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Supplementary tables 

  
 

Supplementary Table 1 | Parameters used for the simulation experiments. Shown are 
the default parameter values and ranges as considered in the calibration and power 
experiments. Specifically, simulation experiments shown in (Fig. 1,2, Supp. Fig. 2) are based 
on empirical environments from UK Biobank, varying the sample size (𝑁), the number of 
environments (𝐿), the percentage of environments that contribute to GxE (𝜋), sample variance 
explained by the total genetic effect (G+GxE effect, 𝑣௚), fraction of the genetic variance due to 

GxE (𝜌) and the variance explained by additive environmental effects (𝑣௘), population structure 
(𝑣௣௢௣), residual noise (𝑣௡) and number of unobserved environments contributing to GxE 

(𝐿୳୬୭ୠୱ). Default parameter values are shown in bold and are left constant when varying other 
parameters. In additional simulations based on synthetic environments (Supp. Fig. 3,4), we 
vary LD between variants that affect environments and variants with G or GxE effects (𝑟ଶ), the 
average fraction of variance explained by the variant across environments (𝑣௫, heritability). 
For simulated skewed environments, we vary the shape parameter of the gamma distribution 
(𝑎) and finally, for binary environments, we vary both the fraction of environments that are 
binary (𝑓஻) and the event frequency (𝜈). All remaining genetic parameters were set to default 
parameters. 



 
Supplementary Table 2 | Tabular overview of considered methods. Shown is the name of 
the method (column 1; name of the association method displayed and ‘-int’ appended to the 
single- and multi-environment test names for the corresponding interaction tests), whether a 
random or fixed effect term is used to model GxE under the alternative hypothesis (column 2), 
whether a random or fixed effect term is used to model the additive environment (column 3), 
the statistical test used to assess the alternative hypothesis (column 4), how many parameters 
are used to model the additive environment (column 5), the number of additional parameters 
used to model the alternative hypothesis versus the null hypothesis for interaction and 
association tests (columns 6 and 7 respectively). The number of model parameters in the final 
three columns assume that 60 environmental variables are used in the test (default simulation 
setting; see Supp. Table 1). The tests are grouped into multi-environment tests, single-
environment tests, and linear association tests. Representative methods that are considered 
in main text results are highlighted in bold. 
 
Supplementary Table 3 | Interactions identified by StructLMM for BMI in UK Biobank. 
Provided as supplementary data file Supplementary_table_3.xlsx. 
 
Supplementary Table 4 | Associations identified by StructLMM and LMM in the 
association analysis of BMI using data from UK Biobank. Provided as supplementary data 
file Supplementary_table_4.xlsx. 
 
Supplementary Table 5 | Summary table of interaction eQTL analysis in blood cohort. 
Provided as supplementary data file Supplementary_table_5.xlsx. 
 
Supplementary Table 6 | Pathway enrichment analysis for interactions eQTL that are in 
linkage with GWAS loci. Provided as supplementary data file Supplementary_table_6.xlsx. 
 
Supplementary Dataset 1 | eQTL Manhattan plots for interaction eQTL that colocalise 
with disease variants. Manhattan plots provided as supplementary data file 
Supplementary_data_1.zip. 



 
Supplementary Dataset 2 | Interaction eQTL colocalising with disease variants.  Figures 
analogous to Fig. 5b-d for 64 interaction eQTL with putative colocalisation with disease 
variants, provided as supplementary data file Supplementary_data_2.zip. 

Supplementary figures 
 

 
Supplementary Figure 1 | Calibration of StructLMM and comparison with alternative 
multi-environment tests. (a) QQ plots of negative log P values from StructLMM-int (green) 
and StructLMM (blue) for 103,527 variants on chromosome 21, either simulating no genetic 
effects (no G, no GxE, 𝑣௚ ൌ 0) or simulating persistent genetic effects (no GxE, 𝜌 ൌ 0; only 

StructLMM-int). Simulations are based on 100 environments (𝐿 ൌ 100, 𝜋 ൌ 100%). From top 
to bottom: increasing sample sizes of a synthetic population based on the European 
population from the 1000 Genomes project: 1,000 individuals, 2,000 individuals and 5,000 
individuals.  Default parameters were used for all other simulation settings; see Supp. Table 
1. 



