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1 Physical network datasets

Our work relies on the empirical analysis of real-world tree-like physical networks from various domains.
The networks, described below, cover 10 orders of magnitude in volume, from the nanometric scale of
the neuronal components to the ~ 10® cm length of tropical tree branches:

1. Human neurons. An electron microscopy scan of a cubic millimetre human brain element.
The complete dataset includes ~ 10* neurons linked through ~ 10° axons and dendrites [1]. Our
analysis focuses on a randomly sampled segment of these data, describing the precise morphology
of 104 manually traced and proofread cells.

2. Fruit fly neurons. Three random full-size neurons obtained from the Hemibrain connectome
project, as part of the FlyEM dataset [2]. Each neuron represents an elaborate three-dimensional

structure with ~ 103 dendritic/axonal pathways packed within a volume of ~ 1071° m?3.

3. Blood vessels. The human pulmonary arterial network [3], comprising ~ 10% blood vessels,
ranging in diameter from 0.1 to 3 cm.

4. Tropical trees. A structural description of different tropical tree species, from the main branches
(boughs) to the peripheral twigs. The data cover a total of 29 trees, 10 from the lowland tropical
moist forests in Guyana, an additional 10 from peat swamp forests in Indonesia, and finally, 9
trees from terra firme forests in Peru [1].

5. Corals. Data on the physical volumetric structure of 28 corals, representing various species, such
as Corallium sp., Crypthelia viridis and others [5]. Here, the physical links capture the tubular
inner structure of each coral.

6. Arabidopsis. Three-dimensional scans of 5 arabidopsis plants, collected at 10 consecutive points
in time [0]. Each plant comprises ~ 10! to 10? links (branches).

Each of these datasets describes the three-dimensional coordinates of the network’s geometric shape,
allowing a complete reconstruction of the physical network, from its underlying skeletal graph to the
specific morphology of all links and nodes. The challenge is that the different networks are provided
using distinct representations, which are not easily interchangeable (Fig. 1):

1. Volumetric images (human neuron, fruit fly neuron). These data structures are generated
by rasterising the three-dimensional object into an array of voxels, each representing a small
volumetric element.



2. Point clouds (tropical trees, arabidopsis). In this data format one samples data points from
the surface of the object, capturing three-dimensional coordinates in space. The sampling can
be regularised or random. If sufficiently dense, the sampled points allow a comprehensive recon-
struction of the object’s geometrical structure.

3. Triangular meshes (corals). These data represent the exterior surface of the three-dimensional
object by a series of interlaced triangles, providing a discretised description of its geometrical
shape.

4. Tetrahedral meshes (blood vessels). Here the data triangulate the entire three-dimensional
volume of the object, generating a mesh of interconnected tetrahedra that represent the object’s
internal structure in addition to its surface.

Note that these three-dimensional representations are not easily interchangeable. For example, it is
easy to convert a triangular mesh into a point cloud, by simply considering all the triangle vertices
as points in the point cloud. The reverse, however, is more difficult, as one needs to decide which
point-trios should constitute triangles in the desired mesh. In general, we designed the list above such
that upward conversion is more straightforward than downward. Hence, volumetric images are the
easiest to construct from all other representations, while triangular and tetrahedral meshes are the
most difficult to construct. To standardise our datasets and allow a systematic cross-domain analysis
we converted all data into volumetric images. A complete description of our physical network datasets
appears in https://physical.network.

1.1 Constructing the graph

Once we obtain the three-dimensional physical network structure, the challenge is to construct its
underlying abstract graph, namely break down the observed geometric object into its skeleton of
nodes and links. Indeed, the system’s skeleton is not explicit in the data and must be implicitly
extracted from the object’s geometry. Quite generally, nodes appear at every point of termination or
bifurcation of a link. This leaves room for interpretation, as illustrated in Fig. 2. For example, two
adjacent bifurcations may be identified as a single trifurcation, leading to different resulting graph
structures.

This challenge of skeletonisation is not unique to our current analysis and has, indeed, been extensively
studied in biological systems, neuronal networks, and physiology [7]. Therefore, there already exist
quite powerful algorithms for this purpose. These algorithms take the volumetric description of the
three-dimensional object and generate the most likely spatially embedded graph structure around
which the object is layered.
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Figure 1: Three-dimensional data representation. (a) A triangular mesh representation of arabidopsis. The smooth
surface is captured by small intersecting triangles. The volume can also be mapped in a similar fashion using tetrahedra
instead of triangles. (b) The corresponding point cloud representation. (¢) The volumetric image representation. It is
straightforward to convert the data representation from left to right (tetrahedral/triangular meshes — point clouds —
volumetric images) but more difficult in the opposite direction. (d) The skeletonised arabidopsis network as obtained

from the volumetric image in (c).

In our analysis, we primarily used the Kimi-
maro [3] skeletonisation algorithm. This al-
gorithm was originally designed to extract
skeletons directly from volumetric images of
high resolution neurons, obtained from elec-
tron microscopy data. However, it can be
directly applied to other systems, such as
corals or blood vessels as well. In datasets
1-6 above, the tropical trees and the fruit
fly and human neurons already included
their skeletonised graphs. Therefore, we
only applied the Kimimaro algorithm to the
coral, arabidopsis (Fig. 1d), and blood vessel

Figure 2: Skeletonisation ambiguity. The same physical net-
work (blue) may be skeletonised in two different ways. (a) As two
separate bifurcations (black). (b) As a single trifurcation. The
Kimimaro algorithm seeks the most likely skeletal graph given the
three-dimensional physical graph geometry.

datasets Table 1. First, we converted all the discrete geometric representations for the three datasets

into volumetric images. Then, we ran the Kimimaro algorithm to build the corresponding skeletons.

The Kimimaro algorithm. The algorithm is designed to seek the most likely graph structure that

traverses through the three-dimensional tubular structure of the physical network (Fig. 3). In brief,

the algorithm has five key steps:



Dataset \ Skeletonisation method

Human neuron [1] | VAST (Volume Annotation and Segmentation Tool) [9]
Fruit fly neuron [2] TEASAR (self-implemented) [10]
Blood vessel [3] Kimimaro
Tropical tree [] QSM (Quantitative Structure Models) [11]
Coral [7] Kimimaro
Arabidopsis [0] Kimimaro

Table 1: Skeletonisation methods. Our six datasets and the skeletonisation methods used for their analysis.

()

(i)

(iii)

Foreground vs. background. We classify regions of the three-dimensional volume as either
foreground, where material is present and voxels are occupied (Fig. 3a, blue), or background,
representing empty space.

Distance transform. Next, we compute a distance transform, which assigns to each foreground
voxel a value corresponding to its shortest distance from the background. We then identify the
local maxima of this distance field—known as medial points or centres—which together trace
the skeletal backbone of the physical links.

Source selection. We select one of these medial points as the source node, from which to
construct paths to the target nodes. The choice of the source node depends on various criteria.
A common approach is to select the medial point with the globally maximal distance transform
value, corresponding to the most deeply embedded point within the object’s volume. In other
contexts, the source may be determined by predefined anatomical landmarks, such as the soma
in neuronal networks.

Path construction. We trace a path starting from the source node, advancing through the
sleeve centres, and terminating at the target (Fig. 3b). Once the target is reached, we invalidate
the coordinates of the sleeves traversed by the path, ensuring that subsequent paths do not pass
through these already-used regions. (Fig. 3c).

Recurrence. We continue to generate paths to the next target, according to steps (i)—(iv), until
all sleeves are invalidated. The resulting collection of one-dimensional paths represents the graph
skeleton.

To guide the paths through the sleeve centres in steps (ii) and (iv), the distance transform is defined

by a penalty field P(r) that is maximal at the sleeve boundary X(r) and minimal at its centre, i.e. at

points almost equidistant from all boundaries. Denoting the Euclidean distance of each point r from

the sleeve boundary by D(r), we define P(r) as



P(r) :K(l—%)a, (1)

which is, indeed, minimal at the sleeve centre (D(r) = max{D(r)}) and maximal at its boundaries

(D(r) = 0). The parameters K and « determine how strictly we bind the paths to the sleeve centre.
a b c

The invalidation of used sleeves is done target

by constructing a virtual sphere of radius target '
p(r) around all points r along the path,
and eliminating all voxels of the physi-
cal network that fall within the volume

of that sphere. The radius of the invali-

source '

dation sphere is set to

source

p(r) =35 X D(I‘) +C, (2) Figure 3: The Kimimaro algorithm. (a) The physical network is
composed of sleeves. We seek paths to connect the source to the target
that traverse through the sleeve centres. (b) The penalty field P(r)
is minimal at the centre of the sleeve, thus pushing the paths far from
ensures that the sphere covers the dis- the sleeve boundaries. Once the target is reached, we invalidate the

tance from the path-point r to the sleeve surrounding sleeve by sliding an invalidation sphere of radius p(r).
(c) We then proceed to the next pair of source and target.

where the scale s, on the order of unity,

boundaries around it. We also include a
constant C' as an offset to p(r). Hence, the Kimimaro algorithm is governed by four parameters K, a, s,
and C', as detailed in Table 2. Further details can be found at https://github.com /seung-lab /kimimaro.

Dataset \ Parameter | s C o K
Blood vessel [3] 1.5 1 4 10!
Coral [7] 1.1 10 4 10!
Arabidopsis [0] 1.0 20 4 10*

Table 2: Kimimaro algorithm parameters. We applied the algorithm to skeletonise the three listed datasets.

As stated above, three datasets (human neurons, fruit fly neurons, and tropical trees) relied on pre-
existing skeletons that were generated using different methods. These methods are listed in Table 1.

Skeletonisation outcomes. The skeletonisation process results in a spatially embedded graph of
nodes and links. The links represent straight segments and the nodes describe points where links bend
(elbows) or split into several directions (intersections). Hence, skeletal nodes with degree two capture
points of link bending, but do not correspond to actual physical nodes. Nodes of degree one represent
terminals in the physical network, and nodes with degree three or more represent branching points
such as bifurcations, trifurcations, etc. In Table 3, we summarise the resulting skeletal structures.
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Dataset Physical links Physical link type Segmseiilsetﬁlﬂizrrzic:lg eno des
Human neuron [!] 925,703 dendritic/axonal pathways | 3,842,587 399,941
Fruit fly neuron [2] 11,154 dendritic/axonal pathways | 73,423 5,625

Blood vessel [3] 3,870 vessels 102,143 1,983
Tropical tree [] 5,330 boughs/twigs 11,380 3, 856

Coral [5] 4,914 skeletons 130,939 2,487
Arabidopsis [0] 3,260 branches 72,795 3,737

Table 3: Summary of physical network datasets. We used six networks from different domains. For each network
we show the number of physical links, their nature (axons, vessels, etc.), and the outcome of their skeletonisation.

