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I. SINGLE-QUBIT CHARACTERIZATION
A. 1Q gate characterization

Single-qubit gates are realized by four wave mixing
parametric beamsplitter-type interactions implemented
by a SQUID-transmon coupler [1]. We apply a flux
drive to the SQUID coupler at half the frequency de-
tuning between the two cavities (a and b) of a dual-rail

qubit to enable a parametric interaction via the Hamilto-

nian H/h = %= (dﬁ) + dlA)T). To characterize single-qubit
gates, we perform both individual and simultaneous RB
[2]. For these measurements we use a gateset consisting of
{X=z,Z, Zy 7} from which we generate the 24 single-qubit
Cliffords. For each Clifford sequence length we average
over 20 different randomized sequences. Performing RB
individually on control and target qubit, we extract a
gate fidelity in excess of > 99.98% with a small decrease
in postselected fraction of < 0.1% per Clifford detected
by our end-of-the-line measurement (see Fig. S1). When
operated simultaneously, the control and target qubit fi-
delities are observed to modestly decrease by 0.001% and
0.002%, respectively for the control and target qubits.
We attribute this effect to a small measurable cross-
Kerr between two dual-rail qubits (as and by cavities)
of 6.64 kHz. Compared to our single-qubit beamsplit-
ter rates of 1.78 MHz (2.55 MHz) for the control (target)
qubit we estimate simultaneous operation infidelities to
be limited by (Xab/g,m(bb))2 ~ 1.3 x 107° per gate.
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Supplementary Figure S1. Single-qubit gate bench-
marking Individual (circles) and simultaneous (square) RB
on the control qubit (left) and target qubit (right). Con-
trol qubit individual and simultaneous RB are measured to
be 9.0(2) x 107° and 1.01(1) x 10™*, respectively. Target
qubit individual and simultaneous RB are measured to be
1.08(1) x 10™* and 1.36(1) x 10~*. From postselected frac-
tion we quantify erasure rates of 0.0856(5)% and 0.0592(6)%
for control and target qubit, respectively. Results show min-
imal change in gate fidelity when operating the two qubit
simultaneously and that there are low cross-talk errors in this
system.



Description

[Parameter [ Units [[ Control qubit[Target qubit|

System Cavity b1-Coupler ¢ cross-Kerr Xbe/27 | MHz -1.51
Cavity az-Coupler ¢ cross-Kerr Xac/2m | MHz -1.26
Cavity az-Cavity by cross-Kerr Xab/2m | kHz -6.64
Cavity az-Coupler ¢ photon exchange rate| gac/27 | MHz 4.23
Cavity Relaxation time 7™ s 231, 411 652, 342
Decoherence time, Ramsey T;I(Kb> us 433, 638 1001, 454
Resonance frequency Wavy/2m | GHz 7.03, 6.75 6.56, 7.21
Entangling coupler Relaxation time 17 ps 70
Dephasing time, Ramsey Ty us 327
Dephasing time, Echo Ty us 1001

TABLE I. Measured Hamiltonian and coherence properties.

| Property [ Parameter [[ Control qubit|Target qubit|
SPAM [1 round] Average misassignment 2x 1077 23x 1077
Average leakage detection error|| 3.46 x 107® | 3.90 x 1073
Average erasure assignment 6.79 x 1072 | 6.43 x 1072
SPAM (2 rounds] Average misassignment 7x107° 1.2x107°
Average leakage detection error|| 1.5 x 107* | 1.5 x 1074
Average erasure assignment 1.81 x 107 | 1.41 x 1071
Coherences Ramsey time 3.1ms 1.5 ms
Echo time 4.0 ms 4.8 ms
Bit-flip 520 ms 1100 ms
Single-qubit gates| Individual gate error [iRB] 9.0x 107> [1.08 x 1077
Simultaneous gate error [iRB] || 1.01 x 10™* | 1.36 x 10™*
Erasure per \/)? gate 856 x 107* |5.92 x 1074
Total gate duration 208 ns 136 ns
Beamsplitter rate 1.78 MHz 2.55 MHz

TABLE II. Measured dual-rail qubit properties.

B.

State Preparation and Measurement (SPAM)

errors, defined to be assigned erasure outcomes when at-

Dual-rail measurement are implemented by performing
simultaneous single-shot cavity measurements that deter-
mine whether a photon is present in each cavity individu-
ally, extracting whether the system is in |01) or |10). This
measurement is designed to also have an important prop-
erty: it can detect for both cavity photon loss and also
can flag additional hardware errors during the measure-
ment protocol, such as decoherence or transmon readout
misassignments, during the measurement itself. Detailed
characterization of dual-rail SPAM are shown in Table 1.
In addition, this measurement can be repeated for mul-
tiple rounds and correlating the results can further sup-
press misassignment errors. This postselection capability
comes at the cost of a first-order decrease in postselected
fraction, however, we benefit from a exponential decrease
in missassignments, which is highly beneficial for charac-
terization of our CZ gate.

We benchmark performance for state preparation and
measurement (SPAM) and extract logical misassignment
errors of 0.023% and 0.020% for the target and control
dual-rail qubit respectively. The overall SPAM erasure

tempting to prepare in either |01) or |10), are measured
to be 6.79% and 6.43% for the target and control qubit.
Finally we benchmark the leakage detection properties by
initializing the dual-rail qubit in the |00) and we observe
erroneous codespace assignments to be 0.39% and 0.34%
for the target and control qubit. The system parame-
ters used in this work are similar to what was used in [3],
wherein a detailed error budget of the erasure, misassign-
ment, and leakage detection errors can be found. The
large erasure assignment rates are dominated by cavity
photon loss and transmon decoherence during the long
4us selective pulse used to map the cavity photon number
to the measurement transmon. With relatively simple
design modifications and using a square selective instead
of a gaussian pulse, it is possible to shorten the photon
number mapping pulse from 4pus to 1us. This, combined
with reducing transmon readout times from 3us to less
than 1us, it is straight forward to achieve erasure assign-
ment rates of < 1% in our system.



II. TWO-QUBIT GATE CALIBRATION

In this section, we discuss the calibration of the CZ
gate in detail. The SWS gate can be calibrated via a
straightforward procedure. In essence, it can be broken
down into three pieces; i) swapping the photon from the
control qubit cavity as into the coupler ¢, ii) allowing the
entangling phase from the dispersive interaction to accu-
mulate over a specified delay time, and iii) swapping the
photon back from the coupler into the control qubit cav-
ity. In order to implement the CZ gate consisting of these
pieces, we need to calibrate six parameters; the resonance
frequency and duration of the parametric pump drive for
cavity-coupler swap operation, the duration of the de-
lay time needed to accumulate a 7 entangling phase, the
rotation angle for the second cavity-coupler swap to re-
store the photon population into the two-qubit manifolds,
and the deterministic Z-phase of each single qubit gained
during the gate. It is important to note that all these pa-
rameters can be independently calibrated in a sequential
procedure; the one exception is the delay time, which
requires prior adjustment of the rotation angle for the
second cavity-coupler swap.