(b) Genomic inflation factor 𝜆ୋେ of P values from StructLMM and alternative multi-environment 
tests based on fixed effects (Supp. Table 2), for different numbers of environmental variables 
(𝐿, 𝜋 ൌ 100%; x-axis) and for increasing sample size (𝑁, top to bottom). Shown are results 
from StructLMM-int and multi-environment fixed effect interaction tests (column 1), and 
equivalent association tests (column 2) when no genetic effects are simulated (𝑣௚ ൌ 0). 

Column 3 depicts results from StructLMM-int and multi-environment fixed effect interaction 
tests for simulated persistent genetic effects (𝜌 ൌ 0). Multi-environment fixed effect models 

using LR tests yielded inflated test statistics (inflation factors GC>1) for large numbers of 
environmental factors in relation to the sample size, whilst score tests yielded deflated 

statistics (inflation factors GC<1) for the corresponding settings. StructLMM was calibrated in 
all settings. (c,d) Performance assessment of alternative methods for detecting interactions 
(top panels) and associations (bottom panels) based on simulated data, using the settings as 
in Fig. 2b,c and Supp. Fig. 2a,b for two sample sizes: 𝑁 ൌ 2,000 (c) and 𝑁 ൌ 5,000 (d). 
Compared were StructLMM-int and alternative multi-environment interaction tests based on 
fixed effects (Supp. Table 2, top panels), StructLMM and additional multi-environment 
association tests (Supp. Table 2, bottom panels). As the fixed effect tests are not always 
calibrated (see panel b), shown are model performance values as assessed by the area under 
the curve (relative AUC, in the range 0<FPR<0.10, normalised such that 0 corresponds to 
chance performance and 1 to an ideal model).   
 

 
 
 
 
 



 
Supplementary Figure 2 | Assessment of power using simulated data. Power comparison 
of alternative methods for detecting interactions (top panels) and associations (bottom panels) 
based on simulated data, extending the results as shown in Fig. 2, varying (a) the fraction of 
the genetic variance explained by GxE (𝜌), (b) the number of environments with non-zero GxE 
effects (𝜋ሻ, (c) the total number of environments (𝐿, 50% contributing to GxE effects), (d) the 
fraction of variance explained by additive environment effects (𝑣௘) and (e) the number of 
environments that contribute to GxE but are not used (observed, 𝐿୳୬୭ୠୱ) for the respective 
tests. Considered were top panels: the StructLMM interaction test (StructLMM-int) and 
alternative implementations of single-environment interaction tests (Supp. Table 2); bottom 
panels: StructLMM association test and alternative implementations of 2-df fixed effect tests 
that jointly tests for persistent associations and interactions with a single environment (Supp. 
Table 2), as well as alternative implementations of linear (mixed) models to test for persistent 
effects (Supp. Table 2). Methods were assessed in terms of power (at FWER<1%) for 
detecting simulated causal variants (Methods). Stars denote default values of genetic 
parameters, which were retained when varying other parameters (see Supp. Table 1 & 
Methods for details on the simulation strategy). A synthetic European population of 5,000 
individuals based on 1000 Genomes Project genotypes was used for all experiments 
(Methods). 



 
 

 
Supplementary Figure 3 | Assessment of power and calibration in the presence of 
heritable exposures. Power comparison of alternative methods for detecting interactions (top 
panels) and associations (bottom panels) with simulated genetic effects both on environmental 
variables and phenotypes. Considered were (a) increasing the LD (r2) between causal variants 
associated with the environment and those with additive G and GxE effects on the phenotype 
and (b) the average fraction of the exposures variance explained by genetic effects. Stars 
denote the default value that was retained when varying the other parameter (see Supp. Table 
1). Top panel: power to detect interactions, considering the StructLMM interaction test 
(StructLMM-int) and the default implementation of the single-environment interaction tests 
(SingleEnv-Renv-int, Supp. Table 2). Bottom panel: power to detect association, considering  
StructLMM, the default 2-df fixed effect test that jointly tests for persistent associations and 
interactions with a single environment (SingleEnv-Renv, Supp. Table 2), and linear models to 
test for persistent effects (LM, LMM-Renv, Supp. Table 2). Models were assessed in terms of 
power (FWER<1%) for detecting simulated causal variants (Methods). (c) QQ plot of negative 
log P values obtained from StructLMM-int (green) and StructLMM (blue) for pronounced gene-
exposure correlations (𝑣௫ ൌ 0.2), when no genetic effects are simulated (𝑣௚ ൌ 0) for 103,527 

variants on chromosome 21. (d) QQ plot of negative log P values obtained from StructLMM-
int (green) when persistent genetic effects were simulated (𝜌 ൌ 0), assuming strong LD 
between gene-exposure effects and variants associated with phenotype (𝑣௫ ൌ 0.2, r2 ൌ 1) for 
103,527 variants on chromosome 21. Stars denote default values of genetic parameters, 
which were retained when varying other parameters (see Supp. Table 1 & Methods for details 
on the simulation strategy). A synthetic European population of 5,000 individuals based on 
1000 Genomes Project genotypes was used for all experiments (Methods). 
 
