1)} . (S9.276)

«

This method, though with a different cost function, was used by Refs. [3|, [4] to fit ab initio phonon and electronic
spectra.

2. Partial low-energy restriction

The Q-diagonal terms of the moiré Hamiltonian characterize the single-layer dispersion around the M point. When
including Q-diagonal terms of the form in Eq. 7 with a large polynomial degree corresponding to ng, +n, > 4,
a larger energy cutoff is required to reproduce them. Empirically, we find that a larger energy cutoff requires more
moiré harmonics and higher-order gradients to obtain a good match with the low-energy bands. To address this, and
to include Q-diagonal terms with a high polynomial degree in k while keeping the number of moiré harmonics and
their orders small, we separate the ab initio Hamiltonian into Q-diagonal and Q-off-diagonal terms

hPFT (k) = APFTA (k) 4 pPFTode (k) . (89.277)

Similarly, the matrix basis from Eq. can be split into Q-diagonal and Q-off-diagonal terms. Without loss
of generality, we arrange the matrix basis so that h, (k) for 1 < o < d' (d’ < a < d) are all diagonal (off-diagonal)
in Q, where 1 < d’ < d is the number of Q-diagonal terms considered in the matrix expansion of h (k). The model
Hamiltonian & (k) also splits into Q-diagonal and Q-off-diagonal terms

h (k) = h8 (k) + hod8 (k). (S9.278)
with
v
he& (k) = > ho (K), (89.279)
K
R (k)= Y ha (k). (S9.280)

a=d'+1
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The cost function Eq. (S9.263|) can then be separated into Q-diagonal and Q-off-diagonal parts

Cofrah) =Y T {(hdg (k) — HPFT-de (k))Q] + 3 T [(ho-dg (k) — HPFT.o-de (k))Z] . (S9.281)
keM ke M

We can apply a similar strategy to that introduced in Section [XB1]and introduce an energy weighting function in the
second term. This allows the moiré potential terms (which are Q-off-diagonal) to be determined using only the low-
energy sector, while the Q-diagonal terms, characterizing the single-layer dispersion part of the moiré Hamiltonian,
are determined using the entire ab initio Hamiltonian. The corresponding cost function again takes a quadratic form
in the fitting parameters

d d
C({Aad) = Y AP — 2" BN, + 0O, (S9.282)
a,f=1 a=1
where the coefficients are given by
Re :ZkeM Tr (hq (k) hg (k))} 1<a,8<d
A = S Re [ e S w (BT (K) G107 (K) oy (K) hage () 9257 ()| @/ +1<a,6<d,  (39.283)
0 otherwise
Tr (hqo (k) RPFTd8 (k l1<a<d
B = e T (e (49 DET ( ))*DFT DFT (1) 4sDFT.o-dg ’ » o (S9.284)
Re [Cient X w (25T (1)) 9355T (K) hasis (k) EET (k) 65" (k)| @' +1<a<d
0(2) _ Z Tr (hDFT,dg (k) hDFT,dg (k))
keM
)Y w (P (k) gr 0T (k) by (k) by O (k) gk (K) (S9.285)
keM n
Because the matrix A is positive definite, the global minimum can be found analytically using
-1
Ao = [(A@)) B<2>} . (59.286)
«

C. Nonlinear fitting

In the previous section, we outlined how the Hamiltonian matrix can be determined using a cost function based on
the Frobenius norm of the difference between the model and ab initio Hamiltonians. The linear extraction method
in the previous section does not require any parameter fitting because the global minimum can be found analytically.
Empirically, when the number of parameters is very small (as in the case of the first moiré harmonic model from
Section or its enhanced-symmetry limits discussed in Section , we find that linear extraction over a large
energy window yields unsatisfactory results for the low-energy bands. When the energy cutoff €. is reduced, the
model Hamiltonian can exhibit “ghost states” — additional bands appearing in the model Hamiltonian that are not
present in the ab initio one. This occurs because the cost function in Eq. ensures that h (k) reproduces the
eigenstates of hPTT (k) within the energy window, but does not prevent the emergence of extra states.

To address this issue, we can design a new cost function that ensures the first Nganq bands of h (k) match the first
NBana bands of hP¥T (k), thereby preventing the appearance of ghost states within these bands. To achieve this, we
introduce projector operators onto the first Npanq bands of the fitted and ab initio Hamiltonians

NBand
DFT DFT «(DFT 1 -1
PP 0 = Ym0 on B () = [% f dz (21— h®TD) (k) } (59.287)
m=1 (%]

where

(59.288)

1 ]-SmSNBand
N = .
0 NBand<m§N
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The complex contour in Eq. (S9.287) is taken to enclose the first ANgang bands of the corresponding (i.e., fitted
or ab initio) Hamiltonian. It is also important to note that the projector P (k) for the fitted Hamiltonian explicitly
depends on the fitting parameters \,. A suitable cost function for fitting the first MNganq bands is

b= Tr{ h (k) — PPFT (k) ROFT (k))Q] . (S9.289)
keM

Due to the nontrivial dependence of the cost function C’' ({An}) on the fitting parameters, it can no longer be min-
imized analytically, as in the linear extraction method outlined in Section [XC|] Therefore, the nonlinear fitting
method requires parameter fitting. As a result, iterative numerical minimization techniques must be employed, and
this approach is referred to as nonlinear fitting. In this work, we use a Quasi-Newton method (as implemented in
Mathematica) to find the local minimum of C’' ({\,}), starting from the initial conditions that globally minimize the

C ({Aa}) cost function from Eq. (S9.263)).

1. Analytical expression for the gradient of the cost function

A key intermediate quantity in the Quasi-Newton method for minimization is the gradient of the cost function with
respect to the fitting parameters. In principle, this gradient can be computed numerically using finite differences.
However, for the cost function from Eq. , the gradient has an analytical expression that is numerically much
easier to compute. In what follows, we derive an analytical formula for the gradient of the cost function. Introducing
the shorthand notation

)
Oo = T (S9.290)
we find that
0aC' ({Aa}) =2 Z Tr [(P (k) h (k) — PPFT (k) hPFT (k) 0n (P (k) b (K))] - (S9.291)
keM
Since
9o (P (k) b (k)) = (0P (k) h (k) + P (k) ha (k) , (59.292)

we need to compute the partial derivative of the projector 9, P (k). This is most easily expressed using the integral
expression from Eq. (S9.287))

9o P (k) = %]{dz (21 = h (k) " ha (k) (21— h (k)" (S9.293)
which can be cast in the band basis
hasij (k) duz5 (k)
Z i (K) (a2 (K)) ;5 (K ~om Zj{ (z —€em (k) (z — ell (k)

- — Z orsi (K) hagij (k) drj (k) (S9.294)

6rn - 6l

By plugging Eq. into Eq. , we find
Y i (1) [0a (P (k) A (k)] dusj (k) = Y (e (k) di (k) Do Pij (k) by () + nin i (k) haij () dusj (k)
,J 0,J

_ N €m ( mel Z ors hesis (K) é1.; (K) . (S9.295)

em( —e(

Eq. (S9.295) gives the matrix elements of d, (P (k) h (k)) in the band basis of the fitted Hamiltonian. Plugging this
[59.291]

into Eq. (89.291)) provides an analytical expression for the gradient of the cost function, significantly improving the
efficiency of the nonlinear minimization.
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D. Reducing the number of parameter

In both the linear and nonlinear fitting methods, it is desirable to minimize the number of fitting parameters. To
achieve this, we employ the concept of step-wise regression. In step-wise regression, a model with A" — 1 parameters
is derived from one with N parameters by removing the “least important” terms. To identify these terms, we start
with the optimized solution containing N parameters, denoted by {)\/,}. We then compute the cost function (without
further optimization) by successively setting each of the A/ parameters to zero

Co =C({Aa}) with Ag=X; for B#a and X\, =0. (59.296)

The term o’ corresponding to the largest value C., is then eliminated. The model with A’ —1 parameters is optimized,
resulting in an optimal solution with one fewer parameter. This process is repeated until only one parameter remains.
The result is /' models, ranging from one parameter to N parameters. The model with the fewest parameters and
an error below a certain threshold is then selected.

Finally, we also define the relative fitting error for both the linear and nonlinear fitting methods. First, we add a
chemical potential term to the ab initio Hamiltonian

RPFT (k) — RPFT (k) + pd, (S9.297)
with p € R, such that
> T (RPFT (k) =0, (S9.298)
keM
for the linear extraction method, or
> T (PPFT (k) hPFT (k) =0, (S9.299)
keM

in the nonlinear fitting method. The relative error (for a given optimized solution {A/ }) is then defined as

C(fab iy,

TN (59.300)

3

X. ANALYTICAL RESULTS FOR THE MOIRE CONTINUUM HAMILTONIAN

In this section, we derive a series of analytical approximations for the spectrum of the moiré Hamiltonian. To achieve
this, we start with the three-parameter model of twisted AA-stacked SnSe, and ZrS, introduced in Section [VIET]
By projecting onto a small number of plane waves, we analytically determine the spectrum of the corresponding
Hamiltonian at the high-symmetry momenta of the moiré BZ. These results can be readily generalized to the two-
parameter model derived for the AB-stacked case in Section [VIE2| Finally, we briefly outline how these parameters
can be estimated from the ab initio spectrum of AA-stacked SnSes.

A. Analytical results at high-symmetry momentum points

The AA-stacked single-particle moiré Hamiltonian is valley-diagonal, given by
2
HAN = A, (S10.301)
n=0

where, for the three-parameter A A-stacked model, the valley n = 0 Hamiltonian is expressed as

A ~ k:z: Yz ? ky — ?
HIN =D D Hquitkqu ( Q) +( v = %)

s Gco, 2my 2m,
Y0 [t + wit) dqrqeqr + (—iwpt + wih) dq_q,.qr
l,s Q€eQ

Qe
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FIG. S24. Plane-wave states and high-symmetry points considered in the analytical models. The high-symmetry points of the
moiré BZ defined in Eq. (S10.304)) and analyzed in this section are shown, along with the Q-points specified in Eq. (510.305|).

A a ~
w5 (6Q+qa-a1.Q" + 0Q-astar.Q)] Gk quefles 1 (S10.302)

and
HOM = CLHACS) (S10.303)

In the analysis that follows, we focus exclusively on the Hamiltonian in the n = 0 valley, as the spectra for the other
valleys can be obtained using Cs, symmetry.
We now consider the following high-symmetry momenta of the moiré BZ

2 1 V3
kr,, =(0,0), kg, = <0, \/3) lqol,  kary, = (2, 2) o] (S10.304)

These momenta are labeled in Fig. [S24] Given the symmetries of the three-parameter AA-stacked model, we will
now show that these are the only three high-symmetry points, as all others are related to these by the symmetries of
the system. There are two inequivalent Kj; points, which are related to one another by time-reversal symmetry 7.
Consequently, we can restrict our focus to only one of them, which, without loss of generality, we choose to be kx: .
Additionally, there are three inequivalent My, points located at qo, —qi, and —q. One of these points, qg, labeled
as M, in Fig. is related to I'p; via the momentum-space non-symmorphic symmetry M, in valley n = 0 and
thus does not need to be considered. The remaining two points are related by Cs, symmetry, so we choose to focus
on ky, = —qz without loss of generality.

