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1 Extended Introduction

The control of fluid flows is a critical challenge across virtually every major industry, from aerospace and
automotive to energy production and manufacturing. Improved flow control has the potential to transform
trillion-dollar sectors by dramatically increasing energy efficiency, transportation systems, and industrial
processes. However, fluid flow control remains notoriously challenging due to the nonlinear, multiscale
nature of turbulent flows, resulting in control formulations that are high-dimensional, non-convex, and
computationally intractable using traditional approaches [1, 2]. The convergence of recent breakthroughs
in reinforcement learning (RL) with advances in differentiable physics simulation [3, 4] and specialized
hardware acceleration has created an unprecedented opportunity to revolutionize fluid dynamics control
through artificial intelligence (AI).

This revolution encompasses both the practical implementation of flow control and the fundamental
scientific understanding that underpins it. AI-driven differentiable physics environments represent a transfor-
mative scientific tool for advancing our fundamental understanding of fluid dynamics. The key advantage of
differentiable simulations lies in their ability to compute exact gradients of objective functions (such as drag,
lift, or mixing efficiency) with respect to control inputs, geometric parameters, or initial conditions through
automatic differentiation. This enables gradient-based optimization and sensitivity analysis that would
require prohibitively many simulations with traditional adjoint methods or finite-difference approximations,
particularly for high-dimensional control spaces and long time horizons.

Moreover, the combination of differentiable physics with RL creates a unique scientific tool: agents
can autonomously discover non-intuitive control strategies and flow manipulation techniques that human
intuition might overlook, effectively serving as computational experiments that probe the limits of what
is physically achievable. These discovered strategies often reveal unexpected connections between control
actuation and flow response, inspiring new hypotheses about underlying physical mechanisms. The gradient
information also enables systematic inverse design—working backward from desired flow features to deter-
mine the forcing or geometry required to achieve them—which is invaluable for developing physics-based
reduced-order models and improving turbulence closure schemes. By providing efficient pathways to explore
the control-response landscape and extract interpretable patterns from successful strategies, these platforms
establish a new methodology for scientific discovery that complements traditional CFD while offering unique
capabilities for optimization, inverse problems, and automated discovery of control principles.

To understand the potential of this technological convergence, consider the vast economic significance
of fluid flow control, which extends across industries representing over $10 trillion in global market value.
The industrial flow control sector alone represents a $225 billion market*, with direct applications spanning
aerospace systems valued at $3.2 billion and projected to reach $30 billion by 2032†, energy systems where
industrial pumping accounts for nearly 20% of global electrical demand, and manufacturing processes across
sectors responsible for 38% of industrial CO2 emissions‡. Breakthrough successes in wind energy control
have reduced costs from 55+ cents/kWh in 1980 to under 3 cents/kWh today§, creating thousands of jobs and
generating $10 billion in annual investments.

This economic imperative coincides with a remarkable period of breakthrough achievements in reinforce-
ment learning, particularly in complex scientific applications that mirror the challenges of fluid dynamics
control. Reinforcement learning has demonstrated transformative capabilities across increasingly complex

*McKinsey & Company, ”Flow control: Sector at a crossroads?” https://www.mckinsey.com/industries/
industrials-and-electronics/our-insights/flow-control-sector-at-a-crossroads

†Global Market Insights, ”Aerospace & Defense Fluid Conveyance Systems Market Size, 2032.” https://www.gminsights.
com/industry-analysis/aerospace-defense-fluid-conveyance-systems-market

‡U.S. Department of Energy, ”Transformative Pathways for US Industry,” January 2025. https://www.energy.gov/sites/
default/files/2025-01/transformative-pathways-for-us-industry.pdf

§American Clean Power Association, ”Wind Power Facts and Statistics.” https://cleanpower.org/facts/wind-power/
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scientific domains, recently resulting in the 2024 Nobel Prizes in Physics for foundational neural network
research that enables modern RL systems¶, and in Chemistry for AlphaFold’s revolutionary protein structure
prediction [5]. AlphaFold solved the 50-year protein folding challenge by achieving experimental-level accu-
racy within minutes rather than months, predicting structures for over 200 million proteins and fundamentally
transforming biological research||. Concurrent breakthroughs in plasma control demonstrate RL’s capability
to master complex physical systems: DeepMind’s deployment of deep RL controllers on the TCV tokamak
achieved real-time control of 100+ million°C plasmas at 10 kHz frequencies, enabling previously impossible
configurations including sustained “droplets” and high-elongation shapes critical for fusion energy [6]. These
systems overcame fundamental challenges including 19+ coupled magnetic coils, millisecond timescales
with instability growth rates exceeding 1.4 kHz, and safety-critical constraints where failures could damage
multi-billion dollar facilities.

These applications share common success factors that provide crucial insights for advancing fluid flow
control. The success of RL across diverse domains has been catalyzed by standardized benchmark environ-
ments that democratize research access and accelerate algorithmic innovation. OpenAI Gym has attracted
over 2 million users across 190 countries**, while specialized environments, such as MuJoCo for robotics and
Atari for discrete control established evaluation frameworks that transformed entire research communities [7].
These platforms enabled fair algorithmic comparison, reproducible research, and systematic progress tracking
that proved essential for breakthrough developments including AlphaGo, robotics deployments, and large
language model alignment through reinforcement learning from human feedback.

However, despite these remarkable successes in analogous complex domains, fluid dynamics has remained
largely resistant to similar breakthroughs due to a constellation of fundamental technical barriers. The
primary obstacle is computational intractability: training effective RL agents typically requires thousands
of environment interactions, but each evaluation demands expensive computational fluid dynamics (CFD)
simulations that can require hours on high-performance computing clusters. This computational bottleneck is
magnified by the inherent sample inefficiency of model-free RL methods, making it practically impossible for
complex turbulent flow problems. Moreover, traditional CFD approaches face severe limitations in real-time
control applications, with typical simulations requiring wall-clock times orders of magnitude longer than the
physical processes they model.

Beyond computational constraints, fundamental challenges in generalization and adaptability have further
impeded progress. Current RL approaches trained at specific Reynolds numbers fail to transfer to different
flow regimes, and agents optimized for particular geometries cannot adapt to modified configurations [8].
The transition from laminar to turbulent conditions introduces chaotic, irregular dynamics that destabilize
training algorithms, while the multiscale nature of turbulence—spanning from energy-containing large
scales to dissipative Kolmogorov microscales—necessitates extensive data collection across multiple scales,
which amplifies computational costs. Traditional control approaches face complementary limitations: PID
controllers with fixed parameters cannot adapt to highly nonlinear turbulent flows, while optimal control
theory encounters severe time horizon limitations due to instability in adjoint equations for chaotic systems [9].

Compounding these technical challenges, the fluid dynamics community has lacked the comprehensive
benchmark platforms that have enabled other domains. While computer vision benefits from standardized
datasets, such as ImageNet, that enable systematic algorithmic comparison, fluid dynamics researchers work
with limited, problem-specific configurations that prevent fair evaluation and reproducible research. Most
existing fluid dynamics RL efforts have concentrated on computationally inexpensive 2D configurations at
moderate Reynolds numbers, with the extension to highly turbulent flows, complex 3D geometries, and
multiphysics applications representing the current frontier of research.

¶The Nobel Prize, ”Press release: The Nobel Prize in Physics 2024.” https://www.nobelprize.org/prizes/physics/
2024/press-release/

||Google DeepMind, ”AlphaFold.” https://deepmind.google/science/alphafold/
**OpenAI, ”OpenAI Gym Beta.” https://openai.com/index/openai-gym-beta/
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Remarkably, the technological landscape has undergone a dramatic transformation that now makes it
possible to overcome these historical barriers. GPU-accelerated differentiable fluid simulators now achieve
orders-of-magnitude speedups over traditional CFD methods, with modern platforms enabling parallel
environment training at scales previously requiring supercomputers [9]. The ML4CFD competition at NeurIPS
2024, featuring over 240 teams, demonstrated 300-600x speedups over traditional solvers while maintaining
accuracy††, indicating the maturity of these approaches for practical applications. Differentiable reinforcement
learning methods specifically designed for continuous control problems address sample efficiency challenges,
with approaches using analytic gradients from differentiable simulation to dramatically reduce sample
complexity in multiphysics environments [10]. Physics-informed neural networks provide principled ways to
incorporate fluid dynamics knowledge into RL systems, achieving superior performance in strongly nonlinear
problems with sparse data [11].

The commercial sector has validated this technological readiness through concrete deployments and per-
formance improvements. Major CFD vendors including Ansys and Siemens have launched GPU-accelerated
solvers showing 20-33x performance improvements, while enterprise platforms provide production-grade
tools for physics-informed machine learning. This convergence of mature differentiable simulation technology,
breakthrough RL algorithms, and accessible hardware represents the first time that large-scale fluid dynamics
RL training has become computationally feasible.

The urgency of capitalizing on this technological convergence is underscored by the massive economic
stakes and immediate industrial needs for improved fluid control solutions. Advanced aerodynamic control
in automotive and aerospace applications could generate billions in fuel savings across global fleets. For
instance, removing side mirrors alone in vehicles (accounting for around 6% of form drag [12]) improves
fuel economy by 1.5-2 miles per gallon, while comparable drag reductions in aircraft yield proportionally
larger savings due to higher fuel consumption rate [13, 14]. Coordinated wind turbine controls can increase
farm output by 4-5%‡‡, representing substantial returns across the $10 billion annual wind investment
market. Industrial applications present even larger opportunities: pumping systems account for nearly
20% of global electrical energy demand, with potential energy savings up to 75% through advanced control.
Manufacturing industries face direct competitive pressures where fluid control improvements translate to
immediate economic advantages, from billion-dollar steel production operations to chemical processing
facilities requiring millisecond response times for safety-critical applications.

Responding to this critical convergence of technological capability and economic opportunity, we introduce
HydroGym, a benchmark flow control platform designed to bridge the gap between cutting-edge RL method
development and fluid dynamics applications. HydroGym provides a flexible, solver-independent interface
that seamlessly integrates with industry-standard RL frameworks while supporting both differentiable and
non-differentiable fluid dynamics environments. Our platform abstracts computational fluid dynamics
complexity from control algorithm development, enabling researchers from both communities to advance the
field through standardized benchmarks and reproducible evaluation protocols.

The specific contributions of this work directly address each of the critical barriers that have prevented
breakthrough progress in fluid dynamics RL:

• Comprehensive benchmark platform: Introduction of the first scalable RL platform specifically de-
signed for fluid dynamics control, featuring a solver-independent architecture that supports diverse
CFD backends and computational configurations.

• Diverse environment suite: 61+ non-differentiable flow control environments with increasing complex-
ity, from canonical flows past cylinders to advanced turbulent control scenarios on 3D aircraft wings,
plus an initial set of differentiable flow control environments enabling gradient-based RL methods.

††”NeurIPS 2024 ML4CFD Competition: Results and Retrospective Analysis.” https://arxiv.org/abs/2506.08516
‡‡U.S. Department of Energy, ”Next-Generation Wind Technology.” https://www.energy.gov/eere/wind/

next-generation-wind-technology
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• Systematic algorithmic evaluation: Comprehensive performance assessment using industry-standard
algorithms including Proximal Policy Optimization (PPO), Deep Deterministic Policy Gradient (DDPG),
and Twin Delayed DDPG (TD3), establishing baseline performance metrics for future research.

• Democratized research access: Platform enables RL researchers and fluids experts to collaborate via
standardized interfaces, lowering the barrier to entry and accelerating interdisciplinary progress.

• Extensible foundation: Readily extensible framework supports integration of new CFD solvers, envi-
ronments, and RL algorithms, to evolve with advancing technology and research needs.

Through this comprehensive approach, HydroGym addresses the specific technical barriers that have
prevented breakthrough progress – computational intractability through state-of-the-art GPU-powered CFD
solvers and efficient simulation interfaces, sample inefficiency through differentiable environments, general-
ization challenges through diverse benchmarks, and accessibility barriers through democratized platforms –
thereby enabling the transition from traditional engineering approaches to AI-driven fluid control systems.
The platform arrives at a critical juncture where enabling technologies have matured and economic pressures
intensify, positioned to catalyze transformative progress comparable to breakthroughs in protein folding,
plasma control, and other complex scientific domains. Just as AlphaFold demonstrated that the convergence
of deep learning, domain expertise, and computational resources could solve seemingly intractable scien-
tific challenges, HydroGym establishes the foundation for similar breakthroughs in fluid dynamics control.
Success in this domain promises a fundamental transformation of how we approach complex flow systems
across trillion-dollar industries, establishing artificial intelligence as an essential tool for addressing the most
challenging problems in fluid mechanics and beyond.

2 Extended literature review

The intersection of reinforcement learning and flow control represents a paradigm shift in fluid system
optimization. Traditional methods rely on predetermined strategies based on domain knowledge, while
reinforcement learning enables autonomous discovery of optimal control policies through the direct interaction
with flow environments. This capability is particularly valuable in turbulent flows, where traditional linear
control theory fails due to high-dimensional, chaotic dynamics. Since the first successful demonstration of deep
reinforcement learning for cylinder wake control [15], the field has experienced rapid growth. The progression
from proof-of-concept studies to practical implementations reveals the maturation of core methodologies and
sophisticated frameworks capable of handling realistic engineering problems. This evolution has been driven
by advances in deep learning architectures, increased computational resources, and growing recognition of
traditional control limitations for complex fluid systems.

Canonical Flow Problems and Foundational Methods. The journey toward practical reinforcement learning
in flow control began with carefully chosen problems that balanced complexity with computational feasibility.
The application of reinforcement learning to circular cylinder wake control was a first step, establishing
foundational principles for the field [15]. The canonical von Kármán vortex street suppression provided a
computationally tractable testbed, allowing researchers to develop and validate core methodologies before
tackling more challenging applications.

Building on these initial successes, numerous studies consistently achieved 8 − 15% drag reduction
with minimal actuation energy (0.5-1% of momentum deficit), demonstrating that neural agents could
autonomously discover effective control strategies without prior knowledge of flow physics [16–20]. These
results were encouraging because they showed that reinforcement learning could match or exceed the
performance of carefully tuned traditional controllers without prior understanding of the underlying flow
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physics. Crucially, experimental validation eliminated concerns about simulation-to-reality transfer that
had plagued earlier computational studies. Laboratory studies using rotating cylinders achieved similar
performance improvements [21], with drag reductions of 25-30% at Reynolds numbers up to 140,000. This
success proved that reinforcement learning can handle noise, measurement uncertainties, and modeling errors
inherent in real fluid systems.

Attention has since turned to more complex geometries that better represent practical engineering chal-
lenges. Square cylinder flows present additional complexity due to fixed separation points and pronounced
pressure fluctuations [22–26]. Reinforcement learning policies often learn to employ multi-frequency patterns
differing significantly from natural shedding frequencies, highlighting the discovery potential of learning-
based methods.

The field has rapidly matured towards industrially relevant flows. Studies at Reynolds numbers ex-
ceeding 200,000 have achieved substantial drag reduction through multi-frequency control strategies [27].
Further, multi-agent reinforcement learning has shown superior performance compared to single-actuator
approaches [28, 29], setting the stage for more complex applications requiring distributed control.

Shape Optimization and Advanced Applications. A natural next step in RL for fluids was to explore
design optimization where the geometry itself becomes the control parameter. Reinforcement learning for
shape optimization represents a major step toward autonomous design generation [30, 31]. This transition
from controlling existing geometries to generating new ones opened new possibilities for fluid engineering.
Modern frameworks parameterize complex shapes via Bézier curves or B-splines with hundreds of design
variables [32, 33]; optimization in these spaces was previously intractable. The key advantage over conven-
tional optimization lies in reinforcement learning’s ability to navigate high-dimensional design spaces without
getting trapped in local optima, while simultaneously handling multiple competing objectives.

This multi-objective capability has proven particularly valuable for airfoil design, where competing
requirements must be balanced across flight conditions. Reinforcement learning frameworks generate
continuous Pareto fronts representing optimal trade-offs between lift and drag across ranges of Reynolds
numbers and angles of attack [34]. Performance comparisons consistently demonstrate superiority over
traditional optimization methods, with superior resistance to local minima and better generalization to
untested operating conditions.

The success in two-dimensional applications naturally led to more ambitious and industrially relevant
three-dimensional flows. Automotive and marine applications have leveraged reinforcement learning for
complex three-dimensional geometries [35, 36], where traditional optimization approaches become computa-
tionally prohibitive. Marine applications have achieved significant reductions in acoustic signatures while
maintaining hydrodynamic performance [37], while hull optimization frameworks generate designs meeting
multiple constraints simultaneously [38], demonstrating the technology’s readiness for real-world engineering
problems.

Separation Control and Turbulent Flow Applications. Flow separation control represents one of the most
demanding applications, requiring precise manipulation of boundary layer dynamics in highly unsteady
environments. Reinforcement learning has revealed sophisticated strategies surpassing traditional periodic
actuation [39, 40], often discovering control mechanisms that human experts had not previously considered.
Plasma actuators enable precise boundary layer manipulation [41], with learned policies discovering multi-
frequency control strategies that simultaneously modify large-scale structures while fine-tuning smaller-scale
phenomena. This multi-scale control represents a significant advance over traditional approaches that typically
target single frequency ranges or specific flow scales.

The complexity of separation control is perhaps best illustrated in dynamic stall applications, where
reinforcement learning has achieved complete stall prevention rather than mere mitigation [42]. These
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applications require real-time adaptation to rapidly changing flow conditions, demonstrating the technology’s
potential for autonomous flight control. Multi-actuator systems coordinated by multi-agent frameworks
enable spatially distributed manipulation with precision unattainable through centralized approaches.

The application of reinforcement learning to fully turbulent channel flow control has emerged as a
canonical problem for high Reynolds number evaluation [43–46], representing conditions typical of many
engineering applications. Successful agents achieve drag reduction levels of 20-40% across Reynolds num-
bers spanning two orders of magnitude, with performance scaling favorably with system size. The RL
control mechanisms often differ fundamentally from traditional opposition control, employing sophisticated
strategies that redistribute turbulent kinetic energy across different components and locations. Multi-agent re-
inforcement learning has addressed scalability for spatially distributed control, enabling parallelization across
multiple locations while avoiding exponential complexity growth, pointing toward practical implementations
in large-scale systems.

Bio-Inspired and Bio-medical Applications. Researchers have also explored how RL can provide insights
into biological systems, while simultaneously investigating bio-inspired approaches for artificial applications.
These studies yield insights into natural propulsion while revealing opportunities for artificial systems to
potentially exceed biological performance. Self-propelled swimming studies reproduce complex behaviors
including rheotaxis and Kármán gating [47–50], demonstrating that reinforcement learning can discover
sophisticated control strategies evolved by natural swimmers. Multi-agent applications to collective swim-
ming reveal coordination emerging from individual optimization without explicit communication [51, 52],
suggesting new approaches for autonomous swarms.

Reinforcement learning for bio-medical fluids has mainly been used for respiration and hemodynamics.
In the respiratory system, patient-specific respiratory flow simulations have been coupled with reinforcement
learning to propose surgical interventions in the nasal cavity that optimize nasal resistance and improve the
airway’s capacity to heat incoming air [53, 54]. In the cardiovascular system, reinforcement learning agents
have been trained to regulate nerve stimulation to maintain target heart rate and mean arterial pressure [55],
to control the motor speed of cardiovascular pumps in order to restore pulsatility under varying heart failure
conditions [56], or to design optimal stent placements in patient-specific aneurysm geometries [57]. Together,
these studies highlight the potential of reinforcement learning and physics-based simulations to enable
personalized medicine and support clinical decision-making.

Computational Enhancement and Algorithmic Advances. Parallel to advances in direct flow control
applications, reinforcement learning has begun transforming the computational tools used to study fluid
mechanics itself. RL for CFD solver optimization represents a paradigm shift toward intelligent computational
fluid dynamics, where the simulation process itself becomes adaptive and self-optimizing. Adaptive mesh
refinement applications treat grid optimization as sequential decision problems [58–60], with learned strategies
demonstrating superior performance compared to conventional error-based approaches. High-order method
integration enables simultaneous optimization of mesh topology and polynomial order distributions [61],
potentially revolutionizing how CFD simulations are constructed and executed.

Concurrently, reinforcement learning has emerged as a transformative approach for turbulence modeling,
addressing long-standing challenges in Reynolds-Averaged Navier-Stokes (RANS) closure and Large-Eddy
subgrid scale modeling. By treating model parameter optimization as an adaptive learning problem where
coefficients adjust based on local flow conditions [62–65], these approaches overcome the fundamental
limitation of traditional turbulence models that rely on universal constants derived from canonical flows.

Multi-agent reinforcement learning frameworks have been successfully applied to wall-model develop-
ment for large eddy simulations, enabling distributed optimization of near-wall turbulence representations
while maintaining computational efficiency [66, 67]. Physics-informed reinforcement learning approaches
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have integrated governing differential equations directly into the learning framework, ensuring that learned
turbulence models satisfy fundamental conservation laws while improving predictive accuracy across diverse
flow configurations [68, 69]. Data-driven model development leveraging high-fidelity simulation databases
has demonstrated superior performance compared to traditional fixed-parameter approaches, with learned
models providing better uncertainty quantification and adaptability to new flow regimes. Model-consistent
training strategies that incorporate CFD solvers directly into the learning process have addressed the distribu-
tion shift problems that previously limited machine learning applications to turbulence modeling, enabling
effective deployment in practical engineering simulations.

These advances represent a paradigm shift toward intelligent turbulence modeling where algorithms
continuously adapt their closure strategies based on evolving flow physics rather than relying on universal
constants derived from canonical flows. This adaptability is particularly valuable for complex engineering
flows that deviate significantly from the canonical configurations used to calibrate traditional models.