 



 
Supplementary Figure 4 | Assessment of power and calibration using simulated data 
for skewed and binary environments. (a-c) Power comparison and calibration when 
simulating skewed environments drawn from a Gamma distribution. (a) Power comparison for 
varying shape of the gamma distribution (low values correspond to skewed environments, 
shape 100 correspond to approximately Gaussian distributed environments). (b,c) QQ plots 
of negative log P values obtained from StructLMM and StructLMM-int on data with skewed 
environments for 103,527 variants on chromosome 21, when simulating no genetic effect 
(𝑣௚ ൌ 0) (b) or when simulating persistent genetic effects (c, StructLMM-int only, 𝜌 ൌ 0). (d-g) 

Power comparison and calibration for simulated binary environments. (d) Power comparison 
when varying the fraction of binary environments 𝑓஻ (for constant event frequency 𝜈). (e) Power 
comparison when varying the event frequency of binary environments. Stars denote the 
default value that was retained when varying the other parameter (see Supp. Table 1). (f,g) 
QQ plots of negative log P values obtained from StructLMM and StructLMM-int for rare binary 
environments for 103,527 variants on chromosome 21, either simulating no genetic effect 
(𝑣௚ ൌ 0) (f) or for simulated persistent genetic effects (g, StructLMM-int only, 𝜌 ൌ 0). Fixed 

parameter settings are indicated in the top left corner of the corresponding panels.  A synthetic 
European population of 5,000 individuals based on 1000 Genomes Project genotypes was 
used for all experiments (Methods). 
 
 



 
 

 
Supplementary Figure 5 | Covariance structure of UK Biobank individuals based on 64 
environmental variables. Sample covariance matrix for 5,000 randomly selected individuals, 
calculated based on 64 environmental variables considered for UK Biobank analyses: 12 diet-
related factors, three factors linked to physical activity and a six lifestyle factors, modelled as 
gender-adjusted and age-adjusted (Methods). Dark red denotes pairs of individuals with 
stronger environmental similarity, whilst blue corresponds to negative covariance of 
environmental similarity (anti correlation). Blocks of strong correlation/anti correlation, 
correspond to groups of individuals of the same gender. 



 
Supplementary Figure 6 | Structure of 64 environmental variables considered for UK 
Biobank analyses. Shown are correlation coefficients between pairs of environmental 
variables, considering 12 diet-related factors, three factors linked to physical activity and a six 
lifestyle factors, modelled as gender-adjusted and age-adjusted (Methods). Environments are 
ordered using hierarchical clustering. 
 
 
  



 
Supplementary Figure 7 | Calibration of interaction and association tests on UK 
Biobank data. QQ plots of negative log P values from different interaction and association 
tests applied to UK Biobank BMI phenotype data (n = 252,188 unrelated individuals of 
European ancestry) based on permuted genetic variants (chromosome 20, 173,297 variants). 
(a) QQ plots of negative log P values for StructLMM-int (green), StructLMM (blue), LM (light 
grey) and LMM-Renv (yellow). (b) QQ plots of negative log P values for SingleEnv-Renv-int, 
for each of 64 considered environmental variables. LM, LMM-Renv and StructLMM tests were 
calibrated, whereas the fixed effect interaction tests show variable levels of statistical 
calibration. See Supp. Table 2 for an overview of considered methods. 
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Supplementary Figure 8 | Supplementary results for interactions identified by 
StructLMM. (a-c) Local Manhattan plots of interactions identified by StructLMM at FTO, 
SEC16B and PARK2 respectively. From top to bottom: LMM-Renv association test, 
StructLMM interaction test, SingleEnv-Renv interaction test for the environment with the most 
significant GxE effect at the respective GIANT variant, local gene models. The red vertical line 
indicates the position of the GIANT variant as in Fig. 3a.  
 