The calibration procedure is illustrated in the flowchart
in Fig. S2a, which starts with calibrating the photon swap
operation between the control qubit cavity as and the
coupler ¢, referred to as the cavity-coupler swap. The un-
derlying interaction for this cavity-coupler swap is iden-
tical to that used for the single-qubit gate. However, in
this case, the parametric flux pump is applied at half the
frequency difference of the Stark shifted coupler ¢ and
cavity as. A coherent transfer of a single photon be-
tween the cavity and the coupler is shown in Fig. 52b
where we also present the stroboscopic time evolution of
the photon population in the cavity P.,, at the resonant
pump frequency, which follows

Py (t) = %e*“t (1+ e "*"cos(gact)) - (1)

Here, g,. represents the rate of the cavity-coupler swap,
while x and x4 denote the photon decay rate and the
dephasing rate when the pump is turned on. As the first
step in calibrating the cavity coupler swap operation, we
find the amplitude A, that maximizes the metric ggc/kg,
which leads to the highest fidelity of the cavity-coupler
swap operation when you postselect for photon loss. Fol-
lowing this, we calibrate the duration of the swap pulse
tswap by repeatedly applying the pulse after starting
with a photon in cavity as and minimizing the popula-
tion in the cavity as at the end of odd number of swap
operations (see Fig. 52¢). In this analysis, it is also help-
ful to introduce the notation |ay, as,c, by, bs), which de-
scribes the full state of the system in the number basis
and includes both control and target dual-rail qubits and
the coupler mode.

When the swap operation is used in the SWS gate se-
quence, an additional parameter needs to be specified
which is the relative phase difference between the first

and the second swap operations. To understand why
this is important, we first note that at the end of the CZ
gate we want all the population in cavity as to return to
its original value irrespective of which two qubit state we
start in. This condition is trivially satisfied for starting
states [10g01),|10¢10) and |01g01) since in these cases
either no transfer of population takes place between cav-
ity as and coupler ¢ or an on-resonant swap takes place,
either way the phase of the second swap operation is ir-
relevant. The only non-trivial case occurs when we start
in the state |01¢10), in which case we perform a swap op-
eration detuned by xu. (see Fig. S10). In this case we can
close the Bloch sphere trajectory by choosing the correct
phase of the second swap operation in the gate. To cali-
brate this parameter we initialize our system in the state
|01g10) and apply the SWS gate sequence while sweep-
ing the phase of the second swap pulse and measure the
total erasure fraction of the circuit. We choose the swap
back phase ¢gwap that minimizes the erasure fraction (See
Fig. S2d). Since our gate is excitation-preserving, every
time we leave population in the coupler mode ¢ we will
find the control qubit in the vacuum state. Therefore,
minimizing the erasure fraction is equivalent to maxi-
mizing the population in cavity as at the end of the gate.
It is important to note that as the delay time varies,
the swap back phase should be calibrated and adjusted
accordingly prior to measuring the corresponding entan-
gling phase ¢. as illustrated in the flowchart, until the
delay time is accurately calibrated. A detailed measure-
ment of CZ gate induced coupler heating can be found
in Appendix VIII.

With the cavity-coupler swap time and the swap back
phase for a given delay time ty.,; calibrated, the unitary
of the SWS gate can be written as the following,

1 0 0 0
0 €% 0 0

Usws = 0 0 ei% 0 (2)
0 0 0 eil@atdotoc)

where ¢, is the entangling phase, ¢, and ¢; are respec-
tive Z-phase on each qubit accumulated during the gate.
Next, to realize CZ unitary, we calibrate the wait time
twait such that ¢. = 7. For cavity-coupler swaps with in-
stantaneous pulse rise times and zero cavity-cavity cross-
Kerr x4, between the cavities as and by, the wait time can
be analytically calculated (see Eq. 62 in Appendix XIIT).
However, in the case of non-zero pulse rise time and xgp,
we need to experimentally determine the wait time. To
measure ¢, for a given wait time, we perform a Ramsey-
like sequence [4] on either the control or the target qubit.

In this protocol, we start with both qubits in the state
|0L) = |01) and apply a v X gate to one of the qubits
to prepare a superposition state %(|OLOL> —i|1.0)),
where |11) = |10). Following that we repeatedly ap-
ply N CZ gates interrupted by X gates on both qubits
in the middle. This protocol then creates the state
%(eiN‘be/QHLlL) —i|0r1)) where the phase N¢,/2 is
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Supplementary Figure S2.

Calibration of CZ gate. a Flowchart of the CZ gate calibration procedure. b Left: Schematic

illustration of swap between the control qubit cavity a2 (red) and coupler ¢ (purple). Right: Photon population in the control
qubit cavity as a function of parametric pump frequency w, and duration of the pump, and additionally the stroboscopic
evolution at the resonant pump frequency marked by a red dashed line. c-f. Each Fig. shows the pulse sequence and the
corresponding calibration result. c. Calibration of duration of cavity-coupler swap by measuring the population in the control
qubit cavity after odd numbers of swap. d. Calibration of the phase of rotation for the second swap operation in the CZ gate
by minimizing the erasure fraction. e. Calibration of the delay time of the CZ gate by measuring the entangling phase per
CZ gate, which should corresponds to 7 for the calibrated delay time marked by dashed line. f. Calibration of single-qubit
Z rotations per CZ gate. The Ramsey-like protocol should be performed on either the control or target qubit to measure Z

rotation of each qubit.

accumulated as a relative phase shift between the states
and the phases ¢, and ¢, are factored out as global
phases. Note that we only accumulate entangling phase
during one half of the sequence shown in Fig. S2e as the
X gates in the middle turn off the entangling interaction.
The entangling phase ¢, measured as a function of wait
time tywait and number of repeats is shown in Fig. S2e
from which we find the optimal wait time that leads to

¢e:7r~

Once the delay time is precisely calibrated, the last two
parameters to be calibrated are the Z-phase rotation for
the control and target qubit ¢, and ¢;. These can also
be measured via Ramsey-like protocol on the control and
target qubit in similar manner as the entangling phase ¢..
The only difference is that we do not perform X gate in
the middle of the sequence as the echo pulses will convert
the phases ¢, and ¢; that we are interested in measuring

into global phases. Fig. S2f shows these local Z-phases as
a function of number of repeated CZ gates for the wait
time corresponding to entangling phase ¢. = m where the
extracted slope of each trace corresponds to the phases
¢q and ¢, accumulated per gate.

III. CZ GATE ON-OFF RATIO

As described in the main text, the construction of our
CZ gate is based on the dispersive interaction between
the coupler and the target dual-rail, XbCIA)J{lA)léTé, where ¢
and b; denote the coupler and target qubit cavity con-
nected to the coupler, respectively. Therefore, once the
interaction is activated, the entangling phase accumu-
lates at a rate xpe, which can be readily measured by
performing spectroscopy on the target qubit cavity b;.



Fig. S3a shows the results with the coupler prepared in
either the ground or excited state with a choice of apply-
ing the cavity-coupler swap prior to spectroscopy. In the
case where the coupler is in the excited state, the decay
of the population in the coupler from the excited to the
ground state leads to an additional dip at zero frequency
detuning. By comparing the resonance frequency of the
target qubit cavity b; depending on the state of the cou-
pler, we can extract xp./2m ~ 1.51 MHz as marked in
the figure. On the other hand, the dispersive interaction
xab&gégiﬂil}l between the control qubity cavity as and
target qubit cavity b; leads to unwanted entanglement
between the two dual-rail qubits when they are idle. In
order to accurately extract xq.», we apply the Ramsey
sequence on the target qubit with a given delay time
twait- We measure the probability of being in |01) after
the sequence which oscillates as a function of the phase
of the second 7/2 pulse. Fig. S3b shows the associated
phase shift in the oscillation for various delay times, with
the control qubit cavity either empty or occupied with a
photon during the Ramsey sequence. By taking the dif-
ference in the slopes of the linear fit to the respective
results, we can extract xqp/2m ~ 6.64 kHz, which leads
to an on-off ratio of the CZ gate ~ 230.

