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I. NEAR-HORIZON WAVE EMISSION AND HORIZON MODES

Direct waves and horizon modes are outgoing waves emitted near a black hole’s horizon. The appearance of this
emission, however, depends on the observer’s frame. Below, we take a pedagogical approach to illustrate how different
observers perceive this process.

To formulate this more precisely, we introduce four coordinate systems (see Supplementary Table 1), each corre-
sponding to a family of observers whose spatial locations are arranged in a specific manner. Every observer carries
a clock, and these clocks are synchronized and tick according to the time coordinate of their respective system.
We describe the same process in alternative coordinate systems, each offering a distinct observational perspective.
The Boyer–Lindquist coordinates (t, r, θ, ϕ) provide perhaps the most familiar description, as they align closely with
our intuitive notions of spacetime decomposition and serve as the natural coordinate system for distant observers.
Supplementary Fig. 1 (a) shows a particle falling down a black hole, viewed by Boyer–Lindquist observers. The particle
asymptotically approaches the horizon at r+ and appears to freeze there, never actually crossing it. Rays emitted
closer to the horizon take progressively longer to reach a finite distance away from the black hole; as a result, they
are increasingly stretched (redshifted) at late times. Meanwhile, the left panel of Supplementary Fig. 2 shows the
corresponding azimuthal motion: rays emitted near the horizon swirl more angles before propagating outward.

The radial motion is described more naturally using the tortoise radial coordinate r∗:

r∗ =
∫
r2 + χ2

∆ dr, (S1)

with ∆ = r2 − 2r + χ2. This coordinate maps the near-horizon region to an unbounded domain (r = r+ is mapped to
r∗ = −∞), which naturally encodes the near-horizon gravitational redshift effect and thus provides a more suitable
way to describe the propagation of outgoing rays. Indeed, as illustrated in Supplementary Fig. 1 (b), rays that are
equally spaced in r∗ remain equally spaced as they propagate outward. These rays, on the other hand, are emitted at
exponentially decreasing intervals with respect to the emitter’s proper time. Specifically, the emitter’s motion near the
horizon satisfies, see, i.e., Eq. (2.4) in [1]

dr

dτ
∝ const, (S2)

which implies that the emitter’s proper time τ is proportional to r ∼ r+ + e2κr∗ . Consequently, a sequence of rays that
are equally spaced in r∗ (and thus received at equal time intervals by a distant observer) are emitted at exponentially
shrinking proper-time intervals ∆τ by the infalling source.

The ingoing Eddington–Frankestein coordinate system (tin, r, θ, ϕin) is defined as:

tin = t+ r∗ − r, (S3a)

ϕin = ϕ+
∫

χ

∆dr, (S3b)

Coordinates Horizon Particle Observer Outgoing rays Features

(a) Boyer–Lindquist
(t, r)

future/past horizons
both at r = r+

asymptote to r+

in the future
constant
position

asymptote to r+ in the
past, 45◦ in the future

particle and rays
freeze on the horizon

(b) Tortoise
(t, r∗)

outside range nearly 45◦ constant
position

45◦ near-horizon motions
simplified

(c) Ingoing EF
(tin, r)

future/past horizons
both at r = r+

penetrates
horizon

constant
position

asymptote to r+ in the
past, 45◦ in the future

regular near the
future horizon

(d) Kruskal
(U, V )

All resolved
at UV = 0

penetrates
horizon

hyperbolic
worldline

45◦ regular at all horizons

Table S1: Comparison between coordinate systems.
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Figure S1: Four coordinate systems depicting the same particle falling into a black hole and crossing the horizon in finite proper
time. The particle emits rays at exponentially decreasing proper-time intervals before horizon crossing. (a) In Boyer–Lindquist
coordinates, the particle asymptotes to the horizon without reaching it, and the emitted rays appear to be spread out over all
times. (b) In the tortoise coordinate system, which is well adapted for illustrating wave propagation, the horizon is at r∗ → −∞;
the ingoing trajectory of the particle approaches 45◦ with dr∗/dt = −1. The emitted outgoing rays satisfy dr∗/dt = 1. (c) In
ingoing Eddington–Finkelstein coordinates, the particle smoothly crosses the horizon, and the shrinking proper-time intervals
between ray emissions before horizon-crossing are evident. (d) In Kruskal coordinates that maximally extend a Kerr spacetime,
the particle follows an approximately constant-V trajectory, while the outgoing rays follow constant-U lines.