 
 



 
Supplementary Figure 9 | Comparison of multi-environment GxE tests based on fixed 
effects on UK biobank data. (a) QQ plots of negative log P values from a multi-environment 
fixed effect model to test for associations while accounting for heterogeneity in effect sizes 
due to GxE (MultiEnv-Renv-LRT) and an interaction test (MultiEnv-Renv-LRT-int) applied to 
UK Biobank BMI phenotype data and permuted genetic variants (chromosome 20, 173,297 
variants), which are calibrated for this sample size (n = 252,188). (b) Scatter plot of negative 
log P values from GxE interaction tests at 97 GIANT variants (Locke et al., 2015), considering 
the MultiEnv-Renv-LRT-int interaction test (x-axis) versus the StructLMM-int test (y-axis). 
Dashed lines correspond to α<0.05, Bonferroni adjusted for the number of tested GIANT 
variants and colour denotes the estimated fraction of genetic variance due to GxE (fitted 
parameter 𝜌).  StructLMM-int and MultiEnv-Renv-LRT-int identified four and two significant 
loci respectively. (c) Scatter plot of negative log P values from the MultiEnv-Renv-LRT 
association test (x-axis) versus the StructLMM association test (y-axis). Dashed lines indicate 
genome-wide significance at P<5x10-8 and colour denotes the estimated fraction of genetic 
variance due to GxE (fitted parameter 𝜌), with (d) displaying a zoom-in view of variants close 
to genome-wide significance. StructLMM and MultiEnv-Renv-LRT identify 17,630 and 2,037 
significant variants respectively. All displayed results are generated using 252,188 unrelated 
individuals of European ancestry. 
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Supplementary Figure 10 | Comparison of different single and multi-environment 
interaction test based on fixed effects on UK Biobank data. Compared are two alternative 
single-environment tests (SingleEnv-Renv-int, SingleEnv-Senv-int), as well as a multi-
environment test (MultiEnv-Renv-LRT-int) based on fixed effects and StructLMM-int at 97 
GIANT variants (Locke et al., 2015). Scatter plot of negative log P values of (a) fixed effect 
tests, either accounting for additive environment effects of all environments (SingleEnv-Renv-
int, using random effects, x-axis) or of the single environment that is tested (SingleEnv-Senv-
int, using fixed effects, y-axis), (b) fixed effect tests, that account for additive environmental 
effects of the single environment tested (SingleEnv-Senv-int, x-axis) versus StructLMM-int (y-
axis), (c) single-environment fixed effect interaction test with an additive environmental 
random effect component (SingleEnv-Renv-int, x-axis) versus the multi-environment fixed 
effect interaction test (MultiEnv-Renv-LRT-int, y-axis) and (d) single-environment fixed effect 
interaction test with a fixed effect additive environment term accounting for the single 
environment that is tested for GxE effects under the alternative (SingleEnv-Senv-int, x-axis) 
versus the multi-environment fixed effect interaction test (MultiEnv-Renv-LRT-int, y-axis). 
Dashed lines correspond to α<0.05 and colour denotes the estimated fraction of genetic 
variance due to GxE (fitted parameter 𝜌).  For single-environment models (SingleEnv-Renv-
int, SingleEnv-Senv-int), shown is the Bonferroni adjusted minimum P value across the set of 
tested environments (P-adj). SingleEnv-Renv-int and SingleEnv-Senv-int identify the same 
significant loci, but different significant loci to those identified by MultiEnv-Renv-LRT-int. All 
displayed results are generated using 252,188 unrelated individuals of European ancestry. 
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Supplementary Figure 11 | Comparison of interaction test results for genome-wide 
variants associated with BMI on UK Biobank data. Comparison of the StructLMM 
interaction test (StructLMM-int), a single-environment interaction test (SingleEnv-Renv-int) as 
well as multi-environment fixed effect interaction test (MultiEnv-Renv-LRT-int), at 17,606 
variants that were significantly associated with BMI based on an LMM (LMM-Renv, P<5x10-