IV. INFERRING CZ GATE FIDELITIES AT
SHORT GATE DEPTH

In this section we provide additional detail for how we
estimate CZ gate fidelity in the short-depth limit.

Following the treatment in Ref. [5], consider the decay
in RB survival probability as a function of the number
of gates N, F = Ap" + B, where p corresponds to the
depolarizing parameter. We first substitute p = 1 — «,
and expand to linear order in NV

F=A0-2)+B=A(1-2N)+B
=—Az-N+A+B

We perform a linear fit to our data and extract a slope
m = —Ax and can see that the depolarizing parameter p
can be computed as p = 1 — |m|/A. From this analysis,
we see that the value of p depends on the amplitude and
offset of the survival probability.

The average CZ gate error is computed from inter-
leaved RB as:

(d=1)(1 —pi/pr)
p (3)

rcz =

with d = 2Ne = 4, p; . are the depolarizing parameter for
interleaved and reference RB, respectively.

For two-qubit RB we expect A = % and B =
thus
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Supplementary Figure S3. Measuring interaction
strength for the CZ gate. a. Spectroscopy on the tar-
get qubit cavity with the coupler either in the ground (green)
or excited state (orange). b. Circuit diagram for the Ram-
sey sequence on the target dual-rail and the associated phase
shift as a function of delay time with the control qubit cavity
either empty (red) or occupied with a photon (blue).

where m,.; are the extracted slopes for the reference and
interleaved RB data, respectively. In experiment, we ex-
tract m, = 2.79(1) x 1072 and m; = 3.86(4) x 1073,
from which we extract the error per CZ gate of rcz =
1.08(5) x 1073.

For one-qubit RB, A = B = % we extract the average
gate error as

i 14 _ 1
2fm| — 4fm|

()

We also consider extracting gate fidelity from decay
of Bell state fidelity. For our CZ gate in the limit of
large number of repeated gates IV, the state fidelity will
saturate to B = 1/4. Using A = 3/4, then the we find

. _ 4|m
the CZ gate fidelity p =1 — T‘
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Supplementary Figure S4. CZ gate infidelity inferred from
simulated IRB experiments vs. the infidelity computed from
Eq. 10. 500 random dephasing and leakage rates are chosen
uniformly distributed with pE™°! p2™#* € [1 x 107%,2 x
107°), pzz € [5x 107°,2 x 1077], and pfiGge, Pintege €
[1 x 107*,4 x 107®]. Each IRB fidelity simulation uses the
exact same random gate sequence as the measurement in Fig.
2. The RB sequence fidelity is fit to the linearized exponential
discussed in Appendix IV out to 50 Cliffords. The subtle
curvature of the simulated points arises from the limited range
of validity for the linearization: as error rates increase, second
order terms become relevant. The dashed lines guide the eye
to convert our measured CZ infidelity to the infidelity when
error detection immediately follows the gate.

V. EVALUATING THE ACCURACY OF IRB
WITH POSTSELECTION

Appendix 'V utilizes IRB to estimate CZ gate fidelities
at short depths with a linear approximation of the decay
exponential. Here, we demonstrate that the experimen-
tal results are a reliable estimator for the true underlying
gate errors. The addition of error detection to RB is novel
and, to our knowledge, only utilized here and in neutral
atom platforms [6]. These error detection measurements
are high-fidelity [3], but leakage misassignment errors do
occur at 107* rates. Additionally, the infidelity of our
CZ gate exceeds those of single qubit rotations by more
than one order of magnitude. This produces an asymme-
try between some Cliffords and the interleaved CZ gate
that can negatively impact the CZ fidelity estimate [7].
Between the addition of error detection, gate asymme-
try, and limited circuit depth, it is valid to worry that
IRB may not provide an accurate estimate of CZ gate
fidelity. In this section, we define a parametrized chan-
nel for our CZ gate, add postselection to the standard
definition of average gate fidelity [8], and simulate IRB
under different CZ error rates to evaluate its estimates
of the postselected gate fidelity.

First, we discuss a simplified leakage model for a DR
qubit. For a single DR, we represent the logical and
leakage states with qutrit states |0) = |0g), |1) = |1L),
|2) = |*1). We also define unconditional reset of qubit z
to the leakage state with the following channel:

Arz(p) = |2><0|xp|0><2‘z+|2><1|zp‘1><2|z+|2><2|xp|2><?(|;§

Thus, for each control or target qubit = € {c, ¢t} in a two
DR system, the leakage channel is:

Aﬁaakage(ﬂ) = (1 - pfeakage)p + pibveakageAhﬂf (p) (7)

Detectable leakage errors form the dominant com-
ponent of the CZ error channel, but residual dephas-
ing arises from intrinsic sources and control qubit leak-
age during gates. To form the dephasing error chan-
nel, note that dephasing in the computational subspace
{|0L),|1r)} is generated by the o,-like Gell-Mann ma-
trix Az [9] with non-zero diagonal (1,—1,0). The re-
sulting dephasing Kraus operator on a single qutrit is
K3 = exp{(—imA3/2)}. This produces the two qutrit
dephasing channel:

Adephas.(p) = (1 - ch *ptZ 7pZZ)p (8)
+ pg KSp(KS)T + ply Kip(K5)T
+pz2 (K5 © Ki)p(K§ ® K5)T.

The Z subscripts serve as a reminder that dephasing oc-
curs in the qubit subspace.

Finally, we can write a simple CZ channel £ as the
composition of leakage and dephasing channels

E(p) = Adephase © Aideal © Alceakage ° Afeakage (P) (9)

where Ajgeal(p) = CZpCZT. This channel captures tar-
get qubit dephasing resulting from control qubit leakage
during the CZ gate, albeit more simply than the detailed
picture presented in Appendix VI. The rates parametriz-
ing each individual error channel are derived from the
error-per-gate results in Fig. 3.

Our RB circuits only include leakage detection at the
end of a circuit, unlike other approaches that interleave
checks with batches of gates [6, 10]. Here we explain
why this technique is valid for our system. DR qubit
seepage via cavity photon heating occurs at a rate at
least 1000 times slower than leakage [3], obviating the
need for mid-circuit checks here or other more sophisti-
cated techniques [11, 12]. This means that the fidelity
of a standalone gate immediately followed by leakage de-
tection should be nearly equivalent to the fidelity of a
gate with delayed leakage detection. An RB experiment
with postselection should then infer the fidelity of a post-
selected gate, up to misassignment errors in the leakage
detection. This motivates a modification to the standard
entanglement fidelity definition found in [8]:

ajx Tr(CZU;CZ(ME (pr) MT))

Fu€.00) =) = B g (o))

3.k

(10)



The U; = >, ojrpr form a unitary basis on the two
qubit space [8, 13] with pure state representation py. Us-
ing a state basis here is essential for postselection after
propagation through the CZ channel £ as the U; can
be traceless. The postselection measurement operator
M projects into the two-qubit codespace, with misas-
signments characterized in Table II that appropriately
penalize the gate fidelity [3]. The denominator in Eq.
10 renormalizes the fidelity contribution of each p; by
its postselected fraction. This is similar to the approach
taken in [14], where the entanglement fidelity is divided
by the average postselected fraction with the intent to
preserve channel linearity.