To obtain the spectrum around the high-symmetry points defined in Eq. , we employ a strategy similar to
the tripod model [I] and its generalizations [6] for TBG. For each high-symmetry point, we include only those plane
wave states corresponding to the Q-points nearest to the respective high-symmetry points. To this end, we define the

following Q-points
13 1 V3 1 V3
Q. = <—272> laol, Q2= (-27—2> lqol, Q3= (272 > |0,

(510.305)
Qs = (1 —\/§> lqo], Qs = (37 ﬁ) a0,

27 2 22
which are also shown in Fig.
1. T'pr point

To analytically obtain the spectrum of the Hamiltonian at the I"j; point, we project the three-parameter model
Hamiltonian onto the plane wave states corresponding to the four closest Q-points. Defining the single-particle states,

5% () = .y 1005|052 (P)) = e 100,
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‘¢FM > = & Qe 104 ’@5”’ > = Cp.Qus+ 10 (810.306)

the corresponding “quadropod” Hamiltonian matrix is given by

H.), (p) = < i ( ‘H ‘ b5 (p)>7 (S10.307)
where
ngql wipA WA A 0
wipA €0 L AA AA
0 w4+ wh
H™ (p) = P ® s0- $10.308
(p) _Zwl A + wAA AAO " Eg_A(QAS ,lé)éAA 50 ( )
/
0 + wh w4 oQu
In Eq. (S10.308)), we have introduced
k2 k2
=5+ o (S10.309)

whA)?, (S10.310)

with

1 3 )

0 2

€ o = + — ) aol”. (510.311)

Q <8mx 8m,

The ab initio values of w™* and w2?, which correspond to the “hopping” between the nearest-neighbor Q- oints,
1 2 p pping g p

represent the largest parameters. These dominant w24 and w5 terms split the four bands at T'; into two sets: EF’M

and Eﬁ’;, with the gap between the two sets of bands approximately 2\/ (w{*A)2 + (w‘SA)Q. The w{** term further
(E%M) is

splits the spectrum into four spin-degenerate bands. The energy difference between Ef. ~(EP ) and Ef
2|wiA .
2. Ky point

We now discuss the Hamiltonian at the K, point. We consider only the two Q-points closest to the K, point,
corresponding to the following states

K A
‘qb M > = 6L+kK, Qi+ 10) ‘925 > = c;kK,M,QS,&_ 0), (S10.312)

where Q; and Qg are defined in Eq. (S10.304)). The corresponding single-particle Hamiltonian is written as

K/
Hi, o (P) :< ’H ‘ % (p)>, (510.313)
where
0 AA AA
, €, zwl + wy
H*™ (p) = AN ® so. (S10.314)
AA AA 0
—twi ™ + wy ekK/Mer—Qz
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The Hamiltonian can be directly diagonalized, yielding the eigenvalues

2 2
3 ( 4 ,2) 4 3 3 >
Ky 24mzmy 2 T ! ?
2 2 2
1 Pylqo] Dy Pz |qo
By, (0)+ oo amy T sm, 4— — — (S10.315)
may/ (wi?)” + (wp?)
2 2 2 2 2
9 me|qo|” + 4myp, (\/§|Om\ + 3py) + 3my|qo|” + 12mypz; 1 [p2|qol A2 A2
Ey, (p) = 2hrm, T3\ T2 + 4 (wih)” + 4 (whh)
2 2 2
~ By, (0) + fqu()' 41:72 + 8’;; 44 |q°2| - (S10.316)
Ma :1: . mx\/(u){*A) + (whA)
with
EL, (0) = mm\QO|2 + 3my|010|2 _ \/(wAA)2 + (,wAA)2 (S10.317)
M 24mgzmy ! 2 ’ .
2
me|qol® + 3my|ao|® \/ 2
EL (0)= y wih S10.318
Ko ( ) 24mxmy ) ? ( )

exactly at the K/, point (p = 0). The energy difference between the two lowest bands is proportional to the nearest-

neighbor hopping amplitude on the Q-lattice, given by 2\/ (w{*A)2 + (wQAA)2. The eigenvectors at p = 0 are

1 _lw‘{\A _wQAA 2 zwl +'u)2
vk, (0) o ( (o0 P (wh)’ 1) ;Ui (0) o (( Y+ (wh ) 1) ) (S10.319)

As discussed in the main text and further in Section the lowest set of bands exhibits flat dispersion along the x
direction in valley n = 0 for SnSe,, due to the M, symmetry and orbital shape. The dispersion along the y direction
can be estimated by comparing the energy difference of the lowest band between the I'j; and K, points

1 ol _ |010\2 3|010\2 [, AA _\/ AA)2 AA |(10|2 _ |010\2 _\/ AA)2 AA)2
Ep,, (0) = By, (0) = = + ——— — [wi*?| (W) + (wh)” — | 75— (W)™ + (w?)

8my 8m,, 24m,  8m,

|qO‘2 IAA

_ _ ) S10.320

g o
3. M), point

Finally, we discuss the Hamiltonian at the M}, point. Since the M/, point is located exactly at the Qs point,
considering only the nearest Q-point would result in the energy of the lowest band being independent of any param-
eters of the moiré potential and equal to zero. To capture its leading nontrivial dependence on the moiré potential
parameters, we include the next-nearest Q-points. The associated plane-wave states are given by

M At M/, At M At
“b ! >_cp+kme,Q1,sy+ 10} ’ 2.5 (P)>—0p+kM, ssi— 100 ‘(b s >—cp+kM,M’Q5757+ |0y, (S10.321)

where Q1, Qs, and Qs were defined in Eq. (S10.304]). The corresponding single-particle Hamiltonian can be expressed
as

M) M
H 5o (p) = < M ’H ‘dg o > (S10.322)
where
, prM-Q “Ul 4 wpt 0
HY (p) = | —iwph +wi® Ly g,  wit +wdh | @ s (810.323)
0 —iwA + wAA (l))"rM—Qs
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At the M), point (p = 0), the eigenvalues are

o] laol* 2 2
By, (0 ===\ Tom2 +2((“’?A) + (ws*) )
E2 0 _‘q()l2
oy ol el a2 aaye $10.324
M;w()—4m + 16m2+ (WiA)” + (wa?)”). (510.324)

and the corresponding eigenvectors are

2 4
vk, (0) o (—Qﬂ(iwa +wpd) L (‘13 + \/"3,%' +32 (wh?)® 432 (wf;A)2) 2V2(iwhA — wQA)> :

m,

AA ;. AA AA | ;. AA

2 wi Wy O wi T Hiwy
UM’M (O) X (\/(w?A)ZJ’_(w?A)Q \/(w?A)2+(w2AA)2> )

2
o 0) x (2v3Gut® +ugh) 4 (3 - B () 2 (030)7) 2vBGudt - ufh)). (10329

4. Extending to the two-parameter AB-stacked model
The results derived above can be straightforwardly extended to the two-parameter AB-stacked model introduced
in Section [VIE 2| by applying the following substitutions

wih =0, wpt = whB, WPt - wPB. (S10.326)

B. Extracting parameters

Before performing a comprehensive parameter extraction or fitting, as detailed in Section[XI] it is useful to estimate
the values of the moiré potential parameters by comparing the analytical results from Section [X'A] with the numerical
ab initio results for AA-stacked SnSey;. Additionally, we will compare the parameters estimated in this section with
the fitted parameters provided in Section [XI|

1. FEnergy gaps

We focus on the I'j; point. The eigenvalues of the analytical Hamiltonian at I'jy; are given in Eq. (S10.310).
Considering the ab initio spectrum at 6§ = 3.89°, we restrict our analysis to the lowest three ab initio bands, as their
weights are primarily located at the four Q-points nearest to the I'j; point (Q1, Q2, Qs, and Q4). The corresponding
energies are

Epprp,, =0meV, Efppp =413meV, Efppp, = 160.3meV. (S10.327)
. S . TAA .
Inspecting Eq. (S10.310)), it is evident that the w4** parameter can be determined as

|wih| = = (E3prr,, — Ebprr,,) = 20.6meV (510.328)

DO =

The two lowest-energy states of the simplified model have spinless Cy, eigenvalues — sgn (ngA) and sgn (ngA),
respectively. From the ab initio simulations, we observe that the lowest-energy states have a Cy, eigenvalue of +1,
indicating wéAA < 0. Additionally, the current parameters indicate that the band is also approximately flat along the

¥ direction, as derived in Eq. ($10.320), with |qo|*/ (3m,|wi**]) ~ 0.7.

In addition, we also have

\/((w{*A)z + (wQAA)2) = % (E,, — Et,,). (510.329)
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which leads to

\/ () + (wh*)*) = % (Edprr,, — Ebprr,, ) = 80.15meV. (510.330)

Thus, we extract the values of w{** and \/ (w{*A)2 + (wQA)Q directly from the ab initio spectrum. In the next

Section [X B2l we determine the ratio wi*# /w5 by analyzing the wave functions of the bands obtained from the ab
initio calculations.

2. Wave functions

At the I"j; point, the eigenvector of the lowest band obtained from ab initio simulations projected onto the basis

defined in Eq. (S10.308) is given by
vk = (0.45e—1'0~86ﬂ 0.45¢ 10867 () 45 0.45). (510.331)

We note that the projected eigenvector is not normalized, as it includes only the weight at the four nearest-neighbor
Q points. The analytical wave function of the lowest band is expressed as

1 1 —iwa—w?A —iwa—w?A 11
,UFIVI = 5 \/(wlAA)2+(w2AA)2 \/(’wlAA)Z-‘r(wQA)z . (810332)

By fitting the phase factor, we obtain
arg (iwp + wit) = 0.147. (S10.333)

Next, we investigate the K/, point. The wave function obtained from the ab initio calculations, projected onto the
basis defined in Eq. ((510.313), is

vk, = (0.59e—i0-72ﬂ 0.59). (510.334)

Analytically, the corresponding wave function is given in Eq. (S10.319). By matching the phase factor in the ab initio
wave function, we find

arg (iwp + wit) = 0.28. (S10.335)

Finally, we consider the M}, point. The ab initio wave function of the lowest band, projected onto the basis of

Eq. (S10.322), is
vy = (0.43e=11267 §0.67 0.43¢70-267 ) (S10.336)
My,

By comparing the phase factors of the wave functions between ab initio and analytical calculations from Eq. (S10.325)),
we determine

arg (iwp® + wit) = 0.24x. (S10.337)

In summary, the phase arg (iw‘lAA + wQAA) obtained from the I'ys, K’;, and M), points is 0.147, 0.287, and 0.24m,
respectively. The deviations may arise due to the simplifications made when deriving the analytical model (i.e., only
considering a small set of Q points). The phase factor of iwt® +w? is determined by averaging the extracted values
from the three high-symmetry points

1
arg (iwp + wpt) = 5 (0144 0.28+0.24) 7 ~ 0.227. (S10.338)

We adopt the same procedure to estimate parameters at 8 = 3.89°, § = 4.41°, § = 5.09°, and 6 = 7.34°. Addition-
ally, we use the masses m, and m, obtained from the monolayer ab initio calculations in Eq. . The results
are shown in Table which also includes the minimum overlap between the wave function of the lowest band of the
three-parameter model and that obtained in ab initio simulations along the I'j; - Mys - Kpy - I'ps line. The results
show that the continuum model can reproduce the lowest band well.

In Fig. we also compare the dispersion obtained from the corresponding three-parameter continuum model
and the ab initio result. Furthermore, the parameters extracted from the analytical models qualitatively reproduce
the fitting results presented in Table for § = 3.89°, 8§ = 4.41°, and 6 = 5.09°. However, for § = 7.34°, the best
three-parameter continuum model is obtained with nonzero w*®, w54, and w}** in Table instead of the nonzero

wph wih ) and w* employed here.
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0 \/(w‘?A)2 + (whA)? /meV |arg (iwi? + wi™) /7 (Tar, My, Kiyp) |wi® /meV | ws A /meV |wi** /meV | Overlap
7.34° 86.2 0.22 (0.16, 0.28, 0.24) 54.9 66.4 —-13.1 0.98
5.09° 91.7 0.25 (0.15, 0.28, 0.24) 64.8 64.8 —18.7 0.97
4.41° 67.9 0.27 (0.37, 0.23, 0.24) 62.3 27.0 —20.2 0.93
3.89° 80.1 0.22 (0.14, 0.28, 0.24) 51.1 61.7 —20.6 0.96

TABLE S5. Estimated continuum model parameters for AA-stacked SnSe, based on the simplified analytical models discussed
in this section. The third column shows the fitted phase factor arg (z’w‘f‘A + w2AA) /7 averaged across the I'ar, M}, and K,
points, along with the individual values at each point in parentheses. The last column provides the minimum overlap between
the wave function of the lowest band in the continuum model and the corresponding ab initio simulation along the I'-Ma/-Kp-I"
path.