8). Scatter plots of negative log Benjamini-Hochberg adjusted P values (P-adj) between (a) 
SingleEnv-Renv-int (x-axis) versus StructLMM-int (y-axis), (b) MultiEnv-Renv-LRT-int (x-axis) 
versus StructLMM-int (y-axis) and (c) SingleEnv-Renv-int (x-axis) versus MultiEnv-Renv-LRT-
int (y-axis). Dashed lines correspond to P-adj<0.05 and colour denotes the estimated fraction 
of genetic variance due to GxE (fitted parameter 𝜌 based on StructLMM). For the single-
environment test (SingleEnv-Renv-int), shown is the Bonferroni adjusted minimum P value 
across the tested environments (P-adj). StructLMM-int identified 23 loci with GxE, followed by 
SingleEnv-Renv-int (11 loci) and MultiEnv-Renv-LRT-int (9 loci; FDR<5%, Benjamini-
Hochberg adjusted, LD clumped loci, r2<0.1 within 500kb, Methods; see Supp. Table 3 for 
full results). All displayed results are generated using 252,188 unrelated individuals of 
European ancestry. 
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Supplementary Figure 12 | Comparison of LMM and LM results on UK Biobank data. 
Scatter plot of genome-wide negative log P values from the LM association test, without 
accounting for additive environmental effects (x-axis), versus an LMM association test that 
accounts for additive environmental effects using the same random effect component as used 
in StructLMM (LMM-Renv, y-axis). Dashed lines indicate genome-wide significance at 
P<5x10-8. All displayed results are generated using 252,188 unrelated individuals of European 
ancestry. 
 



 
Supplementary Figure 13 | Distribution of the estimated extent of GxE for significant 
loci identified by the StructLMM association test and LMM-Renv on UK Biobank data. 
Cumulative number of significant associations (P<5x10-8, LD clumped loci, r2<0.1 within 
500kb, Methods) identified by LMM-Renv (yellow, N=327 loci) and StructLMM (blue, N=351 
loci) in decreasing (a) and increasing (b) order of the estimated extent of GxE (fitted parameter 
𝜌). (c) Estimated density of the fraction of genetic variance due to GxE (𝜌) for loci identified 
by LMM-Renv (yellow) and StructLMM (blue). (d) Histogram of the fraction of genetic variance 
due to GxE (𝜌), considering the subset of loci exclusively identified by either approach 
(Methods): LMM-Renv (yellow, total 16), StructLMM (blue, total 32). Loci identified by 
StructLMM tended to have a greater extent of GxE, whereas loci that were LMM-Renv 
specific tended to have no or little evidence for effect size heterogeneity due to GxE.  
The latter can be explained by the fact that StructLMM will be slightly less powered than the 
LMM-Renv when no or very little GxE is present since StructLMM is penalised for testing 
multiple values 𝜌 (see also Supp. Fig. 2). 
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Supplementary Figure 14 | Results from association tests applied to UK Biobank data. 
Manhattan plots, showing negative log P values obtained from (a) LMM-Renv and (b) the 
StructLMM association test. Additional loci identified by StructLMM (P<5x10-8) as in Supp. 
Table 4 are highlighted with a blue cross. The dashed red line denotes the genome-wide 
significance threshold (P<5x10-8). All displayed results are generated using 252,188 unrelated 
individuals of European ancestry. 
 
 
 
 
 
 



 

 

 
Supplementary Figure 15 | Local Manhattan plots for additional association loci 
identified by StructLMM versus LMM-Renv on UK Biobank data. Shown are additional 
associations as in Supp. Table 4, with the red vertical line indicating the position of the 
StructLMM lead variant. From top to bottom: Manhattan plot of negative log P values from 
StructLMM, LMM-Renv and the local gene models for (a-s) RP11-147C23.1, FAM150B, 
PLCL1, CCNL1, PCDH7, ANTXR2, NR2F1, HACE1, RGS17, ZNF596, NEK6, NRP1, 

rs9537309 (no gene within +/-500 kb), rs2875131 (no gene within +/-500 kb), rs9540493 (no 