Now that we can compute the postselected fidelity of
our CZ channel, we compare this to the fidelity inferred
from IRB simulations across a range of CZ error rates.
We follow a standard technique used in [5, 7, 8] using the
superoperator formalism to propagate a density matrix
through a random sequence of gates. There are two more
gates required to generate the Clifford group: Xz and
virtual-Z. We compute the superoperator implementing
both individual and simultaneous Xz operations using
the coherences and gate durations in Tables [ and II. It
is important to include the residual a; — by cross-Kerr to
capture unitary gate errors. Virtual-Z gates are perfect
unitaries in the simulation.

Having described our model for all operations, we pro-
ceed to simulate IRB and extract two-qubit gate fideli-
ties. All of our simulations implement the same random
gate sequence used for the measurement in Fig. 2. Due to
finite sampling of random sequences (20 at each depth),
we expect noise in the inferred infidelity particular to
each sequence. We fit the sequence fidelity over the first
50 Cliffords to the linearized exponential in Appendix [V
to extract the RB fidelities, just as in Fig. 2. Using error
rates centered around estimated values from Fig. 3, we
find that IRB systematically underestimates infidelities
across the range, including by about 22% at our measured
value (marked on Fig. S4). In absolute terms, this only
adjusts the infidelity from 0.108(5)% up to 0.138(7)%,
confirming a high-fidelity gate. Other investigations have
found comparable fractional errors at similarly high gate
fidelities, albeit under maximally deleterious unitary er-
rors [7]. The underestimate persists even when using
perfect leakage detection measurements in the simula-
tion, suggesting that the bias may be a product of this
particular set of 20 random sequences. Simulations of
other random sequences show variance in the extracted
vs. actual infidelity, supporting this claim.

VI. LEAKAGE PROPAGATION

In this section we will provide more details supporting
our investigation of the leakage propagation properties of
our CZ gate. We consider leakage before and during the
CZ gate and derive error models for both cases.

Control qubit action [Effect on target qubit

start in |10) I

start in |01) 7

start in leakage state |00) I

start in |10) and leaks during the gate I
start in |01) and leaks during the gate Z(0),0 € [0, 7]

TABLE III. Leakage propagation properties for CZ gate

A. Leakage before a CZ gate

We first consider the simpler case when leakage occurs
before the CZ gate and either the control or target qubit
starts in the ground state, |00). In this situation the
dispersive interaction between coupler and target qubit is
never switched on; this interaction requires one excitation
in the coupler and one in the target qubit, but with a
leakage there is only one total excitation between the
two qubits. As such the overall process when we suffer
leakage before the CZ gate is an overall identity process
on the other qubit.

B. Leakage during a CZ gate

We now derive the leakage error model for the CZ gate.
For this model to be valid, we require that only two of the
four cavities interact during the gate, and the CZ gate
is realized using a CPHASE-type interaction, that is, only
one of the four two-qubit basis states gradually gains an
entangling phase until the CZ unitary is realized. This
can be achieved with the following general interaction
Hamiltonian

Hent/h = Xent |1L1L><1L1L| = XentCZ (11)

The CZ gate is then implemented by unitary evolution
of this Hamiltonian for a time tcz = 7/Xent-

Leakage midway through the gate will shut off the in-
teraction at an unknown time, and can be modeled as a
CPHASE gate with unknown angle, followed by uncondi-
tional reset to the |00) state.

A leakage event occurs at some random time during the
gate, which we approximate as uniformly random, result-
ing in first a CPHASE interaction of some unknown phase
between 0 and , followed by leakage to |00) that turns
off the interaction. The average channel prior to leakage
can be computed by evaluating the following integral

Acz(p) = 1 /W CPHASE(¢) p CPHASE(—¢)dg.  (12)
™ Jo

To evaluate the integral, we make use of the iden-
tity CPHASE(9) — Z0Zu(6/2)Z.(—6/2)Z(~6/2), where
Z.7(0) := cos(0/2)1 —isin(0/2) Z.Z; etc. We also make
use of another identity: CZ = %(I +Z.+ Zy — ZoZy).
We rewrite the first identity with trigonometric functions



such that
CPHASE(¢) = ()1 + y(9)(Ze + Zy — Z:Zy) (13)
= (2(¢) — y(¢))1 + 2y(¢)CZ (14)
where
z(¢) = cos®(¢/4) + isin®(¢/4) (15)
y(¢) = ie” "/ sin(¢/4) cos(¢/4) (16)

Our goal is to arrive at a channel of the form
Acz(p) = aolpl + a1CZpCZ + ax(CZpl — 1pCZ) (17)

for which we determine

a0 = [ 1o0) oo =+ [ cos?or2)a -

™ ™ Jo

= N =

ay

L[ 249 — L 7Tsin2 :1
~ [ aw@ras =< [ =5 09

L[ “(p) = - Trsin =
= [ 200w @) = 5= [ (oo -

™

ag

which finally allows us to write

1
Acz(p) = 5(]1;)]1 + CZpCZ) + —(CZpl — 1pCZ). (21)

)
T
The ‘off-diagonal’ elements of this channel of the form
1pCZ and CZpl are measurable, as shown in Fig. 4f
in the imaginary part of the y-error matrix for N =1
repeats. They deviate in magnitude from 17 due to a
significant fraction of the leakage occurring during state
preparation and measurement, rather than the CZ gate
itself. These terms can often be dropped in an error cor-
rection context without consequence, since they are an-
nihilated by stabilizer measurements. (In a similar way
to how coherent Z rotation errors may be twirled into a
pure Pauli channel by the act of measuring X stabilizers.)
In this case we define the approximate channel

o) = 5 (11 + CZpC2) (22)

Under this simplified channel, we can say that leakage
during our CZ gate results in a 50-50 mixture of per-
forming the complete CZ gate and performing identity,
prior to leakage occurring, which is useful for discretizing
the location of leakages within a gate sequence. Formu-
lating a complete error channel for our gate requires us
to include the leakage jump operators. Here we assume
the cavities in each dual-rail have equal loss rates, and
that no-jump backaction can be ignored (this is typically
a small effect anyways and can be exactly mitigated with
‘echo’ pulses if needed [3]). For convenience, we also de-
fine the ‘unconditional reset’ operator to be

Arz(p) = 100){01[;p[01){00],
+100)(10|..p|10) {00,
+ |OO> <00|:cp|00> <00‘x7

where 2 = (¢, t) may denote the control or target qubit
to be the qubit which leaks during the gate. The channel
that describes one of the qubits leaking during the CZ
gate can now be written as

fceakage(p) = (1 - pg)]lp]l + p:AT,w(ACZ(p))v (23)

where p? is the probability of qubit x undergoing leakage
during the gate. The final error channel we use to model
the CZ gate and its errors consists of cascading four error
channels together. Chronologically, these are the error
channel for leakage on the control, then the error channel
for leakage on the target (these two commute), followed
by the ideal CZ unitary channel (which acts as identity on
the leakage space), followed by a pure dephasing channel.
Finally our complete CZ gate error channel is written as:

8Cz(p) = Adephase © Aideal © Afeakage o Afeakage (p) (24)

where
Aideal (p) = CZpCZ (25)
Adephase(p) = (1 = pG — % —pz2)1pl  (26)
+ 05 ZepZe + Py ZipZy (27)
+pzz2tZepLcs. (28)
where ch(t) is the probability of a phase flip error on the

control (target) qubit, and pzz is the probability of a
correlated dephasing error that affects both qubits.