Dimensionless measures. The fidelity of skeletonisation methods is often constrained by the spatial
resolution of the underlying data. To circumvent this limitation, our key measurements, namely
the weight parameter y = w/r (degree distribution) and the circumference ratio p = w'/w (angle
asymmetry) are defined as dimensionless quantities. By design, these ratios ensure our results are
robust against variations in spatial resolution and the specific choice of skeletonisation algorithm.

1.2 Alternative skeletonisation methods

a b

Alternative Original Alternative Original

w =~ 1.34 um w~ 1.59 um w~2.08 yum w~2.03 yum
[ ~3.05 mm [~2.82mm [ ~2.79 mm [ ~2.24 mm

Figure 4: Comparison between the original and an alternative (Skeletor) skeletonisation method. (a) The
same neuron skeletonised by two methods. The average thickness w is similar between the two, while the total length [
derived by the alternative method is larger as the soma of the neuron was also skeletonised. (b) Similar results obtained

for a different neuron. We observe a similar trend: the two skeletons appear almost identical, with w and [ remaining
closely the same.
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Figure 5: Results under alternative (left) and original (right) skeletonisation methods. (a,b) We recovered
the analysis of Fig. 3 of the main paper using two different skeletonisation methods, which provide fully consistent
results. (c,d) Similar consistency is also observed in our reconstruction of main text Fig. 5.

Our six datasets were skeletonised by diverse methods (Table 1). This diversity is encouraging, as
it suggests that our results are robust to the specific skeletonisation protocol employed. To further
examine this robustness, we implemented an alternative skeletonisation pipeline, focusing on the hu-
man neuron dataset. We chose this dataset because it contains the largest number of skeletons, all of
which have been manually proofread by experts [1], providing a reliable ground truth against which
to validate our alternative approach.

We began by using the Trimesh library [12] to extract two-dimensional meshes directly from the
human neuron dataset. Next, we implemented the Skeletor algorithm [13] to construct the skeletonised
graphs. As Fig. 4 shows, the two methods yield visually indistinguishable skeletons. Adjacent to each
skeleton, we show two key extracted parameters: the average thickness (or circumference) w and the
total neuronal length [, as obtained from the two algorithms. These specific measures, we find, are
not identical, alluding to the differences between the two pipelines. Yet, they are strongly correlated.
Most crucially, the main statistical findings reported in the paper remain un-affected by the choice of
skeletonisation method. This holds for both the trifurcation behaviour, expressed via P(A) (Fig. 5a,b),
and the sprouting/branching transition, captured by P(2) (Fig. 5¢,d).



2 Omne-dimensional cost minimisation—the Steiner graph

Consider the challenge of connecting M spa- a b
tially distributed terminals. This entails the ® © ®
construction of a fully connected, spatially

embedded graph in which all terminals can

be linked via finite paths, i.e. no isolated PY

components. In the Steiner graph challenge,

we seek to achieve such connectivity at mini-

mal cost by optimising for the smallest total Figure 6: The Steiner graph. (a) A tetrahedral configuration
of M = 4 terminals. (b) The Steiner graph G helps link all
terminals at minimal cost (link length). Here this is achieved by
addition of intermediate nodes between the adding N = 2 intermediate nodes (black) of degree k = 3 each.

link length. Where relevant, we allow the

fixed terminals, a step that can potentially

help connect distant terminals via shorter links. For example, in Fig. 6 we present a four-terminal
system arranged at a tetrahedral configuration. The optimal solution here is to link the four terminals
through two intermediate nodes of degree k = 3. Therefore, the final Steiner graph G has M + N
nodes and L links, where N is the number of added intermediates. In our example in Fig. 6 we have
M =4 and N = 2.

In this setting, all nodes (terminals or intermediates) are characterised by their three-dimensional
coordinates in space, and all links ¢ = 1,..., L exhibit spatially embedded pathways X;(n;) that
originate in one node and end in another. Here, the function X;(n;) describes this spatial embedding
as a continuous path in space, parametrised by n; € [0, 1]. Hence, X;(n; = 0) represents the coordinates
of the node at one end of the link, and X;(n; = 1) represents the coordinates of the node at its other
end.

In this parametrisation the graph G is given in terms of all the link paths X;(7;). The node locations
are implicitly provided as the end points of these links, i.e. X;(0) and X;(1). The graph consistency
requires that these end points are sewn to each other, such that adjacent links meet at their shared
node. Specifically, if node « is at the intersection of two links 7 and 7, one of these four conditions
must be satisfied:

X;(0) = X;(0),
X;(0) X;(1),
X;(1) = X;(0),
Xi(1) = X;(1), (3)

ensuring that link ¢ ends (begins) where link j begins (ends).
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Graph cost. The length [; of each link can be calculated differentially by dividing the link into
infinitesimal segments dX; = (dX;/dn;)dn;. Each segment has a length of dl; = /dX; - dX;, and
hence the total link length is provided by

1 dX, dX;
li - / d i —Z . Z, 4
0 7 \/ dn, dn, @

an integral over 7;. Collecting all link lengths we obtain the cost of G [1]:

! dX; dX,;
SQ—Z/O dn; d—m'dm, (5)

i=1
a summation over the lengths of all links ¢ =1,..., L.

Cost minimisation requires us to find the graph G for which Sg is the smallest; namely, we seek

arg mgin{Sg}. (6)

Our degrees of freedom in seeking Eq. (6) include the graph topology (or adjacency matrix), as well
as its geometry. The former represents our control over the addition of intermediate nodes and the
mapping of which nodes/terminals are linked. The latter captures the spatial locations of these
intermediate nodes and the specific path X;(n;) followed by each link. The resulting length-optimised
G is known as the Steiner graph [15], a well-established graph theoretic optimisation problem.

The Steiner graph characteristics. As detailed in the main paper, graphs satisfying Eq. (6) have
three guaranteed local characteristics: (1) Bifurcations: All intermediate nodes have degree k = 3,
i.e. bifurcations; (2) Planarity: All links emerging from a node are on the same plane; (3) Angle
symmetry: The bifurcations are at equal angles of precisely 120°. As we show in our analysis, real
networks may potentially violate each of these conditions. Consequently, the Steiner graph, a collection
of one-dimensional (d = 1) links embedded in three-dimensional space, is insufficient to capture the
physicality of real-world networked objects. Its one-dimensional links ignore the rich morphology of
real physical networks, and its sharp branching points represent essential singularities that violate the
manifold criteria we outline in the main paper. We, therefore, next consider higher-dimensional links
with d > 2, which we analyse using manifolds rather than simple graphs.

11



3 Two-dimensional links—Charts

Next, we focus on two-dimensional links, or charts. Here, instead of linear pathways X;(7;), we consider
each link to be a surface that surrounds a specific volume in three-dimensional space (see Fig. 8 for

an example of a catenoid). Each link 7 is now defined by two coordinates, a; = (09, 5}), replacing the
0

single parameter 7n; of the one-dimensional description. A common parametrisation is to consider o;
as the longitudinal variable, confined to the range ¢? € [0,1;], and o} as the azimuthal variable, for
which we set o} € [0,w;]. To ensure the continuity and smoothness of the link surface, we impose a
periodic boundary condition X;(0?,0) = X;(0?, w;). This description depicts each link as a geometric
sleeve dressed around a path in space. The sleeve trajectory is tracked via the longitudinal ¢, and

its local morphology around each point 0 < ¢¥ < [; is provided by the rotational ;.

In this higher dimensional formulation, the intersection between a pair of links is no longer a singular
point. Rather the sleeves must be sewn together, to create a continuous and smooth surface at the
inter-link boundary (Fig. 7a). Consequently, Eq. (3), designed to capture the meeting point between
links 7 and j, now takes a more complex form. To understand this, consider link i that intersects with
J at the point where i ends, i.e. 0 = [;, and j begins, namely a? = 0. This intersection is not a point
but rather defines a path along the edge of sleeve i, X;(I;,0}), and that of sleeve j, X;(0, J}) (Fig. 9,
blue paths). The path is defined by the range of ¢} and 0]1. in which the two sleeves are sewn together.
For example, in the bifurcation shown in Fig. 9e, each pair of sleeves is conjoined only through half of
the complete azimuthal range, namely o7, 0]1 € [0,w/2]. Within this intersection range we require

Xi(li, (711) = Xj(07 Ujl')?

e X,
—_— = 7
80'? =1, 80’;) 0_o ’ ( )

the first condition ensuring continuity along the intersection path and the second condition guaran-
teeing smoothness as we cross that intersection, from sleeve i to j.

Network manifold. To construct our physical network, we begin with the graph G, a collection of
one-dimensional links as described in Sec. 2. We then surround each link with a chart or sleeve X;(a;)
that dresses the link with a three-dimensional morphology (Fig. 7b). By sewing all links together
following condition (7), we obtain the complete network manifold M(G), a continuous and smooth
geometric object structured around the discrete graph G.

While Eq. (7) generalises our original one-dimensional condition of Eq. (3), it is interesting to note
that the conditions appearing in Eq. (3) are not a particular case of (7). This is due to the essential
singular nature of the one-dimensional intersections that, by definition, are un-smooth and hence

12



a b

network manifold not continuous Different sleeves

not smooth not embedding
Figure 7: Two-dimensional manifold. (a) The physicality of the network imposes fundamental constraints at the
boundaries between the sleeves, which must be continuous, smooth, and avoid crossings. The natural structure that
achieves this is a manifold (top left). (b) A two-dimensional network manifold M(G) consists of two layers: first, a
graph structure G, comprising nodes and links; on top of that, a set of two-dimensional sleeves ‘dressed’ around the
nodes/links. Here the graph structure is represented by a single trifurcation motif, around which we dress four different

sleeve morphologies (grey). Despite having the same underlying graph, each of the resulting four structures represents
a distinct physical network, due to its unique sleeve morphology.

T_T
T

violate Eq. (7)’s second condition. Therefore, the one-dimensional construction of Sec. 2 does not
constitute a proper manifold, and only after surrounding it by the chart surfaces does it become one.