where the coordinate time tin corresponds to the clocks carried by observers whose ticking rate depends on the radial
position. In this coordinate system, ingoing principal null geodesics trace straight coordinate lines,

tin + r = const, (S4)

with no azimuthal motion, i.e., ϕin = const. The ingoing Eddington–Finkelstein coordinates are therefore well suited
for describing trajectories that fall into the black hole, such as the plunging motion relevant to binary coalescences.
An example of such a trajectory is shown by the blue curve in Supplementary Fig. 1 (c), which reaches the horizon at
a finite coordinate time tin and smoothly crosses it. Outgoing rays emitted along the way (red dashed curves) satisfy

dtin
dr

= 2r
2 + a2

∆ − 1, (S5)

indicating that the closer the emission occurs to the horizon, the longer it takes for the rays to escape to distant
observers. Similarly, the angular evolution of outgoing rays is given by

dϕin

dtin
= 2χ

2(r2 + χ2) − ∆ . (S6)

The right panel of Supplementary Fig. 2 illustrates the azimuthal motion: rays that take longer to propagate outward
undergo more angular winding around the black hole.
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Figure S2: Frame-dragging in the near-horizon region of a Kerr black hole, whose horizon rotates at an angular frequency ΩH

relative to distant observers. The left and right panels show top views of the coordinate systems in Supplementary Fig. 1 (a)
and (c), respectively, plotted using the azimuthal angle measured by distant observers.

Finally, the Kruskal coordinate system (U, V, θ, ϕ̃) is defined as [2]

U = −e−κ(t−r∗), (S7a)
V = eκ(t+r∗), (S7b)
ϕ̃ = ϕ− ΩHt. (S7c)

As illustrated in Supplementary Fig. 1 (d), Kruskal observers correspond to the ingoing principal null geodesics
(V = const) that fall into the black hole horizon and the outgoing principal null geodesics (U = const) that emerge
from the white hole horizon. This Kruskal system remains regular across the horizons and provides a well-behaved
description of the maximal extension of the Kerr spacetime around the bifurcation sphere (U = V = 0). The blue
curve in Supplementary Fig. 1 (d) represents a plunging trajectory. As the particle accelerates to nearly the speed of
light near the horizon, its path becomes approximately aligned with a constant-V line and crosses the horizon (U = 0)
smoothly. The emitted outgoing rays form straight coordinate lines U = const (red dashed lines). A distant observer,
located at a fixed radius r, follows a worldline satisfying UV = const (red solid curve). The time intervals between the
received signals are stretched (redshifted) at late times.

The outgoing waves emitted by the plunging particle can be represented by an analytic function ψ of the retarded
time U and ϕ̃, whose Taylor expansion reads

ψ(U, ϕ̃) ∼
∑
n,m

cn,mU
neimϕ̃, (S8)

where n and m are integers, and cn,m are coefficients. The corresponding signals received by the distant observer
follow the same functional dependence and can be interpreted as a superposition of an infinite set of horizon modes

Uneimϕ̃ ∼ e−iω
(mn)
H

teimϕ, (S9)

with

ω
(mn)
H = mΩH − inκ. (S10)

Here we have used Eqs. (S7a) and (S7c).
Another feature of horizon modes emerges from the near-horizon geometry. Using the Rindler coordinates

dt2 = −κ2ρ2dt2 + dρ2 + γABdX
AdXB , (S11)

with ρ ≈
√

2(r − r+)/κ ∝ eκr∗ , the metric can be Euclideanized via a Wick rotation t = iτ . Identifying τ → τ + 2πκ
makes a locally smooth space free from conical singularity [3]. Horizon modes are single-valued smooth functions in
this Euclidean space, while other modes are multi-valued.
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II. SCREENING OF THE HORIZON MODES

In Sec. I, we show that the horizon modes, ω(mn)
H defined in Eq. (S10), represent outgoing waves emitted near the

horizon. However, here we argue that these modes are entirely screened by the black hole potential barrier and do not
contribute to the direct waves observed at infinity.