C. Analysis of experimental results

Having provided a theoretical treatment of leakage
propagation in our CZ gate, in this section we provide
additional experimental details. Briefly reviewing the
experiment, we initialize the control qubit in either the
leakage state |00) or one of the computational states |00),
|01). Subsequently we perform quantum process tomog-
raphy (QPT) on the target qubit after performing N re-
peated CZ gates. To capture the impact of leakage before
or during the CZ gates, we condition the QPT for cases
when the control qubit is measured to be in the leakage
state |00).

To analyze our process tomography results we apply
an error analysis described in [15], which we will briefly
sketch here. A quantum process can be written using the
X matrix representation as

Pout = Z anEmme;[b» (29)

and here we choose the Pauli basis, {E,,} = {[,X,Y, Z}.
For our analysis, we are interested to study the deviation
from the ideal or expected process, motivating the use of
the y(¢™) matrix. The total process y can be described
as the composition of a target unitary U followed by an



error process, x(¢""). This error process is another valid
process and can be described by its own x matrix as

Pout = ngg)EmUpanTEjp (30)
m,n

The error process matrix can be computed by
X = VvV, Vi = Tr (EJ,E,U) /d, (31)

where d = 2V with N representing the number of qubits.

This error process matrix has a simple and intuitive
interpretation. In the ideal case, the error process (™)
should equal to the identity process with a single non-
zero element, x;; = 1. Any other non-zero elements
indicate a deviation from the intended process.

VII. NO-JUMP BACKACTION IN THE SWS
GATE

No-jump backaction is a form of non-unitary, coher-
ent error which arises when we detect that no excita-
tion loss errors have occurred during our CZ gate. In
essence, when we learn no loss occurred, we know it is
more likely that the control qubit was in the dual-rail
state |10) rather than |01), since the |10) state does not
swap into the more lossy coupler. This amounts to grad-
ual weak measurement of the control qubit in the Z-basis.

To see what limit this error places on our CZ gate
fidelity, it is useful to define the quantities

tgate

pilolss = T1a1 ) (32)
tgate

Pows = 55 (33)

After applying the gate once, the resulting state after
postselection may be approximately written as

CZp'CZ
= — (34)
Iral
where
p = EpinitET, (35)
E=\/1-pi 10) 0], ® L, + /1T pf 1) (1], ® 1,
(36)

and F is the (non-trace preserving) Kraus operator de-
scribing no-jump backaction. The subscripts denote con-
trol and target qubits respectively.

The states most sensitive to this effect are ones where
the control qubit is on the equator of its Bloch sphere.
However, we can show that for small [pyl — pf |, the
error is approximately

~ (pilolss — plcoss)2
=~ 74 ,

ENJ (37)

which scales quadratically with the imbalance in loss
rates. For our hardware parameters, we expect this effect
to be small after one CZ gate, contributing with an error
< 107% after one gate. However, after ~100 consecutive
gates, due to the quadratic scaling of this effect can be
noticeable at the few percent level.

In any practical setting, our CZ gate will be interleaved
with single qubit rotations and measurements, which has
a similar effect to “echoing out” the dynamics associated
with no-jump backaction, ensuring that the effective error
stays below 1075.

It can be shown that a single X gate on the control
qubit mid-way through a repeated series of CZ gates
is sufficient to completely nullify the effects of no-jump
backaction. We additionally perform an X gate on the
target qubit as well in our quantum state tomography ex-
periment since X gates in general are useful for echoing
out any sources of low frequency dephasing noise affect-
ing our qubits. The fact that we still observe non-linear
dephasing on the control qubit even with the presence of
the echo pulses indicates no-jump backaction cannot be
responsible for this effect.

We now briefly describe why a single X gate mid-way
through our repeated CZ sequence is sufficient to nullify
the effects of no-jump backaction. The intuition as to
why this works is that, in the period of time that elapses
from the beginning of the sequence to the final measure-
ment, each state in the control qubit will spend the same
amount of time occupying the lossy coupler mode. Thus,
when we measure that photon loss has not occurred in
the control qubit, we (and the environment) gain no ad-
ditional information about which state the control qubit
began in.

We show this mathematically by considering an idling
control dual-rail qubit, which undergoes non-unitary
(and non-trace preserving) evolution due to the collapse
operator

L = +/x00) (01], (38)

where x models the average loss rate experienced by the
|01), state as it swaps in and out of the coupler through
many repeated CZ gates.

With the Lindblad master equation we can specifically
examine the no-jump part of the evolution as

= _% (E'Zp+pL'L) (39)
- _g(|01> (01|, p+ plo1) (01],) (40)
= —gp - Z(Zcer pZe). (41)

We can solve this equation for a “qubitized” density ma-
trix that describes the dual-rail codespace of the control
qubit as

_ (Poo(t) por(t)
o= ma) o



Solving this differential equation gives us

Kt

- —rKt/2
Pooe poLe
o= (o e Y

This evolution describes a gradual measurement in the Z
basis which gradually polarizes us to the state [10)_, the
least lossy basis state.

Applying a single X gate at time ¢t = 7/2 is sufficient
to completely undo this polarization effect. After this X
pulse, now the state that was initially |10) will now swap
into the coupler and the density matrix evolves under the
differential equation

. K
p=—5p+ 4 (Zep+pze), (44)

which has the general solution

—rKt/2
_ P00 po1€
o= (% )

describing gradual polarization to the |01), state.

Thus, after evolving for time 7/2 , applying the X
gate and then evolving for time 7/2 (and finally applying
another X gate if desired), we are left in the state

—Kt —kKt
_ [ Poo€ Po1€ _ _—kt
p(t) = (pme—m pue_ms> =e "'p. (46)

And so, the density matrix remains the same as our initial
density matrix, except for multiplication by the scalar
factor e " which represents the probability we do not
detect a loss error.

Our claim that a single X gate on the control qubit
mid-way through the CZ gate sequence is sufficient to
completely undo the polarizing effect of no-jump back
action is also supported by our QuTiP full master equa-
tion simulations.

VIII. CZ INDUCED COUPLER HEATING

Since the transmon coupler mode ¢ is temporarily pop-
ulated during the application of the CZ gate it is impor-
tant to ensure that all the population is transferred back
to the control dual-rail before the gate ends, failing to do
so will dephase the target qubit. In this section we de-
scribe the experimental protocol to measure the residual
coupler excitation at the end of the CZ gate.

We do this by preparing our system in the state |01¢10)
and repeatedly applying the CZ gate followed by a slow
selective X gate on the target qubit. This selective X
gate only swaps excitation between cavities by and bs
when the coupler is in the |g) state and implements an
identity on the target qubit when the coupler is in the
|e) state. This pulse sequence maps the residual coupler
excitation onto the target qubit |10) state population.
At the end of the sequence we measure the two dual-
rail qubits. We process the data in two ways. First, we
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trace out the control qubit and measure the population
of the target qubit in the state |10). This encodes the
unpostselected residual coupler excitation at the end of
N CZ gate applications.