Link surface area. To calculate the surface area of each link we consider infinitesimal area elements ds
along the longitudinal and azimuthal axes. The sides of each area element are given by |0X;/00?| do?
and |0X;/0c}| do}, and hence the area they cover is

R (X OX\ (0X; OXi\ (0X; X\ @)
' 909 o) do!  Oo} do? oo} )’

an infinitesimal parallelogram surrounding the coordinate o; on the sleeve surface X;(o;). Covering

the boundaries of the entire sleeve we obtain link i’s surface area as

//de2 aX aX 0X; X\  [0X; 0%\’ ©
do}  do} do? dal )’

a natural generalisation of the one-dimensional Eq. (4).

Manifold cost. The cost of M(G) is obtained by summing over all links to extract the manifold
surface area as [10]
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We can simplify this description by introducing the Riemannian metric tensor [10]

; ias(0) = =2 . 11
whose elements at each position o; describe the sleeve’s local morphology. Here, at each location
(09, 0}) along the sleeve v;(o;) is a 2 x 2 tensor that captures the differential X; in all directions, thus
capturing the geometrical characteristics of the link surface. Using v;, Eq. (10) can be rewritten as

L
Sm) = Z/ & i1/ det yi(o), (12)
i=1 /o

retrieving Eq. (1) of the main paper.

The metric tensor. The d-dimensional tensor 7; is symmetric (7,058 = 7Via). Thus, it incorporates
d(d+1)/2 d.of. in total, accounting for the d diagonal elements and the d(d — 1)/2 entries of the
top/bottom off-diagonal triangle. For example, in our case, where d = 2, one must specify three real
functions v; 00(0;), 7i,11(0;) on the diagonal, and 7, 01(6;) = 7i10(0;) for the off-diagonal terms. Note,
however, that we can reparameterise the manifold through a coordinate transformation & — ¢’ = f(o)
to obtain a further reduced description. Such reparametrisation, merely a change of coordinate system,
leaves the physical quantities of the manifold un-changed [17], thus having no effect on, e.g., the cost
n (12). It does, however, if selected appropriately, remove d redundant d.o.f., thus reducing ; to just
d(d — 1)/2 independent entries. For d = 2, specifically, this contracts 7; in Eq. (11) to just one d.o.f.,
1.e. a single scalar function.

To exemplify this, we consider a reparametrisation of o and o} to obtain a diagonalised representation
of ; as [18]

Yiap(0i) = fi(0i)dap, (13)

a transformation often called the isothermal coordinate system. Here f;(o;) is a real positive scalar
function of the coordinates, and d,s5 is the Kronecker delta function, which assumes unity on the
diagonal and zero otherwise. The result is a simplified ~;, in which both diagonal terms are identical
and all off-diagonal entries vanish. The crucial point is that such diagonalised ~; greatly simplify the
calculation of Syqg) in (12). Indeed with 7; reduced to just the one function in (13) the cost in (12)

14



simplifies to

Sme) = Z/U filoi) & o, (14)

an accessible integral for a broad choice of f;(o;).

To gain an intuitive understanding of the isothermal coordinate transformation in (13), consider the
meaning of the off-diagonal terms in ~;. They represent an interdependence of 9X;/90? and 9X;/da}.
Such dependence captures the fact that in the surface elements, or tiles comprising the sleeve, the two
coordinates ¢! and o} are, generally, not orthogonal, and hence a shift in one induces a subsequent
change in the other. For finite tiles, such non-orthogonality is un-avoidable, as it is induced by the
potentially curved morphology of the sleeve. This can be clearly observed in the catenoid sleeve
illustrated in Fig. 8, where the sleeve curvature distorts the tiles into a trapezoidal form. The crucial
point is that in the infinitesimal limit the tiles can always be approximated to be locally square-like.
The result is a quadratic mesh in which the infinitesimal shifts in the directions do? and do} are
locally orthogonal. This ensures that 7, 01(0;) = Yi10(0;) = 0, as, indeed, both represent a scalar
product between orthogonal vectors. Next, we can always re-scale the quad mesh to make the tiles of
equal sides, i.e. perfect squares, which in (13) is expressed through the uniform diagonal entries of ~;.
Therefore, the meaning of the reparameterisation leading to Eq. (13) is simply to select a coordinate
system which is orthonormal, i.e. both orthogonal (off-diagonal terms vanish) and normalised (diagonal
terms are equal).

Finally, we note that in certain contexts the function f;(o;) is expressed in exponential form as [15]

filo:) = e*7), (15)

where we set ¢(o;) = In \/ fi(0;). Such representation, which merely reflects an alternative convention,
has no effect on the proposed isothermal transformation. It is, however, useful in the string-theoretic
analogy, to which we allude below in Sec. 4. In this notation, the manifold cost becomes

L

SM(Q) _ Z/ e20() 32 o, (16)

i=1 v i

substituting f;(o;) in (14) by the exponential function of (15).
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3.1 Example: the catenoid sleeve

To demonstrate our formalism we revisit the catenoid sleeve of

Fig. 8, oriented around the z axis. This represents a stereomet- 1 1

x=Q2n ' w wxhw‘() coSo

ric object characterised by two parameters: its height h and its y =201 wcosho? sing!
.. . . . . . -1 0

minimal cross-section circumference w, capturing its width at z=Q2n" wo

the waist. The natural isothermal coordinates for this system

are the cylindrical coordinate system

Embedding

X(o)
0 1 mh mh

= (0", € |——,— 0,2n], 17

o=t e [T x .2 (17)

where ¢ describes the elevation along the z axis, and ¢! is the Figure 8: Catenoid sleeve. The longitudi-
nal coordinate o (red) and the azimuthal
o! (blue). The three-dimensional surface is
captured by X(o) = (x(0),y(0),2(0)), as
we can use our d.o.f. to define ¢° as 0 = 27z /w to ensure that appears in the equations at top of figure.

polar angle around z. These two coordinates are clearly orthog-
onal, ensuring that ~’s off-diagonal terms vanish. In addition,

v’s two diagonal terms are equal.

As shown in the figure, under these coordinates, the catenoid surface follows

z(o) " cosh 0 cos o't
X(o)=| ylo) | = <2—) coshosing! | (18)
m
z(o) o?
where z is in the range
h h

capturing the catenoid height. The catenoid’s circular cross-sections satisfy

2
2
2?+y’ = <%) cosh? (%) : (20)

and hence, its minimum circumference at the waist (z = 0) is, indeed, w.

To construct the metric tensor v we first extract the partial derivatives of X (o) as
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sinh 0%sin o )

: 0 1
59X ( w > sinh o cos 01

0o 2
o m .
— cosh 0¥ sin ot
0X
ol = (%) cosho®cosol |, (21)
o m

0

which, in (11), yield

0X 0X X 0X

000 QoY 000 Qol w\2 [ cosh? o9 0
T= ~\2r 0 cosh?g? |’ (22)
0X 00X oX 00X

ool o0 ool Jo!

where in the last step we used the identity cosh® z = 1 + sinh®z. As expected, thanks to our choice
of coordinates, we arrived at the diagonal tensor form of Eq. (13) with f(o) = (27) > w? cosh? o°.
In this specific application, thanks to the isotropic symmetry of the catenoid, the metric tensor is
independent of o;. However, for more general morphologies this independence is not guaranteed. We
can now substitute f(o) into Eq. (14) to obtain

S —/Zl /27r =z 2cosh2( Nd*o = =z 2sinh 2mh +h_w (23)
MO ] 0 2m 7 — "\ on w 21 |

providing the catenoid surface area.
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4 The unified coordinate system—Atlas

To connect all links into a unified smooth manifold with a single global coordinate system, we seek
the atlas o (omitting the index 7). Constructing this atlas requires us to sew together the boundaries
of all links to ensure the continuity and smoothness of M(G). Following this process, the link-by-link
integration of Eq. (12) simplifies to

Srmg) :/dZO' det v, (24)

which, using Eq. (13), can be expressed as

SM(g) = /d2 U€2¢(00’01), (25)

capturing the manifold surface area.

4.1 Quadratic differentials

The theoretical difficulty in expressing Sygy via Eq. (24) is to show that a globally differentiable atlas
o = (0% 0') indeed exists. Hence below, for the completeness of our methodological presentation, we
briefly review relevant advances in string field theory [19, 20] that help establish the existence of such
a global atlas. Particularly, we focus on quadratic differentials [21] that are used to construct an exact
transformation from the local coordinate system, o;, to the global coordinates o. To establish this, we
first note that the sleeves we consider are orientable (as opposed to, e.g. M&bius strips), meaning that
our network manifolds can be associated with the structure of Riemann surfaces [13]. This indicates
that their two-dimensional coordinate system o can be reduced into a single complex coordinate, z.

To express this, we rewrite the global coordinates o as a complex coordinate, z = ¢ + ic!. Let us

also represent each chart ¢ by a local complex coordinate, z; = o + io;}. The challenge is, therefore,
to relate the global complex variable z to the local complex variables z;. This connection is expressed
through the introduction of quadratic differentials [21]. Specifically, in our application, we focus on
a special class of quadratic differentials q(z) dz?, where ¢(z) is a meromorphic function that has only
second-order poles and first-order zeros [21]. Figure 9 provides examples of ¢(z) that belong to this
class.

In the atlas, it can be shown that the local complex variables z; can be retrieved from the global z via
the integral [22]
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Quadratic differentials

Jenkins-Strebel q(z) (M=3) non-Jenkins-Strebel q'(z)
6 . s — 6 —————— y .
| a+b=a+c=b+c=w
4r c
2+ ’Vy: S
% b ¥ a .
= 0r Sinmis| Solution:
li a=b=c=w/2
-2+
e
-4+
k=3
a 6
6 ¥ REB= Smmmay 6 z T T T a+b+ f=a+c+re=b+c+d=d+e+ f=w
e
40 P
2 b
g : Solution:
= 0f i a=d
2 F f iz b=e
T\ c=f=w-a-b
-4f  chartd O L k=4
C 4 2 0 2 4 6

Re{z} Re{z}

Figure 9: Quadratic differentials. A quadratic differential is a meromorphic function ¢(z) that defines two orthogonal
sets of horizontal (blue) and vertical (red) trajectories on a Riemann surface. The horizontal trajectories must be
closed. (a) A quadratic differential ¢(z) with three punctures (M = 3). It must have 3 poles and 2 zeros by dimensional
analysis. When ¢(z) is Jenkins—Strebel, it can be used to construct an atlas that divides the Riemann surface into
multiple tube-like charts. The thick blue lines indicate how these tubes are smoothly sewn together. (b) When ¢(z) is
not Jenkins—Strebel, the charts are not tube-like because the horizontal trajectories are not closed. (c,d) Same results
apply to M = 4, which corresponds to 4 poles and 4 zeros. (e) The M = 3 is mapped to a degree k = 3 bifurcation.
(f) Similarly, the M = 4 case corresponds to trifurcation (k = 4).