Another promising direction targets model-based reinforcement learning approaches in flow control
learning surrogate models of fluid dynamics to enable more sample-efficient policy optimization [70–72].
These lightweight, physics-informed models provide significant computational advantages over high-fidelity
CFD simulations during policy training while maintaining sufficient accuracy for effective control strategy de-
velopment, enabling practical deployment of reinforcement learning in scenarios where extensive interaction
with expensive fluid solvers would otherwise be prohibitive.

The convergence of reinforcement learning with fluid mechanics has evolved from isolated demonstra-
tions to a comprehensive framework capable of addressing fundamental challenges across the discipline,
from turbulence closure modeling to autonomous system design. This progression demonstrates not just
the maturation of individual techniques, but the emergence of a new paradigm for approaching fluid me-
chanics problems that emphasizes adaptation, learning, and autonomous optimization. Looking forward, the
integration of physics-informed learning algorithms with high-performance computing promises to unlock
previously intractable optimization problems in fluid systems, potentially revolutionizing fields ranging
from renewable energy harvesting to biomedical device design. As these methodologies mature beyond
laboratory settings toward real-world implementation, they represent a paradigmatic shift toward intelligent,
adaptive fluid systems that autonomously optimize their performance in response to changing environmental
conditions, fundamentally changing how we design and operate fluid mechanical systems.

3 HydroGym - Numerical Backends and Implementation

HydroGym provides multiple computational backends to accommodate diverse research requirements and
computational resources in flow control applications. The framework’s modular architecture supports six
distinct solver implementations: a high-performance lattice Boltzmann method (LBM) solver built on the m-
AIA framework for large-scale simulations (Section 3A), a compressible finite-volume (FV) solver also within
m-AIA targeting wall-bounded turbulent flows at higher Mach numbers (Section 3B), a spectral-element
solver based on Nek5000 for incompressible high-Reynolds-number configurations requiring spectral accuracy
(Section 3C), a differentiable incompressible JAX-based implementation optimized for gradient-enhanced
machine learning workflows (Section 3D), a differentiable compressible solver based on JAX-Fluids for
high-order flow control in compressible and multiphase regimes (Section 3E), and a Firedrake finite element
backend designed for maximum code transparency and rapid prototyping (Section 3F). Each implementation
targets specific use cases while maintaining a unified interface for reinforcement learning integration, enabling
researchers to select the most appropriate computational approach based on their performance requirements,
hardware constraints, and research objectives.
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3A m-AIA - Lattice-Boltzmann solver implementation

The direct numerical simulations are conducted using a lattice Boltzmann method (LBM) embedded within
the m-AIA solver framework, which has been continuously developed at the Institute of Aerodynamics of
RWTH Aachen University for over two decades [73]. This method solves a discretized form of the Boltzmann
equation, which describes the evolution of the particle distribution function f(x,v, t) in time t and space
x = (x, y, z):

∂f

∂t
+ v · ∇f = Ω(f). (1)

Here, Ω(f) is the collision operator, which models the redistribution of particle populations due to inter-
molecular collisions. Through a first-order Chapman-Enskog expansion of this equation, the Navier-Stokes
equations can be recovered, establishing the method’s connection to macroscopic fluid dynamics.

The discretization of the continuous Boltzmann equation results in the lattice Boltzmann equation (LBE),
which evolves discrete particle populations fi on a computational grid. The LBE update rule follows a
two-step process consisting of collision and streaming phases:

fi(x+ ci∆t, t+∆t) = fi(x, t) + Ωi(f). (2)

For the present test cases, a three-dimensional lattice with 27 discrete velocity vectors (ci) is employed, which
is known as the D3Q27 model. From these discrete particle distributions, macroscopic fluid variables such as
density ρ and velocity u are computed from the moments:

ρ =
∑
i

fi and ρu =
∑
i

cifi. (3)

Overall, m-AIA’s LBM solver offers two different collision operators. The first approach is the widely-used
Bhatnagar-Gross-Krook (BGK) model [74], which relaxes the particle distributions towards a local Maxwellian
equilibrium f

eq
i with a single relaxation frequency ωBGK:

Ωi = ωBGK(f
eq
i − fi). (4)

The relaxation frequency is related to the effective kinematic viscosity νeff of the fluid by ωBGK = (∆tc2s)/(veff +
0.5∆tc2s), where cs is the lattice speed of sound. For isothermal and low-Mach number flows, the equilibrium
distribution is given by:

f
eq
i = wiρ

[
1 +

ci · u
c2s

+
(ci · u)2

2c4s
− u · u

2c2s

]
, (5)

with wi being the lattice-dependent weighting factors.
For enhanced stability in simulations of higher Reynolds number flows, an alternative cumulant-based

collision operator is employed [75]. In this approach, the collision is performed in the space of statistical
cumulants cα, which are relaxed towards their equilibrium values with a set of distinct relaxation rates ωα.
The post-collision state in cumulant space is expressed as c∗α = cα + ωα(c

eq
α − cα). Following the methodology

of Geier et al. [75], all relaxation rates are set to unity except for one, which is set equal to ωBGK to control the
fluid viscosity.

For thermal simulations, a second set of particle distributions gi is solved. To compute the thermal
equilibrium distributions, three approaches have been validated and employed in respiratory flow simulations
with m-AIA: (1) treating the temperature (T ) solely as a passive scalar [31, 76], (2) including internal energy
effects [77], and (3) considering total energy [53, 54]. Similar to Eq. 3, T is computed from the moments of gi.

Furthermore, local grid refinement is implemented based on the cell-centered interface layout proposed
by Eitel-Amor et al. [78] to efficiently resolve flow features across different length scales. This refinement
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strategy involves adjusting the relaxation frequency on different grid levels to maintain a constant kinematic
viscosity across the entire domain. In order to keep the Mach number constant across the grid transition, the
time step is scaled proportionally to the local grid spacing ∆t ∼ ∆. The viscosity is kept constant by setting
the local relaxation frequency according to:

veff = ∆tc2s

(
1

ωBGK
− 1

2

)
. (6)

While the macroscopic quantities and thus the equilibrium state are interpolated in space and time, the
non-equilibrium part is additionally rescaled ensuring consistency of the viscous stress tensor, see [79].

Boundary Conditions and actuation control. Solid boundaries within the fluid domain are handled using
an interpolated bounce-back scheme [80]. This method provides a second-order accurate representation of the
no-slip condition for arbitrarily shaped geometries. For the far-field boundaries, inlet and outlet conditions
are imposed by setting the particle distributions to an equilibrium state based on prescribed velocity, density,
or temperature values, while using second-order extrapolation for any unknown variables from the domain’s
interior.

Flow control is implemented by changing the inflow temperature in the thermal benchmark cases, and by
imposing time-varying Dirichlet boundary conditions on the surface of the immersed body in the remaining
cases. These conditions modify the standard no-slip wall condition by specifying a non-zero velocity vector,
uw, which is then enforced through the interpolated bounce-back scheme. Two distinct types of actuation are
employed: synthetic jet actuation and surface rotation. Both methods utilize a temporal ramping mechanism
to ensure smooth transitions between control actions, which is critical for numerical stability.

Temporal Smoothing of Control Actions. To prevent numerical instabilities arising from discontinuous
changes in boundary conditions, the control action is never applied instantaneously. Instead, the actuation
magnitude A(t) (representing either jet velocity or angular velocity) is smoothly interpolated from its value at
the previous control step, Aold, to the new target value, Anew, over a predefined number of sub-iterations Nr.

Hence, the instantaneous actuation magnitude is calculated as:

A(t) = Aold + (Anew −Aold) ·R(τ), (7)

where τ = (t− tupdate)/(Nr∆t) is the normalized time within the ramping interval, such that τ ∈ [0, 1]. The
function R(τ) is a normalized ramp function that maps from 0 to 1. Two different ramp functions are available
to tune the actuation response:

• Hyperbolic Tangent Ramp: This function provides a smooth, S-shaped transition that is gentle at the
beginning and end of the ramp period. It is defined as:

Rtanh(τ) =
1

2
(tanh (b(τ − 0.5)) + 1) . (8)

The parameter b controls the steepness of the ramp.

• Exponential Ramp: This function provides a ramp that starts slowly and accelerates, allowing for a
more aggressive actuation towards the end of the interval. It is defined as:

Rexp(τ) =
ekτ − 1

ek − 1
. (9)

The parameter k controls the curvature of the exponential ramp.
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Synthetic Jet Actuation. This boundary condition models synthetic jets by prescribing a velocity profile
over specified regions of the wall. Each jet j is defined by its center position xj , blowing angle αj , and width
Wj . The velocity profile is parabolic, ensuring it is maximal at the centerline and smoothly decays to zero at
the jet’s edges. The velocity vector uw(x, t) for a point x within the jet’s active region is determined by the
product of a spatial profile function Sj(x) and the time-varying jet velocity magnitude Aj(t):

uw(x, t) = Aj(t) · Sj(x). (10)

The spatial profile vector Sj(x) combines the jet’s shape and direction:

Sj(x) =

(
1−

(
2d⊥
Wj

)2
)
tj , (11)

where tj = (cosαj , sinαj) is the unit vector in the direction of the jet, and d⊥ is the perpendicular distance
from the point x to the jet’s centerline. This profile is applied for locations where d⊥ ≤ Wj/2. The jet
magnitude Aj(t) is supplied by the control agent and interpolated using one of the temporal smoothing
functions described by Eq. 7.

Surface Rotation Actuation. This boundary condition simulates the rotation of solid surfaces, such as a
cylinder. The actuation is defined by an angular velocity ω(t) around a specified center of rotation xc and axis
of rotation â. The resulting tangential velocity at any point x on the boundary is given by the cross product:

uw(x, t) = ω(t)â× (x− xc). (12)

For a 2D simulation in the x− y plane, the rotation axis is fixed to â = (0, 0, 1), and the control action is the
scalar angular velocity ωz(t), which serves as the actuation magnitude A(t). The velocity vector at the wall
simplifies to:

uw(x, y, t) = ωz(t)(−(y − yc), (x− xc)). (13)

The angular velocity ωz(t) provided by the control agent is temporally smoothed between control updates.

MPI communications and GPU acceleration. HydroGym’s C++ code implementation benefits from hybrid
parallelization based on MPI and shared memory models, i.e., OpenMP and higher-level parallelism features
introduced by C++20 parallel algorithms. This allows for a hardware-agnostic implementation on both CPU
and GPU-based architectures, relying on GPU backends provided in, e.g., NVIDIA HPC SDK or AMD ROCm
HIPSTDPAR. The hierarchical unstructured Cartesian grids are generated using a massively parallel grid
generator. Previous work has achieved favorable strong and weak scaling on modern HPC systems [81].
To facilitate reproducibility and ease of deployment, we provide (pre-built) containerized environments
and pre-configured setup files that enable users to readily deploy the HydroGym framework with minimal
configuration overhead.

3B m-AIA – Finite-volume solver implementation

Beyond the lattice Boltzmann method, m-AIA also includes a compressible finite-volume (FV) solver targeting
direct numerical simulation and large-eddy simulation of wall-bounded turbulent flows. The Navier-Stokes
equations are discretized on structured, body-conforming curvilinear grids with a cell-centered finite-volume
scheme. This grid topology is advantageous for configurations such as flat plates and airfoils, where strong
velocity gradients are concentrated near solid surfaces and can be efficiently captured by anisotropic mesh
refinement in the wall-normal direction.
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Governing equations. The FV solver advances the compressible Navier-Stokes equations cast in an arbitrary
Lagrangian-Eulerian (ALE) formulation, accommodating domains whose boundaries may deform over time.
In integral form, these conservation laws for mass, momentum, and energy read

d

dt

∫
V (t)

Q dV +

∮
A(t)

(Hinv +Hvis) · n dA = 0, (14)

with the state vector Q = (ρ, ρu, ρE)⊤ collecting the conserved quantities. Here, ρ denotes the density,
u = (u, v, w)⊤ the velocity, and E the specific total energy, related to the specific internal energy e by
ρE = ρe + ρ

2 |u|
2. The tensors Hinv and Hvis represent inviscid and viscous fluxes through the surface A(t)

whose outward unit normal is n. Their combined contribution reads

H = Hinv −Hvis =

 ρ(u− uA)
ρu(u− uA) + pI
ρE(u− uA) + puA

+

 0
τ

τu+ q

 , (15)

with uA the velocity of the moving control-volume surface, τ the viscous stress tensor, q the heat flux vector,
and p the pressure. Assuming a Newtonian fluid with vanishing bulk viscosity, the stress tensor takes the
form τ = 2µS − 2

3µ(∇ · u)I, where S = 1
2 [∇u + (∇u)⊤] is the rate-of-strain tensor and µ is obtained from

Sutherland’s law. Heat conduction obeys Fourier’s law at a fixed Prandtl number Pr0 = 0.72, and the
thermodynamic closure consists of the ideal gas relation T = γp/ρ together with e = p/[(γ − 1)ρ], using
γ = 1.4 for air.

Curvilinear coordinate transformation. To resolve the steep wall-normal gradients characteristic of bound-
ary layer flows, the equations are formulated on structured body-fitted grids. A mapping (x, y, z) → (ξ, η, ζ)
with unit spacing in computational space aligns coordinate lines with curved solid boundaries. Transforming
the differential Navier-Stokes equations into this coordinate system and making use of the metric-identity
relations [82] recovers a fully conservative form,

∂Q̂

∂t
+

∂Ê

∂ξ
+

∂F̂

∂η
+

∂Ĝ

∂ζ
= 0, (16)

with the scaled state vector Q̂ = JQ, where J is the reciprocal of the Jacobian determinant. The transformed
fluxes combine contributions from all physical directions weighted by the metric coefficients, e.g.,

Ê = J(ξtQ+ ξxE+ ξyF+ ξzG), (17)

and F̂, Ĝ follow analogously.
When the grid moves in time, as is the case for surface-actuation problems, the geometric conservation

law (GCL) must be enforced to avoid non-physical mass, momentum, or energy production in the discrete
equations [82]. This is achieved by evaluating the temporal metrics (Jξt), (Jηt), (Jζt) from the volumes swept
by individual cell faces between successive time levels.

Inviscid flux discretization. The inviscid fluxes at cell interfaces are evaluated with the advection upstream
splitting method (AUSM) [83]. AUSM separates each interface flux into two contributions: a convective
component, which is upwind-biased according to the local flow direction, and a pressure component, which
is centrally averaged. Specifically, the discretized inviscid flux in the ξ-direction reads

Êinv =
1

2

[
ML/R

(
Êc

L + Êc
R

)
+ |ML/R|

(
Êc

L − Êc
R

)]
+ Êp

L/R, (18)
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where the interface Mach number ML/R = 1
2(ML +MR) determines whether the left or right convective flux

is used, and the pressure flux is computed as Êp
L/R = 1

2(pL + pR)J(ξx, ξy, ξz, ξt)
⊤. Second-order accuracy is

achieved through a monotonic upstream-centered scheme for conservation laws (MUSCL) [84] extrapolation
of the primitive variables to the cell interfaces. The left and right states at an interface i+ 1

2 are reconstructed
from neighboring cell-center values using a distance-weighted interpolation that accounts for non-uniform
grid spacing.

Viscous flux discretization. Because the viscous terms contain nested first-order derivatives, their discretiza-
tion produces second-order operators that propagate information omnidirectionally. A central scheme is
therefore appropriate, and a modified cell-vertex (MCV) approach is adopted. Each interface flux is obtained
by averaging the fluxes evaluated at the four vertices of that face:

∂Êvis

∂ξ

∣∣∣∣∣
i,j,k

=
1

4

∑
m,n∈{− 1

2
,+ 1

2
}

Êvis,i+ 1
2
,j+m,k+n − 1

4

∑
m,n∈{− 1

2
,+ 1

2
}

Êvis,i− 1
2
,j+m,k+n, (19)

where the velocity and temperature gradients at each vertex are computed with standard central differences.
Compared with a naive evaluation at cell centers, this vertex-based averaging lowers the number of metric-
term evaluations while retaining second-order accuracy.

Temporal integration. Discretizing the spatial operators converts the transformed Navier-Stokes equations
into a system of ordinary differential equations,

∂Q̂

∂t
= RHS

(
t; Q̂

)
(20)

which is marched forward in time with a five-stage, low-storage Runge-Kutta method whose stage coefficients
are αk = (1/4, 1/6, 3/8, 1/2, 1), providing second-order accuracy in time. When the grid deforms, all geometric
quantities—metric terms, Jacobians, and interface volume fluxes—are updated at every Runge-Kutta stage so
that temporal accuracy is preserved.

Implicit large-eddy simulation. When the mesh is too coarse to resolve all turbulent scales, the solver
relies on a monotonically integrated large-eddy simulation (MILES) strategy [85, 86]. Rather than adding
an explicit subgrid-scale model, MILES exploits the fact that the upwind-biased AUSM scheme already
introduces controlled numerical diffusion that acts preferentially on the smallest resolved scales, effectively
mimicking the energy drain of the unresolved turbulent cascade. Extensive validation across a range of
turbulent configurations has confirmed that this implicit modelling yields predictions of comparable quality
to those obtained with explicit subgrid closures [87].

MPI parallelization and GPU acceleration. For parallel execution, the structured grid is partitioned into
blocks of roughly equal size via a balanced cut-tree algorithm that simultaneously minimizes the surface area
shared between neighboring blocks, thereby reducing communication overhead. Ghost-cell layers whose
depth matches the stencil width surround each block, so that all numerical operators can be applied uniformly
across the interior without special near-boundary treatment. Ghost-cell values are synchronized across blocks
through MPI after every Runge-Kutta stage. As described for the LBM solver, the FV code also supports hybrid
parallelism via OpenMP and C++20 parallel algorithms, allowing it to run on GPU-accelerated architectures
through the NVIDIA HPC SDK or AMD ROCm HIPSTDPAR backends.
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Boundary conditions and actuation control. At solid walls, adiabatic no-slip conditions enforce the fluid
velocity to match the wall velocity and prescribe vanishing wall-normal gradients of pressure and temperature.
Far-field in- and outflow boundaries employ a characteristic condition based on the local contravariant Mach
number [88], supplemented by sponge layers on the pressure field to absorb acoustic reflections. Where
required, periodic conditions are applied in the spanwise direction, and synthetic turbulence generation
following the reformulated method of Roidl et al. [89] provides fully turbulent inflow data from precursor
RANS solutions.

For flow control, the FV solver supports the same synthetic jet actuation described in Section 3A, in which
a parabolic velocity profile is imposed on designated wall segments and the jet magnitude is smoothly ramped
between successive control updates. In addition, a streamwise traveling transversal surface wave boundary
condition is available, following the formulation introduced by Albers et al. [14, 90–93] for compressible
turbulent boundary layer drag reduction. In the original fixed-parameter formulation, the wall is deflected in
the wall-normal direction according to

y
∣∣
wall

(x, t) = g(x)A cos

(
2π

λ
x− 2π

T
t

)
, (21)

where A is the wave amplitude, λ the streamwise wavelength, T the period, and g(x) is a piecewise cosine
envelope that smoothly ramps the wave on and off over prescribed streamwise intervals. The corresponding
wall velocity v|wall = dy/dt|wall is imposed consistently, and the body-fitted grid deforms to track the moving
surface while satisfying the geometric conservation law.

For integration with the HydroGym reinforcement learning framework, this boundary condition is
generalized so that the wave amplitude A, wavelength λ, and phase speed c = λ/T become time-varying
control parameters set by the RL agent at each control step. Because abrupt changes in any of these quantities
would introduce discontinuities in the grid velocity field and compromise numerical stability, a cross-fade
transition strategy is employed. When the agent issues new target values (Anew, λnew, cnew), the actuation is
not switched instantaneously. Instead, a blending factor

α(τ) = 1
2

(
1− cos(πτ)

)
, τ = nstep/Ntrans ∈ [0, 1], (22)

is advanced over Ntrans sub-iterations, where nstep counts the elapsed transition steps. The instantaneous
wave parameters are then obtained by interpolation between their previous and target values, e.g., A(t) =
Aold + α (Anew − Aold), and analogously for the phase speed. Rather than interpolating the wavelength
directly, the wavenumbers kold = 2π/λold and knew = 2π/λnew are blended, which avoids singularities for
large wavelengths and yields a smoother spatial transition. The wall displacement during the cross-fade is
computed as a weighted superposition of the old and new waveforms,

y
∣∣
wall

(x, t) = g(x)A(t)
[
(1− α) cos(kold ξ) + α cos(knew ξ)

]
, (23)

where ξ(x, t) = x − x0 − d(t) is the position relative to the wave origin shifted by the accumulated phase
distance d(t) =

∫ t
0 c(t

′) dt′, which is integrated numerically to ensure phase continuity across parameter
changes. The grid velocity and acceleration fields required by the ALE formulation are obtained by consistent
analytical time differentiation of Eq. (23), accounting for the time dependence of α, A, and d. This cross-
fade mechanism guarantees C1-continuous grid motion in time and permits the RL agent to explore the
full three-dimensional parameter space (A, λ, c) without risking solver instabilities from sudden actuation
changes.

3C Nek5000 implementation

Mathematical Formulation and Discretization Nek5000 [94] is an incompressible Navier–Stokes solver
that employs the spectral-element method (SEM) to achieve high numerical accuracy while maintaining
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computational efficiency [95]. The computational domain is partitioned into hexahedral elements, within
which the velocity and pressure fields are approximated by high-order Lagrange interpolants following the
PNPN−2 formulation [96]. For a polynomial order of N − 1, the velocity field is represented on N3 grid points
per element distributed according to the Gauss–Lobatto–Legendre (GLL) quadrature rule. The pressure field is
defined on a staggered grid comprising (N − 2)3 points per element using Gauss–Legendre (GL) quadrature.

Temporal integration is performed using a third-order explicit extrapolation scheme (EXT3) for the
nonlinear convective terms and a third-order implicit backward differentiation scheme (BDF3) for the viscous
contributions. To mitigate aliasing errors, overintegration is applied by oversampling the evaluation of
nonlinear terms with a factor of 3/2 relative to the adopted polynomial order N in each spatial direction.