0 =5.09°
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FIG. S25. Dispersion of the three-parameter continuum model with parameters given in Table The blue, dashed, and red
lines represent the dispersion of the continuum model, while the gray dots indicate the ab initio dispersion. The twist angle is
indicated above each panel.

XI. MODELS FITTED TO AB INITIO SIMULATIONS

This section presents detailed results on the band structure of twisted SnSe, and ZrS, bilayers. We begin by offering
an overview of the key findings in this section, which include the construction of various models and their comparison
with the ab initio spectra. We also present results on the CDD, Berry curvature, and Wilson loops of the models.
Finally, we provide a detailed, point-by-point discussion of the main trends observed in the ab initio simulations.

A. Overview of the results

Starting with the ab initio band structure computed as detailed in Section [[TI, we derive the plane-wave valley-
projected Hamiltonian using the method outlined in Section [VIITB] From there, we construct a series of continuum
models that accurately reproduce the ab initio spectrum of the system. The methods described in Section [[X] are
used to construct these continuum Hamiltonians. We then analyze their spectra across the full range of monolayer
materials, stacking configurations, and commensurate angles considered in this work. A summary of all the results
(detailed below) is provided in Table

1. Types of models constructed

We find it useful to construct several types of continuum models with varying levels of complexity. These models
include numerically ezxact ones that accurately match both the dispersion and wave functions of the first five bands,
with an overlap of more than 0.999 for the first band and over 0.95 for the first five. To gain analytical insight and
explore the emergent symmetries of the system, we also develop simplified models, beginning with the first moiré
harmonic Hamiltonian presented in Egs. and , and progressively reduce the number of parameters.
The five types of models we consider, in order of decreasing complexity, are:

1. The full model: The full model is constructed using the linear-fitting method outlined in Section We
first obtain the symmetry-obeying parameterization of the moiré Hamiltonian from Eq. , which includes
gradient terms and higher-order harmonics in the moiré potential. For the moiré Hamiltonian hq q/ (k), we
consider moiré harmonics with |Q — Q'| < 4|byy, |, and include gradient terms up to degree n, + n, = 4
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(ny + ny = 10) for the Q # Q' (Q = Q') terms. As described in Section IXB 2| the Q-off-diagonal terms
(59.271).

are fitted using an energy weighting function of the form given in Eq. The parameters used for
the weighting function are chosen to capture the first four or five sets of spinful bands within each valley
and are listed in Section [XIC| The effective masses of the monolayer are treated as fitting parameters. We
reduce the number of parameters in the moiré Hamiltonian, initially exceeding a thousand, by systematically
removing the least significant ones using the algorithm outlined in Section [XD] The final model retains the
smallest number of parameters, ensuring that the relative error, as defined in Eq. (59.300), remains below
e = 0.02%, 0.04%, 0.02%, 0.015% for AA-stacked SnSe,, AB-stacked SnSey, AA-stacked ZrS,, and AB-stacked
7185, respectively.

2. The full first moiré harmonic model: This model is constructed using the method outlined in Section [[XC]
and employs the first moiré harmonic Hamiltonian from Egs. ((S5.94) and (S5.95)), which includes 16 interlayer
hopping parameters. The cost function from Eq. (S9.289) is constructed using the projectors into the first
NBand = 2 (MBana = 1) sets of spinful bands within each valley for § < 6.01° (# > 6.01°). The effective masses
of the monolayer are also included as fitting parameters.

3. The reduced first moiré Harmonic model: This model is derived from the full first moiré harmonic model
by reducing the number of interlayer hopping parameters to just five, using the step-wise reduction method
described in Section [XDDI

4. The full first moiré harmonic model with the zero-twist constraints imposed: This model is similar
to the full first moiré harmonic model, but with the zero-twist constraints applied. To prevent issues related to
overfitting, the effective masses of the monolayer are not treated as fitting parameters; instead, they are fixed to
values extracted from the monolayer band structure in Section [[Il Additionally, the moiré potential parameters
with the largest absolute values, specifically w** and w5* (or wi{® for AB-stacking), are also fixed to their
values obtained from the full model, rather than being treated as fitting parameters.

5. The reduced first moiré harmonic model with the zero-twist constraints imposed: This model
is derived from the full first moiré harmonic model, with the zero-twist constraints applied. The number of
interlayer hopping parameters is reduced to just three by using the step-wise reduction method described in

Section [[X DI

The Hamiltonians corresponding to the analytical models presented here have been deposited electronically in a
public repository, as detailed in the main text.

Before analyzing the detailed spectrum of these five models, we establish a consistent notation for the wave func-
tions and energy eigenvalues of the moiré Hamiltonian continuum models. Specifically, we denote by €, , (k) and
uQ,s,i;m,n (k) the energy and wave function, respectively, of the n-th conduction band (n > 1) in valley 0 < n < 2,
such that

Z [hq.Q (k)]sl;sw uq s rmn (K) = €np (K) uq,s,imn (K) - (511.339)
s\

Q' E€Q¢ot

The bands are indexed by n in the order of increasing energy at every moiré momentum. The corresponding band-basis
fermion operators are defined as

éLnJ/ = Z UQ,s,im.n (K) éLQ,SJ' (S11.340)
s,l
QEQtot

Due to the valley symmetry, uq,s,i;;,» (k) is supported on only two of the three plane-wave sublattices, so we have
uQ,stmn (k) =0, if Q¢ Qi (S11.341)
Outside the first moiré BZ, the band wave functions are defined by the embedding condition
uQ,simn (k+G) =uqiasinn (k), for GeQ. (S11.342)
We also introduce the projector onto the m-th set of spinful bands in valley 7 as

2m
P(gi’.:l;Q',S',l' (k) = Z UQ,s,l;n,n (k) Ua/7s/,l/;n7n (k) s for m Z 1. (811343)

n=2m—1
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Monolayer | Stacking ocem 0 Spectrum Additional Wilson
1 9 3 4 5 results loops
9.43°|Fig. [S26] |Fig. [S50 Figs. [S86]and [ST10]
7.34° |Fig.[S27] |Fig. [S51 Figs. [S87]and [ST11]
6.01° |Fig. [S28] | Fig. [S52 Figs. [S88]and [S112]
AA | Table[S7] | Table [STT] Table [512] Table [S13| Table [S12 e ' igs. [S88]an
5.09° | Fig. [S29] |Figs. [S53]and [S54] Figs. [S89]and [S113]
4.41° |Fig. [S30] |Figs. [S55]and [S56] Figs. [S90]and [S114]
SuSe, 3.89° | Fig. [S31] | Figs. [S57]and Figs. [S91]and [S115]
9.43° |Fig.[S32| |Fig. [S59 Figs. [S92]and [S116]
7.34° |Fig.[S33| |Fig. [S60 Figs. [S93]and [S117]
6.01° |Fig. [S34] | Fig. [S61 Figs. [S94]and [S118]
AB  |Table[S8] | Table [ET5| Table [ET6] Table [ET7] Table [F18 8 8 igs: [04]an
5.09° | Fig. [S35] | Fig. [S62 Figs.and [S119]
4.41°|Fig. [S36] |Figs. [S63]and [S64] Figs. [S96]and [S120]
3.89° |Fig. [S37] |Figs. [S65]and [S66] Figs. [S97]and [S121]
9.43° | Fig. [S38] |Fig. [S67 Figs. [S98|and |8122|
7.34° | Fig. [S39] |Fig. [S68 Figs. [S99]and [S123]
6.01° | Fig.[S40] |Figs. [S69]and [S70] Figs. [S100]and [S124
AA  |Table[S9] | Table[ST9] Table [20] Table [521] Table 522 8 igs: [G9]an 88 an
5.09° |Fig. [S41| |Figs. [S71|and [S72| Figs. |SlOl|and S125
4.41°|Fig. [S42| |Figs. [S73]and [S74] Figs. [S102]and [S126
s, 3.89° | Fig. [S43] |Figs. [S75]and [ST6] Figs. [S103]and [S127
9.43° |Fig. [S44| |Fig. [S77 Figs. |SlO4|and 5128
7.34° | Fig.[S45| |Fig.|ST8 Figs. |SlO5|and S129
6.01° | Fig. [S46] |Fig. [S79 Figs. [S106]and [S130]
AB Table [ST0] Table [§23] Table [§24] Table [§25] Table [§26 e e 88 o
5.09° |Fig. [547] |Figs. [S80]and [S81] Figs. [S107]and [S131
4.41° | Fig. [S48] |Figs. [582]and Figs. [S108]and [S132]
3.89° | Fig. [S49] |Figs. [S84]and [S85] Figs. [S109]and [S133]

TABLE S6. Summary of additional results presented in this section. For each monolayer and stacking configuration, we list
the tables that detail the corresponding continuum models. Each of the five types of models listed in Section [XTAT]- namely:
(1) the full model, (2) the full first moiré harmonic model, (3) the reduced first moiré harmonic model, (4) the full first moiré
harmonic model with zero-twist constraints, and (5) the reduced first moiré harmonic model with zero-twist constraints — are
summarized in one table. For each commensurate angle, we present the valley-resolved spectra of each continuum model and
compare them with the ab initio results (referenced in the “Spectrum” column). Additional results are shown for each set of
gapped conduction bands of the moiré continuum model in valley n = 0. Lastly, we compute and plot the Wilson loops for
each set of gapped conduction bands along the by, and by, lattice vectors.

Additionally, we use a similar notation for the ab initio wave function and projectors, ugl,?lm’n (k) and PQDT;_’S/Z, v (k),
which are directly obtained from the ab initio moiré Hamiltonian defined in Eq. (58.254)).
Finally, we also define the embedding matrix
Vasiq,s v (G) = dqra,qlss O, forany G e Q, (S11.344)
such that Eq. (S11.342)) becomes equivalent to
uQ,s, i (k+G) = Z Vq,siq s (G)uqrs i (k) - (S11.345)

’ g
s’

Q' E€Q¢ot
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2. Owverlaps, zero-twist symmetries, SU (2) symmetry

For the continuum models considered here, we assess the goodness of fit by computing the overlap between the
fitted and ab initio band wave function for the m-th set of bands

Tr m,n DFT,m,n
O, = min \/ (P (k) P (k)), (511.346)
0<n<2 2
keM

where M are the set of k point along which the ab initio band structure is computed. These overlaps are listed in
the tables from Section [KIC}] Additionally, we compare the energy spectra of the fitted continuum model and the ab
initio Hamiltonians in Section ~ 3

We also evaluate how well the emergent M, and Z symmetries, which appear in the zero-twist limit of the AA- and
AB-stacked moiré Hamiltonians without gradient terms (as detailed in Section , are preserved within the first
set of bands of the full model moiré Hamiltonian. If these symmetries were perfectly maintained, the projectors for
the first set of bands would satisfy the following conditions

AAL, AALL

Pasia s &) =Poia s —1qrrays,—v (K+dn) (S11.347)
AB,1, : s’" pAB,1,

PQ,s,l;(g’,s’,l’ (k) = (_1)9(_1)9 P7Q+c:7n,s,fl;fQ’Jrq,,,s’,fl’ (_k + q77) ’ (811348)

for the AA- and AB-stacked cases, respectively. These conditions follow directly from Egs. (56.138) and (S6.139).
To quantify the degree to which these symmetries are obeyed, we first define the transformed projectors (using the
full model continuum Hamiltonian) as

AALL, _ pAAL

P(/Q,s,l;(g/,s/,l’ (k) = PQ+q,,7$,—l;Q’+qms/,—l’ (k + qTI) (811349)
AB,1, _ s s’ pAB,I,

P(s,s,l;g’,s’,l’ (k) = (_1) (_1) P7Q+cz],S’,l;,Qurqu/,,l/ (_k+ qn), (811350)

and compute the following overlap metrics

1 Tr (P'AA L7 (k) PAA LY (k)
e =1— = > 5 , for n=0, (S11.351)
keMBZ
1 T P/AB,l,n k PAB,I,n k
er=1- = Y r( (k) ( )), for n=0, (S11.352)
2
keMBZ

in the AA- and AB-stacked cases, respectively.

