Supplementary Information for

Evidence for vacuum-enhanced superconductivity in NbSe;

Zheyan Wang!?3, Gabriel Cardoso?, Liu Yang*®, Xun Gong'?3, Chi Zhang!-?3, Yufei
Zhu?*$, Dongbo Zhang!->3, Nan Pan*3, Hongbing Cai**, Yong P. Chen’”*?, Qing-Dong
Jiang®*>* Guanghui Cheng!->10* Frank Wilczek*>!11:1213:% ' Changgan Zeng!3:*

"Department of Physics, University of Science and Technology of China, Hefei 230026,
China.

’Hefei National Laboratory, Hefei 230088, China.

3International Center for Quantum Design of Functional Materials (ICQD), Hefei National
Research Center for Physical Sciences at the Microscale, University of Science and
Technology of China, Hefei 230026, China.

“Tsung-Dao Lee Institute, Shanghai Jiao Tong University, Shanghai 201210, China.

3School of Physics and Astronomy, Shanghai Jiao Tong University, Shanghai 200240,
China.

®Wilczek Quantum Center, Shanghai Institute for Advanced Studies, University of
Science and Technology of China, Shanghai 201315, China.

"Institute for Materials Research (IMR), Tohoku University, Sendai 980-8577, Japan.

SWPI Advanced Institute for Materials Research (AIMR), Tohoku University, Sendai 980-
8577, Japan.

“Institute of Physics and Astronomy and Villum Centers for Hybrid Quantum Materials
and Devices, Aarhus University, 8000 Aarhus-C, Denmark.

Frontier Research Institute for Interdisciplinary Sciences (FRIS), Tohoku University,
Sendai 980-8578, Japan.

"Department of Physics, Stockholm University, Stockholm 10691, Sweden.

2Department of Physics and Origins Project, Arizona State University, Tempe, Arizona
25287, USA.

BCenter for Theoretical Physics, Massachusetts Institute of Technology, Cambridge,
Massachusetts 02139, USA.

*Corresponding authors. Emails: qingdong.jiang@sjtu.edu.cn; cghui@ustc.edu.cn;
wilczek@mit.edu; cgzeng@ustc.edu.cn.



Supplementary Note 1.
Supplementary Note 2.

Supplementary Note 3.
& and Vegr

Supplementary Note 4.
superconductivity

Supplementary Note 5.
Supplementary Note 6.
Supplementary Note 7.
Supplementary Note 8.

Supplementary Note 9.
system

CONTENTS

Rationale for the chosen cavity
Discussion on the chosen 12-layer NbSe» and its dimensionality

Method of the electromagnetic simulations and determination of
Spatial localization of the field and its impact on

Extraction of the critical temperature 7t
Dependence on the thickness of Al,O; spacer
Dependence on the thickness of NbSe»
Replacement of AlbO; dielectric spacer with HfO»

Ginzburg-Landau theory for the coupled superconductor-cavity

Supplementary Note 10. Extraction of Q and its impact on 7. modulation

Supplementary Note 11. Influence of the dielectric environment on 7. modulation

Supplementary Note 12. Discussion based on the sub-wavelength cavity theory

Supplementary Note 13. Discussion based on the microscopic picture of polaritonic

coupling

Supplementary Note 14. Strategies for amplifying cavity-enhanced superconductivity

Supplementary Figure 1. Extraction of transition temperatures

Supplementary Figure 2. Dependence on the thickness of Al2O3

Supplementary Figure 3. Dependence on the thickness of NbSe»