HydroGym currently provides two Nek5000-based environments: (1) a three-dimensional turbulent
channel flow configuration solved using direct numerical simulation (DNS), and (2) a three-dimensional
NACA 0012 wing section simulated using high-resolution large-eddy simulation (LES). Detailed descriptions
of the turbulent channel flow and the NACA 0012 wing configurations are presented in Secs. 5K and 5E,
respectively.

Boundary Conditions and actuation control A time-dependent wall-normal velocity component vn is
prescribed at the wall as the control actuation through a Dirichlet boundary condition. The spatial mean of
the actuation signal is removed to enforce the zero-net-mass-flux (ZNMF) constraint, thereby ensuring global
mass conservation. This boundary treatment models localized jet actuation that induces blowing or suction at
the solid surface.

MPI communications and parallelization All Nek5000 environments are executed on CPU architectures,
with parallelization achieved through a hybrid distributed-memory and shared-memory strategy based
on OpenMPI. By taking advantage of the structured meshes and the tensor-product formulation inherent
to the SEM, the solver exhibits strong scalability and robust parallel performance, as demonstrated in
prior studies. The coupling with reinforcement learning agents is implemented through dynamic MPI-
based communication, enabling stable and efficient interaction with large-scale simulations, such as three-
dimensional wing configurations at high Reynolds numbers described in Sec. 5E. To enhance reproducibility
and facilitate deployment, we provide pre-built containerized environments together with pre-configured
setup files, allowing users to deploy the HydroGym framework with minimal configuration overhead.

3D Incompressible JAX implementation

Physics simulators built with modern automatic differentiation libraries make it possible to compute gradients
of output quantities with respect to desired input parameters, even with complex physical processes in the
middle. These gradients can then be integrated into gradient-based control schemes, one of them being
gradient-enhanced reinforcement learning [97]. The HydroGym framework explores this capability by offering
flow solvers written in JAX —a differentiable programming language with GPU acceleration— to model flows
described by the incompressible Navier–Stokes equations:

∂u

∂t
+ (u · ∇)u = −∇p+ ν∇2u+ f , ∇ · u = 0, (24)

where u denotes the velocity, p is the pressure, ν is the kinematic viscosity and f is an external forcing term.
HydroGym currently provides two differentiable environments which model Equation 24: a three-dimensional
turbulent channel flow and a two-dimensional forced turbulence problem known as the Kolmogorov flow [98].
A more detailed implementation description of both environments is given in Secs. 5M & 5L.
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Software Architecture. Each environment employs a modular architecture that separates physical prob-
lem definitions from the reinforcement learning interface, following the design principles of HydroGym’s
Firedrake environments (Sec. 3F) to ensure code clarity, extensibility, and ease of use. The differentiable
environments differ by implementing a Gymnax interface [99] and inheriting reinforcement learning frame-
works from PureJaxRL [100], enabling a fully synchronous training pipeline compatible with JAX’s automatic
differentiation. This architecture allows users to compute gradients of any flow output with respect to
tunable input parameters at any point during environment execution or RL training via JAX’s grad function,
facilitating gradient-based optimization and control strategies.

GPU acceleration and parallelization. The JAX environments leverage GPU acceleration and parallelization
to enable rapid RL training. The end-to-end framework supports parallel execution across multiple random
seeds using JAX’s automatic vectorization functions such as vmap for batch processing. This enables training
hundreds of agents simultaneously in a fraction of the time required for single-agent training in PyTorch [100,
101]. Additionally, just-in-time compilation via jit automatically optimizes code execution on GPU hardware.

3E JAX-Fluids implementation

JAX-Fluids is a fully-differentiable, high-order computational fluid dynamics (CFD) solver designed for
compressible single- and two-phase flows [102, 103]. Written entirely in Python using the JAX library, it
leverages automatic differentiation (AD) and hardware acceleration to seamlessly bridge traditional CFD with
machine learning workflows. Within the HydroGym framework, JAX-Fluids provides a powerful backend
for optimizing active flow control strategies in compressible regimes, enabling exact gradient computation
through complex, highly-resolved flow physics.

Mathematical Formulation and Discretization. Unlike the incompressible solvers described previously,
JAX-Fluids solves the compressible Navier-Stokes equations. The fluid state is described by the vector of
conservative variables U = [ρ, ρu, E]T , representing density, momentum, and total energy per unit volume,
respectively. The governing equations are formulated as:

∂U

∂t
+∇ · Fc(U) = ∇ · Fd(U) + S(U), (25)

where Fc and Fd denote the convective and diffusive fluxes, and S represents source terms such as external
forcings or body forces. The system is closed using an appropriate equation of state, typically the ideal or
stiffened gas law.

The spatial domain is discretized using a finite-volume method on structured Cartesian grids, which
support arbitrary one-dimensional mesh stretching. Convective fluxes are evaluated using a high-order
Godunov-type approach, pairing advanced shock-capturing spatial reconstruction schemes (e.g., WENO5-
Z, TENO6-A) with an approximate HLLC Riemann solver. Diffusive fluxes are approximated via high-
order central finite differences. Time integration of the semi-discrete system is performed using explicit
total-variation-diminishing Runge-Kutta (TVD-RK) schemes. Furthermore, JAX-Fluids natively supports
multiphase flows, offering both a sharp-interface level-set method and a five-equation diffuse-interface model.
Positivity-preserving limiters are used to ensure robust integration in the presence of strong shocks or large
density ratios.

The level-set implementation in JAX-Fluids additionally functions as a conservative immersed boundary
method (IBM), enabling flow simulations around complex geometries. The IBM is particularly well suited
for active flow control problems, as control actions (e.g., blowing or suction) can be naturally incorporated
through interface exchange terms.
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Software Architecture and Machine Learning Integration. JAX-Fluids departs from traditional loop-based
programming in favor of the array programming paradigm, utilizing JAX’s NumPy-like API. By adhering
strictly to functional programming constraints—such as pure functions and static control flow operations—the
entire simulation pipeline is end-to-end differentiable.

This architecture allows researchers to compute exact gradients of arbitrary scalar quantities of interest
(e.g., time-averaged drag, aerodynamic efficiency, or an RL reward function) with respect to control inputs,
boundary conditions, or neural network weights. Gradients are backpropagated through the complete
temporal simulation trajectory using JAX’s grad or value and grad transformations. To mitigate memory
bottlenecks associated with unrolling long rollout trajectories during the backward pass, JAX-Fluids employs
gradient checkpointing (jax.checkpoint). This makes it highly straightforward to couple the solver with
deep learning libraries like Flax and Optax, facilitating the joint optimization of parameterized control policies
directly within the CFD environment.

HPC and Parallelization. To accommodate the vast computational resources required for three-dimensional
compressible turbulence and complex flow control scenarios, JAX-Fluids incorporates a hardware-agnostic
parallelization strategy tailored for modern HPC clusters. The computational domain is partitioned using a
homogeneous domain decomposition strategy, distributing grid blocks across multiple XLA devices (GPUs or
TPUs) via the jax.pmap transformation.

Crucially, inter-block communications for face, edge, and vertex halo updates are executed exclusively
through JAX’s collective permutation primitives (jax.lax.ppermute). This purely JAX-native communica-
tion ensures that the automatic differentiation graph remains intact across distributed, multi-node compute
clusters. This enables highly efficient weak scaling on supercomputers—such as NVIDIA A100 GPU clus-
ters and Google TPU pods—while simultaneously supporting the parallel evaluation of AD gradients for
large-scale differentiable flow control tasks.

3F Firedrake implementation

The HydroGym framework provides an alternative implementation using Firedrake [104], a finite element
framework built on PETSc that offers automatic code generation and optimization for variational problems.
This implementation targets researchers requiring full access to solver internals and complete Python-based
extensibility, prioritizing code transparency and flexibility over computational performance. The Firedrake
backend implements two-dimensional flow control problems using mixed finite element methods for the
incompressible Navier-Stokes equations.

Mathematical Formulation and Discretization. The solver employs Taylor-Hood elements with second-
order continuous Galerkin (CG) elements for velocity and first-order CG elements for pressure, ensuring
inf-sup stability. The discretized system takes the form:

M
∂q

∂t
+R(q) = 0, (26)

where q = (u, p) represents the mixed velocity-pressure state, M is the mass matrix, and R(q) is the nonlinear
residual of the incompressible Navier-Stokes equations:

R(q) =

∫
Ω
[−(u · ∇)u · v − σ(u, p) : ϵ(v) + (∇ · u)s] dΩ, (27)

where (v, s) are velocity and pressure test functions, σ(u, p) = 2νϵ(u)− pI is the Newtonian stress tensor, and
ϵ(u) = 1

2(∇u+ (∇u)T ) is the strain rate tensor. Time integration is performed using implicit schemes with
automatic selection of solver parameters based on Reynolds number and grid resolution.
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Software Architecture. The implementation follows a three-tier modular architecture that separates physical
problem definition from numerical methods and reinforcement learning interfaces. This design enables
extensibility while maintaining code clarity and facilitating rapid prototyping of new flow control scenarios.

The PDEBase class serves as an abstract template defining the core functionality required for PDE-based
control problems. It encapsulates the physical configuration including domain discretization, boundary
conditions, and objective function evaluation, while remaining solver-agnostic. Key abstract methods include
mesh handling (load mesh, initialize state), state management (set state, copy state, reset),
and problem-specific definitions (get observations, evaluate objective). The class provides a stan-
dardized interface through which control agents interact with the underlying fluid physics, handling the
conversion between control inputs and boundary condition modifications. Additionally, it manages actuator
dynamics and maintains checkpoint functionality for simulation restart capabilities.

The TransientSolver class implements the time-stepping algorithms for evolving the PDE state. It
provides a solve method that integrates the flow equations over specified time intervals, supporting optional
callback functions for data collection and visualization. The core step method advances the simulation by
one time increment, accepting control inputs and updating the PDE state accordingly. This separation allows
for different time integration schemes to be implemented without modifying the physical problem definition.
The solver supports both open-loop time integration and closed-loop operation with feedback controllers of
the form u(t, y).

The FlowEnv class bridges the PDE framework with reinforcement learning by implementing the Farama
Foundation Gymnasium interface. It wraps PDEBase and TransientSolver instances, translating between
RL concepts (observations, actions, rewards) and CFD operations (state queries, boundary condition updates,
objective evaluation). The environment handles episode management through reset functionality, computes
rewards as the negative of the time-integrated objective function, and manages termination conditions.
This design allows any combination of PDE problem and solver to be automatically instantiated as a Gym-
compatible environment through configuration dictionaries.

Available Environments. The framework includes three benchmark flow configurations: flow around a
circular cylinder with rotary control, flow around a cylinder with blowing/suction actuation, cavity flow with
leading-edge control, and the three-cylinder pinball configuration with independent rotary actuation for each
cylinder.

Computational Infrastructure The implementation supports MPI parallelization through Firedrake’s dis-
tributed mesh capabilities and leverages PETSc’s parallel linear algebra routines. While computational
efficiency is secondary to code accessibility, the framework maintains reasonable performance for research
applications through automatic optimization of generated finite element code and efficient sparse linear
system solvers. The modular architecture enables researchers to extend the framework with new flow configu-
rations by implementing problem-specific methods while inheriting the complete finite element infrastructure
and RL integration capabilities. Similar to the m-AIA environments, we also provide pre-built container
environments.

4 Benchmarked RL Agents

The HydroGym platform conducts comprehensive performance evaluation using four distinct reinforcement
learning algorithms, representing both established model-free approaches and emerging gradient-enhanced
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methodologies. For the non-differentiable environments, we employ TorchRL [105] as a stable baseline
implementation for Proximal Policy Optimization (PPO), Deep Deterministic Policy Gradient (DDPG), and
Twin Delayed Deep Deterministic Policy Gradient (TD3). Additionally, we utilize in-house implementations
of PPO and Gradient-Enhanced Proximal Policy Optimization (GPPO) specifically designed for JAX-based
differentiable environments [106]. This dual implementation strategy ensures optimal performance across
both traditional CFD solvers and modern differentiable simulation frameworks while maintaining algorithmic
consistency and reproducibility.

4A Proximal Policy Optimization (PPO)

PPO implements a trust region policy optimization approach that constrains policy updates through a
clipped surrogate objective function to prevent destructive parameter changes during training [107]. The core
innovation lies in its clipped probability ratio mechanism, which limits the extent of policy updates based on
the ratio between new and old policy probabilities. The algorithm optimizes the following clipped objective:

LCLIP (θ) = Et [min(rt(θ)At, clip(rt(θ), 1− ϵ, 1 + ϵ)At)] (28)

where rt(θ) =
πθ(at|st)

πθold
(at|st) represents the probability ratio, At denotes the advantage estimate, and ϵ controls

the clipping range (typically 0.2).
A Generalized Advantage Estimation (GAE) with λ = 0.95 for variance reduction in advantage calcula-

tions [108] is employed, combined with a value function loss term and entropy regularization to maintain
exploration. Network architectures utilize fully connected layers with ReLU activations, featuring separate
actor and critic networks. The algorithm demonstrates consistent convergence across most HydroGym flow
configurations, successfully learning control policies for drag reduction tasks, cavity flow stabilization, and
multi-body coordination in the fluidic pinball. Training hyperparameters are adapted per environment,
with learning rates ranging from 5× 10−5 to 1× 10−3, batch sizes of 16-48 experiences, and episode lengths
matching the physical timescales of each flow configuration.

4B Deep Deterministic Policy Gradient (DDPG)

DDPG extends the deterministic policy gradient theorem to high-dimensional continuous action spaces
through an actor-critic architecture combined with experience replay and target networks [109]. The algorithm
involves four neural networks: an actor network µ(s|θµ) that deterministically maps states to actions, a
critic network Q(s, a|θQ) that estimates action-value functions, and corresponding networks µ′ and Q′ to
provide stable learning targets [110]. The critic is trained using temporal difference learning with the Bellman
equation:

L(θQ) = Es,a,r,s′∼D
[
(Q(s, a|θQ)− y)2

]
(29)

where y = r + γQ′(s′, µ′(s′|θµ′
)|θQ′

) represents the target value computed using target networks. The actor
network is updated using the deterministic policy gradient [111]:

∇θµJ ≈ Es∼D
[
∇θµµ(s|θµ)∇aQ(s, a|θQ)|a=µ(s)

]
(30)

Exploration during training is achieved through additive Ornstein-Uhlenbeck noise N with parameters
µOU = 0.15, σ = 0.2, providing temporally correlated exploration in the action space [112]. Target networks
are updated using soft updates with τ = 0.005 to ensure stable learning dynamics. We employ replay buffers
of size 104 to 105 experiences, with batch sampling of 256 transitions per update step. Network architectures
feature 256-512 hidden units across two hidden layers, utilizing batch normalization for improved training
stability [113].
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4C Twin Delayed Deep Deterministic Policy Gradient (TD3)

TD3 addresses the overestimation bias inherent in DDPG through three key modifications: twin critic
networks, delayed policy updates, and target policy smoothing [114]. The twin critic architecture maintains
two independent Q-functions Qθ1 and Qθ2 , taking the minimum estimate for target value computation to
reduce overestimation [115]:

y = r + γ min
i=1,2

Qθ′i
(s′, ã) (31)

where ã = µ′(s′) + clip(ϵ,−c, c) represents the smoothed target action with clipped noise ϵ ∼ N (0, σ).
Policy updates occur less frequently than critic updates (typically every second iteration) to allow critics to
converge before policy modification. This delayed update mechanism prevents policy updates from exploiting
temporary critic errors. Target policy smoothing adds regularized noise to target actions during critic training,
smoothing the value function over similar actions and reducing the impact of function approximation
errors [114].

The complete TD3 update procedure alternates between critic training using both networks and periodic
actor updates using the first critic network only. Hyperparameter selection follows σ = 0.2 for target noise,
clipping bounds c = 0.5, and policy delay factor of 2.

4D Gradient-Enhanced Proximal Policy Optimization (GPPO)

GPPO represents a hybrid approach that integrates analytic gradient information from differentiable fluid
simulations into the standard PPO framework [9]. This method exploits the differentiability of JAX-based
flow solvers to compute exact policy gradients with respect to the flow dynamics, providing more informative
gradient signals than traditional finite-difference estimates or likelihood ratio methods [116].

The algorithm combines analytic gradients ∇θE[R(τ)] computed directly through the differentiable
simulator with PPO’s clipped surrogate objective. The enhanced gradient computation leverages automatic
differentiation through the entire simulation trajectory [117]:

∇θJ = ∇θEτ∼πθ

[
T∑
t=0

R(st, at)

]
(32)

where θ represents the tunable policy parameters, J is the objective, R is the reward, and the expectation
gradient is computed analytically through the deterministic fluid dynamics, eliminating variance associated
with policy gradient estimation. To provide a more clear example, consider the 3D channel flow, where the
objective is to minimize the wall-shear stress, τw, and the reward signal was a function of τw. At a point in
time t, the environment backward pass can compute:

∂τw
∂θ

=
∂τw
∂st

∂st
∂θ

+
∂τw
∂at

∂at
∂θ

(33)

which can be included in the optimization by adding τw to the loss term. An alternative approach to
leveraging gradient information is to incorporate it directly into the reward function. Taking into account
this specific objective, the wall shear stress gradient with respect to a previous action can be computed by a
backward pass of the environmental step, giving ∇atτw. This value can then augment the reward function as
follows:

R(st, at) = −[τw + (∇atτw · at)], (34)
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which can guide the policy towards actions that minimize future wall shear stress. These methods were
applied to both the 3D channel flow and the 2D Kolmogorov flow, and demonstrated both sample efficiency
and improved performance in a variety of flow scenarios.

The implementation of GPPO maintains PPO’s trust region constraints while incorporating these enhanced
gradients through a weighted combination scheme. The gradient weighting balances analytic precision with
exploration requirements, using adaptive coefficients based on gradient magnitude and policy entropy.
Network architectures are specifically designed for JAX compatibility, utilizing Flax layers with consistent
initialization schemes across differentiable and non-differentiable components [118].

5 Environments

The HydroGym platform provides a comprehensive suite of fluid dynamics environments specifically de-
signed for reinforcement learning benchmarking and active flow control research. These environments span a
diverse range of canonical flow configurations that capture fundamental fluid mechanics phenomena while
maintaining computational tractability for iterative RL training processes. The framework encompasses 61
distinct flow scenarios across 14 different geometric configurations, ranging from two-dimensional cylinder
flows to complex three-dimensional turbulent channel cases. The environments are systematically organized
to cover multiple Reynolds number regimes within each configuration, enabling the investigation of flow con-
trol strategies across different physical regimes—from laminar vortex shedding at lower Reynolds numbers to
transitional and turbulent dynamics at higher values.

The benchmark suite includes both classical bluff body flows (cylinders, squares, cubes, spheres) that
exhibit well-documented vortex shedding phenomena as well as more specialized configurations such as
cavity flows with shear layer instabilities, NACA 0012 airfoils under gust interactions, shock-vector control
for divergent nozzle flows, extreme-event-driven Kolmogorov flows and biomedically-relevant stenotic pipe
flows. Additionally, the framework incorporates multi-agent reinforcement learning (MARL) scenarios for
spatially-distributed control strategies and differentiable physics environments that enable gradient-based
optimization approaches.

Each environment follows a standardized framework that includes configurable reward functions targeting
specific control objectives (typically drag reduction and flow stabilization), flexible actuation mechanisms
(jet-based control, surface rotation and displacement, or temperature modulation), and adaptable sensor
configurations through point probe measurements of flow quantities. The temporal coupling between CFD
solvers and reinforcement learning agents is carefully calibrated to match characteristic flow timescales while
maintaining computational efficiency for training.

The systematic organization of these environments provides researchers with a progressive pathway
from fundamental flow control problems to increasingly complex multi-physics scenarios, supporting both
algorithm development and practical flow control applications. The following subsections provide detailed
descriptions of each environment category, including the underlying flow physics, numerical implementation
specifics, validation against literature benchmarks, and the specific RL environment setup including state
spaces, action spaces, and reward formulations.

5A Circular cylinder flow

Characteristic physics. The flow around circular cylinders in the Reynolds number range 200-3,900 based
on the cylinder diameter and the free-stream velocity exhibits rich dynamical behavior characterized by
distinct regime transitions and complex three-dimensional instabilities that have profound implications
for both fundamental fluid mechanics research and practical flow control applications. This transitional
range encompasses the evolution from two-dimensional laminar vortex shedding to fully three-dimensional
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turbulent wakes, presenting unique challenges for modeling, prediction, and control.
The flow physics within this range is governed by two critical transitions that fundamentally alter

wake dynamics. The first occurs at Reynolds numbers around 190-200, where the initially two-dimensional
von Kármán vortex street undergoes its first three-dimensional instability, known as Mode A. This elliptic
instability manifests as large-scale spanwise undulations with characteristic wavelengths of approximately 3-4
cylinder diameters, originating in the primary vortex cores and representing the onset of three-dimensional
wake behavior [119, 120]. As the Reynolds number continues to increase beyond Re = 230− 260, a second
transition emerges through Mode B instability. Unlike Mode A, this hyperbolic instability develops in the braid
shear layers and exhibits much smaller spanwise wavelengths of approximately 0.8-1.0 cylinder diameters [121,
122]. Together, these successive transitions mark the beginning of a complex regime where two-dimensional
approximations become progressively inadequate for accurate flow prediction. These three-dimensional
instabilities create fundamental differences between 2D and 3D flow configurations that extend well beyond
simple geometric considerations. While two-dimensional simulations remain computationally efficient and
provide reasonable approximations for basic flow characteristics below Re = 189, they fundamentally cannot
capture the governing physics once three-dimensional instabilities develop [123]. That is, the spanwise
variations introduced by Mode A and Mode B instabilities significantly affect drag coefficients, vortex
shedding frequencies, and heat transfer characteristics, with these effects becoming increasingly dominant
as the Reynolds number increases. In the subcritical regime (Re > 1, 000), the wake transitions to fully
turbulent characteristics while maintaining coherent large-scale vortex shedding patterns. This creates
a complex interplay between organized and chaotic motion that further challenges traditional modeling
approaches [124, 125].