gene within +/-500 kb), ONECUT1, ADAMTSL3 and ASXL3 respectively. Associations were 
assigned to genes based on the nearest protein coding gene within +/-500 kb respectively. 
The maximum LD (r2) between significant StructLMM variants in the loci exclusive to 
StructLMM under consideration and significant LMM-Renv variants in other loci within the +/-
500 kb region is 0.052, 0.00049 for panels (b and d) respectively. All displayed results are 
generated using 252,188 unrelated individuals of European ancestry. 
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Supplementary Figure 16 | Local Manhattan plots for additional association loci 
identified by StructLMM versus LMM-Renv on UK Biobank data. Shown are additional 
associations as in Supp. Table 4, with the red vertical line indicating the position of the 
StructLMM lead variant. From top to bottom: Manhattan plot of negative log P values from 
StructLMM, LMM-Renv and the local gene models. (a-n) PHC2, MAD1L1, BTRC, RP11-
73M18.2, PPCDC, AXIN1, RIT2, NANP, FAM182B, SMPD3, TERF2, PEPD, ZNF790 and 
MAPK1 respectively.  Loci were assigned to genes based on the nearest protein coding gene 
within +/-500 kb respectively. The maximum LD (r2) between significant StructLMM variants in 
the loci exclusive to StructLMM under consideration and significant LMM variants in other loci 
within the +/-500 kb region is 0.054 for panel (h). All displayed results are generated using 
252,188 unrelated individuals of European ancestry. 
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Supplementary Figure 17 | Out of sample prediction of per-individual allelic effect sizes. 
Assessment of per-individual allelic effects for 11 GIANT variants with evidence for GxE 
(lenient Benjamini-Hochberg adjustment, FDR<0.05, Supp. Table. 3), considering a 50:50 
split of the cohort into training and test fractions. (a) Violin plots, displaying the estimated 
density of individuals in the training fraction (n = 126,094) that exert an allelic effect of a 
particular size given the distribution of the environmental factors within the population (in 
sample estimates as in Fig. 4a; see Methods). Mean and the top and bottom 5% strata of the 
effect size distribution are indicated by the red and green bars, respectively. P values denote 
the significance of genetic effects assessed using LMM-Renv (not accounting for GxE) using 
individuals within the respective strata. Nominally significant associations (P<0.05, two-sided 
LR test) highlighted in red. (b) Analogous allelic effect size distribution as in a, displaying 
predictions in the test fraction (out-of-sample predictions, based on environmental states of 
individuals in the test fraction (n = 126,094) but without using BMI phenotypes; Methods). 
Yellow crosses denote the mean predicted genetic effect within the top and bottom 5% strata 
(considering strata with nominally significant associations in training fractions, i.e. P values 
that are highlighted in red in a). (c) Scatter plot of allelic effect sizes, predicted out of sample 
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for test set individuals (yellow crosses in b, x-axis) versus within-sample estimates obtained 
from LMM-Renv based on test set individuals in the top and bottom 5% strata (not accounting 
for GxE, using the genotypes and phenotypes of the test set individuals in the strata). Different 
GIANT variants are coded in colour. (d) Analogous scatter plot as in c, however displaying the 
differences between genetic effects in the 5% strata and population estimates of persistent 
effects (effect sizes due to GxE).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

 
Supplementary Figure 18 | Exploration of putative driving environments at the identified 
GxE interaction effects UK Biobank data. Relevance of individual environmental variable 
for GxE effects at four loci, showing Bayes factors (BF) between models containing all 64 
environments and models with a single environmental variable removed. Shown are results 
for (a) FTO, (b) SEC16B, (c) PARK2 and (d) MC4R, ordered by Bayes factor, with positive 
evidence above the dashed lines whilst those with negative evidence lie below. (e-g) 
Cumulative evidence of individual environmental variables contributing to GxE at FTO, 
SEC16B and PARK2, showing Bayes factors between the full model and models with 
increasing numbers of environmental variables removed using (greedy) backward elimination 
(Methods). For comparison, shown is the total evidence of all environmental variables. The 
additional environment that is removed at each elimination step is labelled on the y-axis with 
the total number of environmental variables removed in considered models shown in brackets. 
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Supplementary Figure 19 | Rank correlation of per-individual genetic effect sizes across 
loci for UK Biobank data. Shown are squared Spearman correlation coefficients of per-
individual (n = 252,188) allelic effects estimates for 11 GIANT variants with evidence for GxE 
(more lenient Benjamini-Hochberg adjustment, FDR<0.05, Supp. Table 3). 
 