Supplementary Figure 4. Control experiment with HfO; spacer

Supplementary Figure 5. Bare Y propagator

Supplementary Figure 6. Tadpole correction to the propagator

Supplementary Figure 7. Second-order diagram correction to the propagator

Supplementary Figure 8. Frequency-dependent superconductivity enhancement for

different Q values



Supplementary Note 1. Rationale for the chosen cavity

The choice of the cavity was guided by four main considerations: (1) The sub-
wavelength split-ring resonator can achieve a high field enhancement. The vacuum field
fluctuation amplitude is estimated to be ~260 V/m, almost four orders of magnitude
stronger than that of the free space (~0.43 V/m) for the same frequency. Such field boosting
can significantly enhance the light-matter interaction. (2) The frequency of the split-ring
cavity can be easily tuned to the resonance condition: the typical near-terahertz frequency
of the cavity matches the energy of the superconducting fluctuation of NbSe: (see analysis
of the resonance condition in the main text). (3) The planar split-ring architecture is
compatible with the exfoliated layered materials, allowing for flexible alignment and
integration. (4) As verified in earlier works!?, such split-ring cavity can enable effective

coupling with electron systems.

Supplementary Note 2. Discussion on the chosen 12-layer NbSe; and its

dimensionality

Very thin NbSe, flakes (e.g., monolayers, bilayers) are more susceptible to disorder,
strain, and fabrication-induced degradation, which lead to strong inhomogeneity and
intrinsic fluctuations of 7¢. This poses a significant challenge for the systematic study of
the relatively modest cavity-enhanced 7c.. The possibly broadened superconducting
transitions in few layers also complicate an accurate determination of 7c. In contrast, for
12-layer NbSe>, we can reliably obtain sharp, uniform transitions with reproducible T,

allowing high-precision transport measurements.

Based on the DFT calculations and ARPES measurements, the electronic structure of
four-layer NbSe is already very close to the bulk limit**. NbSe, with more than ten layers
exhibits properties identical to those of the bulk, in terms of phonon modes?, as well as
charge density wave and superconductivity®’. From this perspective, the 12-layer sample
already lies within the bulk-like electronic regime. At the same time, the observation of
BKT-like behavior in transport measurements (Extended Data Fig. 5) is not contradictory.

The BKT transition reflects vortex-antivortex physics in the in-plane superconducting



response, rather than the underlying electronic dimensionality. Since the thickness of the
12-layer sample (~8 nm) is comparable to the superconducting coherence length and much
smaller than its penetration depth, phase fluctuations and quasi-two-dimensional vortex
dynamics can naturally emerge near 7., even though the electronic structure is already

bulk-like.

From an application standpoint of the cavity, its relatively thick structure (~210 nm
in height), together with the spatially broad field distribution (Extended Data Fig. 1), make

it applicable to much thicker bulk superconductors as well.

Supplementary Note 3. Method of the electromagnetic simulations and

determination of &5 and Vesr

The field distributions in Extended Data Fig. 1 are obtained by finite-element
simulations performed with Computer Simulation Technology (CST) Microwave Studio'®,
The metallic cavity is modeled as standard lossy gold from the material library. The
substrate consists of 285-nm-thick SiOz on top of 675-um-thick Si. NbSe» is modeled as a
perfect electric conductor. The thin Al,O3; and hBN layers are omitted from the simulations
to reduce the computational cost. The field distribution is obtained at the central height of

the NbSe layer.

2
The effective permittivity &5 is defined as &5 = (}f"i) , where f,,. and fg,p, are the

sub

cavity frequencies in vacuum and on substrate, respectively, and their values are obtained

by electromagnetic simulations based on actual device geometry. Therefore, we can obtain

J-a\ll space £|E(r) lZdV

max[e|E(r)|?]

& = 5.1. The effective volume Vesr is defined as Vog = in the standard

way used in cavity quantum electrodynamics’. The field distribution in this expression is
obtained by electromagnetic simulations based on actual device geometry, which yields

Vegg =79 pm?.



Supplementary Note 4. Spatial localization of the field and its impact on

superconductivity

As shown in Extended Data Fig. 1b, the field is localized at the edge of the
superconductor and may give rise to different 7. values for the edge and interior regions.
However, transport measurements may not resolve this difference even if the edge and
interior contribute differently. The conductance of the edge and interior can be viewed as
a parallel circuit, in which the zero-resistance edge (presumably higher-7¢) may short-
circuit the lower-7¢ interior. As a result, one may still observe a single superconducting

transition even in the presence of edge-interior difference.