Overall, the rich dynamical behavior has established cylinder wakes as particularly valuable canonical test
cases for developing and validating flow control strategies. The combination of the relatively simple geometry
with complex physics provides an ideal benchmark for both traditional control methods and emerging
machine learning approaches. Recent developments in deep reinforcement learning have demonstrated
remarkable success, achieving drag reductions of 8− 25% using various actuator configurations including
synthetic jets, rotational oscillation, and plasma actuators [15, 17]. The Reynolds number range 200-3,900
proves especially well-suited for these applications because the flow exhibits sufficient complexity to challenge
control algorithms while remaining computationally tractable for iterative training processes.

However, the practical implementation of flow control in this Reynolds number range faces several
specific challenges stemming from the complex transitional flow physics. Three-dimensional instabilities
introduce spanwise variations that complicate sensor placement and actuator design, while the coexistence of
laminar and turbulent regions creates difficulties in developing robust control strategies. Energy efficiency
considerations become particularly critical, as the power required for active control can exceed the benefits
gained through drag reduction, especially at lower Reynolds numbers within this range [126]. Furthermore,
the sensitivity of the wake behavior to boundary conditions and geometric details makes experimental
validation of numerical control studies challenging, often requiring careful attention to computational domain
size and boundary condition implementation. To address these challenges, multi-agent deep reinforcement
learning frameworks have been designed to target the three-dimensional control problems, though most
successful demonstrations remain limited to lower Reynolds numbers within the transitional range [29].

To summarize, the established nature of cylinder wake physics makes this configuration particularly
valuable as emerging computational methods and experimental techniques continue to provide new insights
into flow control possibilities. The comprehensive understanding of fundamental mechanisms enables
researchers to confidently assess whether novel approaches capture the essential physics or merely exploit
computational artifacts [127–129]. Therefore, the well-documented cylinder wake serves as a valuable
benchmark scenario for validating new innovations before applying them to more complex geometries and
flow physics.
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(a) Re = 200
Reference St CD CL

Present study 0.196 1.341 ±0.659
Meneghini et al.[130] 0.196 1.30 –
Ding et al.[131] 0.196 1.348 ±0.659
Braza et al.[132] 0.200 1.40 ±0.75
Posdziech & Grundmann[133] 0.194 1.311 ±0.66
Harichandan & Roy[134] 0.192 1.32 ±0.602

(b) Re = 1, 000

Reference St CD CL

Present study 0.234 1.533 ±1.449
Colagrossi et al.[135] 0.231 1.507 ±1.457
Durante et al.[136] 0.235 1.491 ±1.46
Scott & Durst[137] 0.2276 1.54 ±1.225
Chatzimanolakis et al.[16] – 1.61 –
von Wahl et al.[138] 0.23 1.53 –

(c) Re = 3, 900

Reference St CD CL

Present study 0.21 1.68 ±1.61
Chatzimanolakis et al.[16] – 1.75 –
Durante et al.[136] 0.19 1.98 ±1.73
(Re = 1× 104)

Table 1: Validation of 2D cylinder flow results at different Reynolds numbers. St: Strouhal number; CD:
Time-averaged drag coefficient; CL: Time-averaged lift coefficient; ±: Oscillation amplitude; –: Data not
reported or not applicable

Numerical setup and validation. The cylinder benchmark scenario comprises 2D and 3D low Mach number
flows (Ma < 0.2) over circular cylinders at different Reynolds number, i.e. Re ∈ [100, 200, 1, 000, 3, 900]. For
the 2D cases, the computational domain is defined by (x/D, y/D) ∈ [0, 40]× [−10, 10] with the cylinder being
centered at (x/D, y/D) = (10, 0) and x representing the streamwise coordinate direction. The grid spacing
is determined by the grid refinement level n via ∆n = ∆0/2

n with ∆
(2D)
0 = 40D. Three refinement patches

decrease the grid spacing up to a level of n = 14, see Fig. 1, corresponding to more than 320 cells per cylinder
diameter.

In 3D the domain is (x/D, y/D, z/D) ∈ [0, 32]× [0, 16]× [−2, 2], being periodic in the z-direction while the
center of the cylinder is located at (x/D, y/D) = (8, 8) and its axis is aligned in z-direction. The grid spacing
is defined by ∆

(3D)
0 = 32D and refinement levels of n ∈ [9, 14] resolving the cylinder by 500 grid points.

At the inlet, a Dirichlet boundary condition is implemented with a prescribed constant velocity profile.
The velocity vector is read from the properties file and applied uniformly across the inlet cross-section. The
density at the inlet boundary cells is extrapolated from the interior domain using second-order accurate
extrapolation to maintain consistency with the low Mach number assumption. The equilibrium distribution
functions are calculated based on the prescribed velocity and extrapolated density values.

At the outlet, non-reflecting boundary conditions are applied minimizing spurious wave reflections. The
velocity components are extrapolated from the interior domain using von Neumann conditions (zero normal
gradient). The density is computed using a non-reflecting formulation:

ρ =
ρold + ρref/cs(|v⃗| − |v⃗old|) + α∆tρref

1 + α∆t
(35)

where ρold and v⃗old are values from the previous time step, cs is the speed of sound, ρref is a reference
density term that can be specified as either density fluctuations or absolute density depending on the
simulation requirements, and α = 1.0 is the relaxation parameter.

Periodic boundary conditions are applied to the lateral boundaries (side walls) of the computational
domain. This treatment ensures mass conservation and eliminates the need for additional boundary condition
specifications at these surfaces, effectively creating an infinite domain in the lateral directions.

Based on a comprehensive validation study, our numerical simulations demonstrate good agreement with
established literature values across multiple Reynolds numbers and flow configurations. For 2D cylinder
flows, our results closely match reference data, with Strouhal numbers within 1− 3% of published values and
drag coefficients typically within 5% of established benchmarks. The 3D simulations show similarly strong
validation, with our Strouhal numbers and drag coefficients falling well within the scatter of literature values
across all tested Reynolds numbers. The close correspondence between our computed flow parameters and
the extensive reference database confirms the accuracy and reliability of our numerical approach for cylinder
flow simulations.
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(a) Re = 200
Reference St CD CL′

Present study 0.192 1.318 0.418
Qu et al.[139] 0.183 1.25 0.35
Posdziech & Grundmann[140] 0.182 1.24 –
Carmo & Meneghini[141] 0.184 1.28 –
Labbé & Wilson[142] 0.195 1.318 –
Behara & Mittal[143] 0.195 1.38 –
Rajani et al.[144] 0.1936 1.338 0.4276

(b) Re = 1, 000

Reference St CD CL′

Present study 0.213 1.102 0.374
Tong et al.[145] 0.215 1.08 0.2
Lei et al.[146] – 1.112 0.325
Labbé & Wilson[142] 0.215 1.200 –
Zhao et al.[147] 0.21 1.17 0.335

(c) Re = 3, 900

Reference Lz St CD

Present study 4.0 0.217 1.074
Suárez et al.[28] π 0.220 1.08
Lehmkuhl et al.[148] π 0.215 1.015
Parnaudeau et al.[124] 23 0.208 –
Tremblay et al.[149] π 0.22 1.03
Kravchenko & Moin[125] π 0.21 1.04

Table 2: Comparison of 3D cylinder flow results at different Reynolds numbers. St: Strouhal number; CD:
Time-averaged drag coefficient; CL′ : RMS lift coefficient; Lz : Span length; Lr/D: Recirculation length to
diameter ratio; –: Data not reported or not applicable

Environment setup. The default reward objective r for the cylinder flow environment targets drag mini-
mization and the reduction of lift force oscillations and reads r = −|CD| − ω|CL|, where CD, CL denote the
normalized drag and lift coefficients, and ω is a Reynolds number-dependent scaling factor with values of
0.1, 0.2, 1.0, and 1.0 for Re = 100, 200, 1, 000, 3, 900, respectively. Since the unstable symmetric state is also
the minimum-drag configuration, this objective corresponds to stabilizing this unstable fixed point. This
reward formulation serves as the default configuration, though additional reward shaping terms can be easily
implemented by users according to their specific research objectives.

Two different actuation strategies are implemented to provide the RL agent with control authority over
the flow dynamics. First, a zero-net mass-flux blowing/suction strategy is provided, comprised of two equal
and opposite jets - one at the top and one at the bottom of the cylinder. The RL agent controls the mass flux
of the upper jet, which automatically specifies the lower jet through the zero-net-mass constraint. In the
default configuration, the jets are placed at 90◦ and 270◦ positions and cover 10◦ of the cylinder circumference
each, though the HydroGym framework is designed to allow for flexible user-specified adjustments of the jet
number, placement angles, and coverage areas. Second, a rotating surface actuator is implemented for which
the RL agent directly controls the angular velocity of the cylinder surface. Both action spaces are normalized
to the range [−1, 1] to ensure consistent RL algorithm performance across different actuation modes.

The environment supports both two-dimensional and three-dimensional cylinder flow configurations
across multiple Reynolds numbers (Re = 100, 200, 1, 000, 3, 900), enabling the investigation of flow con-
trol across different flow regimes from laminar vortex shedding to fully turbulent conditions. For three-
dimensional cases at Re = 1, 000 and 3, 900, the framework additionally supports multi-agent reinforcement
learning through spanwise domain decomposition, where the cylinder is divided into 4 and 10 subcylinder
segments respectively, each individually controlled by a dedicated agent. This multi-agent approach enables
the investigation of cooperative control strategies and spanwise flow coordination. The framework provides
flexibility in multi-agent coordination, allowing agents to share gradient information and experience buffer
data if desired, though independent agent operation is also supported based on user requirements.

The state space representation consists of user-configurable point probes distributed throughout the
computational domain, providing measurements of velocity components, pressure, density, and body forces
at specified locations. By default, the state observations consist of the raw solver output, but different
normalization strategies are implemented to normalize the state space in the range [−1, 1] for consistent RL
training performance. This flexible sensor configuration allows the investigation of minimal sensing strategies
and optimal sensor placement for effective flow control.

Each training episode spans 200 control actions, corresponding to approximately 10 vortex shedding
periods, providing sufficient time for the agent to observe and respond to flow dynamics. The temporal
coupling between the CFD solver and RL agent employs Reynolds number-specific action frequencies: 200,
350, and 600 CFD timesteps per control action for 2D cases at Re = 200, 1, 000, 3, 900 respectively, and 400,
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Figure 1: Computational domain setup, sensor probe distribution and actuation strategy for the circular
cylinder flows: Three-dimensional view showing the probe distribution around the cylinder setup with
vortical structures visualized through Q-criterion isosurfaces. The yellow dots in the zoom-in highlight
sensor probe locations in a single spanwise plane. Active flow control is either performed using jet actuators
positioned at the top and bottom of the cylinder or via surface rotation.

500, and 1,200 timesteps for corresponding 3D cases. These ratios are designed to match the characteristic
timescales of vortex shedding dynamics while maintaining computational efficiency and control authority.

The environment framework provides a comprehensive testbed for investigating reinforcement learning-
based active flow control strategies, supporting both fundamental research into control mechanisms and
practical development of sensing and actuation approaches for cylinder wake management. All described
configurations represent default settings that can be easily modified by users to accommodate specific
research requirements, including custom reward functions, alternative actuation strategies, modified sensor
placements, and adjusted temporal coupling parameters.

5B Fluidic pinball flow

Characteristic physics. The fluidic pinball serves as an exemplary test case for investigating complex wake
dynamics and flow control strategies in transitional flow regimes. This benchmark configuration consists of
three equal-diameter circular cylinders positioned at the vertices of an equilateral triangular arrangement,
with one vertex directed toward the incoming flow [150]. Although geometrically simple, this arrangement
demonstrates a diverse spectrum of nonlinear flow behaviors, including steady-state solutions, time-periodic
oscillations, quasi-periodic motion, and fully chaotic dynamics across different operating parameters.

The fluidic pinball exhibits distinct flow regime transitions as the Reynolds number varies from 30 to 150,
with critical thresholds that differ from classical single-cylinder wake behavior. Initial investigations by [151]
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identified specific transition points unique to this multi-cylinder configuration. For Reynolds numbers below
Re ¡ 18, the flow field maintains global stability with symmetric recirculation zones forming downstream
of the cylinder cluster. The transition from this steady state occurs via a supercritical Hopf bifurcation at
approximately Re = 18 [151]. This early onset of instability results from the enhanced wake interactions
between the three cylinders. The Hopf bifurcation introduces time-periodic vortex shedding characterized
by complex conjugate eigenvalues crossing the stability boundary in the linearized flow equations. The
resulting flow exhibits von Kármán-type vortex shedding with dimensionless frequency (Strouhal number)
of approximately 0.2. Importantly, this initial instability preserves the mirror-plane symmetry about the
configuration centerline, maintaining symmetric shedding patterns until Re ≈ 68.

At Re ≈ 68, the fluidic pinball undergoes a second critical transition through a supercritical pitchfork
bifurcation [152]. This transition fundamentally alters the wake dynamics by breaking the mirror symmetry
preserved during the initial periodic regime. The physical mechanism involves the destabilization of the jet
flow between the two downstream cylinders, which becomes susceptible to preferential deflection in either
the upward or downward direction. This symmetry-breaking creates two mirror-symmetric stable solutions -
one with upward jet deflection and another with downward deflection. The system exhibits bistable behavior,
where initial conditions determine which asymmetric state the flow adopts [152]. This represents a qualitative
change from the previous symmetric periodic shedding to asymmetric limit cycle dynamics.

Beyond Re = 104, the fluidic pinball system develops additional complexity through a secondary Neimark-
Sacker bifurcation [153]. This mathematical bifurcation introduces quasi-periodic motion by creating torus-
like attractors in the system’s phase space. The primary vortex shedding frequency becomes modulated by
secondary low-frequency oscillations, establishing multi-frequency dynamics characteristic of weakly chaotic
flows. The transition to fully chaotic motion occurs above Re ≈ 130, following what was identified by [153]
as a Newhouse-Ruelle-Takens scenario. In this Re number regime, the quasi-periodic torus structure becomes
unstable and breaks down, leading to aperiodic motion with sensitive dependence on initial conditions - the
hallmark of deterministic chaos.

Moreover, three-dimensional effects can introduce additional complexity beyond the two-dimensional
analysis. Following the foundational work of [119] on cylinder wake transitions, the fluidic pinball exhibits
spanwise instabilities originating from hyperbolic regions within the braid shear layers. These instabilities
manifest as short-wavelength structures with characteristic spanwise dimensions comparable to the cylinder
diameter. The three-dimensional modes create streamwise vortical structures that interact with the primary
cross-stream vortex shedding. Multiple instability modes can coexist and compete, leading to complex
scenarios including cooperative destabilization and vortex reconnection phenomena that cannot be captured
by two-dimensional computational models.

To summarize, the fluidic pinball’s value as a benchmark derives from the combination of geometric
simplicity and dynamical richness, making it suitable for testing advanced control strategies while remaining
computationally tractable. The independent rotation capability of each cylinder provides multiple actuation
inputs, enabling implementation of various flow control mechanisms established in the literature. Classical
flow control approaches applicable to this configuration include boundary layer manipulation through surface
blowing (analogous to base bleeding techniques), high-amplitude periodic forcing for vortex synchronization,
and circulation control via cylinder rotation utilizing Magnus force effects. Additionally, modern approaches
such as opposition control and model-based feedback strategies can be evaluated.

Hence, the fluidic pinball presents several fundamental challenges for flow control design. The suc-
cession of bifurcations means that control strategies must adapt to qualitatively different flow physics as
operating conditions change. Systems designed for the symmetric periodic regime may prove ineffective or
counterproductive when applied to the asymmetric bistable regime. The multi-frequency dynamics create
coupling between different temporal scales, where actuation at one frequency can influence the entire spectral
content of the flow response. This cross-frequency coupling necessitates control architectures that account for
broadband nonlinear interactions rather than targeting individual frequency components. Furthermore, the
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presence of multiple coexisting attractors (in the bistable regime) and hysteresis effects between flow states
require control strategies capable of managing state transitions and maintaining desired operating points
despite external disturbances.

Extension to three-dimensional control introduces requirements for spanwise-distributed actuation to
address the various three-dimensional instability modes. The transition between different three-dimensional
regimes creates scenarios where two-dimensional control approaches become inadequate, necessitating
fundamentally different control frameworks. Control strategies optimized for one three-dimensional mode
may lose effectiveness or become destabilizing when the flow transitions to alternative modal states. This
highlights the importance of robust adaptive control approaches that maintain performance across regime
boundaries.

Numerical setup and validation. The fluidic pinball configuration consists of three circular cylinders
arranged in an equilateral triangle formation, creating a fundamentally different flow topology compared
to the single cylinder case. Relative to the pinball center at (x/D, y/D) = (10.0, 0.0) for the 2D simulations
and (8.0, 0.0) for the 3D counterpart, the cylinders are positioned with centers at (x/D, y/D) = (−1.299, 0.0),
(0.0, 0.75), and (0.0,−0.75), where the upstream cylinder interacts with two downstream cylinders to generate
complex wake dynamics and vortex interactions.

The computational setup employs the same domain dimensions and boundary condition treatments as
described for the single cylinder benchmark. However, the fluidic pinball operates at lower Reynolds numbers
Re ∈ [30, 100, 150], allowing for a uniform refinement strategy with n = 12 across all cases. This refinement
level provides adequate resolution to capture the intricate flow features arising from the multi-cylinder
interaction, including wake merging, vortex pairing, and the characteristic frequency modulation effects.

Re Reference Dim f0 CD CL,2 CL,3

30
Present study 2D 0.064 2.651 -0.361 0.361
Present study 3D 0.061 2.597 -0.358 0.359

Wang et al.[154] 2D 0.065 2.656 -0.365 0.365

100
Present study 2D 0.088 2.904 -0.079 0.110
Present study 3D 0.087 2.795 -0.0107 0.119

Wang et al.[154] 2D 0.090 2.874 -0.0745 0.108

150
Present study 2D 0.120 2.922 -0.0441 0.0330
Present study 3D 0.113 2.949 -0.0467 0.0297

Wang et al.[154] 2D 0.118 2.960 -0.043 0.0319

Table 3: Validation of the fluidic pinball flow results
at different Reynolds numbers. Dim: Dimensionality
(2D/3D); f0: Natural frequency; CD: Time-averaged
drag coefficient; CL,i: Time-averaged lift coefficient for
cylinder i

The triangular arrangement leads to inherently
asymmetric flow patterns, where the downstream
cylinders experience different flow conditions due
to their positioning relative to the upstream cylin-
der’s wake. This asymmetry manifests in the lift
coefficient distributions and requires careful valida-
tion against established benchmarks to ensure accu-
rate representation of the flow physics. Validation
results are summarized in Table 3, demonstrating
good agreement with the reference data of Wang et
al. [154]. The simulations accurately predict the nat-
ural frequencies across all Reynolds numbers. The
time-averaged drag coefficients show good agree-
ment (within 2% deviation), while the asymmetric
lift coefficients on the downstream cylinders are
well-captured, confirming a proper resolution of
the wake interaction dynamics. The 3D results
maintain similar accuracy levels, validating the
three-dimensional extension of the fluidic pinball configuration.

Environment setup. The fluidic pinball environment features a multi-cylinder flow control setup comprising
three circular cylinders positioned in an equilateral triangular arrangement. The primary reward function r for
the fluidic pinball targets total drag reduction across all three cylinders and is defined as r = −|

∑3
i=1CD,i| −

ω|
∑3

i=1CL,i|, where CD,i represents the normalized drag coefficient of cylinder i and ω = 1.0 serves as the
scaling parameter consistently applied across all Reynolds numbers to avoid control policies that introduce
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Figure 2: Computational domain setup, sensor probe distribution and actuation strategy for the fluidic pinball
environment: Three-dimensional view showing the probe distribution around the fluidic pinball with vortical
structures visualized through Q-criterion isosurfaces. The yellow dots in the zoom-in highlight sensor probe
locations in a single spanwise plane. Active flow control is performed by individual surface rotation of each
cylinder.

a significant lift generation. Users can readily adapt this reward structure to explore different objectives
including thrust control or independent cylinder optimization.

The control mechanism employs surface rotation actuation, where the RL agent manages the angular ve-
locity of each cylinder individually (see Fig. 2). This creates a three-dimensional continuous action space with
components bounded within [−1, 1], facilitating exploration of cooperative multi-cylinder control approaches.
Although jet-based actuation is not part of the standard setup, the framework design accommodates user
integration of blowing/suction mechanisms for extended research applications or comparative analysis.

The framework encompasses both two-dimensional and three-dimensional fluidic pinball flow scenarios
across various Reynolds numbers (Re = 30, 75, 100, 150), covering flow regimes from steady symmetric con-
figurations through periodic vortex shedding to bistable asymmetric behavior and quasi-periodic dynamics.
This Reynolds number spectrum encompasses the distinctive bifurcation characteristics of the fluidic pinball,
including the initial Hopf bifurcation at Re ≈ 18, the symmetry-breaking pitchfork bifurcation at Re ≈ 68,
and progressive transitions toward chaotic flow patterns. The setup utilizes a single-agent configuration,
where one agent manages all three cylinder rotations concurrently, promoting research into unified control
methodologies for multi-body flow applications.