The most direct argument follows Refs. [4, 5], which explicitly show that the black hole’s greybody factor, the
transmissivity of outgoing waves emitted from the past horizon toward future null infinity, vanishes exactly at ω(mn)

H .
This property has also been discussed in the context of the Kerr/CFT correspondence [6, 7] and in classical literature
on black hole perturbation theory. For example, the energy absorption coefficient Γ in Eq. (4.7) of Ref. [8] vanishes at
poles of Asν

inA
−sν
in , which, according to their Eq. (4.2), includes mΩH − i(1 + n± s)κ with s the spin weight of the field

and n = 0, 1, 2, . . ..
Another instructive way to understand the screening effect is by considering the Hawking flux Nℓm(ω) at infinity for

the (ℓ,m) mode:

Nℓm(ω) = Γℓm(ω)
exp[β(ω −mΩH)] − 1 , (S12)

where Γℓm(ω) is the corresponding energy greybody factor, and β = 2π/κ is the inverse temperature of the black hole.
The Bose–Einstein factor in the denominator has poles precisely at the horizon mode frequencies ω(mn)

H . In this sense,
the horizon modes can be interpreted as the Matsubara frequencies of the black hole [9], corresponding to those with
negative imaginary parts. The vanishing of Γℓm(ω) at ω(mn)

H makes the flux Nℓm(ω) remain finite by canceling the
divergences at these poles.

III. DIRECT WAVES

Although the horizon modes ω(mn)
H are completely screened by the black hole potential barrier [4, 5], direct waves

emitted not too close to the horizon can still reach distant observers, as noted in Ref. [4]. In the following, we briefly
summarize the derivation of the analytic waveform for the direct waves used in the main text, and refer the reader to
[4] for further details.

The gravitational-wave strain can be obtained by two time integrations of the Weyl scalar Ψ4. Using the Teukolsky
equation [10, 11], the asymptotic form of Ψ4 observed at infinity can be written as

[rΨ4(u)]r→∞,ℓm =
∫
dωe−iωuZℓmω, (S13)

where u is the retarded time, and Ψ4 has been decomposed into spin-weighted spheroidal harmonics labeled by (ℓ,m).
The quantity Zℓmω denotes the Fourier mode at frequency ω, given by

Zℓmω = 1
2iωBin

ℓmω

∫
dr
Rin

ℓmωSℓmω

∆2 , (S14)

where ∆ = (r− r+)(r− r−) and r± denote the radii of the event and Cauchy horizons, respectively. Sℓmω is the source
term contributed by the perturber. Rin

ℓmω is the ingoing homogeneous solution to the Teukolsky equation, satisfying
the boundary conditions

Rin
ℓmω(r) =

{
∆2e−ikr∗ r → r+

Bout
ℓmωr

3eiωr∗ + r−1Bin
ℓmωe

−iωr∗ r → ∞
, (S15)

with k = ω −mΩH .
Here we focus on the contribution from waves sourced in the near-horizon region. Specifically, we restrict the

integration in Eq. (S14) to r ∼ r+, under which the expression simplifies to [1, 4, 12]

Zℓmω = D̂ℓmωZ̃ℓmω

∫
dteiωt−imϕ(t)e−i(k+2iκ)r∗(t), (S16)

where ϕ(t) and r∗(t) denote the orbital phase and tortoise radial coordinate of the perturber, respectively. The explicit
forms of D̂ℓmω and Z̃ℓmω are lengthy and not particularly illuminating, and we refer the reader to [1, 4, 12] for their
full expressions.
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Figure S3: Time evolution of the real (top) and imaginary (middle) parts of ωG(t), as defined in Eq. (S21). The resulting ωG(t)
is used to construct the direct-wave component of the GW250114-like numerical relativity waveform (bottom), corresponding to
the red dashed curve in Fig. 3.