2z = Vq(z)dz, (26)

~chart i

such that integrating over the ith chart (or link 7) recovers the local coordinates. Using (26), we can
define the wvertical and horizontal trajectories of the quadratic differential [22], such that along the
vertical trajectories (red), the integral of \/@ remains real, whereas along the horizontal trajectories
(blue), it remains purely imaginary. This represents trajectories that are, at each point, perpendicular
to each other, creating a grid pattern of squares along the real/imaginary axes (Fig. 9). As a result,
such mapping enables our quad-mesh representation for individual charts (Fig. 11 below).

In general, it can be shown that for any possible combinations of local coordinates z; that satisfies our
continuity conditions, there exists a corresponding meromorphic function ¢(z) that can be globally
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identified [21]. Hence, the existence of ¢(z), even if remaining implicit, is sufficient to establish that
the constructed physical network is, indeed, a smooth manifold. Still, we find it worthwhile to look
into the exact expression for ¢(z) for a few tractable examples. We begin with the simplest example of
an atlas that consists of a single link ¢ that has a circumference of w;. The exact relation between the
atlas coordinates z and the chart coordinates z; is, in this case, provided by the meromorphic function

2

q(z) = —- (27)

47222

Here ¢(z) has two second-order poles, at z = 0 and z — oo, and no first-order zeros. Applying Eq. (26),
we obtain z; = [w; (27)”" 27" dz = w;(27) "' In 2. This leads to the coordinate mapping

(00, 0}) = %ln (09)2 4 (01)?, %arctan (%) ) (28)

™

in which ¢} is, indeed, periodic in [0, w;], precisely as expected for the single chart coordinates.

Next, let us generalise this mapping to network manifolds representing tree graphs with M terminals.
Topologically, such a manifold corresponds to a Riemann sphere (which is the simplest Riemann
surface) with M punctures [22]. We seek the most general form of ¢(z) on the corresponding M-
punctured Riemann sphere, for which Eq. (26) can help retrieve all individual chart coordinates.
Suppose that ¢(z) has M second-order poles exactly matching the positions of the M punctures. To
determine the number of zeros ¢(z) should have, we need to ensure the smoothness of ¢(z) dz? in the
limit z — oo. We therefore denote ¢t = 1/z and seek q(1/t)d(1/t)? at t = 0. By substitution we write
q(1/t)d(1/t)? = t~*q(1/t) dt*, which converges to a finite limit at ¢ = 0 only if we require g(1/t) ~ t*.
Returning back to our original notation, using z, this provides ¢(z) ~ z=%. Consequently, ¢(z) must
have 2M — 4 first-order zeros to balance the 2M dimensions induced by the second-order poles. Most
generally, we can satisfy these conditions by setting

M

9(2) =C [ (z=pm)” H (2 — s0), (29)

where C' is an arbitrary constant, p,, are the second-order poles, and s, are the first-order zeros.
Equation (29) is characterised by 3M — 3 complex parameters, the M poles p,,, the 2M — 4 zeros
Sn, and one global constant C'. The crucial point is that they cannot all be selected independently
and freely. Certain combinations of these parameters may result in redundant representations of the
same atlas, while other combinations may lead to non-sleeve-like charts that violate the periodicity in
the o} direction. According to string field theory [19, 20, 23-20], the quadratic differential q(z)dz?
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we seek must satisfy the Jenkins—Strebel conditions [21], which ensure the closure of every horizontal
trajectory (Fig. 9a,c); these two examples correspond to a bifurcation motif (Fig. 9¢) and a trifurcation
motif (Fig. 9f), respectively. Without such closure, the horizontal trajectory would spiral infinitely
and never reach an endpoint (Fig. 9b,d). In the local coordinate z; this would mean that there is no
guarantee to exhibit periodic behaviour in the imaginary direction. It would therefore be un-suitable
for constructing a proper sleeve. The Jenkins—Strebel conditions allow only M — 3 free complex
parameters. The rest are constrained by the continuity and smoothness requirements. The resulting
family of Jenkins—Strebel quadratic differentials of the form (29) can help represent all existing tree-
graph surface manifolds [19, 20].
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5 Surface minimisation

To obtain the manifold with the minimum surface area (Fig. 10a), we seek

arg /\151(151) {SM(g) }, (30)

taking Saqg) from Eq. (25), where M(G) is a physical network manifold. As explained in the main
paper, this minimisation is equivalent to solving the equation of motion for the Nambu—Goto action in
string theory [17] while subject to the functional constraint as in Eq. (2) of the main paper. Without
loss of generality, we assume that the shortest circumference around each link (chart) is along the o!
direction and rewrite the constraint as

74 4o [|0X /00" || = w, (31)

such that the shortest circumference must be at least w in length. This ensures that the physical links
can sustain a flow (Fig. 10b). For example, in the catenoid of Fig. 8 this constraint is limited by the
circumference at the waist.

Finding the desired M (G) requires us to enumerate all possible manifolds M that can be constructed
around the skeletal graph G and satisfy constraint (31). We then need to extract their d-dimensional
cost Sa(g), and select the optimal manifold, for which this cost is minimised.

Numerically, this optimisation problem comprises four steps:

(i) Begin with M spatially embedded terminals.

(ii) Enumerate all tree graphs G that link these M terminals via finite paths, including also ones
with added intermediate links.

(iii) For each graph G enumerate all manifolds M(G) that satisfy the systolic constraint of (31).
These manifolds may include any set of sleeves with distinct morphology (length, thickness) that
can be dressed around the links of G and properly sewn together as explained in Sec. 3.

(iv) For each M(G), list all links ¢ = 1,..., L and determine, for each link, the function ¢;(o) in
Eq. (15) that minimises the total surface area Sy(g). Note that this step cannot be solved link-
by-link, since the links must be properly sewn together, and hence the morphology of one link
feeds into that of its adjacent links at the inter-link boundaries.

The desired manifold is the one that, following steps 1-4 above, has the overall minimum Syy(g).
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Figure 10: Surface minimisation. (a) To obtain the surface area we integrate over its induced metric tensor vag,
which captures the infinitesimal surface area elements constructing all sleeves. (b) Minimising surface alone may lead to
dysfunctional links. This is observed under Plateau’s soap film transition. There, if the distance h is increased beyond
a threshold (h/wg = 0.168), the optimal solution favours two disconnected planes (top right). In contrast, the links in
a physical network must maintain a minimal circumference w in order to remain structurally intact or to sustain their
functionality (e.g. nutrient transport). Therefore, even if h is large the sleeves do not reach a zero cross section, but
rather continue to have a circumference of at least w (bottom right).

To solve this numerical challenge we rely on the existing solution of the systolic surface minimisation
problem [27]. There, one seeks to construct a minimal surface under the condition that all non-
contractible loops surrounding it, at any point, have a length of at least w. This maps exactly to our
constraint of (31). The only distinction between this classic challenge and our current problem is that
here we also constrain the manifold to be immersed in space. Hence, the manifold solutions we seek
have pre-set boundary conditions, determined by the terminals positioned in three-dimensional space.
To realise these boundary conditions, we map the point location X,, of each terminal m and then
introduce a perfect circle with radius w/ (27) freely rotatable around X,,,. We then force the manifold
boundaries to be sewn to these circles. As a result, each terminal node is reached by a sleeve that, at
one end, connects to its surrounding circle.

For tree-graph network manifolds, i.e. graphs without loops, there exists an exact solution to the
systolic surface minimisation problem, as given by Strebel’s theorem [21]. The theorem states that
among all metric tensors satisfying the systolic length constraint, the flat metric tensor is the one
with minimal surface area [20]. In Eq. (13), the flat metric tensor is expressed by setting ¢2#(?) = 1,
independently of . From a geometric perspective, this translates to all sleeves having a locally perfect
cylindrical surface. Quite clearly, this cylindrical solution provides the minimal surface subjected to a
given systole.

The challenge is that Strebel’s minimal-surface solution neglects the constraint that the surface must
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also be immersible within the ambient three-dimensional space and connect smoothly to the terminals
and intermediate nodes of G. If we simply adopt Strebel’s cylindrical solution, the resulting sur-
faces would exhibit conical singularities at the sleeve intersections, rendering the solution un-physical.
Therefore, Strebel’s solution €2?(?) = 1 can only serve as a useful starting point for our analysis, but
cannot offer the precise solution we seek. To obtain the actual desired smooth manifolds we must
allow the sleeves to deform at their intersections and break their cylindrical envelope.

To accomplish this, in our implementation, we build upon Strebel’s solution, but modify it to allow

e2%i(@) > 1, (32)

or equivalently ¢;(a) > 0, and o' € [0,w]. Equation (32) ensures that the systolic constraint (31)
continues to hold at every point along each sleeve. Indeed, equality in Eq. (31) is already satisfied
when ¢;(0) = 0. Relaxing this to ¢;(o) > 0 simply adds surface area, and can only increase the
value of the integral on the left-hand side of Eq. (31). Therefore, our relaxed formulation in Eq. (32)
guarantees that all systoles remain > w, while allowing the sleeves to expand locally as needed to
accommodate stretching and bending of M(G) at the intersections of two (or more) charts.

Strictly speaking, since the constraint in Eq. (32) is purely local in nature, it is not designed to obtain
the global minimum. Hence, it does not necessarily minimise the total surface area, but rather, it
yields surface that is locally area-minimising. This means that infinitesimal variations in the vicinity
of any point do not reduce the area. Nonetheless, a globally distinct surface configuration may still
achieve a lower total area.