The observation space utilizes the same adaptable probe-based methodology as established in other
environments, featuring user-definable point measurements of velocity components, pressure, density, and
body forces positioned throughout the computational domain. Training episodes encompass 200 control
actions, equivalent to roughly 10 vortex shedding cycles, offering an adequate temporal scope for agents
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to perceive and react to the intricate multi-frequency behavior inherent in the fluidic pinball. The CFD-RL
coupling utilizes Reynolds number-dependent action intervals tailored to match evolving flow characteristics:
230, 190, 170, and 100 CFD timesteps per control action for 2D scenarios at Re = 30, 75, 100, 150 respectively,
with corresponding 3D cases using 250, 235, 225, and 200 timesteps. These intervals adapt to the changing
temporal scales and flow complexity encountered as the system progresses through distinct dynamical
states, maintaining suitable control responsiveness while preserving computational tractability. All outlined
specifications serve as baseline configurations that users can readily adjust to meet particular research needs,
encompassing modified reward structures, alternative control mechanisms, customized sensor layouts, and
tailored temporal coupling settings.

5C Open cavity flow

Characteristic physics. The flow around open cavities in the Reynolds number range 4,000-7,500 based
on the cavity height and the freestream velocity exhibits complex transitional behavior characterized by
distinct regime evolutions and sophisticated three-dimensional instabilities that have profound implications
for both fundamental aeroacoustics research and practical flow control applications. This transitional range
encompasses the evolution from predominantly steady two-dimensional recirculation patterns to complex
three-dimensional unsteady dynamics with strong acoustic coupling, presenting unique challenges for
modeling, prediction, and control that distinguish it from both lower and higher Reynolds number regimes.

Within this Reynolds number range, the flow physics is governed by several critical transitions that
fundamentally alter the cavity dynamics and acoustic characteristics. At Reynolds numbers around 4,000-
5,000, the initially stable two-dimensional recirculation undergoes its first significant three-dimensional
instability through centrifugal mechanisms arising from curved streamlines in the recirculation region [155,
156]. This transition manifests as weakly unsteady flow behavior with emerging spanwise variations that
mark the onset of complex temporal dynamics. As the Reynolds number continues to increase, a second
critical transition occurs around Re = 7,000-8,000, where strong temporal instabilities emerge through Hopf
bifurcation characteristics, introducing multiple competing temporal modes and mode-switching phenomena
where different frequencies compete for energy [157]. These successive transitions create a regime where
simplified two-dimensional approximations become progressively inadequate for an accurate prediction of
both aerodynamic and acoustic behavior.

The emergence of these transitional instabilities creates fundamental differences between 2D and 3D cavity
flow configurations that extend far beyond geometric considerations. While two-dimensional simulations
remain computationally efficient and provide valuable insights into fundamental feedback mechanisms, they
systematically overpredict cavity tone amplitudes by up to 15 dB compared to three-dimensional cases and
miss critical mixing processes that govern realistic flow physics [158]. The three-dimensional effects introduce
end-wall influences that cause flow spillage over cavity sides, development of Taylor-Görtler-like vortices, and
breakdown of coherent shear layer structures due to spanwise instabilities. In compressible flows within this
Reynolds number range, the acoustic feedback mechanisms become particularly complex, with the classical
Rossiter formula requiring depth-sensitized modifications to account for three-dimensional cavity effects and
modified convection velocities [159, 160].

This rich transitional behavior makes cavity flows particularly valuable as canonical test cases for develop-
ing and validating advanced flow control strategies, especially those employing machine learning approaches.
The geometric simplicity combined with complex physics provides an ideal benchmark that bridges fun-
damental research and practical aerodynamic applications. Various frameworks have provided theoretical
foundations for understanding the underlying bifurcation mechanisms and sensitivity characteristics that
govern cavity flow transitions [155]. However, the practical implementation of flow control in this Reynolds
number range faces several specific challenges that stem from the complex transitional flow physics and
multi-frequency acoustic coupling. The strong nonlinear coupling between Rossiter modes creates frequency
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cross-talk and triadic interactions that complicate traditional linear control approaches, while mode-switching
regimes introduce time-varying dynamics that challenge adaptive control systems [161]. Multiple time scales
ranging from fast Kelvin-Helmholtz instabilities to slow mode-switching phenomena create complex control
requirements, with real-time implementation demanding computational capabilities supporting control fre-
quencies up to 10 kHz. Energy efficiency considerations become particularly critical in practical applications,
as the spatially disjoint measurement and control locations inherent in cavity flows introduce time-delay
effects that can destabilize feedback control systems if not properly addressed [162]. As a result, the rich
transitional physics and computational accessibility make cavity flows in this Reynolds number range an
enduring benchmark for flow control innovation, particularly as machine learning approaches mature and
computational resources continue to expand.

Numerical setup and validation. The open cavity benchmark comprises 2D and 3D low Mach number
flows (Ma < 0.2) over square cavities at Reynolds numbers ReD ∈ [4, 200, 7, 500], based on the cavity depth
D and free-stream velocity U∞, following the configuration of Barbagallo et al. [157].
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Figure 3: Time-averaged leading edge velocity profiles for
2D cavity flow at Re = 7, 500. Present numerical results
(solid line) compared with Barbagallo et al. (2009) [157]
reference data (crosses). Velocities normalized by free-stream
velocity; vertical coordinate normalized by cavity length.

For the 2D case, the computational do-
main is defined by (x/D, y/D) ∈ [0.0, 2.5] ×
[0, 1.5] with the square cavity located at
(x/D, y/D) ∈ [0.27, 1.27] × [0, 1]. The grid
spacing is determined by the grid refinement
level n via ∆n = ∆0/2

n with ∆
(2D)
0 = 2.5D.

Multiple refinement patches are employed
with maximum refinement levels of n = 12
near the cavity edges and shear layer re-
gions, corresponding to approximately 227
cells per cavity depth (see Fig. 4). Special
attention is given to resolving the boundary
layer upstream of the cavity, targeting a dis-
placement thickness of δ1 ≈ 0.012D. This nu-
merical setup demonstrates good agreement
with established literature [157] as shown
in Fig. 3. In 3D, the domain extends to
(x/D, y/D, z/D) ∈ [0.0, 2.5]×[0, 1.5]×[0, 2.25]
with periodic boundary conditions applied in
the spanwise z-direction. A similar grid com-
pared to the 2D test case is used to maintain
adequate resolution of three-dimensional in-
stabilities while keeping computational costs manageable.

At the inlet, a Dirichlet boundary condition implements a uniform velocity profile (u, v, w) = (U∞, 0, 0).
The top boundary implements symmetry conditions (∂yu = 0, v = 0, ∂yw = 0). No-slip conditions (u = v =
w = 0) are applied on the cavity walls and the bottom surface from x/D = 0.1777 onwards, while symmetry
conditions are used for x/D < 0.1777 to generate appropriate boundary layer development.

Environment setup. The open cavity environment features a flow control setup designed to stabilize the
inherent shear layer instability of cavity flows. This configuration provides a consistent framework across
both 2D and 3D flow scenarios, enabling comprehensive investigation of the cavity flow dynamics and active
control strategies.

The primary objective centers on minimizing flow fluctuations through targeted stabilization of the shear
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Figure 4: Computational domain setup, sensor probe distribution and actuation strategy for the open cavity
flow: Three-dimensional view showing the probe distribution in the open cavity environment with vortical
structures visualized through Q-criterion isosurfaces. The yellow dots highlight sensor probe locations in a
single spanwise plane. Active flow control is performed using up to three independent jet actuators positioned
at the leading edge and inside the cavity.

layer that develops across the cavity opening. The reward function r quantifies this stabilization goal as:

r = −
∑
i

(
obsi − targetmean,i

targetstd,i

)2

(36)

where obsi represents the observed quantity at measurement location i, targetmean,i denotes the target
reference value, and targetstd,i provides normalization scaling. This formulation encourages the control
system to maintain observed flow quantities close to their target states, thereby reducing the amplitude of
shear layer oscillations and associated cavity resonance phenomena. For simplicity, the target system state is
approximated by a temporal mean over 1,000 instability cycles.

The control mechanism employs jet-based actuation strategically positioned to influence the shear layer
development and cavity flow dynamics. The standard configuration utilizes a single jet oriented in the
y-direction and located at the cavity leading edge, providing direct interaction with the separating boundary
layer. For enhanced control authority, an extended configuration incorporates additional jets positioned within
the cavity at coordinates (1.277, 0.75) and (0.277, 0.5) that act in streamwise direction, enabling multi-point
flow manipulation and improved stabilization capabilities.

The jet actuation creates a continuous action space where the RL agent controls the jet momentum
coefficients or velocity ratios. This setup facilitates exploration of both passive flow stabilization through
steady jet injection and active control strategies involving time-varying actuation patterns. The framework
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design readily accommodates user modifications to jet positioning, orientation, and actuation parameters to
investigate alternative control approaches or cavity geometries.

The CFD-RL coupling employs 400 CFD timesteps per control action for 2D test cases and 375 timesteps
for 3D counterparts, providing sufficient temporal resolution to capture the essential flow physics while
maintaining computational efficiency. This interval balances the need to resolve the characteristic timescales
of cavity flow instabilities with practical training considerations, allowing the control agent adequate time to
observe the effects of its actions on the flow field evolution. Training episodes are designed to encompass
multiple characteristic flow timescales, enabling agents to learn both short-term stabilization responses and
longer-term flow management strategies. The environment supports the investigation of various Reynolds
numbers and cavity aspect ratios, accommodating research into the Reynolds number dependence of control
effectiveness and the geometric sensitivity of stabilization approaches.

5D Square cylinder flow

Characteristic physics. The flow around a square cylinder represents a canonical configuration for studying
bluff body aerodynamics, providing fundamental insights relevant to both scholarly inquiry and a wide
range of engineering applications, including the design of buildings, bridges, and offshore structures. The
interaction of the fluid with the sharp corners of the cylinder forces flow separation, leading to the formation
of an unsteady wake dominated by the periodic shedding of large-scale vortices [119]. This alternating vortex
shedding generates fluctuating aerodynamic forces on the body, which can induce structural vibrations—a
phenomenon termed vortex-induced vibration—posing a significant risk of material fatigue and creating
acoustic noise.

The dynamics of the flow are highly dependent on the Reynolds number, and within the range of 200 to
3,900, the wake undergoes a series of complex transitions from a two-dimensional laminar state to a fully
three-dimensional turbulent one. The initial transition from a purely two-dimensional to a three-dimensional
wake occurs at a critical Reynolds number between approximately 150 and 200 [163, 164]. This transition is
marked by the emergence of spanwise instabilities, akin to those observed in circular cylinder wakes. The
first of these is the Mode A instability, which appears around Re ≈ 165 and is characterized by the formation
of large-scale streamwise vortex loops with a spanwise wavelength of about four to five times the cylinder
diameter [164, 165]. As the Reynolds number increases further, a transition to the Mode B instability occurs
around Re ≈ 210, which involves smaller-scale, rib-like streamwise vortices with a much shorter spanwise
wavelength of approximately one cylinder diameter [165]. Beyond these initial instabilities, for Reynolds
numbers approaching and exceeding 1,000, the separated shear layers themselves become unstable, leading to
the roll-up of Kelvin-Helmholtz vortices which subsequently break down into finer turbulent structures [166].
At higher Reynolds numbers the wake is fully turbulent and characterized by a broad spectrum of interacting
eddies [166, 167].

Significant distinctions exist between the flow around square and circular cylinders, primarily stemming
from the nature of the flow separation. The sharp corners of the square cylinder fix the separation points,
whereas for a circular cylinder, these points are mobile and their location depends on the Reynolds number
[168]. This fixed separation generally leads to a wider, more pronounced wake and a higher overall drag
coefficient for the square cylinder under identical inflow conditions [169]. While the wake instability modes
are qualitatively similar, their onset and development occur at different critical Reynolds numbers. The
differences between 2D and 3D configurations are also profound; two-dimensional simulations are incapable
of capturing the physics of spanwise instabilities and the resulting energy cascade to smaller turbulent scales.
Consequently, 2D models often yield inaccurate predictions of aerodynamic forces and wake dynamics for
Reynolds numbers beyond the onset of three-dimensionality [163].

The complex, multi-scale nature of this flow presents considerable challenges for numerical modeling.
Reynolds-Averaged Navier-Stokes (RANS) models often fail to accurately predict the highly unsteady and
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(a) 2D, Re = 200

Reference St CD CL′

Present study 0.151 1.469 0.391
Sohankar et al.[163] 0.170 1.46 0.32
Sohankar et al.[171] 0.15 1.462 0.377
Cheng et al.[172] 0.15 1.45 0.372
Okajima[173] 0.148 1.45 –
Jiang & Cheng[174] 0.152 1.443 0.412

(b) 2D, Re = 1, 000

Reference St CD std(CL)

Present study 0.121 2.302 1.405
Yan et al.[23] 0.120 2.34 1.49
Okajima[173] 0.124 – –
Norberg[175] 0.124 2.02–2.33 –
Cao & Tamura[176] 0.123 2.07 –
Bai & Alam[164] 0.120 2.10–2.33 –

(c) 3D, Re = 300

Reference St CD CL′

Present study 0.146 1.441 0.222
Sohankar et al.[163] 0.153 1.47 0.2
Yoon et al.[177] 0.145 1.431 0.205
Jiang & Cheng[174] 0.146 1.434 0.183

Table 4: Comparison of 2D and 3D square cylinder flow results at different Reynolds numbers. St: Strouhal
number; CD: Time-averaged drag coefficient; CL′ : RMS lift coefficient; std(CL): Standard deviation of lift
coefficient; –: Data not reported or not applicable

separated flow, particularly the subtle dynamics of vortex shedding and turbulent transition [170]. Scale-
resolving approaches, such as Large Eddy Simulation (LES) and Direct Numerical Simulation (DNS), are
better suited but are computationally intensive. Achieving accurate results with these methods requires not
only extremely fine computational meshes but also large domain sizes and long integration times to ensure
that the statistics are fully converged and free from boundary condition influences [166, 171].

These well-defined yet complex flow characteristics make the square cylinder an important test case for
the development and validation of flow control strategies, including those leveraging advanced RL techniques.
Key challenges for applying RL in this context include the high computational cost of simulations required
for training, which can limit the exploration of the solution space, and the persistent difficulty of transferring
control policies learned in simulation to real-world experimental setups.

Numerical setup and validation. The square cylinder benchmark follows the same computational setup
as the circular cylinder case described above, with the key difference being the bluff body geometry. The
square cylinder has a side length D and the Reynolds number is based on this characteristic length, i.e.
Re ∈ [200, 1, 000, 3, 900].

The computational domains, grid spacing definitions, and refinement strategies remain identical to the
circular cylinder configuration. For 2D cases, the domain spans (x/D, y/D) ∈ [0, 40] × [−10, 10] with the
square cylinder centered at (x/D, y/D) = (10, 0). The 3D domain is (x/D, y/D, z/D) ∈ [0, 32]× [0, 16]× [−2, 2]
with the square cylinder centered at (x/D, y/D) = (8, 8) and periodic boundary conditions in the z-direction
as shown in Fig. 5.

All boundary condition implementations—inlet Dirichlet conditions with prescribed velocity profiles,
non-reflecting outlet conditions, and periodic lateral boundaries—are applied identically to the circular
cylinder setup. The grid refinement levels up to n = 14 and the resolution criteria also follow the same
specifications as detailed in the previous subsection resulting in 512 cells per side length D.

Our validation results for the square cylinder demonstrate comparable accuracy to the circular cylinder
cases, with computed Strouhal numbers and drag coefficients showing good agreement with established
literature values across available Reynolds numbers in literature (see Tab. 4).

Environment setup. The square cylinder environment follows the same fundamental framework as the
circular cylinder configuration described above, with identical reward formulation (r = −|CD| − ω|CL|), state
space representation through configurable point probes, and episode structure spanning 200 control actions
over approximately 10 vortex shedding periods.

The key distinction lies in the actuation strategy, where jet-based control is exclusively employed. Unlike
the circular cylinder’s zero-net mass-flux configuration, the square cylinder utilizes individual jets that can
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Figure 5: Computational domain setup, sensor probe distribution and actuation strategy: Three-dimensional
view showing the probe distribution around the square cylinder with vortical structures visualized through
Q-criterion isosurfaces. The yellow dots in zoom-in highlight sensor probe locations in a single spanwise
plane. Active flow control is performed through jet actuators positioned at the leading and/or trailing edge.

be positioned at four discrete locations: leading edge upper, leading edge lower, trailing edge upper, and
trailing edge lower surfaces. The RL agent controls the mass flux of each active jet independently, with actions
normalized to the range [−1, 1] for consistent algorithm performance.

The temporal coupling between the CFD solver and RL agent employs Reynolds number-specific action
frequencies: 225, 750, and 375 CFD timesteps per control action for 2D cases at Re = 200, 1, 000, 3, 900
respectively, and 700, 900, and 875 timesteps for corresponding 3D cases. This environment configuration
enables the investigation of asymmetric control strategies and the comparative effectiveness of leading versus
trailing edge actuation for square cylinder wake management, while maintaining the same comprehensive
sensing and reward framework established for the circular cylinder testbed.

5E Flow around a NACA 0012 airfoil

Characteristic physics. The flow around a NACA 0012 airfoil in the Reynolds number range of 100 to
200,000 presents a rich variety of fluid dynamics phenomena, transitioning from steady, laminar flow to
complex unsteady, transitional, and separated regimes. At the lower end of this spectrum, for Reynolds
numbers on the order of 102, the flow is characterized by thick laminar boundary layers that are susceptible to
separation, even at high angles of attack [178]. As the angle of attack is increased, the wake is often dominated
by unsteady vortex shedding.

With an increase in the Reynolds number into the range of 103, the flow dynamics are frequently gov-
erned by the formation of a laminar separation bubble (LSB) on the suction side of the airfoil [179, 180].
This phenomenon occurs when the laminar boundary layer separates due to an adverse pressure gradient,
transitions to a turbulent state within the separated shear layer, and then reattaches to the airfoil surface. The
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formation, size, and behavior of the LSB are highly sensitive to both the Reynolds number and the angle
of attack, which can lead to significant nonlinearities in the aerodynamic characteristics of the airfoil [179].
Near-stall conditions can induce self-sustained, low-frequency oscillations in the flow field, which are linked
to the quasi-periodic bursting and reforming of the laminar separation bubble [180]. The various flow regimes
can be categorized based on these dynamics, from steady attached flow at very low angles of attack, to the
formation of a stable LSB, and ultimately to large-scale separation and stall, which is characterized by the
shedding of large vortices [181].

A primary challenge in the computational modeling of these flow regimes is the accurate prediction of the
laminar-to-turbulent transition. This transition is a critical element as it determines whether the separated
flow will reattach. Standard RANS models often struggle to accurately capture the complex physics within
the separation bubble. Consequently, higher-fidelity methods such as LES or DNS are necessary to resolve the
fine-scale turbulent structures and transition mechanisms, albeit at a much greater computational expense.
The intricate interplay between the Kelvin-Helmholtz instability of the separated shear layer, the amplification
of disturbances, and the eventual turbulent breakdown and reattachment complicates the fundamental
understanding of the physics.

Significant differences are observed between 2D and 3D configurations. While 2D simulations can capture
many of the fundamental aspects of LSB formation and vortex shedding, they do not account for spanwise
instabilities. In a 3D flow, the separated shear layer is subject to three-dimensional instabilities that can lead to
a more rapid and complex transition to turbulence [182]. These three-dimensional effects can alter the size
and shape of the separation bubble and, as a result, the overall aerodynamic forces [183]. This generally leads
to a decrease in aerodynamic performance when compared to idealized two-dimensional predictions.

The NACA 0012 airfoil within the considered Reynolds number range is a crucial benchmark case for the
development and testing of flow control applications, including those that utilize RL. The simple, symmetric
geometry of the airfoil produces fundamentally important and challenging flow phenomena, which are
directly relevant to the performance of micro air vehicles (MAVs), drones, and small wind turbine blades. The
high sensitivity of the flow to small perturbations makes it an excellent platform for evaluating active flow
control strategies aimed at suppressing separation, reducing drag, and enhancing lift. To this end, RL is a
particularly promising approach as it can discover complex, non-intuitive, time-dependent control strategies,
such as using blowing and suction jets, without requiring a precise analytical model of the flow physics.
Nonetheless, the inherent instabilities of the shear layer and the broadband nature of turbulence necessitate
control systems with high bandwidth and precise actuation. The effectiveness of a control strategy can be
highly dependent on the specific flow state, which poses a challenge for the development of robust controllers
that can operate effectively across a range of angles of attack and Reynolds numbers.

Characteristic physics in gust-airfoil interactions. Understanding the aerodynamic consequences of an
airfoil encountering an atmospheric gust is a pivotal challenge in aeronautics, with direct implications
for aircraft structural integrity, safety, and flight stability. The issue is especially pronounced for smaller
aerial platforms, such as drones and MAVs, whose lower operating speeds make them highly susceptible to
disturbances. When the flight speed of such a vehicle is on the same order as the gust velocity, a condition of
near-resonance can occur, which dramatically magnifies the gust’s aerodynamic impact [184]. The increasing
deployment of autonomous aircraft in unpredictable environments, such as urban settings or mountainous
terrain, has intensified the need for robust technologies capable of mitigating these adverse gust-induced
effects.

The nature of this aerodynamic interaction can be broadly classified based on the gust ratio, G, which
compares the gust’s velocity to that of the aircraft’s freestream. For large commercial aircraft, their high cruise
speeds ensure the gust ratio is typically low (G < 1). In these scenarios, provided the gust amplitude is
not excessive, the aerodynamic response can often be approximated using linear theoretical models [185].
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However, the validity of these linear models degrades as nonlinearities become more prominent. In sharp
contrast, smaller vehicles frequently operate in conditions where the gust velocity matches or exceeds their
flight speed (G ≥ 1). This high-G regime, often termed ’extreme aerodynamics’, introduces a set of physical
phenomena far more complex than those seen in milder encounters, rendering linear theories inadequate
[186].