Finally, we compute the degree of effective SU (2) symmetry breaking for the first set of bands in a manner similar
to that described in Eq. . To achieve this, we define the spin-symmetric and spin-antisymmetric components
of the band projectors as follows:

Oss’
PR 00 = 55 S PR D ).
s//
B, 1 (0 = Py ()~ P01 09, (811.353)

The effective SU (2) symmetry breaking for the first set of bands is then quantified as

Esu(2) = % Z

keMBZ

Hpasym,l,n (k) H

B Yl for p=o0. S11.354
TP )] (811.354)

8. Berry curvature, CDD, and Wilson loops

In Section [XID?2] we present further details on the fitted continuum models. For simplicity, each figure in Sec-
tion follows the same layout and considers a single set of gapped moiré bands for each of the five continuum
models listed in Section For each model, we plot the dispersion of the m-th set of gapped bands across the
entire moiré BZ

€2m—1,n (k) + €2m,n (k)
2

Ey = — Ey, for n=0. (S11.355)
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We average the energies of the two (nearly) spin-degenerate bands and add an offset Ey such that mingkenmpz Fix = 0.
Additionally, we plot the non-abelian Berry curvature [48), 49] for the m-th set of bands

: opP™1 (k) oP™" (k)
Fr=1iTr (Pm”7 (k) { , , for m=0. (511.356)
Ok, Ok,

We also compute and display the layer-resolved CDD for the m-th set of bands within the model. Specifically, we
consider the following many-body state

|¢"vm>=< 11 éL,n,leéL,n,2m> 0y, for m>1, (S11.357)

keMBZ

which corresponds to fully filling the m-th set of bands in valley 7. The layer-resolved CDD is defined using the
continuum real-space operators from Eq. (S4.73|) as

Pran (1) = > (S |)] L (0) 1y 00 (r) [07)

S

1 ~ i _ . ~ . /_ ’ .
- NQ Yo D (MY T qr s ie )T g
0 s kk'eéMBZ
Q.Q'€ Q1

2m
1 « i(Q—Q')r
N 2 2 Uaetmn (K uasa (0 (@)

s n=2m—1 keMBZ

Q,Q'€Q¢0t
2m
1 . .
- NQ Z Z Z UQ+G,s 1 (K) UQ.s 1mn (K) € G (S11.358)
s n=2m—1 keMBZ
QE0,
GeQ

We plot the layer-resolved CDD p,, ,,, ; (r) in valley n = 0 for each set of gapped conduction bands.

In Sections[XID 3 and [XID 4] we also plot the Wilson loops for the first one or two sets of gapped moiré conduction
bands in valley n = 0. Two Wilson loops are considered along the reciprocal moiré lattice vectors. Along the
b = bas,, by, moiré lattice vector, the Wilson loop is defined as

Nw<—0

Wi, () =V(=ba) lm ] P <k+ NjWbM) , for n=0 (S11.359)
J

where the ordered product of projectors (in the order indicated by the arrow in H;VW) is given by

Nyy<+0

; 2 1
[T 2™ (k+-Zbar) = P™ (k+bar)... P™7 (k+ ——ba | P™ (k+ ——by ) P™7 (k). (S11.360)
. Ny Nyy Nyy

The nonzero eigenvalues of the Wilson matrix are phases denoted by e . In Section (Section , we plot
the phase of the Wilson loop Wy, (k2bas,) [Wg\@ (kibas, )] as a function of 0 < ko <1 (0 < kg < 1).

As shown in Ref. [50], the phases W of the Wi (k2bag,) Wilson loop correspond to the eigenvalues of the
projected position operator along the ays, basis vector. Specifically, the n = 2m — 1 and n = 2m bands, with wave
functions uq,s,i;n,n (Kbar, + k2bar,), can be Wannierized along the aps, direction, yielding hybrid Wannier orbitals
for every value of 0 < ks < 1. The corresponding Wannier centers are located at %—‘;‘:aMl for each eigenvalue e of

the Wy (k2bas,) Wilson loop. The eigenvalues of the o, (k1bar, ) Wilson loop can be interpreted in a similar
manner.

B. Discussion

Our comprehensive analysis of the ab initio simulations reveals a series of general features, summarized below. In
particular, we discuss the relevance and applicability of all the models outlined in Table
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e Both the AA- and AB-stacked moiré Hamiltonians exhibit excellent emergent SU (2) symmetry for the lowest
gapped group of bands. This arises primarily from the low-energy effective SU (2) symmetry of the monolayer
materials. As discussed in Section [[I} any single-spinful-band model describing the bottom of the conduction
band in either SnSe, or ZrS, possesses perfect emergent SU (2) symmetry, enforced by Z7. In the twisted
heterostructure, the moiré potential induces only weak SU (2) symmetry breaking, resulting in an emergent
SU (2) symmetry for the lowest gapped group of bands. The superior SU (2) symmetry observed in the AA-
stacked case, as shown in Tables[S7]and[S9] is attributed to the zero-twist symmetries. In the first moiré harmonic
model for the A A-stacked case, introduced in Eq. , the zero-twist limit implies SU (2) symmetry. However,
for AB-stacking, the first moiré harmonic model in Eq. does not necessarily feature SU (2) symmetry in
the zero-twist limit.

e For all the twist angles considered in this work, the system exhibits at least one gapped set of bands, comprising
six bands from the two spin flavors and three valleys. Consequently, the system cannot be described by the first
monolayer harmonic model discussed in Section [VA] and summarized in Table [S3] as such a model assumes
continuous translational symmetry along the Cy.y direction in valley 1 and results in an overall gapless spectrum.
This behavior contrasts with TBG, where the first monolayer harmonic model provides an accurate description.

e The lowest gapped set of bands exhibits good zero-twist symmetries. The presence of these symmetries depends
on the extent to which the local-stacking approximation holds, as demonstrated in Section [VTA] As discussed
in Section [[ITB] the in-plane relaxation displacements in twisted ZrS, are approximately half as large as those
in twisted SnSe,. Consequently, the local-stacking approximation is expected to hold better for ZrS,. This is
reflected in Tables to which show that, at low twist angles, the emerging M, and T symmetries are
better preserved in ZrS, compared to SnSes.

e The low-energy spectrum of all the moiré heterostructures considered in this work is excellently described by both
the full first moiré harmonic model and the reduced first moiré harmonic model, in terms of both dispersion and
wave functions. Furthermore, due to the excellent SU (2) symmetry, these models closely approach the SU (2)
limit summarized in Table [S3

e The first moiré harmonic model with zero-twist constraints imposed, along with its reduced version, accurately
describes all the moiré heterostructures in terms of the wave functions for the lowest gapped set of bands.
Among the four possible combinations of stacking configurations and monolayers, the overlap between the ab
initio wave function and the wave function computed from the continuum model is smallest for AB-stacked
SnSe,, due to strong relaxation effects.

When considering dispersion, the first moiré harmonic model with zero-twist constraints imposed accurately
describes the first two bands of AA-stacked twisted SnSe,. However, it does not correctly capture the dispersion
of AB-stacked SnSe, for small twist angles 8 < 5.09°. On the other hand, the first moiré harmonic model with
zero-twist constraints does accurately describe the dispersion of twisted ZrS,.

e When the monolayer masses are treated as variational parameters, their fitted values agree with the values
extracted from the monolayer ab initio spectrum to within 10%.

e At small twist angles (i.e. § = 3.89°), all four possible monolayer and stacking configuration combinations are
well-described by the respective three-parameter models introduced in Section [VIE|and summarized in Table[S3]
Specifically:

— For the AB-stacked case, Tables and show that |w§*B| < |wsB|, |w*B|, indicating that the
corresponding three-parameter model is close to (and adiabatically connected to) the two-parameter limit
described at the end of Section [VIE2l

— For twisted AA-stacked SnSe,, the three-parameter model accurately reproduces both the dispersion and
the wave function of the first two conduction bands. Since wf*# is comparable to w54, the model does not
lie in the C5, limit but instead features égz symmetry. The rotation center of C'QZ does not correspond
to the origin of the moiré unit cell but is displaced, as explained in Section The positions of the
Wannier orbitals for both the first and second gapped conduction bands can be inferred from Eq. .
According to ab initio results in Table arg (iw{*A + wQAB) ~ 0.2r = § and ngA < 0, implying from
Eq. 1' that the Wannier orbitals in valley n = 0 are located approximately at %aM1 + %aMz, 1.e. one
of the honeycomb sites, as shown in Figs. and

— For twisted AB-stacked SnSe,, the three-parameter model reproduces the ab initio wave function well
but only qualitatively matches the dispersion. The positions of the Wannier orbitals for the first two
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gapped conduction bands are qualitatively described by Eq. (S6.196|), predicting the Wannier centers to be
approximately located at %aM2 in valley n = 0, i.e. one of the three kagome sites, as shown in Figs.
and [S66)

— For twisted AA-stacked ZrS,, the three-parameter model accurately reproduces both the dispersion and
the wave function of the first two conduction bands. Since ’w?A‘ < ’w?A , the model is close to the Cs,
limit. The positions of the Wannier orbitals for both the first and second gapped conduction bands can
be inferred from Eq. . According to ab initio results in Table arg (iw‘lAA + wQAB) ~ 0 and
wi* < 0, implying from Eq. that the Wannier orbitals in valley n = 0 are located approximately
at %aM27 i.e. one of the kagome sites, as shown in Figs. and

— For twisted AB-stacked ZrS,, the three-parameter model accurately reproduces both the dispersion and
the wave function of the first two conduction bands. The positions of the Wannier orbitals for the first two
gapped conduction bands are qualitatively described by Eq. (S6.196)), predicting the Wannier centers to be
approximately located at the origin, as shown in Figs. [S84] and [S85)

— The Wannier centers of both the first and second sets of conduction bands are approximately located at the
same position. In valley n = 0, the Wannier orbitals of the first set of conduction bands resemble s-orbitals
(elongated along the x direction for ZrS,), while the Wannier orbitals of the second set of bands resemble
distorted p,-orbitals.

e For AA-stacking, the three-parameter model accurately describes the wave functions of the first and second
sets of conduction bands. Since the non-Abelian Berry curvature vanishes in the three-parameter model, as
discussed in Section [VIET] this indicates that the AA-stacked gapped conduction bands are topologically trivial
and exhibit very small Berry curvature.

e For AB-stacking, the three-parameter model also accurately describes the wave functions of the first and second
sets of conduction bands. Furthermore, the three-parameter AB-stacked model is adiabatically connected to the
two-parameter AB-stacked model, as discussed in Section The two-parameter model features vanishing
Berry curvature, implying that the corresponding gapped bands are also topologically trivial and exhibit very
small Berry curvature.

e The small Berry curvature of the system results in nearly perfectly flat Wilson-loop spectra. Additionally,
the Wilson bands reflect the positions of the corresponding Wannier orbitals, as discussed at the end of Sec-

tion [XI A 3
C. Parameter values
1. Full models
6 |Nonzero Total ec/meV J/meV (91 02 03 04 05 5SU(2)(%) 6]\;12 (%)
parameters | parameters
9.43° 697 2016 500 100/0.9993(0.98210.9816|0.9917|0.9778 1.25 1.33
7.34° 298 2016 450 100/0.9992{0.9922|0.9831]0.9832|0.9919 1.02 1.81
6.01° 285 2016 375 7510.9990(0.9963|0.9898 (0.9898|0.9856 0.52 3.20
5.09° 143 3570 300 7510.9998(0.9994|0.9876 {0.9875|0.9909 0.12 4.82
4.41° 193 3570 300 7510.9997(0.9996|0.9970(0.9957|0.9834 0.67 7.02
3.89° 182 3570 300 7510.9998(0.9996|0.9962(0.9972|0.9940 0.60 8.94

TABLE S7. Details of the full continuum model for twisted AA-stacked bilayer SnSe,. The total and nonzero parameters used
in the fitting procedure are listed, along with the energy weighting function parameters. Also shown are the minimal overlaps
for the first five groups of bands and the percentages of SU(2) and M, symmetry breaking in the first group of bands.