Despite this limitation, the morphological flexibility introduced by Eq. (32) produces realistic ge-
ometries. Therefore, although it is local in formulation, it remains highly relevant from a physical
standpoint. In practice, the resulting manifolds tend—quite intuitively—towards cylindrical sleeves,
with ¢;(o) — 0 in areas located far from the link intersections, then exhibiting modest deviations
from cylindricality as we approach the intersections.
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6 Numerical implementation

6.1 Quad-mesh tiling

To numerically evaluate the surface of a given sleeve/manifold, we tile it using quad meshes, as detailed
in Ref. [28]. The surface is divided into a large number of small square tiles (which may vary in size).
These tiles represent the infinitesimal surface elements do? do} whose integration provides the complete
surface area. By choosing the orthogonal parametrisation, in which, at each point ¢? is perpendicular
to o}, the tiling follows a grid pattern, in which all tiles, if indeed small enough, have 90° angles.
Then, properly scaling the two components, we can ensure that they are both of equal size, rendering
the tiles to be perfect squares (Sec. 3).

We denote the metric tensor of this quad mesh by

A3 (). The orthogonality between the o; com-

ponents ensures that ygg?d(ai) = yg‘llgd(ai) = 0;

and the re-scaling into square tiling guarantees that
vfflolgd(ai) = 'yg‘ﬁd(ai). Therefore, the diagonalised
quad-mesh metric tensor can be written in the form

(13) as

; quad mesh
guad _ guad _ €2¢>?Udd(ai) (33)

7,00 i Figure 11: Quad mesh. A quad mesh is made up of
tiles arranged in a grid layout, where each tile is a skew
quadrilateral (not necessarily planar). FEach tile can

function f;(o;). In this context, the physical inter- be freely deformed, with the only constraint that the
pretation of the real function 2268 (0%01) hocomes Varignon parallelogram inside each tile, formed by con-

lear: it ¢ the di . f the infinitesimal necting the four midpoints of each tile’s sides, must be
clear: 1t captures 0 € ) LIMENSIoNs o € IHNILesImal -, 1 ombus. The ratio between the rhombus diagonals

tile at position (o}, 0;) in the quad mesh. In areas captures the stretching of the mesh in a specific direc-
where the sleeves are stretched, for example, the tiles tion. Absent such stretch, the Varignon parallelograms

. become perfect squares. The square/rhombic Varignon
bcelfilme expanded, and hence, at these locations the parallelograms join together into a checkerboard pattern
)

v;" s terms become greater. This was exemplified that helps approximate the smooth surface area.

where we used the notation of (15) to express the

in Sec. 5, where we showed that for a perfect cylinder
we have ygggd = ’yﬁ‘ﬁd = 1 throughout, and as the cylinder deforms towards its intersection with a
neighbouring sleeve these terms become > 1. Hence, in the quad mesh framework, the surface of

quad(a'i), which encapsulates the local

a sleeve/manifold is fully determined by the scalar function ¢;

sleeve morphology through the effective stretching or contraction of the tiles at each locale o;.

The challenge is that in numerical calculations, the mesh is inherently discrete and only composed of
a finite number of finite-size tiles. As these tiles are not truly infinitesimal, they cannot be considered
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as perfectly planar squares (Fig. 11). Rather they have a curved surface and potentially trapezoidal
boundaries. To address this, we rely on the quad mesh framework [28] that is specifically designed
to treat such discrepancies. In this framework, instead of limiting our tiles themselves to be perfectly
planar squares, we only require that their four midpoints form such squares (known as the Varignon
square). This gives us the freedom to tile our smooth surface more accurately with curved and
trapezoidal tiles. The crucial point is that under this construction these, potentially curved tiles,
induce a square grid, the checkerboard of Fig. 11, whose area can be used to approximate the exact
manifold surface area.

Algorithm and code. Our complete surface minimisation algorithm, min-surf-netw, which em-
ploys the above tiling scheme, is available on GitHub with all relevant usage documentation at
https://github.com /Barabasi-Lab/min-surf-netw.

6.2 Optimisation target function

To optimise the manifold M(G) we set the target function E to

E= wisoEiso + wglueEglue + wterminalEterminal + wfairEfair + wsurfaceEsurfacm (34)

assigning relative weights for five distinct optimisation objectives:

Isometric cost E,. This term accounts for the deformation during the isometric mapping of the
quad mesh into Euclidean space. As shown in Fig. 11, each tile of the quad mesh must satisfy the
condition that the Varignon parallelogram inside each tile, formed by connecting the four midpoints
of each tile’s sides, is a rhombus or a perfect square. In our optimisation, we adjust the length [ of
each sleeve along the longitudinal direction. Hence, the Varignon parallelogram becomes elongated,
i.e. a thombus. We set the short diagonal to 1 and the longer to Z > 1.

For tile r with corners given by the coordinates (in counterclockwise order): (2,0, Y0, 2r0), (Tr1, Yr1, 2r1),

(xr,2> yr‘,Qa zr,2)> and (xr,Sa yr,3> Zr,S): we Wl"ite [ ) ]

)2+ (Yro — Yr2)® + (2r0 — 2r0)°] — (14 ANY)
)2 4 (Yr1 — Yrs)® + (21 — 208)?] — (1 4+ AN?)
Tro — Tr2)(Tr1 — Tr3) + (Uro = Yr2) (Ura — Yr3) + (20 — 202) (201 — Zr,3)]
— (14 AX2) cos(2tan™" | Z,|). (35)

A,
B,
C,

These three terms tend to zero when the inscribed Varignon parallelogram within each tile is congruent
with the Varignon parallelogram inside a rectangle of dimensions 1 x Z. We therefore seek to minimise
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the isometric cost over all R tiles via

R
Buw=)Y (A2+B2+C), (36)
r=1

ensuring that our isometric mapping is as accurate as possible. Under Eq. (35) the area of tile r is
provided by

S, = Z, (1+AX2), (37)

a rectangle of dimensions 1 x Z, multiplied by a conformal factor (1 + A)\f). In our numerical imple-
mentation we used our freedom to scale the longitudinal axis of each tile and set Z, = Z uniformly
for all tiles within a specific sleeve.

Continuity cost Ey,e. Consider the boundary coordinates of link 4, (%, Ym,i, 2m,i), where m =
1,..., M counts the discrete points along this boundary (in the quad mesh). The manifold construction
requires that the boundary coordinates for i’s adjacent link j, (@, j, Ym.j, 2m,;), Precisely coincide with
those of i, ensuring that the two links are properly glued to each other. Hence we assign the cost

glue - Z Z [ xmz me) + (ym,z - ym,j)2 + (Zm,i - Zm,j)2:| 3 (38)

(1,5)eBm=1

where B = {(i,7) | links ¢, j intersect} is the set of all intersecting link pairs.

Terminal cost Eiermina. This term is analogous to Ege, only this time, ensuring that the sleeves
properly attach to the terminal boundaries, i.e. the circular circumferences constructed around all
terminal nodes. Specifically, we consider link i’s boundary z, ;, Ym.i, Zm,; with terminal ¢ at (24, y,, 24)
and quantify their deviation via

2 2 2
1 & 1 & 1 &
Eterminal - Z M Z Tmi — Ty + M Z Ym,i — Yq + M Z Zmi — Zq y
(L,0)eT m=1 m=1 m=1

(39)
where T = {(i, q) | link ¢ connects to terminal ¢} is the set of all link-terminal coincidences.

Fairness cost FEp,;.. The construction of the quad mesh requires an even distribution of tiles, which
we enforce by the fairness cost [29, 30]. To construct FEf,;,, we consider every three consecutive
coordinates, (z;, i, 2), (%,9Y;,2;), and (Tk, Yk, 2 ), respectively, and keep their extrinsic curvature
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minimal, by adding the cost function [30]

Brair = ) _ (w0 — 22+ 20) " + (i — 25 + )" + (20— 22 + )

: (40)
bk (i — xj>2 + (v — yj)2 + (2 — Zj)2 + (25— xk)2 + (y; - yk)2 + (25 — Zk)2

Equation (40) seeks to minimise the second derivative at each point, which in discrete space is often
expressed as x; — 2x; + x. This is designed for the optimised surface solutions to avoid excessive
curvature, ensuring smoothness. The pre-factor wg,;, is varied throughout the optimisation process,
beginning at a relatively large value, to avoid irregularities at the sleeve boundaries, then gradually
relaxing to zero as the optimisation progresses, and surface area becomes the dominant factor.

Surface area cost Fg ... Finally, this term accounts for the heart of our algorithm and calculates
the total manifold surface area. In our numerical implementation this is obtained by summing over
the areas of all tiles, which using (37) provides

R
Esurface = Z Z (1 + A)\?) ) (41)

r=1
an aggregation of small rectangular tiles.

Selecting the weights. The weights wx in (34) determine the relative importance of each cost
component. For example, Fyue and Fiemina Tepresent stringent constraints that must be satisfied
to a high degree. The isometric cost Ei,, on the other hand, is more flexible, and represents a soft
constraint. We, therefore, set their weights accordingly: wis, = 1, Wglne = 10% and Wierminal = 103. The
remaining weights, Wi, and Weyrgace, Must be set dynamically [30], as detailed below for each specific
application.

Search space. Seeking the minimisation of £ in (34), we have multiple degrees of freedom that define
our variable search space:

e For each link 7, we have [; X w; x 3 coordinate variables, i.e. x,y, z coordinates along the length
(I;) and circumference (w;) of the sleeve.

e For each tile 7, we must tune the conformal weight factor 14+ AM2. This must be done for all tiles
in all links; a specific link ¢ comprises (I; — 1) x w; tiles. Note that we set this factor quadratic in
A\, to ensure that, regardless of the optimisation outcome, it is always positive. This guarantees
that the resulting manifold satisfies the functional constraint (31), as expressed via (32), namely
that the sleeves can only stretch where needed, and never contract.

e Finally, we seek a single factor Z, reflecting the stretch of the link in the longitudinal direction.
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In our implementation we search the variable space of v/Z € Rt instead of Z to ensure that Z
remains positive during the minimisation process.

Implementation. In the main paper, we examined two specific scenarios: (i) the emergence of a
trifurcation in a 4-node system (main paper Fig. 3); (ii) the bifurcation angle in a 3-node system
(main paper Fig. 4). Below we describe the specific implementation in each of these calculations.

Trifurcation. We considered 5 links with a uniform circumference of w = 50 tiles. Their lengths
remain adjustable by a global scaling factor. The initial network was constructed as a Steiner graph,
which incorporates two separate bifurcations linked via an intermediate link ¢. During the optimisation
process the length of ¢ may change, depending on the optimal surface morphology, expressed via the
magnitude of the longitudinal variable Z;. A trifurcation is said to emerge when Z; approaches zero.
For this application we set the surface minimisation prefactor to wWeyface = 1072 and the fairness
prefactor according to the following sequence:

Weair = 10°  for 5 x 10? iterations,
Weair = 1071 for 5 x 10® iterations,
Weair = 1072 for 5 x 10? iterations,
Weair = 1072 for 5 x 10? iterations, (42)
Weair = 107* for 5 x 10? iterations,
Weair = 107° for 5 x 10® iterations,

Weiy = 107 for 10° iterations.