Physically, a high-G interaction is dominated by highly unsteady and often violent aerodynamic events.
As the gust alters the oncoming flow, the airfoil experiences a rapid and substantial change in its effective
angle of attack. This can trigger the formation of a large, coherent leading-edge vortex. Concurrently, the
rapid adjustment in the airfoil’s overall circulation leads to the shedding of vorticity from the trailing edge,
forming a trailing-edge vortex. If the effective angle of attack surpasses a critical threshold, the flow can
undergo dynamic stall, a process distinct from its steady-state counterpart. During dynamic stall, large-scale
vortical structures detach from the airfoil’s surface and convect downstream, causing dramatic and often
unpredictable shifts in lift and moment characteristics [187]. The resulting aerodynamic loads can momentarily
spike to levels 200− 300% greater than the maximum steady-state loads. This behavior is also accompanied
by significant hysteresis in the force and moment curves, meaning the aerodynamic response depends on the
history of the motion, which presents a major complication for control system design.

To summarize, the development of effective flow control strategies for gust load alleviation is the ultimate
engineering goal. Conventional control systems, which rely on the deflection of large control surfaces, often
have actuation delays and bandwidth limitations that make them too slow to counteract the rapid onset
of high-frequency gusts. This has spurred innovation in active flow control technologies. The inherent
complexity and unpredictability of gust encounters make them an ideal application area for reinforcement
learning as the agent learns an optimal control strategy through direct trial-and-error interaction with its
environment, making it well-suited to mastering the nonlinear dynamics of gust-airfoil interactions. However,
the transient nature of the gust event demands a control policy that can respond almost instantaneously. To
systematically develop and validate these advanced data-driven models and control algorithms, the aerospace
community urgently needs well-documented benchmark test cases, such as flow over the NACA 0012 airfoil.
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Figure 6: Comparison of (a) drag coefficient and (b) lift coefficient as a function of the angle of attack for a
NACA 0012 airfoil at Re = 1, 000. Results from the present study (2D and 3D simulations) are compared with
experimental and numerical data from the literature.
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Numerical setup and validation - m-AIA. The NACA 0012 airfoil simulations are conducted in both 2D
and 3D configurations to capture the full spectrum of flow physics relevant to gust-airfoil interactions. For the
2D cases, the computational domain is defined by (x/c, y/c) ∈ [0, 40]× [−10, 10] with the NACA 0012 airfoil
centered at (x/c, y/c) = (10, 0). This 2D configuration allows for efficient exploration of parameter spaces
and validation against classical airfoil theory, while serving as a baseline for understanding the fundamental
flow mechanisms before extending to 3D effects. The reduced computational cost of 2D simulations enables
systematic studies across wider ranges of angles of attack and Reynolds numbers.

For the 3D cases, the computational domain spans [32 × 16 × 4] chord lengths c = 1.0 for Re ≤ 1, 000
and [32× 16× 0.5] chord lengths for Re ∈ [10, 000, 50, 000], with the NACA 0012 airfoil positioned 8c from
the inflow boundary. The domain extent is designed to minimize boundary reflections while maintaining
computational efficiency. The airfoil surface is treated as a no-slip boundary condition implemented through
an interpolated bounce-back scheme. Periodic boundary conditions are imposed in the spanwise direction to
simulate a nominally two-dimensional configuration while capturing three-dimensional flow instabilities.

The grid resolution is chosen to ensure that the smallest turbulent scales are adequately captured, particu-
larly in the separated flow regions. The computational mesh employs an adaptive refinement approach with
14 refinement levels, with the grid spacing determined by ∆n = ∆0/2

n where ∆
(3D)
0 = 32c. For 2D cases, the

base grid spacing is ∆(2D)
0 = 40c with refinement levels up to n = 12, providing approximately 200 grid points

per chord length in the highest resolution regions around the airfoil. Similar to [188], multiple refinement
patches are strategically positioned to capture the boundary layer, wake region, and areas of expected flow
separation with sufficient resolution. The numerical setup is validated against benchmark data from the
literature [186, 189–193] showing good agreement in time-averaged lift and drag coefficients across various
angles of attack 0◦ < α < 30◦ for both 2D and 3D configurations (see Fig. 6).

Numerical setup and validation - Nek5000. High-resolution large-eddy simulation (LES) is employed
to resolve the turbulent boundary layers (TBLs) developing over the NACA0012 wing sections at a chord-
based Reynolds number of Rec = 200,000 and an angle of attack of 0◦. The present computations adopt a
high-resolution LES strategy, with a grid density approaching that typically associated with direct numerical
simulation (DNS) [194].

The computational domain is constructed using a C-type mesh, with streamwise and vertical extents of
Lx = 6c and Ly = 4c, respectively. The spanwise width of the NACA0012 configuration is set to Lz = 0.1c,
resulting in a discretization comprising 220,000 spectral elements [195]. The leading and trailing edges of the
airfoil are positioned at distances of 2c and 3c from the inflow boundary, respectively. This configuration has
been validated in previous investigations [194], demonstrating that the selected spanwise extent is sufficient
to capture both the energetically relevant turbulent scales and the largest coherent structures characterizing
the wing boundary layer.

The near-wall spatial resolution, expressed in viscous units, satisfies ∆x+t < 18.0, ∆y+n < (0.64, 11.0), and
∆z+ < 9.0 in the wall-tangential, wall-normal, and spanwise directions, respectively. The viscous length scale
is defined as l∗ = ν/uτ , where the friction velocity is given by uτ =

√
τw/ρ. The mean wall-shear stress is

expressed as τw = ρν (dUt/dyn) |yn=0. To achieve the prescribed resolution, a polynomial order of N = 7 is
adopted, resulting in a total number of grid points of approximately Ngrid ≈ 1.1× 108. In the wake region,
the mesh resolution satisfies ∆x/η < 9, where η = (ν3/ϵ)1/4 denotes the Kolmogorov length scale and ϵ
represents the local isotropic dissipation rate.

The smallest unresolved turbulent scales are represented through a subgrid-scale (SGS) model based
on a time-independent relaxation-term filter [196]. This filtering operation is implemented implicitly via a
volume-force formulation that dissipates unresolved fluctuations while preserving mass conservation. The
LES filter is a high-pass filter that restricts the LES dynamics to a subset of spectral modes within each element.
The implementation of this approach in Nek5000 has been extensively validated in previous studies [194].
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Figure 7: Inner-scaled mean component of wall-tangential velocity and the Reynolds-stress tensors from
the 3D NACA4412 simulation at Rec = 400, 000 with DNS data. Figure reproduced from Ref [194] with
permission of the publisher (Elsevier)

Dirichlet boundary conditions are imposed at the inflow, upper, and lower boundaries using a far-field
velocity distribution obtained from an auxiliary Reynolds-averaged Navier–Stokes (RANS) computation.
The RANS solution is performed with the k–ω shear-stress transport (SST) model [197] in a circular domain
of radius 200c. At the outflow boundary, the formulation proposed by [198] is employed to prevent the
unphysical influx of kinetic energy. Boundary-layer transition is enforced at x/c = 0.1 on both the suction and
pressure sides through a localized wall-normal body force [199], which generates intense, time-dependent
streaks that subsequently break down and promote transition to turbulence [200].

One flow-over time (TFO) is defined as the duration required for a fluid particle convecting at the free-
stream velocity U∞ to travel one chord length c. The procedure adopted to generate the uncontrolled reference
simulations is described in Ref. [201]. Controlled simulations are initialized from fully developed turbulent
fields obtained from the corresponding uncontrolled cases. Statistical convergence of the flow quantities is
achieved after approximately 20 TFO for the NACA0012 configuration.

The adequacy of the present mesh for the selected SGS modelling approach has been demonstrated
through excellent agreement between DNS and LES data for a NACA4412 airfoil at Rec = 400,000 and
AoA = 5◦ (see figure 7). Specifically, the inner-scaled mean velocity profile and selected components of the
Reynolds-stress tensor at xss/c = 0.7 (where ss denotes the suction side), expressed in the local tangential
and wall-normal reference frame, are compared between both simulations. The comparison reveals excellent
agreement in the mean velocity distribution, as well as in the Reynolds shear stress and in the outer-layer
behaviour of the tangential velocity fluctuations. These results provide a validation of the numerical fidelity
of the present configuration.

Environment implementation - Drag reduction setup. The control objective is to reduce skin-friction drag
using the zero-shot deployment strategy. Although the implementation closely follows that adopted for
turbulent channel flows described in Sec. 5K, several critical modifications are required. First, owing to
the spatial development of TBLs, the friction velocity becomes a function of the chordwise coordinate, i.e.
uτ = uτ (xss/c). This spatial variation is represented using a ninth-order polynomial fit of the uτ distribution
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(a) 2D environment: Re = 100 & α = 40◦ (b) 3D environment: Re = 1, 000 & α = 20◦

Figure 8: Exemplary visualization of the transversal gust scenario for 2D (a) and 3D (b) environments

available in the database reported in [195], yielding an exact reconstruction of the reference profile.
As a consequence, (1) the bounds of the actuation amplitude, (2) the wall-normal position of the sensing

plane at y+ = 15, and (3) the control update interval (∆t+ = 0.6) all become functions of xss/c. The
formulation of (1) and (2) follows directly once uτ (xss/c) is known. Ensuring an exact update interval at each
streamwise location, however, is considerably more challenging. To address this issue, the update interval
is enforced to be uniform within each control block Ωi, based on a viscous time scale computed using the
block-averaged friction velocity, i.e. t∗Ωi

= ν/⟨uτ⟩2Ωi
.

Furthermore, a coordinate transformation between the wall-normal and Cartesian reference frames is
required. In the wing configuration, actuation is defined in terms of the wall-normal velocity, whereas
the numerical solver operates in Cartesian coordinates. Consequently, the actuation is imposed through
modifications of the horizontal and vertical velocity components such that their projection along the wall-
normal direction yields the desired control intensity. Conversely, the observable states are defined in the
wall-normal frame. Both horizontal and vertical velocity components therefore contribute to the wall-
tangential and wall-normal velocities, with their relative contribution depending on the local curvature of
the surface. Owing to the streamwise inhomogeneity of TBLs, the spatial means of both actuation and state
variables are obtained by averaging instantaneous quantities exclusively in the spanwise direction.

Environment implementation - Transverse gust setup. The transverse gust is implemented through a
prescribed velocity perturbation imposed at the inflow boundary. The gust profile follows a 1-cosine approach
with a gust factor G = 2.0, representing the ratio of peak gust velocity to freestream velocity (see Fig. 8). The
gust temporal development is controlled to achieve the desired interaction dynamics with the airfoil. The state
space representation consists of user-configurable point probes distributed throughout the computational
domain, providing measurements of velocity components, pressure, density, and body forces at specified
locations. To facilitate interactions between the RL agent and the flow environment, three jet actuators are
distributed across the leading edge of the airfoil (see Fig. 9). Each actuator can be controlled independently,
covers 3% of the chord length, and extends over the entire spanwise location. The action spaces are continuous
and normalized in the range [−1.0, 1.0].

Depending on the investigated Reynolds number, the number of CFD timesteps varies in the range of
225− 1, 000, delivering the necessary temporal granularity to represent critical flow physics while preserving
computational tractability. The reward function is formulated to minimize gust-induced force fluctuations
while maintaining aerodynamic efficiency:

R(t) = −|CL(t)− CL,ref | − ω |CD(t)− CD,ref | (37)

where CL(t) and CD(t) are the instantaneous drag and lift coefficients while CL,ref and CD,ref represent
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Figure 9: Computational domain setup, sensor probe distribution and actuation strategy for the gust-airfoil
interaction environments: Three-dimensional view showing the probe distribution around the airfoil with
vortical structures visualized through Q-criterion isosurfaces. The yellow dots in lower right zoom-in highlight
sensor probe locations in a single spanwise plane. Active flow control is performed using three independent
jet actuators positioned along the leading edge of the NACA 0012 airfoil, each covering 3% of the chord length
and extending across the full span (see lower left zoom-in).

time-averaged coefficients of the unperturbed reference case. The weighting coefficient ω = 0.25 is tuned to
balance the competing objectives of gust mitigation and drag reduction.

5F Flow around a cube

Characteristic physics. The flow around a suspended cube represents a canonical problem in fluid dynamics,
offering a fundamental case study for three-dimensional bluff body wakes with fixed separation points. Unlike
a sphere, where the separation location is Reynolds number dependent, the sharp leading edges of a cube
dictate the points of flow separation, leading to a unique and complex evolution of the wake structure as the
Reynolds number increases. For Reynolds numbers in the range of 300 to 3,700, the flow transitions through a
sequence of distinct regimes, each characterized by specific vortical dynamics and stability properties.

Within the lower end of this Reynolds number range, several key bifurcations govern the wake’s topology.
The flow is initially steady and symmetric up to a critical Reynolds number of approximately 215 [202]. As
the Reynolds number increases beyond this point, the flow undergoes a first bifurcation, losing its orthogonal
symmetry to become steady but asymmetric, a state that persists up to a Reynolds number of about 265.
This is followed by a second Hopf bifurcation around a Reynolds number of 270, where the flow becomes
unsteady and periodic, characterized by the shedding of hairpin-like vortices [202, 203]. These hairpin
vortices are initially shed in a regular, periodic manner. Experimental investigations using techniques such as
Particle Image Velocimetry (PIV) and laser-induced fluorescence have confirmed this sequence of bifurcations,
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aligning well with numerical simulations [203]. As the Reynolds number further increases towards 400, the
hairpin vortex shedding becomes more complex, eventually transitioning to a chaotic vortex shedding regime
around a Reynolds number of 310, where the coherence of the shed structures begins to break down [204].

Modeling the flow around a cube presents significant challenges, particularly as the Reynolds number
increases into the turbulent regime. Accurately capturing the precise Reynolds numbers for the initial
bifurcations requires high-fidelity numerical methods with sufficient spatial resolution to resolve the thin
shear layers separating from the leading edges [202]. The interaction between these shear layers from the top,
bottom, and side faces of the cube creates a highly three-dimensional and inherently unstable wake. As the
Reynolds number climbs towards 3,700, the wake becomes fully turbulent, characterized by a broad range
of spatial and temporal scales. The breakdown of larger coherent structures into smaller-scale turbulence
and the complex interactions between different vortical structures are computationally expensive to resolve.
Furthermore, ensuring the numerical schemes accurately capture the sharp-corner-induced separation without
introducing excessive numerical diffusion is a persistent challenge. Understanding the physics is complicated
by the fully three-dimensional nature of the vortex dislocations and the transition to turbulence in the
separated shear layers.

Therefore, the flow around a cube serves as an important test case for the development and benchmarking
of flow control strategies, including those based on reinforcement learning. The well-defined sequence of flow
regimes offers a varied landscape to test the robustness and adaptability of control algorithms. The objective
of such control could be drag reduction, lift suppression, or wake stabilization. The sharp edges provide fixed
locations for the placement of actuators, such as synthetic jets or plasma actuators, simplifying one aspect of
the control problem. However, the inherent three-dimensionality of the wake presents a significant challenge
for flow control. Actuation strategies must be able to influence a complex, three-dimensional flow field, which
necessitates a high-dimensional action space for an RL agent. For instance, controlling the interaction and
instability of the multiple shear layers simultaneously is a non-trivial task. A key challenge for RL is the
development of a low-dimensional state representation from achievable sensor measurements (e.g., surface
pressure sensors) that can adequately describe the high-dimensional state of the flow. The agent must learn a
control policy that can effectively manipulate the different instabilities present in the various flow regimes,
from the steady asymmetry to the chaotic vortex shedding. The time delay between an actuation and its effect
on the global flow properties, such as drag, also poses a significant hurdle for the learning process, requiring
the RL algorithm to handle delayed rewards and long-term consequences of its actions. The complexity of the
cube wake with its multiple interacting shear layers and instabilities therefore provides a challenging and
realistic benchmark for advancing the capabilities of reinforcement learning in active flow control.

Numerical setup and validation. The cube benchmark follows the same computational setup as the square
cylinder case, with the key difference being the three-dimensional bluff body geometry. The cube has a side
length D and the Reynolds numbers are Re ∈ [300, 1, 000, 3, 700]. The 3D domain is (x/D, y/D, z/D) ∈
[0, 32] × [0, 16] × [0, 16] with the cube centered at (x/D, y/D, z/D) = (8, 8, 8) and non-periodic boundary
conditions in all directions. All other boundary conditions, grid refinement levels, and resolution criteria
follow the square cylinder specifications. Validation results shown in Tab. 5 demonstrate comparable accuracy
to the square cylinder cases, with good agreement to established literature values where available.

Environment implementation. The cube environment follows the same fundamental framework as the
square cylinder configuration, with identical reward formulation, state space representation, and episode
structure. The key distinction is the three-dimensional jet actuation strategy, where jets can be positioned
across multiple cube faces: leading/trailing edges with upper, lower, and side face locations (see Fig. 10). The
RL agent controls each jet’s mass flux independently, with actions normalized to [−1, 1]. Temporal coupling
follows the square cylinder approach with Reynolds number-specific action frequencies in the range of 1,000
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(a) Re = 300

Reference St CD

Present study 0.102 0.855
Saha et al.[202] 0.095 0.804
Saha[205] 0.097 0.833
Haider & Levenspiel [206] – 0.985
Holzer & Sommerfeld[207] – 0.923
Khan et al. [208] – 0.843

(b) Re = 1, 000

Reference CD

Present study 0.984
Holzer & Sommerfeld[207] 0.815
Khan et al.[209] 0.883
Khan et al. [208] 0.968
Haider & Levenspiel [206] 1.121

Table 5: Comparison of 3D cube flow results at different Reynolds numbers. St: Strouhal number; CD:
Time-averaged drag coefficient; –: Data not reported or not applicable
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Figure 10: Computational domain setup, sensor probe distribution and actuation strategy for the flow around
a cube: Three-dimensional view showing the probe distribution around the cube with vortical structures
visualized through Q-criterion isosurfaces. The yellow dots highlight sensor probe locations in a single
spanwise plane. Active flow control is performed using independent jet actuators positioned along the
leading and trailing edge of the cube.

to 1,250 CFD timesteps per control action. This configuration enables the investigation of multi-face actuation
strategies for three-dimensional wake control.

5G Flow around a sphere

Characteristic physics. Flow past spheres within the Reynolds number regime 300-3,700 demonstrates
intricate transitional phenomena marked by sequential symmetry-breaking bifurcations and progressive
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wake complexity that establishes this configuration as fundamental for understanding three-dimensional
bluff body aerodynamics and developing advanced control methodologies. This intermediate Reynolds
number range captures the essential transition from organized periodic vortex structures to chaotic subcritical
turbulent behavior, presenting distinctive opportunities and obstacles for both theoretical analysis and
practical intervention strategies.

The underlying flow mechanics throughout this range are dictated by a systematic bifurcation sequence
that progressively destroys flow symmetries and introduces increasingly complex temporal dynamics. The ini-
tial critical transition manifests around Re = 212 through a supercritical pitchfork bifurcation that eliminates
axisymmetry while preserving planar symmetry, establishing steady non-axisymmetric flow patterns [210].
Subsequently, at approximately Re = 280, a supercritical Hopf bifurcation introduces periodic temporal be-
havior characterized by regular hairpin vortex shedding with Strouhal numbers near 0.18-0.20 [211]. The final
primary transition occurs through a Neimark-Sacker bifurcation around Re = 330, generating quasiperiodic
dynamics with two incommensurate frequencies that create complex modulation patterns while maintaining
overall wake organization [212].

These successive instability mechanisms establish fundamental distinctions between lower Reynolds
number steady flows and the complex transitional behavior observed in the Re = 300− 3, 700 range. While
computational approaches utilizing steady-state assumptions remain viable below Re = 212, the emergence
of temporal instabilities necessitates fully unsteady three-dimensional simulation methodologies that capture
both large-scale wake evolution and fine-scale vortical structures [211, 213]. The hairpin vortex morphology
characteristic of this regime creates a distinctive flow topology involving interconnected vortex loops and
induced secondary structures that significantly influence drag, heat transfer, and mixing properties. Beyond
Re = 800, the wake transitions toward subcritical turbulent characteristics while retaining coherent large-scale
organization, establishing a complex multiscale environment where deterministic and stochastic elements
coexist [214].

Consequently, this rich transitional behavior positions spherical wake flows as exceptionally valuable
canonical benchmark for advancing flow control science and validating emerging computational strategies.
The geometric simplicity eliminates confounding effects associated with complex shapes while preserving all
essential three-dimensional bluff body physics, creating optimal conditions for isolating and understanding
control mechanisms. The Reynolds number window of Re ∈ [300− 3, 700] provides particularly favorable
conditions for these developments because the flow complexity challenges algorithm sophistication while
maintaining computational feasibility for extensive training iterations.

In summary, the well-established theoretical foundation surrounding spherical wake physics renders this
configuration invaluable as advancing computational methodologies and experimental capabilities continue
expanding flow control horizons for purely three-dimensional bluff body aerodynamics. The thorough
documentation of fundamental mechanisms enables confident evaluation of whether innovative approaches
genuinely capture essential physics or merely exploit numerical artifacts. Consequently, the extensively
characterized sphere wake provides an indispensable validation platform for novel developments prior to
extension toward more complex geometries and flow physics.

Numerical setup and validation. The sphere setup follows the cylinder benchmark scenario with 3D low
Mach number flows (Ma < 0.2) at Reynolds numbers Re ∈ [300, 3, 700] based on the sphere diameter D. The
computational domain differs from the cylinder configuration with (x/D, y/D, z/D) ∈ [0, 32]× [0, 16]× [0, 16],
featuring an extended z-direction domain. The sphere is centered at (x/D, y/D, z/D) = (8, 8, 8). Grid spacing
and refinement follow the cylinder setup with ∆

(3Dsphere)
0 = 32D and refinement levels up to n = 14, leading

up to 512 cells per sphere diameter D. Inlet and outlet boundary conditions are identical to the cylinder
configuration. However, outlet boundary conditions replace the periodic conditions on all lateral boundaries
due to the extended z-domain. Validation results demonstrate similarly good accuracy compared to the
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(a) Re = 300

Reference St CD

Present study 0.142 0.636
Johnson & Patel[210] 0.137 0.656
Roos & Willmarth[215] – 0.629
Almedeij[216] – 0.602
Clift et al.[217] – 0.674

(b) Re = 3, 700

Reference St CD

Present study 0.212 0.391
Almedeij[216] – 0.409
Clift et al.[217] – 0.378
Haider & Levenspiel[206] – 0.392
Turton & Levenspiel[218] – 0.386
Rodriguez et al.[213] 0.215 0.394
Yun et al.[219] 0.21 0.355

Table 6: Comparison of 3D sphere flow results at different Reynolds numbers. St: Strouhal number; CD:
Time-averaged drag coefficient; –: Data not reported or not applicable

cylinder setup, with Strouhal numbers and drag coefficients matching within established literature ranges for
sphere flows (see Tab. 6), where benchmark results are available.