We observe a small but measurable increase in the cou-
pler population of 0.014% per gate application (see Fig
S5b). Next, we use the same dataset but postselect on the
measurement outcomes such that the control qubit is as-
signed to be in the codespace. In this case we observe no
measurable increase of the target qubit |10) population
after 64 applications of the gate. Its important to note
here that because of the excitation preserving property of
the gate whenever we inadvertently leave the coupler in
the excited state we will necessarily observe the control
qubit in the vacuum sate. This allows us to postselect
on this error channel. Lastly, we also compare this mea-
surement to the case when we replace the CZ gate with
a delay of equivalent duration and find that we see no
measurable difference between the two sequences when
the control qubit is postselected to be in the code space.

a1 [0)
as |1)
¢ lg) \--+
by 1)
b [0)

Control qubit traced out

Control qubit in codespace

-@— CZ gate
-~ Delay

0.014 4 —@— CZgate
- Delay

0.012 A

0.010

0.008 -

0.006

Target qubit |10) population

o g-0-f<p-g-o->8

0 20 40 60 0 20 40 60
Number of CZ gates/Equivalent delay Number of CZ gates/Equivalent delay

7
0004 {7 B—E-B-g g-g-88

Supplementary Figure S5. Residual coupler excitation
a. Pulse level protocol used to map the residual coupler pop-
ulation into target qubit. b. Target qubit |01) population
as a function of number of CZ gates in the sequence or delay
when the control qubit measurement outcome are traced out
c. Same as b but when control qubit measurement outcomes
are postselected to be in the codespace.

IX. CORRELATED LEAKAGE AND COUPLER
EXCITATION

Although rare, there is a mechanism by which photon
loss on a target qubit midway through an SWS gate can
result in both the control and target qubit ending in the



vacuum state, and an excitation remaining in the coupler.
We refer to this as a correlated error because a single loss
mechanism can result in a double erasure. This effect is
most pertinent when g.. ~ Xse, when the control qubit
does not fully swap its photon from as into the coupler
mode, even for the ideal unitary dynamics. Photon loss
from b; at unknown time dephases any excitations in the
coupler, and in this parameter regime, there is also a
chance the coupler excitation is not fully swapped back
into the cavity mode as, resulting in the ‘double-erasure’
state [00e00).

For our hardware parameters, we expect to end up in
the double-erasure state which occurs with probability
1.3 x 1072 per CZ gate, according to our QuTiP simu-
lations. Equivalently, if photon loss occurs in the target
qubit during the gate, the excitation is expected to re-
main stuck in the coupler with probability 1.4%. This
probability scales quadratically with the ratio |xse|/gac
and is not expected to limit gate performance.

A related error, dephasing in the coupler mode midway
through the SWS, can also put us in the detectable leak-
age states |00€10) or [00e01). This arises because dephas-
ing of the coupler mode no longer guarantees that second
SWAP has the correct phase. Like the aforementioned
double erasure, this error is also suppressed quadratically
with the ratio |Xpc|/gac, Which serves as another reason
to increase g, in future implementations.

With our QuTiP master equations, we predict the sys-
tem leaks to these two states with probability 6.5 x 107>
per gate, assuming a coupler dephasing time of 1001us
which we measure for our system. The total probabil-
ity the coupler is predicted to end in the excited state is
8.0 x 10™° per gate, comparable to what we measure in
experiment.

X. MEASURING RESIDUAL COUPLER
POPULATION

In addition to measuring coupler heating per CZ gate,
we also quantify the residual thermal coupler population
in our system. Residual population on the inter-dual-rail
qubit coupler can induce a correlated dephasing error
on both the control and target qubit as the dispersive
coupling will cause a frequency shift on both qubits. Such
an error can be thought of as a state preparation error as
it corresponds to incorrect preparation of the initial state
of the system at the beginning of each experimental shot.
As such, it does not add to the error-per-gate but instead
contributes to the ‘offset’ error at the level of the thermal

. — (coupler)
population of the coupler, e.g. 7y, .

Because our system does not have a direct readout for
the coupler—and as we will see, the residual population
is fairly low—this can be a rather challenging measure-
ment where common procedures like the Rabi population
measurement [16] are insufficient to resolve the residual
thermal population.

We perform the following protocol to measure residual
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thermal population in the inter dual-rail coupling trans-
mon. Our key insight is that the coupler excitations will
induce a frequency shift in both of the neighboring dual-
rail qubits and that we can disambiguate from other ther-
mal excitations by correlating results from both control
and target qubits. To accomplish this, we perform simul-
taneous Ramsey experiments on both control and target
dual-rail qubits, see Fig. S6a. In the case that the coupler
is in the ground state, then both qubits will have zero de-
tuning and we should measure high probability in the [11)
joint dual-rail state. If the coupler is in the excited state,
then we will observe oscillations in the |11) population
at frequencies that correspond to the cross-kerrs between
the coupler and dual-rail qubits, see Table 1. In our ex-
periment we perform a Ramsey sequence with maximum
delay of 4 us to acquire several periods of oscillations for
a snapshot of the coupler thermal population.

In our experiment we can also intentionally vary the
population in the coupling transmon using the following
protocol. We initialize one of the dual-rail qubits with an
excitation in both cavities, e.g. the physical |11) state,
see Dual-rail A in Fig. S6a. Then we perform a coupler-
cavity SWAP (similar to what is used for the SWS gate)
to transfer one excitation into the coupling transmon and
to initialize the dual-rail qubit in the codespace state |01).
We can then add a variable delay to allow the coupling
transmon to partially thermalize before performing the
simultaneous Ramsey measurement. The full sequence
is shown in Fig. S6a. Our measured results are shown
in Fig. S6b at several different delay times (Tiait) af-
ter initializing the coupler transmon in |e) from zero de-
lay to a delay of 600 us. We observe oscillations with a
magnitude that decreases with decreasing coupler popu-
lation. The longest delay, Tait = 600 us, corresponds to
~ 8.5 Ty where the transmon should be completely ther-
malized and we observe small oscillations at the 1073
level. We also perform the same experiment without ini-
tializing the coupling transmon in the excited state (grey
data in Fig. S6b, bottom left panel) and observe similar
results. Both results allow us to bound the coupler ther-
mal population to about 0.1%. These results are also
supported by master equation simulations of the same
protocol and are shown in the right column of Fig. S6b.

This thermal population can be reduced in future
works by employing dissipation-based leakage reduction
units [17-22] or by directly detecting coupler population
through a direct readout [23] to convert this leakage into
an erasure error.

XI. MEASURING BIT-FLIP ERRORS

Figure S7 presents additional data, obtained with
other variations of the initial logical states of the target
and control qubits, with the same measurement protocol
described in the main text. The fits to the linear slopes
(solid lines) are used to extract the quantities plotted in
Fig. 3f. With the exception of the state where an exci-
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Supplementary Figure S6. Measuring inter-dual-rail
coupling transmon thermal population a. Experimental
sequence for quantifying coupler thermal population. The se-
quence begins with a step initializing the coupling transmon
in |e) and a variable delay time to allow the coupling transmon
to thermalize. The subsequent simultaneous Ramsey exper-
iment on both dual-rail qubits enables measurement of the
residual population in the coupler. b. Experimental results
(left column) and simulation results (right column) of the si-
multaneous Ramsey experiment. Each color corresponds to
a different delay time for data (left) and coupler excitation
probability for the simulation (right). The magnitude of the
oscillations corresponds to the probability that the coupler is
excited. In particular we use the result from Tyaix = 600 us
(Data, pink) where the transmon state is at thermal equi-
librium. For this data we extract a bound for n¢, ~ 0.1%,
particularly comparing with the simulation result setting a
0.1% coupler population (Model, pink). This result is also in
good agreement to the case when the coupler is left in the
thermal state (grey).

tation is swapped into the coupler, the rates are indis-
tinguishable from the idling bit flip rates. As in [3], the
quantities we extract are likely only an apparent rate,
due to the finite leakage discrimination fidelity of the
end-of-the-line measurements, multiplied by the increas-
ing number of erasures with time.