On the other hand, the superconducting state is inherently nonlocal and phase coherent.
Even if the cavity field is spatially concentrated near the edge, its effect is not necessarily
restricted to that region. Physically, the edge and interior are coupled through the
superconducting order parameter. Enhancement of superconductivity at the edge can
propagate into the interior via well-established mechanisms such as proximity-induced
pairing and Andreev processes. In addition, the superconducting phase must remain
globally coherent, which imposes a constraint that couples different regions of the sample.
As aresult, a local modification of the pairing strength can influence the effective transition
of the entire device, leading to a measurable 7. modulation even in regions where the field

1s weaker.

With the present transport geometry, fully isolating the edge contribution in
experiments is challenging because the measured resistance is not a simple linear
superposition of regions with different local 7. and current distributions. Here, we propose
several strategies to isolate/quantify the edge effect: (1) Etching the superconductor flake
to a width comparable to the edge-enhanced region (<100 nm), so that the entire flake is
an effective “edge”; (2) Using local probes (e.g., scanning superconducting quantum
interference device or scanning tunneling spectroscopy) to map the spatial variation of the
superconducting gap. While this work provides clear global evidence of the cavity-induced
superconductivity enhancement, a spatially resolved characterization would be an

important next step.



Supplementary Note 5. Extraction of the critical temperature 7.

We determine the transition temperatures following the fitting method!®!!. As shown
in Supplementary Fig. 1, the central part of the transition is fitted linearly, and its
intersections with the extrapolated zero-resistance and normal-resistance lines define
TOffset and TOMset | respectively. The critical temperature T. is determined as T, =

(ch>ffset+Tconset)
2
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Supplementary Figure 1. Extraction of transition temperatures. The data points are
from Fig. 1c of the main text. Three dashed lines represent the linear fits of the central part
of the transition, the zero-resistance state and the normal-resistance state, respectively.
Their intersections define T2f¢t and T2"set. The critical temperature 7. is determined as

(Tcoffset_+_Tconset)

T. = .

Supplementary Note 6. Dependence on the thickness of Al,O3 spacer

We have further studied the dependence on the thickness of Al,O3 spacer. As shown
in Supplementary Fig. 3, 7. modulations are 1.0% and 1.2% for the 10-nm and 20-nm
AL O3 cases, respectively. This robustness of 7c modulation against Al2O3 thickness rules
out the fabrication-related effects involving Al,O3 deposition, and also implies that slightly
shifting the NbSe: position within the cavity gap (by 10 nm downward in this case) does

not significantly alter the coupling between the cavity and NbSe:.
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Supplementary Figure 2. Dependence on the thickness of Al,O3. Cavity-modulated
superconductivity for devices with Al,Os thicknesses of (a) 10 nm and (b) 20 nm. The
cavity frequency is 0.92 THz. The NbSe; flakes have a thickness of 12 layers in both cases.

Supplementary Note 7. Dependence on the thickness of NbSe>

We have investigated the dependence on the thickness of the superconductor.
Supplementary Figure 3a-d shows cavity-enhanced superconductivity in devices with
NbSe> thicknesses of 6, 8, 12, and 17 layers. The corresponding 7. enhancement as a
function of layer number is summarized in Supplementary Fig. 3e. Note that all data points
in this layer-number-dependent dataset were obtained from the same batch of devices with

identical fabrication processes.

For thick NbSe> (8, 12, and 17 layers), the baseline 7. values (black curves in
Supplementary Fig. 3b-d) are around 5.5 K-5.6 K, while the 7. enhancement remains
nearly constant at around 1%. However, for 6-layer NbSe», the baseline 7. drops to around
4.1 K (black curve in Supplementary Fig. 3a), reflecting stronger superconducting
fluctuations at reduced dimensionality. Simultaneously, 7. enhancement increases
dramatically to 5.4%. Such enhanced superconducting fluctuations may strengthen the
low-energy electromagnetic response of the superconducting film, thereby enabling more
effective coupling to the cavity electromagnetic modes. This trend therefore provides

further support for the cavity-based interpretation.
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Supplementary Figure 3. Dependence on the thickness of NbSe;. Cavity-modulated
superconductivity for devices with NbSe» thicknesses of (a) 6 layers, (b) 8 layers, (¢) 12
layers, and (d) 17 layers. The cavity frequency is 0.92 THz, and the Al,O3 spacer is 10 nm
thick in all four cases. e, Cavity-induced 7. enhancement as a function of the layer number
of NbSe:.