Environment implementation. The sphere flow environment uses the same default reward objective as the
cylinder setup, targeting drag minimization and lift force oscillation reduction. The actuation strategy differs
from the cylinder configuration through eight cylindrical jets positioned on a circle at the sphere’s backside,
located at 60◦ around the streamwise x-axis. Unlike the cylinder’s slot-like jets, these jets have a circular shape
in the z-direction (see Fig. 11) and allow independent mass flux control by the RL agent.

The environment supports the Reynolds numbers Re = 300, 3, 700, with an identical state space represen-
tation through user-configurable point probes as the cylinder counterpart. Similarly, training episodes and
temporal coupling parameters follow the cylinder configuration, featuring 300 and 750 CFD timesteps per
control action, respectively.

5H Zero-pressure gradient turbulent boundary layer

Characteristic physics. Turbulent boundary layer flows (TBLs) over flat plates represent a canonical flow
problem for fundamental turbulence studies and the investigation of viscous drag reduction mechanisms.
The flow is dominated by chaotic near-wall coherent structures, such as quasi-streamwise vortices and
velocity streaks, which are primarily responsible for high skin-friction drag. Specifically, the buffer layer
(y+ ≈ 10–50) hosts quasi-streamwise vortices with a characteristic diameter of approximately 30 wall units and
alternating low- and high-speed velocity streaks with a robust mean spanwise spacing of λ+

z ≈ 100 [220, 221].
These structures participate in an autonomous self-sustaining cycle comprising streak formation via the
lift-up effect, inflectional instability and breakdown of the streaks, and nonlinear regeneration of streamwise
vortices [222, 223]. Disrupting any phase of this cycle, for instance through external forcing, can suppress
turbulence production and reduce skin friction. While this near-wall cycle is the primary driver of skin-
friction drag at moderate Reynolds numbers, its dynamics do not evolve in isolation at higher Reτ . The
inner-scaled peak of the streamwise velocity variance at y+ ≈ 15 grows logarithmically with Reτ , driven
by the superposition and amplitude modulation of energy from outer-layer large-scale motions onto the
near-wall region [224, 225]. At Reτ ≳ 1,000, very-large-scale motions (superstructures) with streamwise
coherence exceeding 6δ emerge in the logarithmic layer and exert a measurable top-down modulation on the
near-wall small-scale activity [226]. Critically, the wall-normal footprint of these outer-layer structures onto
the near-wall region intensifies significantly with increasing Reτ : the superimposed low-frequency signature
of the superstructures progressively dominates the near-wall velocity and shear-stress fields, meaning that
the inner-layer cycle alone becomes an incomplete picture of the drag-generating dynamics. The Fukagata–
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Figure 11: Computational domain setup, sensor probe distribution and actuation strategy for the flow around
a sphere: Three-dimensional view showing the probe distribution around the sphere with vortical structures
visualized through Q-criterion isosurfaces. The zoom-in highlights sensor probe locations in a single spanwise
plane. Independent jet actuators positioned in the sphere’s rear half enable active flow control.

Iwamoto–Kasagi identity [227] directly links the skin-friction coefficient to a weighted wall-normal integral
of the Reynolds shear stress, providing a quantitative framework for assessing how modifications to the
turbulent stress field translate into drag changes. Because the scale separation between inner and outer
motions grows linearly with Reτ , and because the outer-layer footprint on the near-wall region intensifies
accordingly, control strategies that are effective at low Reynolds numbers may lose efficacy at higher Reτ if
they target only the near-wall cycle—motivating actuation methods capable of simultaneously addressing
both the inner-layer regeneration mechanism and the outer-layer footprint. Spanning this Reynolds number
range with a single benchmark platform therefore enables the systematic investigation of how learned control
policies adapt—or fail to adapt—to the evolving multi-scale structure of the turbulent boundary layer.

Numerical setup and validation. The computational domain is a rectangular box spanning Lx × Ly × Lz

in the streamwise, wall-normal, and spanwise directions, respectively. To validate the baseline numerical
setup, an unactuated flat plate boundary layer is simulated at a momentum-thickness Reynolds number
of Reθ = 1000. The grid utilizes a DNS-like near-wall resolution (∆x+ ≈ 12,∆y+wall ≈ 1.0,∆z+ ≈ 4.0)
to accurately resolve the small-scale turbulent motions. A reformulated synthetic turbulence generation
(RSTG) method prescribes the inflow conditions, and a sponge layer is applied at the outflow to prevent
the spurious reflection of acoustic waves. Validation of the unactuated baseline demonstrates excellent
agreement with reference direct numerical simulation data for both the mean streamwise velocity profile and
the Reynolds stress tensor components (see Fig 12). To facilitate the study of Reynolds number scaling on
control strategies, the HydroGym environment offers pre-configured setups at friction Reynolds numbers
Reτ ∈ [200, 1550, 2200].

46



(a) Streamwise velocity profile (b) Reynolds stress profiles

Figure 12: ZPGTBL Validation for Reθ = 1000: Wall-normal distributions of (a) the streamwise velocity and
(b) the symmetric components of the Reynolds stress tensor and the Reynolds shear stress of the non-actuated
reference case at x = 165. Results are compared to an incompressible TBL from [228].

Environment implementation. We investigate two distinct actuation setups: a streamwise traveling surface
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Figure 13: Schematic of the computational setup for zero-
pressure gradient turbulent boundary layer environment
leveraging a streamwise traveling surface wave.

wave and a jet actuation on the surface. For
both setups, the primary reward function
for the RL agent is the net power saving
(∆Pnet), which evaluates the energetic ben-
efit of the drag reduction minus the power
required to drive the respective actuation (i.e.,
the wall deformation or the jets). The contin-
uous action spaces are defined according to
the setup. For the surface wave, the agent
controls the wave geometry and speed, pa-
rameterized in outer flow units by the wave
amplitude A ∈ [0.001, 0.40], the wavelength
λ ∈ [1, 8], and the phase speed c ∈ [0.1, 0.40].
For the jet actuation, the action space con-
trols the jet velocity, which is bounded within
[−0.1U∞, 0.1U∞]. Because macroscopic mod-
ifications to the turbulent boundary layer re-
quire time to develop, the duration of a con-
trol action depends on the setup: one control
action comprises 5000 CFD time steps for the
surface wave actuation and 1000 CFD time
steps for the jet actuation. Across both config-
urations, a single training trajectory consists
of 200 actuation steps. The state observation
space is highly customizable; it relies on user-
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defined probe locations distributed throughout the flow field that can sample instantaneous velocity com-
ponents (u, v, w), static pressure (p), density (ρ), and local surface forces. Episodes run for the predefined
control interactions or terminate early if the solver diverges due to the exploration of non-physical actuation
parameters.

5I Supercritical DRA2303 airfoil

Characteristic physics. Moving beyond canonical flat plates, the flow around a realistic lifting surface
like the DRA2303 airfoil introduces the complexities of strong streamwise pressure gradients and surface
curvature. Operating at a chord-based Reynolds number of Rec = 400, 000 and Mach numbers spanning
Ma = [0.2, 0.7], the aerodynamic efficiency is dictated by a delicate balance between friction drag and pressure
(form) drag. At higher subsonic Mach numbers, compressibility effects become highly pronounced, and the
interaction of active flow control mechanisms—such as a dynamically deforming wall or surface jets—with
the boundary layer can induce localized supersonic regions or weak shock waves. Applying flow control in
this regime poses a distinct control challenge: minimizing skin-friction drag might inadvertently increase
pressure drag or penalize the lift coefficient. RL agents are uniquely positioned to discover spatially and
temporally varying actuation parameters that navigate these competing aerodynamic forces to optimize
global efficiency across different flight regimes.

Numerical setup and validation. The flow domain is discretized using a boundary-conforming C-type
curvilinear mesh that extends approximately 24 chord lengths upstream and 25 chord lengths in both the
downstream and vertical directions. Spanwise periodicity is enforced with a domain width of Lz = 0.1c,
which is sufficient to ensure the decorrelation of turbulent flow structures along the wingspan. The boundary
layer is tripped near the leading edge (x/c = 0.1) to ensure stable, fully developed turbulence over the
actuated regions of the airfoil. The baseline numerical framework has been rigorously validated against
high-resolution large-eddy simulations for similar airfoil geometries under identical flow conditions, showing
excellent agreement for chordwise pressure (Cp) and skin-friction (Cf ) distributions (see Fig. 14). The active
flow control (traveling wave or jet actuation) is applied over the majority of the suction and pressure sides
(typically 0.2 ≤ x/c ≤ 08). For the surface wave setup, a smooth spatial blending function is utilized to
transition the surface from static to dynamically wavy.

(a) pressure coefficient cp (b) friction coefficient cf (c) Reynolds number Reθ

Figure 14: Validation results of numerical framework for high Re-number airfoil flows: Comparison of the
present method applied to the flow around a NACA4412 airfoil with DNS results by [229] for the (a) pressure
coefficient; (b) skin-friction coefficient; and (c) momentum thickness based Reynolds number.
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Environment implementation. Similar to the flat plate case, the reward function is formulated to max-
imize the global net power saving, inherently balancing the reduction in total airfoil drag against the
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Figure 15: Schematic of the computational setup for zero-
pressure gradient turbulent boundary layer environments
leveraging a streamwise traveling surface wave.

energetic cost of the respective actuation (i.e.,
surface deformation or jet blowing). Both
actuation modes expose continuous action
spaces tailored to the aerodynamic sensitivi-
ties of the curved geometry. For the traveling
surface wave, the agent manipulates three
parameters in outer units (Fig. 15): the am-
plitude is restricted to A ∈ [0.00001, 0.0005]
to account for the heightened sensitivity of
the curved boundary layer, while the wave-
length and phase speed are bounded by λ ∈
[0.005, 0.02] and c ∈ [0.001, 0.25], respectively.
The jet actuator exposes a single degree of
freedom—the jet exit velocity—constrained to [−0.1U∞, 0.1U∞]. To allow aerodynamic forces and wake
dynamics to physically respond to updated wall boundary conditions, the action interval is set to 5000
CFD iterations for the surface wave and 1000 iterations for the jet. Each training trajectory comprises 200
actuation steps across both configurations. Flow observations are recorded through user-defined probe arrays
positioned within the boundary layer or downstream wake, capturing instantaneous velocities, pressure,
density, and local aerodynamic forces. The environment accommodates a range of freestream Mach numbers
(Ma = 0.2–0.7), supporting the development of control policies that generalise across compressible flow
regimes. Episodes conclude either upon completion of the prescribed actuation sequence or upon early
termination triggered by solver divergence under non-physical actuation parameters.

5J Flow through a stenotic pipe

Characteristic physics. Flow through a stenotic pipe has been extensively studied as a canonical configura-
tion to investigate complex hemodynamic and biofluidic phenomena. The presence of a localized narrowing
introduces strong acceleration of the fluid jet, followed by an adverse pressure gradient downstream that
promotes flow separation, shear layer instabilities, and, at sufficiently high Reynolds numbers, transition to
turbulence [230]. These dynamics create characteristic features such as recirculation zones, vortex shedding,
and highly fluctuating wall shear stresses, which are of particular relevance in cardiovascular applications,
for instance, in the progression of atherosclerosis and thrombosis. The flow field is highly sensitive to the
severity and geometry of the stenosis as well as the Reynolds number. As such, stenotic pipe flow serves as
a benchmark problem for studying transitional shear flows as well as fluid–structure interaction in arterial
geometries.

Beyond its relevance to vascular hemodynamics, the stenotic pipe is also a valuable generic case for
studying respiratory flows under obstructed conditions. The localized constriction mimics the airflow
limitations encountered in the human nasal cavity during pathological states such as septal deviation or
turbinate hypertrophy. In this context, a level-set approach has been developed for monitoring the change
in pressure and temperature distributions when iteratively modifying the surface from a stenosed to an
unconstricted pipe [231]. After successfully testing this on the stenotic pipe, the authors have extended
this framework to capture surface modifications from pre- to post-surgical nasal geometries. Building on
this methodological foundation, subsequent studies integrated RL with CFD by letting an agent control
interpolation factors that modify the geometry via the same level-set representation [31]. The agent’s goal was
to find a compromise between reducing pressure loss and improving the heating capability. In the context
of nasal obstruction surgery, this approach has been extended to nasal cavity geometries to design optimal
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Figure 16: Computational domain for validating the stenotic pipe flow.

surgical intervention strategies [53]. In this sense, the stenotic pipe serves as a bridge between canonical
fluid mechanics problems and clinically relevant respiratory applications, making it a suitable benchmark for
developing and validating RL–CFD platforms.

Beyond steady inflow conditions, stenotic pipe flow has also been investigated under pulsatile forcing,
which more closely resembles the physiological environment in cardiovascular and respiratory systems.
The periodic acceleration and deceleration of the fluid introduce additional instabilities that interact with
the stenosis-induced shear layers, often amplifying vortex shedding and enhancing the complexity of the
downstream flow structures [232]. These effects can result in intermittent turbulence, increased wall shear
stress fluctuations, and significant cycle-to-cycle variability in recirculation zones.

In addition to pulsatile inflow, oscillatory flow through stenotic geometries has been examined as a
canonical setup for studying shear reversal and resonance phenomena under zero-mean periodic forcing.
Unlike pulsatile flow, which superimposes forward and reverse phases on a mean flow, purely oscillatory
forcing accentuates the interaction between unsteady shear layers and flow separation in both directions,
leading to enhanced mixing and strongly asymmetric vortex dynamics. Under such conditions it has been
demonstrated how the frequency of oscillation relative to the stenosis geometry governs vortex strength and
flow reversal patterns [233].

Building on this canonical framework, the present study explores a novel RL–CFD coupling in which an
RL agent interacts with oscillatory stenotic pipe flow by controlling the inlet temperature. The agent’s objective
is to maintain the temperature field downstream of the stenosis as close as possible to a prescribed target value.
This setup not only leverages the complex unsteady dynamics of oscillatory stenotic flows as a challenging
benchmark for flow control, but also provides a direct link to biomedical applications. Specifically, the
stenotic pipe serves as a generic surrogate for obstructed respiratory passages, where maintaining controlled
temperature and flow conditions is critical. In this context, the methodology holds promise for extension to
clinically relevant scenarios such as the pre-calibration of mechanical ventilation machines, where RL-driven
control strategies could help adapt inlet conditions to patient-specific airway geometries and pathologies.

Implementation validation. The computational domain used for validating the stenotic pipe flow and its
coordinate system are illustrated in Fig. 16. Details about the curvature of the stenosis can be found in [230].
The Reynolds number based on the pipe diameter at the inlet D is set to Re = (Uref ·D)/ν = 500 to match the
conditions in [230], where D = 1m, ν = 1.63 · 105 m2/s is the kinematic viscosity of air, and Uref the spatially
averaged velocity at the inlet. The domain length is L = 38D.

At the inlet, the velocity profile of a fully developed laminar pipe flow is prescribed and the density of
the fluid is linearly extrapolated from the neighboring inner cells. At the outlet, a constant pressure pout is
set, and the velocity is extrapolated from the inner cells. To satisfy the no-slip condition at the pipe walls, an
interpolated bounce-back scheme is used [80]. These boundary conditions match the boundary conditions of
the reference simulation in [230].

Figure 17a shows results of a mesh refinement study. Profiles of the normalized streamwise velocity
component u/Uref at x = 5D with various mesh resolutions are compared to the reference solution from [230]
(black). The coarse mesh (blue) has a resolution of ∆x = D/50 and 2.5 · 106 cells. Results with the coarse
mesh indicate a smaller recirculation zone between r/D = 0.4 and r/D = 0.5 and an underprediction of
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Figure 17: Profiles of u/Uref for different mesh resolutions (a) or at different locations with the highest
resolution (b, c) compared to the reference case from the DNS in [230].

the maximum velocity at r/D = 0 by 5.2%. The solution of the medium mesh (red) with a resolution of
∆x = D/100 and 20 · 106 cells agrees better with the reference solution near the recirculation zone, but still
shows a slight underprediction of the maximum velocity by 2.5%. Finally, the fine grid (green) has a resolution
of ∆x = D/200 and features 160 · 106 cells. The corresponding velocity profile matches well with the reference
solution and has only a deviation in the maximum velocity of 1.4%.

Figure 17b shows that the inlet profile of the simulation with the LB method matches the inlet profile
in [230]. The velocity profiles at x = 2.5D in Fig. 17c reveal that the LB simulation agrees well with the
reference solution in the near-wall region and recirculation zone. Deviations below 5% are observed near
r/D = 0.

The comparisons of velocity profiles and recirculation dynamics across different grid resolutions demon-
strate that the fine mesh solution agrees closely with the established DNS benchmark [230]. Together with the
previously verified thermal model [77], these results confirm that the present LB solver reliably reproduces
the key flow features of the stenotic pipe.

Environment implementation. The stenotic pipe control environment is likewise formulated as a discrete-
time Markov Decision Process. The underlying flow is driven by an oscillatory inflow with a Womersley
number of α = 1

2D
√

ω
ν = 4, where ω denotes the angular frequency. To introduce variability and mimic

physiological fluctuations, a Gaussian noise term with mean 0, standard deviation 1, and amplitude 0.05 is su-
perimposed on the sinusoidal signal. The agent interacts with the system by modulating the inlet temperature.
Actions are continuous and normalized, with the initial condition corresponding to a normalized inlet-to-wall
temperature ratio of Tinlet/Twall = 0.9. At each time step, the agent can adjust the inlet temperature within the
bound |∆Tinlet/Twall| ≤ 0.05.

The environment advances in intervals of 4,000 simulation time steps between two consecutive control
decisions. This duration ensures that thermal perturbations introduced at the inlet have sufficient time to
advect downstream and alter the velocity and temperature fields in the vicinity of the stenotic region. The
state space is defined by 10 velocity, pressure, and temperature probes placed along the pipe centerline,
distributed between x = −3.5D upstream of the stenosis and x = D downstream (see Fig. 18). These
probes capture the temporal development of the flow response to the applied control, providing the agent
with the necessary feedback for learning effective strategies. The reward function is formulated as R(t) =

51



u/Uref

2.5

2.0

1.5

1.0

0.5

0.0

−0.5

−1.0

−1.5

−2.0

−2.5

T/Twall

1.00

0.99

0.98

0.97

0.96

0.95

0.94

0.93

0.92

0.91

0.90

u
/
U
r
e
f

t
u/Uref

T/Twall

I

u
/
U
r
e
f

t
u/Uref

T/Twall

II
u
/
U
r
e
f

t
u/Uref

T/Twall

III

u
/
U
r
e
f

t
u/Uref

T/Twall

IV

Figure 18: Normalized velocity and temperature fields of states I-IV of the uncontrolled 3D stenotic pipe flow.

−100 · |(Ttarget(t)/Twall)− 0.95|, where Ttarget is the temperature on the centerline at x = D.
Figure 18 presents the normalized velocity and temperature fields of the uncontrolled 3D stenotic pipe

flow for four characteristic states. In state I, the inflow velocity reaches its peak and cold fluid enters the
pipe. In state II, the inflow velocity transitions from positive to negative, resulting in near-zero velocities
throughout most of the domain. Under these conditions, wall-to-fluid heat transfer is enhanced, leading to a
rise in fluid temperature. In state III, the reverse flow attains its maximum, driving warm fluid into the pipe
from the outlet. Finally, state IV marks the transition from negative back to positive inflow velocity, again
associated with low velocities and elevated heat transfer.

5K Turbulent channel flow

Characteristic physics. Turbulent channel flow (TCF) represents a canonical configuration for investigating
wall-bounded turbulence. Owing to its periodicity in two spatial directions, TCF provides an ideal training
environment for multi-agent reinforcement learning (MARL), as this feature enables the generation of nu-
merous pseudo-environments that can be exploited for parallel training. Consequently, global invariance is
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preserved while learning efficiency is maximized. This distinctive advantage is absent in turbulent boundary
layers (TBLs), where inherent spatial development substantially increases computational cost. Nevertheless,
at comparable Reynolds numbers, TCF exhibits near-wall dynamics and coherent structures that closely
resemble those observed in TBLs.

These considerations motivate the zero-shot MARL methodology, whereby policies trained in a channel
configuration are subsequently deployed on TBLs without additional training. The TCF setup is therefore
designed to reproduce the mean characteristics of the TBL within the targeted control region, thereby serving
as an analogue of the flow environment encountered in the boundary layer. In the present study, the reference
TBL corresponds to the suction side of a NACA0012 wing at Rec = 200,000 and AoA = 0◦, as described in
Sec. 5E, representing a boundary layer subjected to a mild adverse pressure gradient (APG). This strategy
facilitates high-Reynolds-number deep reinforcement learning (DRL) control in complex flow configurations
while substantially reducing computational expense.

Following the zero-shot framework, the principal objective is to match the momentum-thickness-based
Reynolds number (Reθ) as the target flow characteristic. This quantity is defined as Reθ = U0θ/ν, where
momentum thickness (θ) is defined as

θ =

∫ ∞

0
(U/U0) (1− (U/U0)) dy.