This sequence, characterised by an exponentially decaying wy.;., follows the suggested implementation
of the method in Refs. [29,
does not decrease abruptly, but rather it is gradually annealed towards its minimum (small) value
(wfair = 1075).

]. It is designed to ensure that the influence of the surface fairness term

Bifurcation angle. Here we considered 3 links, with uniform length of | = 24 (i.e. 23 tiles). Two
of the links had a circumference of w = 50 tiles, and the third, an adjustable circumference w’.
The initial network was constructed with a symmetric bifurcation angle § = 27 /3, which follows the
Steiner scheme. We then applied our algorithm to obtain the surface minimised angles. The surface

minimisation pre-factor was set to Weyface = 1072, and wy,, followed the exact same sequence as in
Eq. (42).
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6.3 Computational complexity

The computational complexity of our algorithm is
driven by two factors. The first is the number of
iterations used in the optimisation sequence of (42),
which in our implementation is fixed (at ~ 10°). The
second factor is the total number of square tiles, R,
which we seek to maximise in order to increase pre-
cision. Our code runtime is linear in R, allowing us
to increase this factor under a manageable computa-
tional cost. Our simulations required generating man-
ifolds of variable values of R ranging from ~ 5 x 103
to 4 x 10*. In Fig. 12 we track the actual runtime vs.
R, observing the anticipated linear scaling.
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Figure 12: Computational complexity. We ran our
algorithm for surface minimisation on a four node motif,
tracking the bifurcation to trifurcation transition. For
each run we show the computation time T (hours) vs.
the number of tiles R (circles). We find that the runtime
grows linearly with R, as predicted (dashed line).



7 Empirical analysis of branching

Our empirical analysis is conducted on the six physical network datasets listed in Table 3 of Sec. 1.
In the analysis, we extracted the networks’ degree distribution (main paper Fig. 1d), their planarity
(main paper Fig. le), and angle symmetry (main paper Fig. 1f). Below we outline the details of each
of these analyses.

7.1 Degree distribution

Link cutoff. In principle, to extract the degrees of all nodes, we must map the skeletal graph G
underlying the manifold M(G). The challenge is that, as explained above in Sec. 1.1, skeletonisation
is potentially sensitive to the spatial resolution of the data and risks obscuring high-degree structures—
a phenomenon known as extrinsic trifurcations [31]. A classic example is when an actual trifurcation
appears as two separate bifurcations when the node volume/morphology is translated to be a spurious
intermediate link (Fig. 2). Alternatively, two bifurcations may occur close to one another, and become
swallowed within the thickness of the links or the volume of the nodes, and are thus erroneously
classified as a single trifurcation.

To solve these ambiguities, we set a threshold below which we consider a link to be a skeletonisation
artifact. Consider two bifurcations in G, separated by an intermediate link of length [;,;. We set a
cutoff that in case [31]

lint
<1 43
w/2r (43)
we disregard the link, and merge the two bifurcations into a single trifurcation. The rationale is that
if the length to thickness ratio of a link is smaller than one, then it is likely a skeletonisation artifact
rooted in the intersection morphology; the denominator w/27 represents the typical link radius.

Trifurcation. In the main paper, we track the structural transition from a double bifurcation to a
single trifurcation. We begin with four nodes located at the edge of a perfect tetrahedron, whose
bounding sphere has radius r. We then construct surface minimised manifolds to link these nodes
with systolic constraint w. We used A = [,z /w, the ratio between the intermediate link length and
the circumference w, to characterise this transition. When A\ > 0, the intermediate link is large and
the two bifurcations are separable. If, however, A — 0 then the bifurcations merge into one node, thus
capturing a single trifurcation. As the order parameter we set y = w/r, the ratio between the link
circumference and the typical length scale r of the terminal configuration. Here, the limit where xy — 0
captures links of vanishing thickness, converging to the Steiner limit. Physicality, therefore, kicks in
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as x ~ 1. In practice, we observed a sharp transition from A > 0 to A — 0 at y ~ 0.83 (Fig. 13,

dashed line). This is in contrast to the Steiner prediction, in which Aggeiner is linearly proportional to

1

r, and hence scales as x~' (grey solid line).

To express the predicted transition via an analytical

function we use [32] 12f
1.0 o — Steiner
*® == Manifold
Asteiner — 0.212 % 0.8371 goop f s
A~ )\Steinerf ( Stelner > 3 (44) I 06F ‘\ §<
g ~ .
04} .
1. . . . . 02¢ ‘\
where f(z) = (1+¢™)  is the sigmoid function. This 0 .
analytical approximation is shown in Fig. 13 as a green 00 05 1.0 15 20
X =wr

dashed line, converging to Asieiner in the limit of small y,

and transitioning to A — 0 when y > 0.83. In (44) the Figure 13: Trifurcation transition. The trifurca-
tion parameter A vs. x. In the Steiner model we
have A ~ 0.212x~! (grey solid line). Under surface
the threshold, here set to 0 = 1072. The parameter minimisation we observe a sharp transition to A — 0
0.212 in the numerator of (44) is attuned for a perfect Whenx > 0.83 (symbols). We approximate this tran-
sition via the analytical function in (44), shown by
the green dashed line. Here, the steepness parameter
prediction provides Aggeiner ~ 0.212x 71 (Fig. 13, grey is set to o = 1072,

parameter o controls the steepness of the A drop near

tetrahedral node configuration, under which the Steiner

solid line). Hence, one can rewrite (44) as

A

0.212 0.212 — 0.26
~ ol ( X) , (45)

X Xo
in which the dependence on x appears explicitly.

A distribution (main paper Fig. 3). In the main paper we also examine Py (z), the probability density
to observe A € (z,x + dx). For notation simplicity we denote this function simply by P()). To obtain
the expected P()\) we generated 10° sets of four terminals randomly located within the unit cube. We
then extracted the Steiner graph for each of these sets and measured Agieiner- In Fig. 3h of the main
paper we show that the resulting P(Asteiner) (grey), as obtained from the 10° quadruplets. As expected
the distribution approaches zero in the limit of Ageiner — 0. This reflects the fact that according to
Steiner, there is always a finite-size intermediate link.

Extracting the corresponding surface minimised manifold for each of these 10° terminal sets is un-
scalable. Yet, we can approximate their A\ values from the observed Agieiner using (44). This allows us
to evaluate P(\) for our random-terminal ensemble (main paper Fig. 3h, green). We find that P(\)
is qualitatively distinct from P(Aggeiner), allowing a finite probability density to observe A = 0. This is
quite expected, as, indeed, our surface minimised M(G) predicts trifurcations, i.e. A = 0, for a finite
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Figure 14: Distributions of internal and external legs. Both P(l,/w) and P(lexi/w) follow generalised Gamma
distributions. Yet, while P(lext/w — 0) drops to zero, P(lint/w — 0) remains positive. (a)—(f) Real physical networks
from blood vessels to human neurons.

fraction of terminal configurations. In Eqgs. (44) and (45) this is precisely captured by the extended
A = 0 tail observed for y > 0.83 (Fig. 13, green dashed line).

In our empirical analysis (main paper Fig. 3i-n), we encountered the opposite challenge. There P(\),
the physical network intermediate link, can be directly extracted from the data, whereas the corre-
sponding Steiner intermediate link length Agteiner 1S inaccessible. Fortunately, as we show in Fig. 15
Asteiner 18, on average, linearly dependent on the length of the external links, or, more generally, on
the typical length scale of the tetrahedral configuration. We can therefore evaluate the length of the
un-observed Steiner intermediate link by measuring the existing external link lengths. This enables
us to represent P(Asteiner) by the length distribution of the external legs. We find that the empirically
observed distributions, indeed, closely resemble the theoretical predictions of P(\) and P(Asieiner): the
former exhibiting the signature P(A — 0) # 0, and the latter having P(A — 0) — 0 (Fig. 3 of the
main paper). The best fit with the theoretical P()\) was obtained when setting o = 0.05 in (44).

In Fig. 14 we plot the length distribution of both the external legs P(loxt/w) and the internal ones
P(lins/w), as obtained from our six empirical datasets. We find that they can both be approximated
by a generalised Gamma distribution
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Figure 15: Relation between internal and external legs. li; /w and lext /w follow a biased linear relation, suggesting
a positive threshold on lex/w, below which lin/w becomes negative and un-physical. (a)—(f) Real physical networks

from blood vessels to human neurons.

P(z) = Al(a) , (46)
0 <

by fitting four independent parameters «, 3, v, and pu. This allows us to extrapolate the behaviour
of P(z) in the limit where z — 0. Across all networks we find that the two distributions behave
distinctively in that limit: while P(lj/w — 0) is positive (light colours), P(lext/w — 0) tends to to
zero (dark colours). This, again, suggests that in contrast to the external legs, the internal ones tend
to vanish as we approach the trifurcation limit (lj;/w — 0). This is, once again, consistent with the

surface minimisation prediction, and contrary to Steiner.

Finally, in Fig. 15 we plot liy/w vs. lexy/w for all our empirical networks. Using principal component
analysis, we find that i, /w and [ /w follow a biased linear relationship of the form
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It ~ A(lex — Buw). (47)

Consequently the internal leg hits zero when o /w < B. This captures precisely the point in which
the internal leg vanishes and the double-bifurcation transitions into a single trifurcation. For a perfect
tetrahedral configuration we have y & 0.943 (I /w) ™!, and hence the transition point is predicted to
occur at xy > 0.943/B. In our six datasets we find that B ranges from 0.67 to 1.99, with an average of
1.41. This translates to x > 0.943/1.41 ~ 0.67, which is close to the threshold of 0.83 observed earlier
in Fig. 13.