6|Nonzero |Total €c/meV|o/meV O, 02 O3 O4 Os |esu(e) (%) |ez, (%)
parameters | parameters

9.43° 358 2010 500 100{0.9993(0.9671|0.898810.9017|0.9509 3.02 0.59
7.34° 293 2010 450 100{0.9995|0.9908{0.9897(0.9897|0.9760 3.36 1.58
6.01° 632 2592 375 7510.99960.9605|0.9603 | 0.9966 |0.9964 3.67 3.48
5.09° 171 3558 300 7510.9996|0.9926|0.9922{0.9901|0.9899 3.82 5.16
4.41° 250 3558 300 7510.999710.9966 |0.9832(0.9843|0.9715 3.89 7.29
3.89° 309 3558 300 7510.999810.9982{0.9901 {0.9901|0.9827 4.47 8.85
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TABLE S8. Details of the full continuum model for twisted AB-stacked bilayer SnSe,. The total and nonzero parameters used
in the fitting procedure are listed, along with the energy weighting function parameters. Also shown are the minimal overlaps
for the first five groups of bands and the percentages of SU(2) and Z, symmetry breaking in the first group of bands.

0|Nonzero | Total €c/meV|o/meV O1 O- Os Oy Os |esue) (%) |57, (%)
parameters | parameters

9.43° 141 1044 375 7510.999410.9592(0.9592(0.9871|0.9833 0.05 3.08
7.34° 117 2016 338 7510.9996|0.990410.9584|0.9583|0.9797 0.00 2.68
6.01° 197 2016 281 5610.999610.9858|0.9806 | 0.9889|0.9863 0.12 2.67
5.09° 56 3570 225 56(0.9995|0.9983|0.9221{0.9609|0.9221 0.00 2.02
4.41° 79 3570 225 5610.999310.9994|0.9857(0.9822|0.9842 0.00 1.57
3.89° 69 3570 225 56(0.999810.9997(0.9991|0.9988 |0.9968 0.00 1.23

TABLE S9. Details of the full continuum model for twisted AA-stacked bilayer ZrS,. The total and nonzero parameters used
in the fitting procedure are listed, along with the energy weighting function parameters. Also shown are the minimal overlaps
for the first five groups of bands and the percentages of SU(2) and M, symmetry breaking in the first group of bands.

0| Nonzero Total €c/meV|o/meV O Oy O3 Oy Os |esu) (%) |ez, (%)
parameters | parameters

9.43° 169 1038 375 7510.9993(0.9979(0.9786 |0.9785(0.9971 2.21 3.49
7.34° 157 2010 338 7510.9995(0.9884(0.9769(0.9769|0.9824 2.11 3.71
6.01° 171 2010 281 5610.9991(0.9948(0.9935(0.9933|0.9953 2.17 3.35
5.09° 61 3558 225 5610.9996 (0.9971{0.9902(0.9902|0.9921 2.27 3.11
4.41° 73 3558 225 5610.9994(0.9974(0.99380.9940|0.9954 2.24 3.08
3.89° 63 3558 225 56(0.9996(0.9992(0.9941 (0.9939|0.9946 2.22 2.78

TABLE S10. Details of the full continuum model for twisted AB-stacked bilayer ZrS,. The total and nonzero parameters used
in the fitting procedure are listed, along with the energy weighting function parameters. Also shown are the minimal overlaps
for the first five groups of bands and the percentages of SU(2) and Z, symmetry breaking in the first group of bands.
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First moiré harmonic models
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6.01°
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55.57
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55|—0.42
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—0.23
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11.11

—6.73

3.49
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0.21 0.59

10.17]0.9956
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5.09°
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0.64

63.13
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—0.
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—0.70

0.14

—3.86

13.41

—11.58

2.53

27.13|-0.27

19.80

0.12| 0.35

18.32(0.9976

0.9891

4.41°

0.23

0.67

57.21

89.38

—0.

52|—1.84

—0.66

1.15

—2.78

7.64|—15.79

1.90

33.60|—0.83

25.51

0.58|—-0.37

20.36(0.9982

0.9913

3.89°

0.24

0.63

65.29

98.14

—0.

58(—2.29

—0.56

1.54

—-0.28

—2.08

—18.70

4.69

33.32|-1.01

29.64

0.42|-0.47

28.2210.9986

0.9944

TABLE S11. Parameter values of the full first moiré harmonic model for twisted AA-stacked bilayer SnSe,. The interlayer
hopping parameters are given in units of meV, while the effective masses are given in units of the bare electron mass m.. The
minimal overlaps with the first two groups of bands are listed at the end.



AA

AA

TAA

TAA

0| ma| my| wi™| wy wy WA | WA WA O Os
9.43°(0.20(0.6984.89(72.39| —14.08| N/A|19.86|16.33]0.9891|0.1527
7.34°10.20|0.66 |88.78|78.32| N/A|—-16.21|24.61|18.47|0.9945|0.8733
6.01°(0.27|0.75|71.97|63.54| N/A|—15.43|11.87|13.92|0.9928|0.9645
5.09°|0.25|0.64|79.24169.33| N/A|-18.53|16.82|23.18|0.9958|0.9860
4.41°10.28(0.67|74.11|66.00 N/A|-21.13]18.32|26.02|0.9965|0.9912
3.89°10.27|0.63|77.12(69.40| N/A|-23.98/19.69|34.35|0.9973]0.9928
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TABLE S12. Parameter values of the reduced first moiré harmonic model for twisted AA-stacked bilayer SnSe,. The interlayer
hopping parameters are given in units of meV, while the effective masses are given in units of the bare electron mass m.. The
minimal overlaps with the first two groups of bands are listed at the end.

0] ma| my WA WBAT WA WAA] WA WA WA 0, 0,
9.43°10.21]0.73(66.22|65.91|—6.95|44.29|—10.74|—11.33|34.62|0.9688|0.0267
7.34°10.21(0.73(63.73|73.71|—0.55|31.16| —7.92 3.69(30.77/0.9834(0.3233
6.01°]0.21]0.73|65.09|77.81|—1.94|17.10| —9.61 4.56(28.55|0.9835(0.8716
5.09°(0.21(0.73]65.58|81.52| —5.15|14.95| —9.62 2.92(24.88|0.9805(0.9079
4.41°10.21]0.73|66.85|85.67 | —2.94|14.28 | —11.06 4.74(26.71|0.9767|0.9226
3.89°10.21]0.73|66.38|88.80| —4.50|11.04| —7.99 5.71|27.25(0.9722|0.9280

TABLE S13. Parameter values of the first moiré harmonic model with the zero-twist constraints imposed for twisted AA-
stacked bilayer SnSe,. The interlayer hopping parameters are given in units of meV, while the effective masses are given in
units of the bare electron mass m.. The minimal overlaps with the first two groups of bands are listed at the end.

AA

IAA

0| ma| my| wy wih WA wh O1 O
9.43°10.21]0.73|66.22|65.91| —12.22 N/A|0.9762|0.1121
7.34°10.21|0.73|63.73|73.71|—14.35| N/A[0.9818/0.2888
6.01°(0.21|0.73(65.09(77.81| N/A|—-15.34|0.9719|0.8747
5.09°/0.21|0.73|65.58|81.52| N/A|—18.03|0.9667|0.9033
4.41°(0.21|0.73]66.85|85.67| N/A|—18.94|0.9603(0.9101
3.89°(0.21|0.73]66.38/88.80| N/A|—18.94/0.9526|0.9058

TABLE S14. Parameter values of the reduced first moiré harmonic model with the zero-twist constraints imposed for twisted
AA-stacked bilayer SnSe,. The interlayer hopping parameters are given in units of meV, while the effective masses are given
in units of the bare electron mass m.. The minimal overlaps with the first two groups of bands are listed at the end.

9l m m 7lleB ’LU?B 71)3AB wa w/lAB ’LUéAB ’wéAB ’LUA/;AB w::,AB wéAB ’LU/7AB wéAB ’LUQAB wiﬁB wlljiB w/léB 01 02
x y

9.43°10.21]0.70| —3.53|—92.77| —1.14|—-1.01|—0.32| 7.30|—10.85|22.00| 0.55| —3.73|—16.22|—0.78| —1.30| 1.88| 0.28| —8.51[0.9951|0.1228
7.34°10.21|0.67|—5.32|—81.96|—0.63|—0.52| 0.88| 7.84|—14.37[30.99|—0.52| —4.01|—29.54|—0.51| —4.36| 4.23| 0.41|—19.91|0.9981|0.9476
6.01°0.26|0.77| —4.43|—78.43| —0.50| —0.21|—0.67| 9.24|—14.94|35.88| 0.37| —7.71|—10.59|—0.36| —4.01| 3.94|—0.34|—20.41]0.9984|0.9737
5.09°10.25(0.69| —3.74|—76.24| —0.38| —0.13| 0.04|10.47|—16.87{39.31|—0.06| —7.32|—14.66|—0.82| —6.04| 5.22|—0.53|—25.37]0.9990|0.9857
4.41°(0.24|0.77|—3.92| —78.61|—0.09| —0.14| —0.21|12.13 | —18.58 |46.65| —1.01| —10.52| —17.25| —0.90| —8.31| 6.05|—0.95|—33.02|0.9986|0.9918
3.89°10.23|0.72|—3.65| —84.94|—0.23|—0.01| 1.37|14.01{—19.46|57.03|—1.78|—15.89(—20.29|—0.87|—12.01| 7.77|—1.27|—40.84|0.9986 |0.9933
TABLE S15. Parameter values of the full first moiré harmonic model for twisted AB-stacked bilayer SnSe,. The interlayer

hopping parameters are given in units of meV, while the effective masses are given in units of the bare electron mass m.. The
minimal overlaps with the first two groups of bands are listed at the end.



AB /AB

/AB

/1AB /AB

/AB

/1AB

O mgz| my| w3y |ws | wy wry wg | Wi Wiy O, Oy
9.43°(0.21]0.711—99.12| 7.01|17.85 N/A| N/A| 0.95| —8.09/0.9934|0.0347
7.34°(0.21]0.67|—79.41]10.23|26.93 | —30.92 N/A| N/A|—21.74/0.9973]0.2354
6.01°|0.26|0.79|—78.22| N/A[25.70| N/A| —9.53| 8.85|—18.37[0.9873|0.9576
5.09°10.25|0.69|—86.65| N/A[29.20| N/A|—-11.63|10.71|—24.76]0.9908|0.9687
4.41°(0.25]0.77|—90.78| N/A|31.02 N/A|—-14.82]12.95|—31.33|0.9918|0.9820
3.89°10.24|0.72|—62.10| N/A[31.80|—20.94| N/A| 4.11|-35.03]0.9926|0.9844
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TABLE S16. Parameter values of the reduced first moiré harmonic model for twisted AB-stacked bilayer SnSe,. The interlayer
hopping parameters are given in units of meV, while the effective masses are given in units of the bare electron mass m.. The
minimal overlaps with the first two groups of bands are listed at the end.