XII. REPRODUCIBILITY AND
PERFORMANCE STABILITY

We present some early results on CZ gate reproducibil-
ity and stability over time. In Fig. S8 we show repeated
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Supplementary Figure S7. Measuring bit-flip errors dur-
ing CZ gate a. Circuit used to measure bit-flip errors b. Re-
sults of bit-flip measurements for the various combinations of
initial logical states of the target and control dual-rails, com-
pared to the idling states when no CZ gates are performed.
The extracted linear trends (solid lines) are used to produce
the quantities presented in Fig. 3f.

measurements of interleaved RB on seven different two-
qubit gate systems. For these measurements we calibrate
the gates once before the start of these repeated bench-
marking measurements. These results reveal similar per-
formance at or below 0.1% error per CZ gate, but also
indicate excellent stability for most of the systems with
gate error fluctuations at a small fraction of the total gate
error. Ongoing work aims to uncover the source of the
residual fluctuations seen for two of the seven systems,
and we suspect sources of error like environmental tem-
perature fluctuations that affect the output power of our
control systems or fluctuating two-level systems that can
decrease coherence.

XIII. ANALYTICAL DERIVATION OF GATE

PARAMETERS

In our gate, there are three parameters that must be
calibrated. These are the duration of each of the cavity-
coupler ‘SWAP’ pulses, tswap, the delay time between
these two pulses, tyait, and the phase of the second SWAP
pulse, relative to the first, which we denote as ¢.

In this section we derive the analytical expressions for
these three parameters required to implement a unitary
that is locally equivalent to a CZ gate on the dual-rail
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Supplementary Figure S8. CZ error per gate timeseries.
We present CZ gate benchmarking on seven different two-
qubit gate systems. These results show high reproducibility
of our gate performance in the Main Text and also show good
stability of many hours of operation.

subspace, up to local Z rotations. We find these param-
eters for the assumption that we have square, instanta-
neous pulses and that our pulse Hamiltonian takes the
form

1
Hih=3 (gac(afe + gio(Baze’) + xscblbrele  (47)

In the actual experiment, these values need to be cali-
brated and will differ from the theoretical values we are
about to derive due to finite pulse ramp times and extra
Hamiltonian terms such as cavity-cavity cross Kerr.

Nevertheless, deriving these parameters is useful for
numerical simulation, and for understanding the physics
of the gate.

One thing to note is that for a given set of hardware
parameters, (gae, Xbe), there are multiple sets of pulse
parameters, (tswap, twait, ®) which can enact a CZ gate.
To simplify this, we can choose to fix one of the param-
eters. In [24], Rosenblum et al. choose to fix ¢ = 7, and
calibrate the two pulse timing parameters. We instead
choose to fix tswap = T/gac, taking g,. to be real and
positive. (Experimentally, this means we only need to
calibrate a delay time and a phase, the easiest parame-
ters to sweep).

Given this constraint, the analytical expressions for
twait and ¢ are

™ s
twait = — = —, (48
|Xbc| Gac
¢ = Xbetwait (49
2 2 5
+ 2 arctan _mco‘u W\/m
Xbe 2Gac
(50)

derived below. With these parameters, the gate can be
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modeled through three different piece-wise Hamiltonians:

Hi/h= Jac (azc + azel) 4+ xpeblbicfe (51)
Ho/h = XbchblcTc (52)
Hs/h = Qac( abe + e Pagel) + xpeblbicfe  (53)

acting for times, tswap, twait, tSWAP respectively
It also follows that the total gate duration is given by
T T
tgate = twait + 2tswap = —— + — (54)
|Xbc| Jac
The unitary on the dual-rail space that is implemented
is

Ugate - Zl (7T - ¢)Z2 (W)UCZ (55)
where we use the usual convention

100

0
0
Ucz = 0

O OO

1
0
0

o = O

-1

A. Deriving tyait

During the gate, only the dual-rail state |0110) gains
an entangling phase, via the dispersive interaction. To
find the wait time, we must tally up the entangling phase
accumulated during each of the three piece-wise Hamil-
tonians. The total entangling phase (which must be 7
for a CZ gate) is then given by

¢cnt = 2QSSVVAP + ¢Wait =TT (57)

where ¢wait, the phase accumulation during the delay
time is simply Pwait = Xpctwait- Finding the entangling
phase contribution from #H; and H3 is a little trickier, but
can be found by considering a ‘qubitized’ Hamiltonian of
the form

Gac (0 1 00
Hq = 9 <1 O) + Xbe (O 1) (58)

which describes the dynamics of the dual-rail state
|01g10) swapping to the state |00e10) in a two-level man-
ifold. If we were to enact this Hamiltonian for time

T = 27/Q, where Q = /g2, + X3, is the detuned Rabi
rate, then we would find the unitary this enacts is

ei’HqT — ei(ﬂ'*XbcT/Q)]l (59)

Usually this phase is ignored as a ‘global phase’, but in
our case, because this is a phase on just one of the dual-
rail basis states, it is not global, and it contributes to
a measurable phase on our dual-rail qubit. The phase
contribution due to xpe from a ‘complete orbit’ of a de-
tuned Rabi oscillation is xp.7/2. (The 7 offset does not



contribute to the entangling phase). If we instead were
to enact H, for time ¢ = tswap = 7/gac, we would in-
stead acquire a smaller phase, scaled by the fraction of
the ‘orbit’ we complete:

beT tSWA betswA
¢SWAP:X2(: V;/_P:XCQWP (60)

This is equivalent to the entangling phase we acquire

from enacting H; for time tswap. The contribution to

the total entangling phase from Hj is also identical.
From 60 and 57 we can write

Xbetswap
QCT + Xbctwait =T (61)
and is easily rearranged to give
7 0
lwait = —— — — (62)
| Xbel Yac

which is the first expression we wanted to derive and
takes a surprisingly simple form.

B. Deriving ¢swap

As may be expected from the form of the analytical
expression for gswap in Eq. 48, this derivation will re-
quire some geometry and trigonometry. It is helpful to
refer to Fig. S9. The angle ¢3 is related to ¢gwap as
¢3 = T — ¢pswap. We also know the value of ¢y, and
SO 1 = Xpelwait- 1f we can calculate ¢o then we can use
the fact ¢1 + 2¢2 + ¢3 = 27 to calculate ¢3 and thus
oswap. We start by noting that the evolution during 1
(and H3) is an ellipse in the XY plane. On the Bloch
sphere, these amount to detuned Rabi oscillations but
when projected onto the XY plane these become ellipti-
cal. We define the major axis of this ellipse to be 2y, and
the minor axis to be 2x(. It can be shown that the ratio
Yo/To = Xbe/S2-

If we were to center this ellipse at the origin (see
Fig. S9), then the (z,y) coordinates can be parameter-
ized by angle 0(t), where a complete orbit of the detuned
Rabi oscillation is completed at t = 27/Q2. The (z,y)
coordinates are then given by

x(t) = xg cos(0(t)) (63)
y(t) = yosin(6(t)). (64)

However, since we only activate H; for time ¢ = tswap,
our partially complete orbit ends at 6(t) = Qtswap = ¢'.
We can now simply write down our end point, but will
also shift the origin of our coordinate system such that
(0,0) coincides with the beginning of the trajectory (i.e.
the origin is the center of the XY plane of our Bloch
sphere projection). Now, the endpoints of our trajectory
are written as

' = 2(1 — cos(Qyait)) (65)
y' = yo sin(Uwait)- (66)
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(D

Supplementary Figure S9. (Top) Top-down view of the Bloch
sphere trajectory of the dual-rail basis state |0z 1), projected
into the XY plane. The Bloch sphere is defined as in the left
panel of Fig. S10. Finding the analytical expression for ¢swap
amounts to calculating ¢s on this diagram. (Bottom) Top
down view of the same trajectory, focusing on the evolution
during H1, with useful angles marked to find ¢s.