Supplementary Note 8. Replacement of Al,O3 dielectric spacer with HfO;

We have replaced the AlbO; dielectric spacer with HfO2. Supplementary Figure 4
shows the measurement of a device with a 10-nm HfO» spacer, yielding 7: enhancement
consistent with that observed in the AlO; cases. Reproducing the effect with two
chemically distinct dielectric materials strongly disfavors dielectric-specific interfacial

effects or associated fabrication artifacts.
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Supplementary Figure 4. Control experiment with HfO, spacer. a,b, Optical
micrograph and cavity-modulated superconductivity for a device with a 10-nm-thick HfO»

spacer. The cavity frequency is 0.92 THz. The NbSe: flake has a thickness of 12 layers.

Supplementary Note 9. Ginzburg-Landau theory for the coupled superconductor-

cavity system
(1) Cavity renormalization in the Ginzburg-Landau (GL) theory

We consider the effects of the cavity on the superconductor close to the transition.

The superconductor is described by the time-dependent Ginzburg-Landau action,

— 1
Ssc = fdtd3x [ll'(iat + 2edo)Y — T DA% — aly|? - (,3/2)|1/J|4], (s1)

. 2
= f ded3x li (iat +2eA° + % — a)¢ — ;Ai@agp — ) — % VARLIE

- (§)wr],

where D; = 0; — i2eA;, and in the second line we use that 4; is real. Additionally, we

consider fluctuations of the electromagnetic field in the cavity. These are controlled by the

Maxwell action,

_¢ 3 [ 21 2
Seu = 5 f ded*x [(0,4)" = 3 (7 x 47, (52)



where we use the radiation gauge A° = 0 in which the vector potential contains
longitudinal components. In this gauge, the light-matter coupling can effectively
incorporate the density—scalar-potential interaction that appears in the Coulomb gauge,
which is expected to dominate over the current-vector-potential interaction in a sub-
wavelength cavity!'?. We consider the case where a single mode dominates the coupling to

the cavity, with parametrization

Ao =q®) o@D &y, (53)

where ¢ (X) is the mode function, giving the spatial profile of the cavity mode, é,, is the
polarization direction, and q(t) is the fluctuating amplitude. Using the mode function

properties
VoW = —enoi@, | Pxe? =1, (s4)
where w, is the cavity frequency, we find that equation (S2) simplifies to
€ 22 2,2
SEM = 5 dt(q® — weq®). (S5)

In order to calculate the effect of fluctuations on the large-scale physics, we consider

the two-point vertex,

i

re,x,e,2) = = : (s6)
(Wt DY, )
in the presence of interactions. Explicitly,
Nl 1 é é _
(W&, DY, 1)) = Z[n, 7], (57)

~ Z[0,0]1i67(t, %) isn(t’, %)

with the generating function

Z[nr ?’] = fD[‘L/)' i]Dq ei[SSC+SEM+J‘dtd3x($rl+ﬁlp)]

= D[, B]Pq (— Bl ([ as@oyp - va, )
m!nl!p! 2 m

mn,p
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The(m, n,p) = (0,0,0) contribution gives the bare propagator,

>N\ 7 =1 l 4 r 21
<lp(t,X)1/J(t , X )>(0'0'0) = —A(t,x,t ' X )P
iat +m— a

which we represent by a solid line (see Supplementary Fig. 5).

.

Supplementary Figure 5. Bare ¥ propagator.