0 me my wi&B wé&B wllAB w/2AB ngB ngB wéAB wéAB w/7AB o} o
9.43°10.21|0.73|—3.34|—81.08|—0.23| 5.64|—11.77|18.66| 0.59| —2.58—46.32]0.9873(0.1235
7.34°10.21|0.73| —5.07|—76.32| 0.91(11.93|—16.68|31.30|—0.36|—11.43|—53.45|0.9816|0.4100
6.01°|0.21|0.73|—5.10|—82.56| 0.91| 8.22|—21.15|44.07| 0.59|—13.71| —5.30]0.9791|0.8462
5.09°|0.21|0.73|—4.74|—77.11|—0.51| 8.14|—21.77|26.14| 0.17 0.76]—12.81/0.9780|0.7112
4.41°|0.21|0.73|—5.27|—82.84| 0.09| 8.39|—23.13|33.39|—0.92| —3.57| —3.48]0.9725|0.8738
3.89°10.21|0.73|—4.18|—77.80| 1.45| 9.45|—24.71|35.10|—2.15| —5.85[—10.28|0.9689(0.8643

TABLE S17. Parameter values of the first moiré harmonic model with the zero-twist constraints imposed for twisted AB-stacked
bilayer SnSe,. The interlayer hopping parameters are given in units of meV, while the effective masses are given in units of the
bare electron mass m.. The minimal overlaps with the first two groups of bands are listed at the end.

0] mz| my| whBlwPB| wPB|wHB O Oy
9.43°10.21/0.73|—81.08| 5.16 N/A|16.17|0.9847|0.3528
7.34°10.21|0.73|—76.32| 9.30 N/A|17.62|0.9868|0.7436
6.01°(0.21|0.73|—82.56| 6.86| N/A|26.48|0.9793(0.7251
5.09°|0.21|0.73|—=77.11| 6.75| N/A|27.89|0.9725|0.8429
4.41°(0.21|0.73|—82.84| N/A|—23.30{29.10|0.9616 |0.8734
3.89°(0.21|0.73|—77.80| N/A|—23.05[27.32|0.9571|0.8644

TABLE S18. Parameter values of the reduced first moiré harmonic model with the zero-twist constraints imposed for twisted
AB-stacked bilayer SnSe,. The interlayer hopping parameters are given in units of meV, while the effective masses are given
in units of the bare electron mass m.. The minimal overlaps with the first two groups of bands are listed at the end.

0] ma| my| Wit whA|whA| whA[wAA WA A [wPA] WA WA WA WA WA PR WA WA [wWiAs ) O,
9.43°10.27|1.71|—9.99|59.31| 0.20|—0.99| 0.59| 0.16| 4.16| —0.01|—28.51|—7.62|—8.33|—0.02|—14.09| 0.06|—0.12{10.02{0.9918|0.7264
7.34°10.26|1.54|—8.58|58.70| 0.31|—1.28| 0.58| 0.57| 2.11| —7.45|—30.82|—5.22|—1.75|—0.10| —12.86|—0.06| 0.03| 6.48|0.9964|0.4586
6.01°10.27|2.18| —1.11]57.43| 0.17|—0.83| 0.42] 0.28| 2.53|—18.40|—25.16|—5.48| 3.53|—0.08| —1.82|—0.05| 0.01| 2.57[0.9910|0.9610
5.09°10.29(1.93| —4.55(53.26| 0.18|—0.89| 0.43| 0.36| 0.54|—13.73|—27.01|—5.61| 3.96/—0.10| —0.60|—0.08| 0.05| 2.06|0.9932|0.9746
4.41°10.30|1.99|—3.37|47.05| 0.09|—0.55| 0.33| 0.10| 1.60|—12.53|—23.00|—3.00| 4.59|—0.06 0.24|—0.04| 0.04| 1.29/0.9942|0.9792
3.89°10.31|1.88|—5.08|44.80| 0.08|—0.52| 0.30| 0.12| 0.99|—10.78|—21.47|—1.56| 4.98|—0.05 0.64(—0.03| 0.04| 0.64|0.9953|0.9821

TABLE S19. Parameter values of the full first moiré harmonic model for twisted AA-stacked bilayer ZrS,. The interlayer
hopping parameters are given in units of meV, while the effective masses are given in units of the bare electron mass m.. The
minimal overlaps with the first two groups of bands are listed at the end.



AA

AA TAA

1AA

ITAA

TAA

ITAA

TAA

0] ma| my| wiy wy | wy Wy w4 wy w2 who O, Oq
9.43°|0.27|1.68|—13.23|54.74| N/A| N/A|—-23.56| N/A|—13.88(12.41{0.9920|0.5733
7.34°10.25|1.52| —12.82|56.38| N/A| N/A|-26.49| N/A|—-12.76| 8.09]0.9967|0.4636
6.01°(0.29(2.21 N/A|46.76| 1.97|—19.86|—18.86| N/A N/A| 2.43|0.98800.9634
5.09°/0.31|1.93| —4.51]42.32| N/A|—-13.45|—20.04| N/A N/A| 1.96{0.9922|0.9750
4.41°|0.37|2.03| —2.54|32.78| 1.43|—11.12|—19.24| N/A N/A| N/A|0.9940|0.9787
3.89°|0.33|1.89| —5.57[37.46| N/A|—-10.63|—23.86|—2.90| N/A| N/A[0.9956|0.9816
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TABLE S20. Parameter values of the reduced first moiré harmonic model for twisted AA-stacked bilayer ZrS,. The interlayer
hopping parameters are given in units of meV, while the effective masses are given in units of the bare electron mass m.. The
minimal overlaps with the first two groups of bands are listed at the end.

AA

IAA

0] ma| my wi? | wh WA WA wh witA ] wAh O, Os
9.43°]0.29(1.86| —3.53|52.58| 8.38 0.41|—21.25|—4.59| 20.03|0.9603 |0.3280
7.34°10.29(1.86| —6.57|52.53|—0.44|—13.58|—23.08—2.49|—5.92|0.9797|0.7335
6.01°]0.29(1.86|—10.15|50.51|—0.31| —3.44|—22.68|—3.22|—0.73|0.9866|0.5615
5.09°10.29(1.86| —8.91|51.29|—0.60| —8.21|—24.06|—2.56| 3.63|0.9893|0.8360
4.41°10.29(1.86|—12.00|50.10| —0.36| —4.32|—24.36|—3.63| 2.20[0.9930(0.9341
3.89°10.29(1.86|—12.35|50.50| —0.59| —5.11|—23.99(—2.78| 4.28|0.9948|0.9679

TABLE S21. Parameter values of the first moiré harmonic model with the zero-twist constraints imposed for twisted AA-
stacked bilayer ZrS,. The interlayer hopping parameters are given in units of meV, while the effective masses are given in units
of the bare electron mass m.. The minimal overlaps with the first two groups of bands are listed at the end.

O ma| my| wi?| wih| wih O, 04
9.43°(0.29]1.86| —3.53[52.58|—20.13{0.9612|0.0374
7.34°10.29(1.86| —6.57|52.53|—20.73[0.9754(0.7307
6.01°(0.29]1.86|—10.15[50.51|—18.86{0.9864|0.5679
5.09°(0.29]1.86| —8.91[51.29|—20.61|0.9856|0.8371
4.41°(0.29]1.86|—12.00{50.10|—19.38{0.9907|0.9340
3.89°(0.29]1.86|—12.35[50.50| —19.83{0.9913|0.9659

TABLE S22. Parameter values of the reduced first moiré harmonic model with the zero-twist constraints imposed for twisted
A A-stacked bilayer ZrS,. The interlayer hopping parameters are given in units of meV, while the effective masses are given in
units of the bare electron mass m.. The minimal overlaps with the first two groups of bands are listed at the end.

0

Mg

My

U)IAB HJQAB

wy®

wiB | wAB

/AB

w3 w3 wy - |w

/AB /AB

/AB
5

/AB

/AB /AB /AB

we | Wy wg

Wg

/AB
Wig

/ /.
wihB | wihh

01

02

9.43°

0.27

1.79

—2.06|—53.12

0.72|-0.37|-0.76

—4.99|-19.64|—-23.74

0.14

6.57

0.73|-0.20|—=8.79

1.05

0.25(-3.23

0.9984

0.9832

7.34°

0.26

1.63

—2.13|-50.84

0.62|—-0.28|-0.87

—4.13|—14.24| —26.51

0.20

5.52

2.19|-0.15|=7.79

0.51

0.22|1-1.29

0.9989

0.8526

6.01°

0.26

2.27

—2.23|—-47.30

0.521—0.24|—-0.74

—2.90|—-12.45|—-23.06

0.55

5.16

1.07|—-0.19| —6.42

1.26

0.18|—0.87

0.9994

0.9937

5.09°

0.24

1.93

—2.09|—-47.60

0.50|—0.18|—0.88

—2.90|—-11.75|-25.31

0.59

6.22

0.23|-0.16|—6.65

1.73

0.23(—-0.22

0.9993

0.9983

4.41°

0.25

2.05

—2.06|—44.76

0.40{—0.15|—-0.78

—2.55[—-10.58| —24.51

0.48

5.72

0.64|—0.11|—-5.89

1.38

0.20f 0.20

0.9996

0.9986

3.89°

0.26

1.91

—1.74|-38.37

0.38/—0.10|—-0.73

—2.27| —9.09|-22.99

0.46

4.20

0.05]—0.08|—-5.29

1.10

0.19| 0.95

0.9998

0.9989

TABLE S23. Parameter values of the full first moiré harmonic model for twisted AB-stacked bilayer ZrS,. The interlayer
hopping parameters are given in units of meV, while the effective masses are given in units of the bare electron mass m.. The
minimal overlaps with the first two groups of bands are listed at the end.



0] ma| my WAB | WAB] AR W AB AR i AB 0, O,
9.43°|0.27|1.84|—52.19|—4.67| N/A|—23.64| 7.33|—7.77|0.9968|0.9756
7.34°10.26|1.63|—49.34|—4.07| N/A|—26.72| 5.42|—7.32|0.9978|0.7689
6.01°|0.27|2.28 | —45.42|—2.68| N/A|—22.31| 4.29|—4.95|0.9986|0.9921
5.09°|0.25|1.94|—44.99|—2.63| N/A|—23.80| 4.83|—4.49|0.9986|0.9965
4.41°(0.24|2.06|—44.25|—2.15| N/A|—23.38| 4.76|—4.13|0.9989[0.9970
3.89°/0.24|1.89|—38.95|—1.58|—9.96 | —17.26 | N/A|—3.94|0.9993|0.9980
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TABLE S24. Parameter values of the reduced first moiré harmonic model for twisted AB-stacked bilayer ZrS,. The interlayer
hopping parameters are given in units of meV, while the effective masses are given in units of the bare electron mass m.. The
minimal overlaps with the first two groups of bands are listed at the end.

AB

AB

/AB

/AB

/AB /AB

/AB

/AB

/AB

O mg| my| wy wh wy Wy w4 wyi o |ws T | wg wry O, Oq
9.43°(0.29]1.86|—2.24|—43.99| 1.02|—0.99| —1.68|—14.32| 1.25| 0.15| 3.96|0.9647(0.1384
7.34°10.29|1.86|—1.48|—41.81|—0.61|—3.66|—24.46 | —24.00| 0.30| 6.21| 20.96|0.9782|0.0654
6.01°|0.29|1.86|—1.64|—39.74|—0.85|—3.00| —12.24|—20.71| N/A| 3.85|—2.23|0.9829|0.5894
5.09°10.29(1.86|—1.60{—39.03| —0.83|—3.44|—11.50|—21.69| 0.63| 3.28| 0.33|0.9857|0.7632
4.41°10.29(1.86|—1.66 | —37.32| —0.74|—2.66 | —10.08 | —22.30| 0.46| 4.60| 0.46]0.9876|0.8792
3.89°10.29(1.86|—1.57|—35.88| —0.76 | —3.33| —9.46|—21.20| 0.48| 3.41| 0.80(0.9876/0.9323

TABLE S25. Parameter values of the first moiré harmonic model with the zero-twist constraints imposed for twisted AB-stacked
bilayer ZrS,. The interlayer hopping parameters are given in units of meV, while the effective masses are given in units of the
bare electron mass m.. The minimal overlaps with the first two groups of bands are listed at the end.