Here, U0 corresponds to the boundary-layer edge velocity (Ue) in TBLs and to the centerline velocity (Ucl) in
TCFs. The resulting configuration yields Reθ = 365, which aligns closely with the chordwise-averaged value
⟨Reθ⟩x = 382 on the wing, corresponding to a deviation of only 4.5% from the target. This setup consequently
produces a friction Reynolds number of Reτ = 206.

Numerical setup and validation. The three-dimensional open channel flow is simulated using direct
numerical simulation (DNS) based on the spectral-element method (SEM). The computational domain has
dimensions (Lx, Ly, Lz) = (2π, 1, π)h in the streamwise, wall-normal, and spanwise directions, respectively,
and is discretized into (Nx, Ny, Nz) = (10, 8, 9) spectral elements. A polynomial order of N = 7 is adopted,
yielding (80, 64, 72) grid points in the streamwise, wall-normal, and spanwise directions, respectively. The
resulting inner-scaled spatial resolutions are ∆x+ < 18.8, ∆y+|min,max < (0.5, 11.3), and ∆z+ < 10.1 in the
streamwise, wall-normal, and spanwise directions, respectively. This resolution is selected to ensure that the
effective size of the control actuators closely matches that employed in the wing simulations expressed in
viscous units, thereby providing the grid-level consistency required to justify zero-shot transfer. A no-slip
boundary condition is imposed at the lower wall, whereas a symmetry condition is applied at the upper
boundary to avoid additional complications associated with wall actuation. Periodic boundary conditions are
enforced in both the streamwise and spanwise directions, and the flow is driven by a prescribed constant bulk
velocity to maintain statistically stationary turbulence.

To validate the numerical framework, a DNS of a full channel flow (i.e. with no-slip conditions imposed
at both walls) is performed in Nek5000 at Reτ = 180, following the configuration detailed in [201]. The
inner-scaled mean streamwise velocity profile and Reynolds-stress components are compared against the
reference DNS database of [234] at Reτ = 180 as functions of the inner-scaled wall-normal distance y+,
presented in logarithmic scale in figure 19. The excellent agreement observed across all quantities confirms
the accuracy of the present numerical setup.

Environment implementation. The control objective is to reduce the wall-shear stress τw = ρν (dU/dy)y=0

in the channel flow. Accordingly, the reward (R) is defined as the relative reduction in τw:

R = 1− τ ctrlw /τ refw (38)
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Figure 19: Inner-scaled (left) mean component of streamwise velocity and (right) Reynolds stresses as a
function of inner-scaled wall-normal distance y+ compared to Hoyas et al. DNS data of a full channel at
Reτ = 180.

where ctrl and ref denote the controlled and uncontrolled flow states, respectively. For a fully developed TCF,
this quantity is spatially uniform at the wall, thereby constituting a global invariant well suited for MARL.
The actuation consists of zero-mean wall-normal blowing and suction at the wall, as detailed in Sec. 3C,
with amplitudes constrained within the range [−uτ , uτ ], where uτ =

√
τw/ρ. Control actions are updated at

intervals of ∆t+ = 0.6, scaled using the viscous time unit t∗ = ν/u2τ . Each training episode spans a duration of
t+ = 1,500. The observable states available to each agent consist of the streamwise and wall-normal velocity
components sampled at y+ = 15 (with y+ = yuτ/ν). For each component, the spatial mean computed as the
ensemble average over all homogeneous directions is removed. In fully developed TCF, this mean value is
identically zero for all velocity components. Further implementation details can be found in [235], as the
present setup closely follows the methodology established in that work.

5L Differentiable turbulent channel flow

Characteristic physics. The turbulent channel flow at Reτ = 180 is an ideal example of a fully developed
turbulent flow. It exhibits the phenomena of wall-bounded flows in general, serving as an ideal case for
understanding flow over surfaces. In HydroGym, the channel flow is solved on a 3D domain of size (2π×2×π)
discretized into (72× 72× 72) cells. The streamwise and spanwise directions contain uniform spacing, while
a tunable hyperbolic tangent function is applied to the spacing in the wall-normal direction resulting in a
finer grid close to the wall. A no-slip boundary condition is implemented at the walls, and periodic boundary
conditions are applied in the streamwise and spanwise directions. A Neumann boundary condition is applied
on the walls for pressure, ∂p

∂zwall
= 0. The channel flow is driven by a constant, external body force in the

x-direction, f = (fx, 0, 0), to ensure a statistically stationary turbulent flow [236]. The flow is initialized with
a laminar flow plus a random perturbation to generate turbulence. The forcing term sets the friction Reynolds
number, Reτ , through the following relation:

fx =
8ν2

H3
Re2τ , (39)
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where H is the height of the channel. The velocity and pressure are both solved at the cell-centroids of the
grid. The timestep, ∆t, of the simulation is dynamically updated to ensure a maximum Courant number of
0.9 [237].

Numerical setup and validation. The 3D channel flow problem is solved with a finite-difference direct
numerical solver (DNS) inspired by work of Vuorinen et al. [237]. A compact way to numerically solve the
derivatives in equation 24 is with differentiation matrices. Consider a derivative operator ∂

∂x and the velocity
u and pressure p at the cell-centroid points. For a grid of size (N,N,N), the velocity and pressure can be
expressed as column vectors of size (N3, 1), and the differentiation operators, say ∂

∂x , as a sparse differentiation
matrix Dx of size (N3, N3). All together, there are six differentiation matrices for velocity and six for pressure,
(Dx,Dxx,Dy,Dyy,Dz,Dzz). The derivatives in the Navier-Stokes equations can then be computed with basic
linear algebra ∂u

∂x ≈ Dxu. For instance, the diffusive term in x would be computed as: ν(Dxxu+Dyyu+Dzzu).
The Poisson equation is used to solve for the pressure, using the formula: Mp = Dxu+Dyu+Dzu where M
is the Poisson operator. This is a linear system, which is solved using the Biconjugate gradient solver from
lineax BiCGStab [238]. Once the pressure is solved for, the velocity is corrected using the pressure gradient:
u∗ = u−Dx,pp. To validate the solver, the dimensionless velocity fluctuations and mean velocity profile were
plotted against the well-known Moser et al. 1999 DNS study [239], as shown in Figure 20.

Environment implementation. The control task for the 3D channel flow is to locally minimize the wall-shear
stress with synthetic jets. Specifically, zero-mass-flux jets with periodic blowing and suction are implemented
at the wall of the channel. This is essentially a wall-normal velocity distribution with a parabolic velocity
profile, ensuring it is maximal at the centerline and smoothly decays to zero at the jet’s edges. The actuation
time is determined by the travel time of the velocity streaks, and ranges from 50∆t to 150∆t depending on
the amount of jets implemented and the friction Reynolds number. The environment observation is the point
value of the velocity in the x-direction, u, sampled from an off-wall location parallel to the jet locations. The
sampling height was chosen as y+s ≈ 15, where there exists a strong correlation between wall-normal velocity
and near-wall vortical structures [240]. Similar works have also used this sampling plane to ensure the best
results [241]. The objective was to reduce the skin friction, or wall-shear stress, of the channel. The wall shear
stress was computed as τw = νu(y)/y, where y was chosen within the viscous sub-layer. Mathematically,
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this is equivalent to computing the velocity gradient with respect to the wall, since u(y=0) = 0 [242, 243]. To
decrease τw, reward signal was calculated as the ratio between the magnitude of the uncontrolled wall shear
stress and the controlled wall shear stress. Both GPPO and PPO used the same observations and rewards, with
the main distinction being that the GPPO training uses the reward signal in the loss function to differentiate
through the environment dynamics when updating the policy.

5M Kolmogorov flow

Characteristic physics. Chaotic dynamical systems often exhibit extreme events in which the system
significantly deviates from its expected behavior. These extreme events exist in both nature and engineered
systems, such as oceanic rogue waves, earthquakes, and shocks in power grids, often leading to adverse
financial and societal impacts [244]. As such, it is important to be able to predict and control these events. In
turbulence, extreme events manifest as energy bursts, which are random and intermittent in both space and
time [245]. To demonstrate this phenomena, a canonical two-dimensional turbulent flow driven by a sinusoidal
forcing term is developed. This flow is known as the Kolmogorov flow, and in a certain parameter regime,
it exhibits sporadic energy dissipation bursts due to a non-linear energy transfer between scales [246]. This
often happens between Reynolds numbers 40 to 80 [247], as depicted in Figure 21 (b). For this implementation,
it was found that the energy transfer that occurs is between a larger fluid structure with wavenumber (1,0),
which transfers energy to smaller structures with wavenumber (0,kf ) [246]. This rapidly increases the energy
dissipation, as turbulent energy dissipates at smaller scales.

Numerical implementation. Earlier in this section, the vector form of the incompressible Navier-Stokes
equation 24 was introduced. This can be reformulated in vorticity space by taking the curl of the momentum
equation, which can then be solved with Fourier methods. To demonstrate this, recall that ∇×u = ω, ∇·u = 0
for an incompressible fluid, and ∇×∇ · q = 0 where q is a scalar quantity. Equation 24 can then be simplified
to:

∂ω

∂t
+ u · ∇ω = ν∇2ω + f , ω = −∇2Ψ; (40)

where the stream function Ψ, defined as u = ∇× Ψ, ensures continuity. Equation 40 is also known as the
vorticity equation [248], and is approximated numerically on a doubly-periodic domain of [(0, 2π)× (0, 2π)]
with a sinusoidal forcing term of f = (sinkfy, 0), where kf is the forcing wavenumber. A pseudo-spectral
method with 2/3 aliasing was developed to solve the equation [249]. For the time integration, a fourth order
Runge Kutta and Crank Nicolson method from [250] was implemented.

Environment implementation. The Kolmogorov flow contained two control objectives: (1) mitigating
energy dissipation, ϵ, and (2) increasing turbulent kinetic energy (TKE). While the obvious control objective
is to predict and mitigate the energy burst, it can instead be leveraged to drive the system into a more
turbulent regime, thereby increasing TKE and mixing. For the first objective, the energy dissipation rate is
computed as ϵ = 2ν < SijSij >, where Sij is the strain rate tensor [251]. The reward function penalizes both
energy dissipation magnitude and events characterized as extreme. In this case, any energy dissipation value
that is greater than three standard deviations is penalized. For the second objective, the average turbulent
kinetic energy (TKE) is computed as: 1

n2

∑n
i=1

∑n
j=1[

1
2(ui − U)2 + (vi − V )2], where (u, v) are the x and y

velocity components with mean fields of U and V , respectively. In this case, the reward is proportional to
the TKE. The observations are the same for both objectives - equally spaced velocity point values across the
domain. The actuation is formulated as amplitudes of a forcing wavenumber, where the amplitudes are
the actions of the agent. Four wavenumbers are chosen to manipulate the system, and the control function
took the form c = a1f(kf1) + a2f(kf2) + a3f(kf3) + a4f(kf4), where f is the sinusoidal forcing function with
wavenumber kf . The wavenumbers selected are greater than the forcing wavenumber, as any additional
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energy in the large-scale structures dominated the dynamics. In the case presented in this work, the specific
forcing wavenumbers of k1, k2, k3, k4 = 4, 5, 6, 7 are chosen. For both objectives, the actions are added as a
term to the reward function to penalize large actions and promote more efficient controllers.

5N Shock vector control in a single divergent nozzle

Characteristic physics. Shock vector control (SVC) is a fluidic thrust vectoring technique in which a sec-
ondary jet is injected into the divergent section of a nozzle, deflecting the primary supersonic flow and
generating a controllable lateral force. This approach offers a lightweight and mechanically simple alternative
to conventional systems based on movable flaps or gimbaled nozzles, thereby reducing structural complexity,
weight, and maintenance requirements [252]. The underlying physics are governed by compressible flow
interactions: the injected secondary jet generates a bow shock that induces an adverse pressure gradient,
forcing the primary flow to turn. This results in an asymmetric wall pressure distribution, which is the
primary source of the lateral force and the resulting thrust vector deflection. The effectiveness of SVC is
highly sensitive to operating conditions such as the pressure ratios of the primary and the secondary flow.
Developing control strategies is therefore essential to ensure stable and predictable performance across a wide
operating envelope.

The nozzle geometry and flow conditions considered in this study are based on the experimental work of
Waithe et al. [253], who examined the flow in a single divergent planar nozzle. A schematic of the geometry
is shown in Fig. 22. In addition to the planar (2D) configuration, we also investigate the corresponding
three-dimensional bell nozzle. The 3D geometry is constructed by revolving the 2D nozzle contour about
the x-axis. The nozzle contour consists of linear and circular segments, with a linear convergent section. The
throat diameter is Dt = 27.48mm and the injector width is 2.032mm. The injection direction is aligned with the
planar injector normal. The flow conditions are parameterised by the nozzle pressure ratio NPR = P0/P∞
and the secondary pressure ratio SPR = Ps/P0. Here, P0 and Ps denote the total pressure of the primary and
secondary flow, respectively. The ambient pressure is denoted by P∞. Key performance metrics are the thrust
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vector angles δ0 and δ1. Given the thrust vector F = [Fx, Fy, Fz], they are defined as

δ0 = tan−1(Fy/Fx), δ1 = tan−1(Fz/Fx). (41)

Numerical setup and validation. The simulations are performed using the JAX-Fluids CFD solver [102, 103].
JAX-Fluids solves the compressible Navier-Stokes equations on a Cartesian mesh using a high-order Godunov-
type method. In particular, a fifth-order WENO-Z scheme [254] is employed for cell-face reconstruction.
The numerical cell-face flux is then computed with the HLLC approximate Riemann solver [255]. Temporal
integration is performed using the third-order total-variation-diminishing Runge-Kutta scheme [256]. Solids
are modeled with a conservative cut-cell immersed boundary method [257], where the interface is represented
as the zero level-set of a signed-distance function.

Figure 22 shows a schematic of the computational domain. The domain extends over (x/Dt, y/Dt, z/Dt) ∈
[0, 250]× [−75, 75]× [−75, 75], where the nozzle centerline coincides with the x-axis. The mesh consists of a
highly resolved uniform region around the nozzle and a stretched region, increasing cell size towards the
domain boundaries to reduce boundary effects. Two grid resolutions are considered: a coarse grid with
Dt/∆x = 50, resulting in (Nx, Ny, Nz) = (500, 300, 300) cells, and a fine grid with Dt/∆x = 100, resulting in
(Nx, Ny, Nz) = (900, 500, 500) cells.

At the primary and secondary inlets, stagnation pressure and a total temperature of T0 = 300K are
prescribed. At the secondary inlet, no assumption is made a priori regarding choking. Instead, the local static
pressure at the boundary is compared to the injector total pressure Ps. If the corresponding pressure ratio
indicates choked conditions, the boundary state is imposed assuming isentropic expansion from Ps to sonic
conditions (M = 1). Otherwise, the local static pressure is imposed, and the remaining flow variables are
obtained from isentropic relations between Ps and the local pressure. The ambient pressure is set to P∞ = 1bar.
The fluid is an ideal gas with specific heat ratio γ = 1.4 and specific gas constant R = 287.14 Jkg−1K−1.

In the present work, viscous effects are neglected, eliminating the need to resolve the boundary layer
and thereby significantly reducing computational cost. As a consequence, boundary layer separation is
not captured. Figure 23 shows the resulting Mach number field for the planar nozzle at NPR = 4.6 and
SPR = 0.7. The injected secondary jet generates a bow shock that penetrates into the supersonic core flow,
inducing a strong flow deflection and forming an asymmetric shock structure responsible for thrust vectoring.
In the absence of viscous effects, the adverse pressure gradient does not lead to boundary layer separation.
In viscous flows, the resulting separation bubble modifies the shock system such that, instead of a strong
bow shock located close to the injector, a comparatively weaker oblique (separation) shock forms further
upstream [252, 253]. This mechanism is absent in the inviscid case, which is also reflected in the wall pressure
distributions in Fig. 23. Here, the overall trend is well captured, but the inviscid solution exhibits a more
pronounced pressure peak closer to the injector. Nevertheless, the predicted thrust vector angles show good
agreement with RANS and experimental data, indicating that the essential flow dynamics governing the
shock-vectoring mechanism are well captured despite the absence of boundary layer effects. Future work will
extend the present approach to wall-modeled large-eddy simulation to account for these near-wall effects.

Environment implementation. Two environments are considered: a planar (2D) and an axisymmetric (3D)
nozzle configuration, each simulated at two grid resolutions as described above. The flow is characterized
by a fixed nozzle pressure ratio NPR = 4.6, while the secondary pressure ratio is user-defined within
SPR ∈ [0.7, 0.9]. In the 2D configuration, two injectors are present, one located on the upper and one on the
lower wall, resulting in two control inputs. In the 3D configuration, the number of injectors Ninj is user-defined,
and the injectors are uniformly distributed along the nozzle circumference, yielding Ninj independent control
inputs, as illustrated in Fig. 24. The control input is defined through normalized actuator signals ai ∈ [0, 1],
i = 1, . . . , Ninj, for each injector. Each actuator controls the total pressure of the corresponding secondary jet
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Figure 22: Schematic of the nozzle geometry and the computational domain.

according to
Ps,i = plocal,i + ai

(
Ps,max − plocal,i

)
, (42)

where plocal,i denotes the instantaneous local static pressure at injector i, and Ps,max = P∞ ·NPR · SPR.
The observations are the instantaneous thrust vector angles (δ0 and δ1), the instantaneous target thrust

vector angles (δref
0 and δref

1 ), and wall pressure measurements downstream of the injectors. In particular, two
pressure probes are placed along the wall between each injection location and the nozzle exit, resulting in a
total of 2Ninj pressure probes. The reward r is defined based on tracking a reference trajectory of the thrust
vector angles. Using the instantaneous thrust vector angles and their corresponding reference values, the
reward is formulated as

r = −
√(

δ0 − δref
0

)2
+
(
δ1 − δref

1

)2
, (43)

which penalizes deviations from the desired thrust vector direction. Note that the environment admits
time-dependent reference values for the thrust vector direction.
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Figure 23: Results for the planar nozzle with SPR = 0.7. Visualized is an instantaneous snapshot of the
Mach number field for NPR = 4.6 and the corresponding mean wall pressure pw/P0 over the centerline x/xt,
where xt denotes the throat location. Additionally, the mean thrust vector angle δ0 over a variation of the
nozzle pressure ratio NPR is shown.
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Figure 24: Illustration of the 3D bell nozzle environment with Ninj = 8. The injector locations are indicated by
white patches on the nozzle surface, which is colored by the static pressure. A 2D xy-slice at z = 0 shows the
corresponding Mach number field. The computational grid is also depicted, highlighting the highly resolved
uniform region and the stretched region towards the domain boundaries.
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[130] Julio R Meneghini, Fábio Saltara, Cesareo de La Rosa Siqueira, and JA Ferrari Jr. Numerical simulation
of flow interference between two circular cylinders in tandem and side-by-side arrangements. J. Fluid
Struct., 15(2):327–350, 2001.

[131] H Ding, C Shu, KS Yeo, and D Xu. Numerical simulation of flows around two circular cylinders by
mesh-free least square-based finite difference methods. International journal for numerical methods in
fluids, 53(2):305–332, 2007.

[132] M Braza, PHHM Chassaing, and H Ha Minh. Numerical study and physical analysis of the pressure
and velocity fields in the near wake of a circular cylinder. J. Fluid Mech., 165:79–130, 1986.

[133] O Posdziech and R Grundmann. A systematic approach to the numerical calculation of fundamental
quantities of the two-dimensional flow over a circular cylinder. J. Fluid Struct., 23(3):479–499, 2007.

[134] A. B. Harichandan and A. Roy. Numerical investigation of low reynolds number flow past two and
three circular cylinders using unstructured grid cfr scheme. Int. J. Heat & Fluid Flow, 31(2):154–171, 2010.

[135] A. Colagrossi, G. Graziani, and M. Pulvirenti. Particles for fluids: Sph versus vortex methods. Mathe-
matics and Mechanics of complex systems, 2(1):45–70, 2013.

[136] Danilo Durante, Emanuele Rossi, A. Colagrossi, and Giorgio Graziani. Numerical simulations of
the transition from laminar to chaotic behaviour of the planar vortex flow past a circular cylinder.
Communications in Nonlinear Science and Numerical Simulation, 48:18–38, 2017.

[137] L Ridgway Scott and Rebecca Durst. Chaotic dynamics of two-dimensional flows around a cylinder.
Physics of Fluids, 36(2), 2024.

[138] Henry von Wahl, Leo G Rebholz, and L Ridgway Scott. Benchmark stress tests for flow past a cylinder
at higher reynolds numbers using emac. arXiv preprint arXiv:2507.09274, 2025.

[139] Lixia Qu, Christoffer Norberg, Lars Davidson, Shia-Hui Peng, and Fujun Wang. Quantitative numerical
analysis of flow past a circular cylinder at Reynolds number between 50 and 200. J. Fluid Struct.,
39:347–370, 2013.

[140] O. Posdziech and R. Grundmann. Numerical simulation of the flow around an infinitely long circular
cylinder in the transition regime. Theor. Comp. Fluid Dyn., 15(2):121–141, 2001.

[141] Bruno Souza Carmo and Julio Romano Meneghini. Numerical investigation of the flow around two
circular cylinders in tandem. J. Fluid Struct., 22(6-7):979–988, 2006.
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[183] Sergio Martı́nez-Aranda, AL Garcı́a-González, Luis Parras, JF Velázquez-Navarro, and C Del Pino.
Comparison of the aerodynamic characteristics of the NACA0012 airfoil at low-to-moderate Reynolds
numbers for any aspect ratio. International Journal of Aerospace Sciences, 4(1):1–8, 2016.

[184] Sam Zarovy, Mark Costello, Ankur Mehta, Greg Gremillion, Derek Miller, Badri Ranganathan, J Sean
Humbert, and Paul Samuel. Experimental study of gust effects on micro air vehicles. In AIAA atmospheric
flight mechanics conference, page 7818, 2010.

[185] Herbert G Küssner. Zusammenfassender Bericht über den instationären Auftrieb von Flügeln. Luftfahrt-
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