The p = 1 contribution gives (see Supplementary Fig. 6)

< ere| ﬂ> -

2 [ dt, a9t ) OB TN OIFE)

(58)

(89

(S10)

where we keep only the connected contractions and use the simplified notation Y (x) =

Y (t,, X). The bare propagator for the single photonic mode is

(a0 () = sz =y

so that, by Wick rotation,

1
21 e(a)2+wcz) Zea)c'

(@? () > f

Substituting this result in equation (S10),

(WOIP) 01, =
. ’ ik-(x-y) ik (y—-x")
ie? ittt ,)f d*k &k’ . ell(x=y) ¢
e f e @ Y — PR

W—5——aw— -«
2m 2m

11

(S11)
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(S13)



In general, the mode function destroys translational symmetry. To extract the translation-
invariant part, we do a spatial average of this term over the sample volume Vg, which is

approximately 2 um X 25 um % 8 nm in the experiment. The important result is

i d3x’ d3k’ d3y¢2()-;)ei[k-(x—y)+k'-(y—x')] (S14)
Vsc (2m)3
a3k’ d3k" . ~ , n (2m)368(k — k")
= | —— " — L' — ik (x—x")
f(Zn)E" 2’ pk'")p(k — k' —k')e Vee . (815)
Inserting this relation in equation (S13), and defining
f Lk PP (=) f d*x ¢* (%) (516)
— —k) = xp°(x) =:
(2m)? Ve Xo

where the pure number 0 < y4 < 1 gives the fractional overlap of the mode function with

the sample. Then we find the tadpole correction

(! iez)(¢ dw d3k ei[k'(x—x')—w(tx—tx,)]
(BEPCN) g1 = g i |5 o — (s17)
B
) > > )

Supplementary Figure 6. Tadpole correction to the propagator.

The final connected diagram that contributes at this order arises from the n = 2 term

in equation (S8) (see Supplementary Fig. 7),
1 _ _ 2
<¢(x)¢(x')z(% f ab (o, - vo, 7)) >
= % f d t,d*zdt,, d*w(q(t,)q(t, )W )P (@) NP W) (x)) (S18)
X [-9@) (0,2, (WP )} - d@p W) (2,12, B(w))
- <6y(¢(z)¢(z))6y (qb(w)@(w))) — W) (9, (¢ (@Y (2))d,pW))],
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where we are careful to keep the spatial dependence of the mode function arbitrary. Again,

we extract the translation-invariant part of this term by averaging over the sample. We then

find that

WEP() 00 = =

2 3 eilk(rx)-w(tet,0)]
e fdw d’k e ok ), (519

2m (2m)3 k2 2
w — — —
( 2m

mZVSC

where the remaining loop integral is

dw, d3k’ . 1 4k2 — 4k k;, + k'z
I(w;k;(f)):f 21 (2n) |¢( )| e(w? — 2)(0) W) — (k k)z

2m

(520)
-«

We use the reality of the mode function, ¢(—k) = ¢*(k). Note that, if the mode function
is set to be a plane wave with fixed momentum, equation (S20) reduces to the same integral
one which one would find by directly applying the Feynman rules to the diagram in

Supplementary Fig. 7.

) — m > W

Supplementary Figure 7. Second-order diagram correction to the propagator.

Putting all the terms together, the one-loop vertex is

r®(w, k) =
-1
i ie? 1 e? [(w, k;
i e s —— (wk;¢) ~ (521)
w_ K emacVsc (- k%2 mVsc( k%
m w—75——a w—5——a
k? e’Xy ie?

—w————a-— - I(w, k; §) + 0(e*).

CTom ¢ emw Vg m?Vgc (@, k; $) +0(e?) (522)

(2) Cavity loss

We include the broadening of the spectral functions due to cavity loss. The spectral

representation of the photon propagator is

13



1 - fdw' Alw’) D=6+ w)]. (523)

1
_ — A(w) =
w? — w + ie w—w' +ie (@) 20,

With finite frequency broadening vy, the spectral function becomes

1 14 1 14
21w (W — w)? +y? 21w (w + w)? +y?’