Plugging Eq. (S16) into (S13), we obtain

[rΨ4(u)]r→∞,ℓm =
∫
dω

∫
dtD̂ℓmωZ̃ℓmωe

iω(t−u)−imϕ(t)e−i(k+2iκ)r∗(t). (S17)

The integrand has a saddle point in the t− ω plane, determined by

u = t− r∗(t), (S18)
ω = ωG(t), (S19)

where the first condition reflects the direct propagation of the emitted wave. The instantaneous complex frequency
ωG(t) is given by [4]:

ωG(t) = 2Ω̂(t) − iκ̂(t), (S20)

where

Ω̂(t) = βΩH + ϕ̇

1 + β
, (S21a)

κ̂ = 2β
1 + β

κ, (S21b)

with β = |dr∗/dt| denoting the radial velocity in the tortoise coordinate, and ϕ̇ = dϕ/dt the instantaneous angular
velocity. Here we have chosen m = 2.

To obtain ωG(t) for GW250114, we evolve the geodesic equations for a test particle plunging in the equatorial plane
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Figure S4: Comparison between the unscreened waveform model (blue dashed), e
−i

∫
ωG(t)dt, screened waveform defined in

Eq. (5) (red solid), and the filtered quadrupolar harmonic (ℓ = m = 2) of the NRSur7dq4 waveform (black).

of a Kerr black hole [2, 13]:

r2 dt

dτ
= −χ(χE − Lz) + r2 + χ2

∆ P (r) , (S22)

dr

dτ
= −

√
2

3rI

(rI

r
− 1

)3/2
, (S23)

r2 dϕ

dτ
= −(χE − Lz) + χ

∆P (r) , (S24)

where P (r) = E(r2 + χ2) − χLz. We set χ = 0.672509, the maximum-a-posteriori value inferred for the remnant black
hole in GW250114 [14–16], and adopt the corresponding values of the energy E, angular momentum Lz, and radius rI

of the innermost stable circular orbit:

E = r
3/2
I − 2r1/2

I + χ

r
3/4
I

√
r

3/2
I − 3r1/2

I + 2χ
, (S25a)

Lz = r2
I − 2χr1/2

I + χ2

r
3/4
I

√
r

3/2
I − 3r1/2

I + 2χ
. (S25b)

The particle is initially placed at r = rI − 10−5 and allowed to plunge into the black hole.
Supplementary Fig. 3 shows the time evolution of the real (top) and imaginary (middle) parts of ωG(t) over the

same time window considered in Fig. 3 (t ∈ [−7, 20]Mdet
f ), expressed in units of 2ΩH and κ, respectively. The real

part of the frequency remains above 2ΩH throughout this interval, consistent with the free-frequency fits during the
time interval shown in Fig. 4. In contrast, the imaginary part stays below κ, but grows as the particle continues to
accelerate radially and β increases, again in agreement with the trend observed in Fig. 4.

In Supplementary Fig. 4, we investigate the screening effect from the potential barrier by comparing an unscreened
waveform model (blue dashed), e−i

∫
ωG(t)dt, with the screened waveform given by Eq. (5), as well as the filtered

quadrupolar harmonic. The difference becomes more pronounced at late times (t ≳ 5Mdet
f ), when ωG(t) evolves

sufficiently close to ωH . Within the analysis windows used in the main text, [tstart, tstart + 0.2 s] with tstart ∈
[−7,−3]Mdet

f , the results are dominated by the first wave cycle. Supplementary Fig. 4 indicates that the screening
effect plays a minor role in this early-time regime. Thus, the increasing damping rates observed in Fig. 4 are primarily
driven by the evolution of κ̂(t) [Eq. (S21b)], as shown in the middle panel of Supplementary Fig. 3.
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