7.2 Trifurcation planarity

The planarity of bifurcations is tested in the main paper (also presented here in Fig. 16a). To complete
this analysis here, we further investigate higher degrees, such as trifurcations. Each trifurcation (k = 4)
consists of four trios, allowing us to measure four angles 2—one per each trio: {2123, 2104, Q134, Q234 }-
Extracting €2 from all the trifurcation-based trios, we obtain Pr;(f2), characterising the planarity of
the k& = 4 motifs. As opposed to Pg;(§2) (Fig. 16a), where the peak is sharply close to Q ~ 27,
Pr;(2) in Fig. 16b is more spread over a range of angles Q € [0, 27]. This represents a fundamental
departure from the Steiner prediction (vertical grey line), placing most real networks close to the
random branching pattern (black solid line).

a b
Planarity: Bifurcation Planarity: Trifurcation
4r IQ\ 2 3 — Steiner 1 “r 0el{Q123,0124,02134,034} E
12 F t% 3 12F E
10k ] wf Q123 ]
@ £ Human neuron Tropical tree é‘ . 2|3 E
QEE 8 E= Fruit fly neuron = Coral QE 8F E
6 Blood vessel Arabidopsis 6 ‘ E
4E1 Random branching “F / E
2k 2 .
L e
L — f PRI ' L e il IR R TSR SR R N
0 0 L
0.5 v 1.5 2 0.5 T 1.5 2
QO Q

Figure 16: Planarity. (a) The probability density Pg;(€2) vs. 2 as obtained from all bifurcations in our empirical
network ensemble. The distribution of the solid angle Q of each link trio (three links per bifurcation) has a peak close
to but not equal to the Steiner prediction Q ~ 27 (grey vertical line). (b) The probability density Pry(£2) vs. Q as
obtained from all trifurcations. As each trifurcation consists of four links, we divide it into four separate link trios,
extracting € from each. The observed Pry;(f2) is profoundly distinct from the Steiner prediction (grey vertical line),
aligning more closely around a random branching pattern (thick grey solid line).
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7.3 Angle asymmetry

To examine the branching angles, as we do in Fig. 2 of the main paper, we seek bifurcations that
exhibit a main and a secondary branch. We therefore collected all three-link bifurcations from each of
our empirical datasets and applied two filters:

1. We keep only bifurcation motifs in which two of the three 01y =4n sinl(r-0)/41>

links have approximately equal systoles w. As a threshold we Q1

select those motifs in which the relative difference between the
two link systoles was 10% or less. We then label the third link
systole as w'.

2. Following criterion (43) we discard links whose length-to-
. . . —1 .

circumference ratio is [/w < 2 x (27)" . Such short links are Figure 17: Three-dimensional steering

considered to be a part of a potential trifurcation, rather than angle Q,_,,. It is related to the branching

an intermediate bifurcation branch. angle by Q_,» = 4rsin® [(r — 0) /4].

We consider that links may be curved and hence exhibit varying angles. To overcome this we set the
desired branching angle using their two end points—at the bifurcation and at their opposite node—
capturing the average link branching angle. We also take into account the fact that the link thickness
may vary, and thus use the average circumference along the link trajectory to extract w and w'’.

Branching vs. sprouting. To analyse the angles of all bifurcations, we examine the three-dimensional
steering angle €2;_,5. This represents a solid angle, which can be related to the branching angle 6 via
Qi_y2 = 4w sin® [(7 — 0) /4] (Fig. 17). In Fig. 2 of the main paper (reproduced in Fig. 18), we present
Q5 vs. the circumference ratio p = w'/w. We cover the range 0 < p < 1.5, but exclude the
data around p =1 (0.99 < p < 1.01), as it is dominated by noise, and most likely represents spurious
results, driven by errors in the skeletonisation process. Our first observation is that all networks exhibit
a positive correlation between €2;_,o and p, featuring a Spearman correlation of 0.53 (human neuron),
0.45 (fruit fly neuron), 0.72 (blood vessel), 0.44 (tropical tree), 0.61 (coral), and 0.63 (arabidopsis).
Such positive correlation is, indeed, expected under surface minimisation, and yet should not occur in
the Steiner framework, where the angles are always 27/3.

Next, we examine whether this positive dependence between €2, ,, and p is smooth or not. The latter
would mark a sharp transition from branching (2,5 > 0), @ la Steiner, to sprouting (2, = 0), a
state in which a main thick branch exerts a perpendicular sprout. To test this, we divide the fitting
range of p into two regions, p < pg, and p > pg. We then perform a linear fit for each of these
regions independently and plot the 95% confidence interval for the resulting fit (Fig. 18, shaded). We
denote the slopes at the upper bounds of these two 95% confidence intervals, the one on the right
and the one to the left of py,, by sg and sp, respectively (dashed lines). Finally, we select py, to
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Figure 18: Sprouting versus branching bifurcations. The branching angle Q;_,5 vs. the thickness ratio p as obtained
from our (a)—(f) six empirical networks (grey circles). We fit the data into two linear fits (dashed lines), one to the
left of pg, (vertical grey line) and one to its right. The 95% confidence intervals for these fits are also shown (shaded
area). The existence of two slopes suggests that the sprouting transition is of un-smooth nature, following the manifold
pattern shown in Fig. 19 (dashed lines).

Human neuron | Fruit fly neuron | Blood vessel | Tropical tree Coral Arabidopsis
As 1.4 x 107! 3.5 x 1072 2.3 x 1071 2x 1073 1.3x107t | 1.7 x 107!

Table 4: Slope hike at pip,. The jump As in slope from left to right of the threshold pg, as obtained from the plots in
Fig. 18. The positive As suggests a sharp rather than a smooth transition.

maximise As = sg — sy, capturing the difference between the obtained slopes. We thus seek the
optimal threshold py, that best divides the data into two sharply split regions. We observe that in all
of our networks we have As > 0 (Table 4). This suggests that the € _,5 vs. p plots are best described
by two separate linear fits that change sharply at pyy,, 4.e. an abrupt branching to sprouting transition.

At first glance, it may seem surprising that the transition from sprouting to branching is of singular
nature. Indeed, the thickness ratio p changes smoothly, and one would, therefore, expect the angle
Q1,5 to also exhibit a gradual increase. Such a continuous prediction is, indeed, observed, under a
plain surface-geometric construction, where the links are considered to be perfect cylinders [33, 34].
There, ;5 changes smoothly and gradually as the thickness gap increases (Fig. 19). The reason
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is that it becomes favourable to keep the thick cylinders short, by decreasing 2; .o, at the expense
of elongating the thin, and hence cheaper, branch. Only in the limit w’/w < 1 does the branching
approach a right angle, when the thick links become infinitely more costly as compared to the thinner

sprout.

The crucial point is that the cylindrical construc-
tion discussed above violates the smoothness con-
straint of our manifold solution, which requires a
continuous and differentiable patching at the link
intersection. It therefore only regards the rela-
tive length of the links, but ignores the morphol-
ogy of the intersection itself. Under our smooth
manifold construction the link intersection induces
morphological constraints that requires the sleeves
to stretch and bend in order to sustain a smooth
patching. This comes at a price of additional sur-
face area. Avoiding this added cost can be natu-
rally achieved by converging to €2y ,o = 0. There,
the two main sleeves 1 and 2 behave as one contin-

Steiner

0.25711

p=~0.6

== Plain geometric
== Manifold
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Figure 19: Smooth vs. sharp sprouting transition. A
plain geometric approach [33, 34] yields a gradual change in
Q19 (grey solid line). Our manifold construction, in con-
trast, predicts a sharp transition (dashed line), as indeed
confirmed by our simulation (circles). The Steiner solution

predicts Q1,5 = 4rsin? | (v — 27/3) /4] ~ 0.2687, inde-
pendently of p (grey circle).

uous tube, and consequently their patching comes

at no cost. Hence, adding even a small dent, ;_,5 # 0, results in additional costs, which under p < py
render the sprouting configuration favourable. As a result, the smooth convergence to sprouting ob-
served for cylindrical links is replaced by the sharp transition predicted under our surface-minimised
manifold construction. This represents a qualitative distinction, empirically observable, by which to
examine our manifold-based modelling.

To examine this, in Fig. 19 we compare the results obtained through our manifold optimisation (sym-
bols) and those of the plain cylindrical construction (grey solid line) proposed by Zamir [33, 31]. The
sharp transition, observed also in the empirical data (Fig. 18), emerges as a clear fingerprint of the
smooth manifold optimisation. Interestingly, in the original paper, Zamir states that sprouting was
so frequent that one must... retain the distinction between sprouting and branching for the purpose of
qualitative discussions... [33, 31]. He then proceeded to argue that the observed ubiquity of sprouting
is, in fact, an extreme manifestation of branching, occurring only in the limit when the third branch
is very small, i.e. p — 0. Our framework, in contrast, predicts that sprouting is favoured all the way

through to p ~ 0.6, offering a natural explanation for its, previously puzzling, prevalence (Fig. 20).
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8 Empirical analysis of link lengths and loops

Our analysis indicates that real physical networks support a Real Motif b steiner Prediction
structures that violate Steiner’s principle of minimising to- /
tal link length. To evaluate the impact of these deviations, /

we compare the observed total length L of all links against
the Steiner-predicted length Ls. We then compute the ratio
n = L/Lg to quantify the excess length incurred by the net-

work due to its suboptimal structure.

. . total length total length
Given the NP-hard nature of the Steiner problem, we cannot ~14.3 ym % 12.1 pm

obtain the optimal solution for a large network. To bypass this Figure 21: Steiner graph versus real
need, we focus on specific components, such as the double bi- curved motif. (a) Real total length of a hu-
furcation motif (Fig. 21). We extracted all double-bifurcation man neuron motif. (b) Steiner’s prediction
motifs within our database and considered their four termi- of the network motif’s total length s lower.
nals as fixed points for Steiner optimisation, allowing us to measure Lg. Comparing that with the
actual length L, as obtained from the skeletonised motif, we obtained 7. On average, we find that
n ~ 1.2540.05, capturing a ~ 25% excess length. This result is quite consistent across all six datasets
(Table 5). Note, that this 25% discrepancy is obtained locally, per motif, and therefore captures a

lower-bound estimation for the global excess length in real networks.

Human neuron | Blood vessel | Fruit fly neuron | Tropical tree | Coral | Arabidopsis
n 1.20 1.33 1.25 1.30 1.35 1.32

Table 5: Excess length for the double bifurcation motif. = L/Lg is consistently around 1.25.

The excess length arises from several contributing factors, as illustrated in Fig. 21. The first is the
positioning of the intermediate nodes: in the Steiner solution, these nodes are located differently from
their counterparts in the real data. This discrepancy results in a shorter total length for the external
links (red/yellow) but a longer intermediate segment (green). Additionally, unlike the idealised Steiner
paths, real links curve to navigate around obstacles such as neighbouring neurons, glial cells, and blood
vessels (not shown in the figure). Combined, these factors lead to an increase in total length from
12.1 pm in the Steiner configuration to 14.3 pm in the real motif—an 18% increase.