A, (w) = (524)

We compute the frequency integral in equation (520) by displacing the poles of the two
propagators in the loop according to the Feynman prescription. After simplifications, we
find

fdwlf A(w’) 1 o 1 1 (525)
—w —iew, —Q+ie 20 lQ+w)—iy Q-w)-iyl

2
where we use the notation Q(w, k) = w —zk—m— a. Similarly, the spectral function

broadening modifies the tadpole contribution by

1 1
(¢*(D) ¢ 5— : (S26)

20¢ 2\ /wZ — 2

(3) GL coefficients

To obtain the renormalized Ginzburg-Landau coefficients, we consider the long-
wavelength, low-frequency expansion of the effective action. To the quadratic level, it is

given by

fda) d3k

@@ Dd-w,~k),

2

2m,

r®(w, k) = 2w — —a, + 0(k* w?), (527)

where Z is a wavefunction renormalization. Expanding equation (S22), we find that

e? ie?
Xo + 1(0,0) (528)

2
emVgc /w2 —y2  mVsc

o, = -T3(0,0) =a+

14



e’xe

emVscy/ w2 — y?

=a+

e

L, < Bk )Izkz[ & - (529)
e | e 1# @tw) -y @-w) il
The mode function should be a real solution of the equation V2¢(X) = —epw?2p(X).

The simplest solution, which accommodates both the short-distance variations as well as
the damping, is decaying oscillations, which corresponds to the presence of a complex pole
in the Fourier transform ¢ (k). For simplicity, we assume a single oscillation length and a
single decay length. The reality of ¢ (%) implies that ¢(—k)= ¢ (k)*, so that a pole at k.

is accompanied by a pole at —k¢. Then, we can evaluate

Ref(z ERARASLET rrprmy purcv

~ Re f dkey K ky (S30)
2 (ky - kc)(ky + ké)(ky + kc)(ky - ké) (Q(ky) + “)c) —1

212y ko |2Im(k 1 % - k:? -
_ 2 Xy lkdl (C){ Re[( T +1—zwl> +<— - +1—il>

W, Im(k.) mw c 2maw, W,

1 ke v\ ke v\
Re(k.) m [( 2maw, + la)c> 2mw, +1 lwc y (831)

where in the second line we fixed the normalization K of the mode function in momentum

K3

space using equation (S16), which gives y4 = Lo P Imhs

. Note that the presence of a

complex pole introduces both the real and imaginary parts of the distribution function in
equation (S31). These are symmetric and antisymmetric with respect to the pole,

respectively, leading to the asymmetry of da(w.) around the peak.

(4) Critical temperature

15



The superconducting transition corresponds to the appearance of a finite condensate

density, p = .| = — % > 0, so that the critical temperature is defined by the point where
o changes sign. Close to the transition,

oa
a(T.=T) +8a=0= 6T =T. ~T. = ——, (S32)
0

so that, for a generic mode function,

ez)(¢,

eagmVsc W — y?

8T, = —

2

ke | 4k 861 1 [ ! (533)
2eaym?Vgcw, © (2m)3 ¢ 1+ w)—iy (Q—w) —iyl
For our case of a single k. we apply equation (S31). Using the rescaled quantities
_ Vsc _ @, _  2m/Relk.] _ 2m/Im[k.]
Ven = =0 =_‘ < =———, (S34
SCT 1 ume’ T 10sevk, YT 1um V= Tm o 83

We find that (2m)3e@,VscK ~ = 19.8, ¥ = 0.015,7 = 0.479, where K = 1 um x K
and K are defined under equation (S31). Accordingly, we present the theoretical prediction

of 6T, /T. in Fig. 3 of the main text.

Supplementary Note 10. Extraction of Q and its impact on 7. modulation

As illustrated in equation (2) in the main text, cavity quality factor Q = % can

influence the critical temperature through the attenuation y. Its role is important due to the
finite loss in THz cavities'3. Supplementary Figure 8 compares the theoretical results for
different Q values (dashed lines), showing that Q crucially determines the peak width and

amplitude, and thus the maximum 7t enhancement.