AB /AB

/AB /AB

0 mg| my W) ws wy | wg O, 02
9.43°(0.29(1.86|—43.99| N/A|—-15.04| 0.08|0.9613|0.0177
7.34°10.29|1.86|—41.81| N/A|—26.84| 7.98]0.9743|0.0457
6.01°(0.29(1.86|—39.74| —12.11|—16.73| N/A|0.9787(0.4941
5.09°10.29|1.86|—39.03| —11.46|—18.08| N/A|0.9838|0.7649
4.41°(0.29|1.86|—37.32| —10.29|—16.73| N/A|0.9859|0.8809
3.89°(0.29|1.86|—35.88|—10.05|—17.03| N/A|0.9871|0.9317

TABLE S26. Parameter values of the reduced first moiré harmonic model with the zero-twist constraints imposed for twisted
AB-stacked bilayer ZrS,. The interlayer hopping parameters are given in units of meV, while the effective masses are given in

units of the bare electron mass m.. The minimal overlaps with the first two groups of bands are listed at the end.



86

D. Numerical results

1. Band structures along high-symmetry lines
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FIG. S26. Model band structures for twisted AA-stacked bilayer SnSe, at 6 = 9.43°. We consider the full continuum model
(a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with
the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed

(e). The bands of valleys n = 0,1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is
shown by the gray dots.
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FIG. S27. Model band structures for twisted AA-stacked bilayer SnSe, at 8 = 7.34°. We consider the full continuum model
(a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with
the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed

(e). The bands of valleys n = 0,1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is
shown by the gray dots.
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FIG. S28. Model band structures for twisted AA-stacked bilayer SnSe, at § = 6.01°. We consider the full continuum model
(a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with
the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed

(e). The bands of valleys n = 0,1, 2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is
shown by the gray dots.
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FIG. S29. Model band structures for twisted AA-stacked bilayer SnSe, at 6 = 5.09°. We consider the full continuum model
(a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with
the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). The bands of valleys n = 0,1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is
shown by the gray dots.
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FIG. S30. Model band structures for twisted AA-stacked bilayer SnSe, at 0 = 4.41°. We consider the full continuum model
(a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with
the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). The bands of valleys n = 0,1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is
shown by the gray dots.
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FIG. S31. Model band structures for twisted AA-stacked bilayer SnSe, at 6 = 3.89°. We consider the full continuum model
(a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with
the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). The bands of valleys n = 0,1, 2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is
shown by the gray dots.
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FIG. S32. Model band structures for twisted AB-stacked bilayer SnSe, at 6 = 9.43°. We consider the full continuum model
(a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with
the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). The bands of valleys n = 0,1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is
shown by the gray dots.
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FIG. S33. Model band structures for twisted AB-stacked bilayer SnSe, at 6 = 7.34°. We consider the full continuum model
(a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with
the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). The bands of valleys n = 0,1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is
shown by the gray dots.
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FIG. S34. Model band structures for twisted AB-stacked bilayer SnSe, at § = 6.01°. We consider the full continuum model
(a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with
the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). The bands of valleys n = 0,1, 2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is
shown by the gray dots.
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FIG. S35. Model band structures for twisted AB-stacked bilayer SnSe, at 6 = 5.09°. We consider the full continuum model
(a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with
the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). The bands of valleys n = 0,1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is
shown by the gray dots.
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FIG. S36. Model band structures for twisted AB-stacked bilayer SnSe, at 6 = 4.41°. We consider the full continuum model
(a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with
the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). The bands of valleys n = 0,1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is
shown by the gray dots.
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FIG. S37. Model band structures for twisted AB-stacked bilayer SnSe, at 6§ = 3.89°. We consider the full continuum model
(a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with
the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). The bands of valleys n = 0,1, 2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is
shown by the gray dots.
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FIG. S38. Model band structures for twisted AA-stacked bilayer ZrS, at 6 = 9.43°. We consider the full continuum model (a),
the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with the
zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed (e).
The bands of valleys n = 0, 1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is shown
by the gray dots.
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FIG. S39. Model band structures for twisted AA-stacked bilayer ZrS, at § = 7.34°. We consider the full continuum model (a),
the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with the
zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed (e).
The bands of valleys n = 0, 1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is shown
by the gray dots.
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FIG. S40. Model band structures for twisted AA-stacked bilayer ZrS, at @ = 6.01°. We consider the full continuum model (a),
the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with the
zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed (e).
The bands of valleys n = 0, 1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is shown
by the gray dots.
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FIG. S41. Model band structures for twisted AA-stacked bilayer ZrS, at § = 5.09°. We consider the full continuum model (a),
the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with the
zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed (e).
The bands of valleys n = 0, 1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is shown

by the gray dots.
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FIG. S42. Model band structures for twisted AA-stacked bilayer ZrS, at § = 4.41°. We consider the full continuum model (a),
the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with the
zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed (e).
The bands of valleys n = 0, 1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is shown

by the gray dots.
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FIG. S43. Model band structures for twisted AA-stacked bilayer ZrS, at 6 = 3.89°. We consider the full continuum model (a),
the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with the
zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed (e).
The bands of valleys n = 0, 1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is shown

by the gray dots.
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FIG. S44. Model band structures for twisted AB-stacked bilayer ZrS, at 6 = 9.43°. We consider the full continuum model (a),
the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with the
zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed (e).
The bands of valleys n = 0, 1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is shown
by the gray dots.
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FIG. S45. Model band structures for twisted AB-stacked bilayer ZrS, at § = 7.34°. We consider the full continuum model (a),
the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with the
zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed (e).
The bands of valleys n = 0, 1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is shown
by the gray dots.
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FIG. S46. Model band structures for twisted AB-stacked bilayer ZrS, at 8 = 6.01°. We consider the full continuum model (a),
the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with the
zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed (e).
The bands of valleys n = 0, 1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is shown
by the gray dots.
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FIG. S47. Model band structures for twisted AB-stacked bilayer ZrS, at 6 = 5.09°. We consider the full continuum model (a),
the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with the
zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed (e).
The bands of valleys n = 0, 1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is shown
by the gray dots.
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FIG. S48. Model band structures for twisted AB-stacked bilayer ZrS, at § = 4.41°. We consider the full continuum model (a),
the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with the
zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed (e).
The bands of valleys n = 0, 1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is shown
by the gray dots.
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FIG. S49. Model band structures for twisted AB-stacked bilayer ZrS, at 8 = 3.89°. We consider the full continuum model (a),
the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model with the
zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed (e).
The bands of valleys n = 0, 1,2 are shown by the blue, dashed black, and red lines, while the ab initio band structure is shown
by the gray dots.
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2. Spectra of the first gapped conduction bands
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FIG. S50. The first group of conduction bands of twisted A A-stacked bilayer SnSe; at 8 = 9.43°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Fx) and their
non-abelian Berry curvature (Fix) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer | = £ within the moiré unit cell (dashed hexagon).
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FIG. S51. The first group of conduction bands of twisted A A-stacked bilayer SnSe, at § = 7.34°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fik) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer | = + within the moiré unit cell (dashed hexagon).
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FIG. S52. The first group of conduction bands of twisted A A-stacked bilayer SnSe; at 8 = 6.01°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fix) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S53. The first group of conduction bands of twisted A A-stacked bilayer SnSe; at § = 5.09°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fix) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S54. The second group of conduction bands of twisted AA-stacked bilayer SnSe, at § = 5.09°. We consider the full
continuum model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré
harmonic model with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist
constraints imposed (e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands
(Ex) and their non-abelian Berry curvature (Fi) throughout the first moiré BZ (black hexagon). Additionally, we plot the real
space CDD in layer [ = & within the moiré unit cell (dashed hexagon).
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FIG. S55. The first group of conduction bands of twisted A A-stacked bilayer SnSe; at 8 = 4.41°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fix) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S56. The second group of conduction bands of twisted AA-stacked bilayer SnSe, at § = 4.41°. We consider the full
continuum model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré
harmonic model with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist
constraints imposed (e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands
(Ex) and their non-abelian Berry curvature (Fi) throughout the first moiré BZ (black hexagon). Additionally, we plot the real
space CDD in layer [ = &+ within the moiré unit cell (dashed hexagon).
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FIG. S57. The first group of conduction bands of twisted A A-stacked bilayer SnSe; at 8 = 3.89°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fx) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S58. The second group of conduction bands of twisted AA-stacked bilayer SnSe, at § = 3.89°. We consider the full
continuum model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré
harmonic model with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist
constraints imposed (e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands
(Ex) and their non-abelian Berry curvature (Fi) throughout the first moiré BZ (black hexagon). Additionally, we plot the real
space CDD in layer | = &+ within the moiré unit cell (dashed hexagon).
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FIG. S59. The first group of conduction bands of twisted AB-stacked bilayer SnSe, at § = 9.43°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fx) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer | = £ within the moiré unit cell (dashed hexagon).
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FIG. S60. The first group of conduction bands of twisted AB-stacked bilayer SnSe, at § = 7.34°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fix) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S61. The first group of conduction bands of twisted AB-stacked bilayer SnSe, at 8 = 6.01°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fx) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S62. The first group of conduction bands of twisted AB-stacked bilayer SnSe, at 8 = 5.09°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fx) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S63. The first group of conduction bands of twisted AB-stacked bilayer SnSe, at 8 = 4.41°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fix) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S64. The second group of conduction bands of twisted AB-stacked bilayer SnSe, at § = 4.41°. We consider the full
continuum model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré
harmonic model with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist
constraints imposed (e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands
(Ex) and their non-abelian Berry curvature (Fi) throughout the first moiré BZ (black hexagon). Additionally, we plot the real
space CDD in layer | = &+ within the moiré unit cell (dashed hexagon).
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FIG. S65. The first group of conduction bands of twisted AB-stacked bilayer SnSe, at § = 3.89°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fx) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S66. The second group of conduction bands of twisted AB-stacked bilayer SnSe, at 6 = 3.89°. We consider the full
continuum model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré
harmonic model with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist
constraints imposed (e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands
(Ex) and their non-abelian Berry curvature (Fik) throughout the first moiré BZ (black hexagon). Additionally, we plot the real
space CDD in layer [ = & within the moiré unit cell (dashed hexagon).