Loops. Both Steiner and surface minimisation predict tree graphs without loops. This prediction
is corroborated by our database, as individual neurons, corals, blood vessels, and all other examined
networks are indeed trees. It is important to emphasise, however, that in many complex systems—such
as in the brain beyond individual neurons—loops do occur in significant numbers [35]. Such loops must
have functional roots, as they are suboptimal from the standpoints of surface or length minimisation.
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9 Empirical analysis of node morphology

Our manifold-based modelling is grounded in the premise Gaussian Curvature

that physical networks must maintain a smooth and con- «
K

tinuous morphology, and that they tend to minimise sur- 0.25

face area. These constraints govern the way links intersect 020

and are therefore most prominently reflected in the geometric Z:Z =
structure of the nodes. To examine this, we ask whether the e 0.05
nodes in real-world physical networks are indeed smooth—free 0.

from sharp cusps or morphological singularities—and whether pigyre 22: Gaussian curvature of surface.

they truly adopt surface-minimising geometries. Investigating We examine the smoothness of the surfaces
by calculating the Gaussian curvature x for

. . blood vessel walls. The surfaces prove to be
which was available for our blood vessel and coral datasets. ¢,00th and nearly flat, with most points hav-

these questions requires high-resolution volumetric imaging,

Accordingly, we focused our analysis on these two systems. ing a small curvature |x| < 1 (blue dots).

9.1 Smoothness

We quantify smoothness by measuring the Gaussian curvature s at each point, normalised on a scale
from zero to one (Fig. 22). As predicted, we find that, within the limits of experimental resolution,
both datasets exhibit smooth, manifold-like surfaces.

9.2 Surface optimisation

Once smoothness has been established, we can use our manifold-based formulation to compare our
predicted surface minimising morphologies directly with the ones observed in the volumetric data. We
focus on trifurcation motifs, a feature that cannot be accounted for by the purely geometric framework
of Murray, Zamir, Cherniak, and followers [33, 341, 30]; see e.g., Fig. 19.

Under the manifold constraint, based on the analysis of Sec. 4, an M = 4 trifurcation is characterised
by a single free complex parameter (M — 3 = 1). Setting this parameter generates distinct Jenkins—
Strebel quadratic differentials, corresponding to different node geometries. This is illustrated in Fig. 9f,
where the trifurcation junction is represented by six stitch lines, a, ..., f, which together partition the
manifold into four charts. The minimum circumference constraint imposes the following conditions:
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a+b+ f=w =w, a+c+e=wy=w,

b+c+d=ws=w, d+e+ f=wys=w, (48)
subject to all parameters a, ..., f > 0. The solution to these four equations provides
a=d, b=e c=f=w—a—0>0. (49)

We thus have two free parameters, a and b, which together represent a single complex parameter.
Varying the values of a and b determines how the four sleeves are joined, thereby generating the
full space of possible configurations. These configurations—each a prior: admissible—constitute the
complete set of trifurcation geometries, as dictated by string field theory [20]. In Fig. 23, we visualise
this configuration space using barycentric coordinates, (a,b,¢c = w — a — b). For each combination
of the triplet (a,b,c), we construct the corresponding trifurcation manifold and compute its surface
area (green-shaded region). Due to the tetrahedral symmetry of the trifurcation, any permutation of
(a,b,c) yields the same manifold geometry. We therefore limit our analysis to one-sixth of the full
configuration space by imposing the condition a < b < ¢. Furthermore, we restrict our attention to
configurations satisfying a + b > w/2, excluding the grey-shaded regions. These regions correspond to
conditions under which the manifold is expected to revert to a double-bifurcation structure [20], and
are, therefore, considered un-physical in string field theory.

We find that the minimum surface area is obtained under the symmetric constructions, where a = b = ¢
(triangle centre, dark green), a morphology presented in Fig. 23b. Eccentric morphologies, where e.g.,
a — 0, observed at the corners of the inner triangle, have higher surface area, and hence, according to
our hypothesis, are avoided (Fig. 23c).

This offers a testable prediction, that trifurcations should mostly condense around the centre of the
(a,b,c) triangle in Fig. 23a. To test this prediction in real data, we collected all trifurcation motifs
in the blood vessel and evaluated their barycentric coordinates. In the empirical data, we cannot
assume a uniform circumference, and hence we generalise Eq. (48) to treat the case of four different
circumferences w, ws, ws, and wy. This leads to

™

i+é=mw,
_l’_

g

~~

: (50)

where w = (w; + wq + w3 + wy) /4 is the arithmetic mean of the four circumferences, and

42



Trifurcation Node Geometry

. barycentric coordinates
(a, b, ¢ = w-a-b) surface area

N, A

T

c

1

0, w/2, w/2)

118
116

114
12

.‘rv‘rrrl]lll[lll[lll

(w/4, w4, w/2)

w/3, w/3, w/3)

b
[ ] [ ]
Blood vessel motif counts
3
a~ 026w
C~ 039W 1 I
d e . f

Figure 23: Trifurcation node geometry. The trifurcation manifold is characterised by three barycentric parameters
a, b, and ¢, with the constraint a + b+ ¢ = w. This induces a triangular space of potential manifold geometries (centre).
Each point in this triangle represents a specific (a, b, ¢) trio, whose manifold surface is shown on a scale of dark green
(small surface) to white (large surface). (a) The predicted manifold for ¢ = b = w/4, ¢ = w/2. (b) The surface-
minimised manifold for a = b = ¢ = w/3, representing the symmetric solution at the triangle centre. (c) A distorted
manifold with @ = 0, b = ¢ = w/2 represents the least optimal solution. Our surface minimisation hypothesis predicts
that most real-world trifurcations will condense around the triangle centre, capturing the lowest surface area. (d) A
real trifurcation morphology observed in the blood vessel dataset. Here the geometry is characterised by the barycentric
coordinates (a,b,¢) in (51). (e) Statistical distribution of the empirically observed trifurcation morphologies in the
blood vessel dataset. The majority of trifurcation motifs cluster around the centre of the barycentric space, indicating a
preference for symmetric branching, as predicted by surface minimisation. (f) Another example of complex morphology.
While its non-trivial morphology could map to an even higher-degree node, we consider its reduced trifurcation geometry
in our analysis.
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a=a+ (—wy —wy + w3+ wy) /4, i):b+(—w1+w2—w3+w4)/4,
é:c+(+w1—w2—w3+w4)/4, J:d+(+w1+w2—w3—w4)/4,
€ =e+ (+w; —wy + ws — wy) /4, f:f+(—w1+w2+w3—w4)/4, (51)

are the transformed barycentric coordinates.

Next, we extracted all trifurcation motifs in our data, yielding 26 distinct trifurcations from the blood
vessel dataset. For each trifurcation motif, we identified four crossing points on the morphological
surface between the six stitch lines a— f . These crossing points correspond to the first-order zeros of
the associated meromorphic quadratic-differential function ¢(z) (as illustrated in Fig. 9).

To locate these crossing points in practice, we used the tetrahedral geometry to identify the intersec-
tions between sleeves. First, we define the tetrahedron centre o as the trifurcation point in the skeletal
graph. From o, we draw vectors normal to the faces of the tetrahedron. The intersections between
these vectors and the surrounding sleeves approximate the sleeve crossing points. In cases of extrinsic
trifurcations, as described in Sec. 7, we define the skeleton centre o as the midpoint between the two
adjacent bifurcation nodes in the skeleton.

Once the crossing points were established, the stitch lines a— f were traced by identifying the shortest
paths connecting these points around each sleeve. The lengths of these paths, wy, ..., w4, were then
used to derive the barycentric coordinates a—f via Eq. (51). As before, we excluded configurations
in which @ +b < @ /2, thereby focusing our analysis on the inner triangular region, consistent with
Fig. 23a—c.

In Fig. 23d-f, we present representative examples of real trifurcations from the blood vessel dataset.
The reconstructed stitch lines are shown in blue. For each trifurcation, we also indicate its correspond-
ing location in the (@,b, ¢) barycentric triangle (Fig. 23¢). As predicted, a clear pattern emerges: the
trifurcation motifs tend to cluster near the centre of the triangle, reflecting a preference for symmet-
ric morphologies and an avoidance of highly asymmetric configurations, which are located near the
triangle corners (e.g., a ~ 0).

These results show that (i) physical networks can, indeed, be modelled as smooth manifolds; and (ii)
that these manifolds truly favour surface minimising morphological patterns.
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10 Surface versus volume minimisation

Physical networks embedded in the three-dimensional Euclidean space can be conceptualised as two-
dimensional manifolds M(G) subject to surface minimisation, or as three-dimensional objects subject
to volume optimisation. We hypothesise that there is a correlation between the volume and surface
optimisation problems, such that the two likely yield similar optimal configurations.

To explore this, in the main paper, we show that for a double-bifurcation motif with fixed terminals
and x > 0.83 (within the trifurcation regime, see Fig. 13), surface minimisation drives the intermediate
link length A = l;,/w — 0, suggesting that any double bifurcation with a non-zero intermediate link
length is sub-optimal compared to a trifurcation A = 0. This is confirmed in Fig. 24a, where we
impose a positive A for the double bifurcation, observing that the surface area indeed increases as A
shifts away from zero. Notably, we find that the three-dimensional volume exhibits a similar increase
with A (Fig. 24b), suggesting that reducing A (until it reaches zero) will simultaneously minimise both
the surface and volume of the manifold. We also observe similar relationships in multiple parameter
regimes. This observation suggests a strong correlation between surface and volume minimisation, but
it does not exclude the possibility that volume minimisation could help us discover novel patterns and
morphologies in some parameter regimes, that could further enhance our understanding of physical

networks.
a b
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Figure 24: Surface versus volume minimisation. (a) The surface area of a double bifurcation motif vs. the inter-
mediate link length A\. The area decreases as A — 0, signalling the preference for a trifurcation. (b) Volume vs. A
displays the same behaviour, indicating that volume minimisation is qualitatively similar to surface minimisation. Here,
the volume exhibits numerical fluctuations (a 5-period moving average has been applied to the data points), but still
shows a clear trend that approaches minimum when A = 0, i.e. at the trifurcation.
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