16
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Supplementary Figure 8. Frequency-dependent superconductivity enhancement for
different Q values. Dashed lines represent the theoretical prediction curves for the quality
factor Q rescaled by factors of 1.4, 1.2, 1.0 and 0.8, respectively, while all other parameters
are kept fixed.

The quoted value Q = 11 is inferred from fitting the experimental data in

Supplementary Fig. 8. O represents the effective cavity linewidth, where dissipation is

incorporated via a frequency broadening y , with Q = . Y(w.) is modeled

Wc
2ly|
phenomenologically as y(w.) = aw,. + b , with fitted parameters a = 1.95, b =~ —2.48 to
reproduce the measured 7. modulation (Supplementary Fig. 8). This yields a representative

value Q =~ 11 at around 1.3 THz.

Supplementary Note 11. Influence of the dielectric environment on 7. modulation

Influence of the dielectric environment on 7. modulation manifests in three ways: (1)

The vacuum field fluctuation amplitude can be estimated as E = \/hw./2&y&sVegr. Thus,
the dielectric environment modifies the cavity field amplitude by changing the effective
permittivity &5 and reshaping the effective volume Verr, thereby tuning the magnitude of 7t

enhancement; (2) The resonant frequency of the LC resonator is set by its effective
1

2m./LeffCeff

resonant frequency via Cegr X gor. Therefore, changing the dielectric environment shifts

inductance Lesr and capacitance Cefr: f = . The dielectric environment enters the

17



the cavity resonant frequency as f~1/ \/a ; (3) One of loss channels that limit the quality
factor Q is dielectric loss, which is determined by the dielectric environment. A low-loss
dielectric environment increases the quality factor, and generally enhances the effective
light-matter coupling, thereby increasing the magnitude of the cavity-enhanced

superconductivity.

Substrate and capping materials form the dielectric environment, which modifies
multiple cavity parameters, including the permittivity &g, effective volume Vefr, cavity
resonant frequency f, and quality factor Q, thereby changing the measured 7. enhancement.
Specifically, increasing the dielectric constant or thicknesses of the capping layers
increases & and Vefr, which reduces cavity field strength and decreases AT.. Moreover, a
larger permittivity tends to redshift the resonant frequency of the maximum Tt
enhancement. Introducing a lossy dielectric material suppresses the light-matter coupling

and reduces the measured 7. enhancement.

Supplementary Note 12. Discussion based on the sub-wavelength cavity theory

There has been substantial debate in sub-wavelength cavity theory!?!+17 regarding
whether the interaction should be described as a current-vector-potential interaction or a
density-scalar-potential interaction, and whether one can legitimately “import” Fabry-
Pérot intuition by introducing a mode-volume compression factor. In our model, the cavity-
matter interaction is consistent with the conclusion in Ref. 2. More rigorously, both the

density-scalar-potential interaction and the current-vector-potential interaction in the

Coulomb gauge V-4 =0 should be present. To incorporate both contributions in a
transparent way, we instead work in the radiation gauge, where §¢p(x,t) = 0. In this
formulation, the scalar potential is decomposed into an electrostatic part and a dynamical

part, (x,t) = ¢p(x) + 5¢(x,t), while the vector potential contains both transverse and

longitudinal components (/T 1 and /T", respectively).

For finite-frequency cavity modes, the coupling between the longitudinal component
of the vector potential and the current in the radiation gauge is equivalent to the density-

scalar-potential interaction in the Coulomb gauge. As a result, the radiation gauge naturally
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incorporates both longitudinal and transverse electromagnetic fluctuations in the
diagrammatic treatment. In other words, both charge and current fluctuations are

consistently included in our theory.

The purely electrostatic term ¢ (x)p(x) may be neglected since the field strength of
the screening correction is much weaker than the dynamical cavity field, as estimated in
Supplementary Note 6(1). This separation is further supported by the agreement between
our theory and the experimental data in the frequency dependence of 7. enhancement (Fig.

3d of the main text).