We can use this to find

™ (Y]
¢2 - 5 —|—tan 1 <$/|) s (67)

and so we may finally arrive at

dswap = ¢1 +2¢y — T (68)

/
= Xbctwait + Qtan_l <y>

2] (69)

B —Yo sm QtsWAP
= Yoclwait + 2tan™!
Xbelwait <x0(1 — cos(Qswap))

(70)

Q Ot
= Xbctwait 2tan~! <_ cot ( SWAP>
Xbe

(71)

where we have used the condition Qtgwap > 7.



Error channel
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| Error state(s) after gate|Probability (QuTiP)|Probability (at short gate depth)

Photon loss on control DR |00¢01) , |00g10)
Photon loss on target DR |10400) , |01g00)
Photon loss on both DRs |00g00)
Control DR excitation stuck in coupler mode||00e10) , |00e01)
Only one excitation remains in coupler mode ||00€00)
Control DR dephasing Ze |ideal)
Target DR dephasing Zt |thidear)
Control and target DR dephasing ZZy |1hideal)
No error [tideal)

0.337%
0.0982%
0.0003%

0.006% -
0.0014% -
0.0169% 0.039(1)%
0.0048% 0.0112(9)%
0.0001% -

99.5351% -

0.400(4)%
0.096(4)%

TABLE IV. Estimated error budget for a single CZ gate, based on QuTiP simulations and measured hardware coherence times.
The rightmost column compares to experimentally measured values at short numbers of gate repeates.

00€01)

i

|01901)

Supplementary Figure S10. Evolution of the dual-rail basis
states [0r1r) (left) and |0.0L) (right) during the SWS gate,
obtained from our QuTiP simulations.

XIV. QUTIP MASTER EQUATION
SIMULATIONS AND CZ GATE ERROR BUDGET

We simulate expected gate performance by simulat-
ing evolution under the three piecewise Hamiltonians de-
scribed in 51 (i.e. with the square pulse simplification),
modelling all 5 modes a1, aqo, ¢, b1, bs and their respective
collapse operators, modelling white-noise dephasing and
excitation loss. The loss rates for these collapse opera-
tors are obtained from our measured hardware coherence
times.

These simulations capture the effects of no-jump back-
action, expected Z-frame updates, correlated errors, and
verify that our expressions for derived gate parameters
in 48 are exact.

We can use our QuTiP simulations in the absence of
decoherence to examine the intermediate evolution of
dual-rail basis states during the SWS gate, as shown in
Fig. 510. The |01)|1z) completes a closed trajectory
within the |01¢10) — |00e10) manifold, as shown on the
Bloch sphere, gaining a total phase shift of m + ¢swap,
and population returns exactly to the initial |01¢10)
state. In contrast, the evolution of the |0r1z) dual-
rail state is much simpler, whereby the state |01g01)
swaps completely into the coupler, and then is completely
swapped back to gain a geometric phase ¢swap. The net
result is an entangling phase of 7 and a determinstic Z-

phase of ¢swap on the control qubit, a unitary that is
equivalent to a CZ gate. The evolution of the dual-rail
states |1.,0z) and |1.1) is trivially identity since there
are no photons in mode ay to swap into the coupler, and
thus no phase accumulation.

We can use this QuTiP simulation to numerically sim-
ulate the expected error budget for our gate, given mea-
sured hardware coherence times, and compare it against
some of our measured gate errors. For this, we use the
coherence times listed in Tab. I and [I, taking the longer
echo times as our dephasing times. The simulated error
budget is shown in Tab. XIV and allows us to estimate
the probabilities for different CZ gate error channels that
are too small to measure directly in experiment.

XV. FUNDAMENTAL LIMITS TO SWS GATE
PERFORMANCE

SWS error rate‘Error scaling

control 1 1

e G acTcl
target 1
De ozCTC1
control 11
cacget C oty

arge G x
bz a1

TABLE V. Fundamental limits to the SWS if we assume in-
herited coupler decoherence is responsible for all cavity deco-
herence. G typically takes a value between 0.01-0.05 in our
hardware.

The SWS gate uses the dispersive interaction of a
transmon coupler as the source of entanglement. This
has many similarities to schemes where dispersively cou-
pled transmon ancillae are used for quantum control of
cavity modes. As such, one may suspect that transmon
decoherence would set a fundamental limit on our gate
fidelity.

To investigate this limit, we consider a hypothetical
scenario where only the transmon coupler suffers from
loss and dephasing noise, whilst all cavity modes have
no intrinsic noise (infinite cavity 77 and Ty). In this
limit, the cavities dispersively coupled will inherit both
dephasing noise and loss from the coupler via the inverse



Purcell effect. This can be quantified by defining the
hybridization factors

9. \"
G, = <Aa;) (72)

g9\’
_ be
6= (4. (73)

where g2, is the vacuum Rabi coupling and A, is the
mode detuning between modes ag and ¢ (in the context
of a Jaynes-Cummings Hamiltonian) and similarly for g,
Age for modes b; and ¢. G, and G} also represent the
energy participation of the dressed cavity modes in the
coupler mode.

Under an assumed white noise dephasing model, we
expect the following decoherence times inherited by the
cavity modes from the coupler:

Tl
T =& (74)
Tl
T — ¢ 75
by Gb ( )
T¢
¢ c
Ty, = G.)? (76)
T?
¢ c
Ty = (Go)? (77)
The goal is to calculate the SWS gate errors
peontrol ptarget ycontrol ptarget hased on these coherence

times and also the duration of the SWS gate, which is
limited to 7 = /| xpe|-
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It will be insightful to rewrite this yp. in relation to
the anharmonicity of the transmon coupler, which is ap-
proximately xp. ~ 2Gpa. where «, is the anharmonicity
of the coupler.

Now, we simply use the ratio of gate time to coherence
time to calculate the SWS error limits. We omit prefac-
tors of order unity and assume G ~ G, ~ Gp. For our
hardware, G typically varies between 0.01 and 0.05. As
an example,

target T T Gym 1

pe ~ 1 ~ 1 ~ ~ .
Tb1 |XbC|Tb1 2GbOécTcl Oéch

(78)

For the control qubit, we must take into account the fact
that the excitation is swapped into the coupler for most
of the gate, and so experience coupler decoherence more
directly. As an example,

- T 1 1
TS |xeelT¢  Ga.T?

control
~J

Pz

(79)

The results of this analysis for the other three error chan-
nels is shown in Table V.

Factors of the form 1/a,.T¢ are indicative of transmon
gate fidelities at the decoherence limit (i.e. typical single
qubit gate fidelities on transmons). The fact that pi ="
may be several orders of magnitude better than the trans-
mon decoherence limit makes the SWS gate extremely
promising for flag-qubit or stabilizer measurement cir-
cuits, with the maximum bias between p*8°* to pgrerol
set by 1/G2. We should expect pis"#®" to further improve
as we reduce extrinsic sources of cavity dephasing (e.g.

dephasing inherited from the ancilla transmons).
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