(a) By Fic (c) FEx Fic 100
50 0
5
l=+ =~ l=+ l=- Ek/mc\/fk
' ‘ H 1.0

FIG. S67. The first group of conduction bands of twisted AA-stacked bilayer ZrS, at 6 = 9.43°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fix) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S68. The first group of conduction bands of twisted A A-stacked bilayer ZrS, at § = 7.34°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fx) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S69. The first group of conduction bands of twisted AA-stacked bilayer ZrS, at € = 6.01°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fix) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S70. The second group of conduction bands of twisted AA-stacked bilayer ZrS, at § = 6.01°. We consider the full
continuum model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré
harmonic model with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist
constraints imposed (e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands
(Ex) and their non-abelian Berry curvature (Fi) throughout the first moiré BZ (black hexagon). Additionally, we plot the real
space CDD in layer | = &+ within the moiré unit cell (dashed hexagon).
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FIG. S71. The first group of conduction bands of twisted AA-stacked bilayer ZrS, at € = 5.09°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fx) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S72. The second group of conduction bands of twisted AA-stacked bilayer ZrS, at 6§ = 5.09°. We consider the full
continuum model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré
harmonic model with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist
constraints imposed (e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands
(Ex) and their non-abelian Berry curvature (Fi) throughout the first moiré BZ (black hexagon). Additionally, we plot the real
space CDD in layer [ = & within the moiré unit cell (dashed hexagon).
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FIG. S73. The first group of conduction bands of twisted AA-stacked bilayer ZrS, at 6 = 4.41°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fix) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S74. The second group of conduction bands of twisted AA-stacked bilayer ZrS, at 0§ = 4.41°. We consider the full
continuum model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré
harmonic model with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist
constraints imposed (e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands
(Ex) and their non-abelian Berry curvature (Fi) throughout the first moiré BZ (black hexagon). Additionally, we plot the real
space CDD in layer [ = &+ within the moiré unit cell (dashed hexagon).
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FIG. S75. The first group of conduction bands of twisted AA-stacked bilayer ZrS, at 6 = 3.89°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fix) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S76. The second group of conduction bands of twisted AA-stacked bilayer ZrS, at § = 3.89°. We consider the full
continuum model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré
harmonic model with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist
constraints imposed (e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands
(Ex) and their non-abelian Berry curvature (Fi) throughout the first moiré BZ (black hexagon). Additionally, we plot the real
space CDD in layer | = &+ within the moiré unit cell (dashed hexagon).
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FIG. S77. The first group of conduction bands of twisted AB-stacked bilayer ZrS, at 6 = 9.43°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fix) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer | = £ within the moiré unit cell (dashed hexagon).
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FIG. S78. The first group of conduction bands of twisted AB-stacked bilayer ZrS, at 6 = 7.34°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fx) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S79. The first group of conduction bands of twisted AB-stacked bilayer ZrS, at 6 = 6.01°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fix) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S80. The first group of conduction bands of twisted AB-stacked bilayer ZrS, at = 5.09°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fix) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).

=+ i : Ek/mc\/ Fic

FIG. S81. The second group of conduction bands of twisted AB-stacked bilayer ZrS, at 6 = 5.09°. We consider the full
continuum model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré
harmonic model with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist
constraints imposed (e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands
(Ex) and their non-abelian Berry curvature (Fix) throughout the first moiré BZ (black hexagon). Additionally, we plot the real
space CDD in layer [ = &+ within the moiré unit cell (dashed hexagon).
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FIG. S82. The first group of conduction bands of twisted AB-stacked bilayer ZrS, at 6 = 4.41°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fix) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S83. The second group of conduction bands of twisted AB-stacked bilayer ZrS, at 6§ = 4.41°. We consider the full
continuum model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré
harmonic model with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist
constraints imposed (e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands
(Ex) and their non-abelian Berry curvature (Fix) throughout the first moiré BZ (black hexagon). Additionally, we plot the real
space CDD in layer [ = &+ within the moiré unit cell (dashed hexagon).
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FIG. S84. The first group of conduction bands of twisted AB-stacked bilayer ZrS, at 6 = 3.89°. We consider the full continuum
model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré harmonic model
with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist constraints imposed
(e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands (Ex) and their
non-abelian Berry curvature (Fx) throughout the first moiré BZ (black hexagon). Additionally, we plot the real space CDD in
layer I = £+ within the moiré unit cell (dashed hexagon).
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FIG. S85. The second group of conduction bands of twisted AB-stacked bilayer ZrS, at 8 = 3.89°. We consider the full
continuum model (a), the full first moiré harmonic model (b), the reduced first moiré harmonic model (c), the first moiré
harmonic model with the zero-twist constraints imposed (d), and the reduced first moiré harmonic model with the zero-twist
constraints imposed (e). Within each panel, we plot the dispersion of the (approximately or exactly) degenerate group of bands
(Ex) and their non-abelian Berry curvature (Fi) throughout the first moiré BZ (black hexagon). Additionally, we plot the real
space CDD in layer | = &+ within the moiré unit cell (dashed hexagon).
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3. Wilson loops of the first gapped conduction bands along bar,

0.60

0.55 J .__k A E ] L 4
0.50 F L 3 L 3 - 3 L 3 C

00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10

Ow /7

ks ko ko ko ko

FIG. S86. Wilson loops for the first set of conduction bands of twisted AA-stacked bilayer SnSe, at 6 = 9.43°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S87. Wilson loops for the first set of conduction bands of twisted AA-stacked bilayer SnSe, at 6 = 7.34°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S88. Wilson loops for the first set of conduction bands of twisted AA-stacked bilayer SnSe, at § = 6.01°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S89. Wilson loops for the first two sets of conduction bands of twisted A A-stacked bilayer SnSe, at 6 = 5.09°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced

first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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FIG. S90. Wilson loops for the first two sets of conduction bands of twisted A A-stacked bilayer SnSe, at 8 = 4.41°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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FIG. S91. Wilson loops for the first two sets of conduction bands of twisted AA-stacked bilayer SnSe, at § = 3.89°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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FIG. S92. Wilson loops for the first set of conduction bands of twisted AB-stacked bilayer SnSe, at § = 9.43°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced

first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S93. Wilson loops for the first set of conduction bands of twisted AB-stacked bilayer SnSe, at 6 = 7.34°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced

first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S94. Wilson loops for the first set of conduction bands of twisted AB-stacked bilayer SnSe, at # = 6.01°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced

first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S95. Wilson loops for the first set of conduction bands of twisted AB-stacked bilayer SnSe, at § = 5.09°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S96. Wilson loops for the first two sets of conduction bands of twisted AB-stacked bilayer SnSe, at 8 = 4.41°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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FIG. S97. Wilson loops for the first two sets of conduction bands of twisted AB-stacked bilayer SnSe, at 8 = 3.89°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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FIG. S98. Wilson loops for the first set of conduction bands of twisted AA-stacked bilayer ZrS, at § = 9.43°. The Wilson loop
is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced first
moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced first
moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S99. Wilson loops for the first set of conduction bands of twisted AA-stacked bilayer ZrS, at § = 7.34°. The Wilson loop
is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced first
moiré harmonic model (c¢), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced first
moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S100. Wilson loops for the first two sets of conduction bands of twisted AA-stacked bilayer ZrS, at 6 = 6.01°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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FIG. S101. Wilson loops for the first two sets of conduction bands of twisted AA-stacked bilayer ZrS, at 6 = 5.09°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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FIG. S102. Wilson loops for the first two sets of conduction bands of twisted AA-stacked bilayer ZrS, at § = 4.41°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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FIG. S103. Wilson loops for the first two sets of conduction bands of twisted AA-stacked bilayer ZrS, at 6 = 3.89°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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FIG. S104. Wilson loops for the first set of conduction bands of twisted AB-stacked bilayer ZrS, at § = 9.43°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced

first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S105. Wilson loops for the first set of conduction bands of twisted AB-stacked bilayer ZrS, at § = 7.34°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced

first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S106. Wilson loops for the first set of conduction bands of twisted AB-stacked bilayer ZrS, at § = 6.01°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced

first moiré harmonic model with the zero-twist constraints imposed (e).



113

0.02 R R R R REE A REE A T
() (b) (0) (d) (e)
oot f 1 ¢ 1t 1t 1

0.00 e T e

-0.01 p

Ow /T

~0.02 " " " " " " " " " " " " " " " " "
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 1.0

ke ka ko ko ks

FIG. S107. Wilson loops for the first two sets of conduction bands of twisted AB-stacked bilayer ZrS, at § = 5.09°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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FIG. S108. Wilson loops for the first two sets of conduction bands of twisted AB-stacked bilayer ZrS, at § = 4.41°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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FIG. S109. Wilson loops for the first two sets of conduction bands of twisted AB-stacked bilayer ZrS, at 8§ = 3.89°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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4.  Wilson loops of the first gapped conduction bands along b,
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FIG. S110. Wilson loops for the first set of conduction bands of twisted AA-stacked bilayer SnSe, at § = 9.43°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S111. Wilson loops for the first set of conduction bands of twisted AA-stacked bilayer SnSe, at 6 = 7.34°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S112. Wilson loops for the first set of conduction bands of twisted AA-stacked bilayer SnSe, at § = 6.01°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S113. Wilson loops for the first two sets of conduction bands of twisted AA-stacked bilayer SnSe, at 6 = 5.09°. The
Wilson loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the
reduced first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the
reduced first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to
the first (second) set of conduction bands.
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FIG. S114. Wilson loops for the first two sets of conduction bands of twisted AA-stacked bilayer SnSe, at 0 = 4.41°. The
Wilson loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the
reduced first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the
reduced first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to
the first (second) set of conduction bands.
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FIG. S115. Wilson loops for the first two sets of conduction bands of twisted AA-stacked bilayer SnSe, at § = 3.89°. The
Wilson loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the
reduced first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the
reduced first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to
the first (second) set of conduction bands.
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FIG. S116. Wilson loops for the first set of conduction bands of twisted AB-stacked bilayer SnSe, at 6 = 9.43°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S117. Wilson loops for the first set of conduction bands of twisted AB-stacked bilayer SnSe, at 6 = 7.34°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S118. Wilson loops for the first set of conduction bands of twisted AB-stacked bilayer SnSe, at 6 = 6.01°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S119. Wilson loops for the first set of conduction bands of twisted AB-stacked bilayer SnSe, at 6 = 5.09°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S120. Wilson loops for the first two sets of conduction bands of twisted AB-stacked bilayer SnSe, at § = 4.41°. The
Wilson loop is computed along bz, We consider the full continuum model (a), the full first moiré harmonic model (b), the
reduced first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the

reduced first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to
the first (second) set of conduction bands.
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FIG. S121. Wilson loops for the first two sets of conduction bands of twisted AB-stacked bilayer SnSe, at § = 3.89°. The
Wilson loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the
reduced first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the

reduced first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to
the first (second) set of conduction bands.
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FIG. S122. Wilson loops for the first set of conduction bands of twisted AA-stacked bilayer ZrS, at 8§ = 9.43°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S123. Wilson loops for the first set of conduction bands of twisted AA-stacked bilayer ZrS, at § = 7.34°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S124. Wilson loops for the first two sets of conduction bands of twisted AA-stacked bilayer ZrS, at 8 = 6.01°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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FIG. S125. Wilson loops for the first two sets of conduction bands of twisted AA-stacked bilayer ZrS, at § = 5.09°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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FIG. S126. Wilson loops for the first two sets of conduction bands of twisted AA-stacked bilayer ZrS, at 8 = 4.41°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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FIG. S127. Wilson loops for the first two sets of conduction bands of twisted AA-stacked bilayer ZrS, at 6 = 3.89°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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FIG. S128. Wilson loops for the first set of conduction bands of twisted AB-stacked bilayer ZrS, at § = 9.43°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S129. Wilson loops for the first set of conduction bands of twisted AB-stacked bilayer ZrS, at § = 7.34°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S130. Wilson loops for the first set of conduction bands of twisted AB-stacked bilayer ZrS, at § = 6.01°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e).
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FIG. S131. Wilson loops for the first two sets of conduction bands of twisted AB-stacked bilayer ZrS, at § = 5.09°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced

first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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FIG. S132. Wilson loops for the first two sets of conduction bands of twisted AB-stacked bilayer ZrS, at § = 4.41°. The Wilson
loop is computed along bas, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced

first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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FIG. S133. Wilson loops for the first two sets of conduction bands of twisted AB-stacked bilayer ZrS, at 8§ = 3.89°. The Wilson
loop is computed along by, We consider the full continuum model (a), the full first moiré harmonic model (b), the reduced
first moiré harmonic model (c), the first moiré harmonic model with the zero-twist constraints imposed (d), and the reduced
first moiré harmonic model with the zero-twist constraints imposed (e). The blue (dashed orange) lines correspond to the first
(second) set of conduction bands.
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