We note that in the deep sub-wavelength regime, one should use the volume from the
full electromagnetic environment simulation to avoid introducing artificial mode-volume
compression factor as we did. The mode confinement is far below the diffraction limit

constrained by the actual device geometry, without rescaling the vacuum field amplitude.

Supplementary Note 13. Discussion based on the microscopic picture of polaritonic
coupling

A microscopic picture of polaritonic coupling has been introduced to the modulation

16,18

of superconductivity'®'°, where the underlying physics is governed by Hopfield-type

polaritonic coupling between well-identified bosonic modes.

In our case, the analysis is formulated at the level of a Ginzburg—Landau (GL)
description appropriate to the vicinity of the superconducting transition accessed in the
experiment. Within this framework, cavity vacuum fluctuations renormalize the GL
coefficients through one-loop processes leading to an enhancement of 7c. The
experimentally observed effect is thus well explained by a thermodynamic renormalization

near the phase transition.

It is natural to speculate that, at a more microscopic level, the cavity may couple
preferentially to certain phonons in the hBN substrate or the superconductor, thereby

inducing polaritons. If such polaritons exist, they could influence superconductivity.
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However, the situation is subtle in the case of the superconductor NbSe>. NbSe is a
complex material characterized by anisotropic and strongly momentum-dependent
electron—phonon coupling, where superconductivity is believed to be supported by
multiple phonon branches rather than a single well-defined pairing mode. In this context,
light-matter hybridization with the split-ring resonator is not expected to manifest as a
single isolated polariton resonance, but rather as a distributed spectrum involving several
weakly hybridized lattice fluctuations. Additionally, the material has multiple Fermi-
surface pockets, anisotropic superconducting gaps, and coexisting CDW order. These
microscopic details make it difficult to establish a direct one-to-one connection between a
specific polaritonic coupling and the observed 7. enhancement without a full momentum-
and band-resolved pairing analysis, which is beyond the scope of the present work. The
GL analysis, on the other hand, captures the near-7c thermodynamic effect of the cavity
through the renormalization of the superconducting free-energy coefficients. A fully

microscopic identification of the polaritonic coupling in NbSe> would require future studies.

Supplementary Note 14. Strategies for amplifying cavity-enhanced

superconductivity

Within our microscopic framework, the cavity-induced superconductivity
enhancement scales with the effective dimensionless coupling, which can be further

enhanced from both the material and cavity sides:
(1) Material side strategies

The effect depends on how “susceptible” the electronic system is to the cavity field.
In this respect, low-density, highly tunable 2D superconductors (e.g., gated MoS;, twisted
graphene, LaAlOs/SrTiOs interface) with small Fermi energies and strong interaction
effects can produce a large change in the coupling strength and thus in 7¢. Tuning density
via gating can move the system into regimes (e.g., near van Hove singularities, Lifshitz
transitions) where the electronic response to the cavity field is maximized. High-
temperature superconductors (e.g., BixSroCaCuyOsg+s5, FeSe) are also promising for

achieving significant enhancement of 7.. The large absolute 7. means that even a few-
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percent enhancement corresponds to a large absolute shift. More interestingly, materials
such as FeSe or cuprates host additional low-energy collective modes (e.g., spin or pairing
fluctuations) that can hybridize with the cavity field, providing additional enhancement

channels beyond conventional BCS-like systems.
(2) Cavity side strategies

Another route to enhance 7. is to enhance the cavity fluctuations. Our calculation
based on Ginzburg-Landau theory shows that this can be achieved for small cavity volumes
and low permittivity of the medium. Both factors are well known to enhance the amplitude
of electromagnetic vacuum fluctuations and have been widely exploited across different
cavity-QED platforms. Second, the cavity frequency should satisfy the resonance condition,
where the cavity-photon energy matches the energy of the condensate at the momentum
gained from the photons. Finally, achieving a high-quality factor (Q) can further strengthen
the coupling. A low-loss dielectric environment increases the quality factor, and generally
enhances the effective light-matter coupling, thereby increasing the magnitude of the

cavity-enhanced superconductivity.
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