 
 



 
Supplementary Figure 20 | Statistical calibration and power of alternative interaction 
tests applied to the blood eQTL dataset. Compared were the StructLMM interaction test 
(StructLMM-int) and multi-environment fixed effect tests with as many degrees of freedom as 
environmental variables (MultiEnv-Renv-LRT-int, labelled MultiEnv-int in the figure), as well 
as a multi-environment fixed effect test based on 20 principal components of the 
environmental variables (MultiEnv-20PC-Renv-LRT-int, labelled MultiEnv-20PC-int). Shown 
are results from applying all methods to test for cell-context interactions at 23,506 lead eQTL 
variants (n = 2,040; Methods). (a) QQ plot of negative log P values obtained on permuted 
genotype data. Whereas P values from StructLMM-int and MultiEnv-20PC-Renv-LRT-int were 
calibrated, MultiEnv-Renv-LRT-int yielded inflated P values, most likely owing to the large 
number of degrees of the freedom, and hence this model was not considered further. (b) 
Number of interaction eQTL discovered by StructLMM-int and MultiEnv-20PC-Renv-LRT-int 
as a function of the FDR threshold (Benjamini-Hochberg adjustment). (c,d) Scatter plot of 
negative log P values from StructLMM-int versus MultiEnv-20PC-Renv-LRT-int with a zoom 
in-view shown in panel d. Dashed orange lines correspond to the 5% FDR thresholds. (e,f) 
Overlap of the sets of interaction eQTL identified by StructLMM-int and MultiEnv-20PC-Renv-
LRT-int (e, FDR<5%; considering all 23,506 tested variants) and interaction eQTL identified 
in the primary analysis of the data (f, Zhernakova et al., FDR<5%; considering 17,952 shared 
lead eQTL between studies). 
 

 
 
 



 
Supplementary Figure 21 | Assessment of the robustness of interaction effects on the 
blood eQTL data to data pre-processing. Compared are the StructLMM-int results from the 
primary analysis and analogous results obtained using alternative data processing strategies 
(n = 2,040). First, to assess the potential of spurious associations due to strong gene-exposure 
associations, we considered a GxE analysis where for each analysed gene, the additive effect 
of the lead genetic variant was regressed out from all proxy genes used as environments prior 
to interaction testing (environments were rank-inverse transformed a second time; Methods). 
(a) Scatter plot of the negative log P values from the original (x-axis) and the analysis with 
environments that were adjusted for cis genetic effects (cis corr, y-axis). (b) Zoom-in view and 
(c) venn diagram of significant interaction effects (FDR<5%). (d-f) Analogous results 
considering boxcox normalisation followed by removal of outlying samples (gene expression 
levels that exceeded 2.5 standard deviations) as an alternative pre-processing strategy. (d-f) 
Analogous scatter plots and analysis of overlap as shown in a-c. Both control analyses 
recovered a large fraction of the primary interaction eQTL (98.8% and 75.2% respectively), 
indicating that the interactions identified are sufficiently robust.  

 
 
 
 

 
 



 
Supplementary Figure 22 | Distribution of estimated per-individual allelic effect sizes at 

interaction eQTL that colocalise with GWAS variants. (a) Upper panel: estimated fraction 

of genetic variance due to GxE effects (𝜌). Bottom panel: violin plots displaying the distribution 

of allelic effects for each locus across the environmental profiles in the population (n = 2,040). 

Blue lines in the violin plots show the median values of the distribution. (b) Zoom-in of a, 

depicting data from the eleven associations with the largest fraction of genetic variance 

attributable to GxE effects. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
Supplementary Figure 23 | eQTL association for CTSW. Manhattan plot of negative log P 
values obtained from cis eQTL mapping of CTSW (n = 2,040). The red star indicates the lead 
eQTL variant, annotated with the identifier of the colocalising GWAS variant (rs568617, 
r2=1.00 associated to Crohn's disease); Manhattan plots for other putative colocalisation 
events are provided in Supp. Dataset 1. 
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1. The StructLMM model

1.1. Model definition

A conventional linear mixed model used for association testing can be cast as

y = Xb+ xβG︸︷︷︸
G

+u+ψ, (1)

where y denotes the N × 1 phenotype vector for N individuals, x denotes the N × 1
genotype vector of the focal variant, X ∈ RN×K the fixed effect design matrix of K
covariates and b ∈ RK×1 their effect sizes. The variable u is a random effect and
can be used to account for additional additive effects, such as population structure,
environment or other additive (confounding) factors and ψ denotes iid noise. The
random effect component u and the noise vector ψ are assumed to follow multivariate
normal distributions

u ∼ N
(
0, σ2

eΣu

)
(2)

ψ ∼ N
(
0, σ2

nIN
)
, (3)

where the covariance matrix Σu ∈ RN×N is the covariance sample structure of the
random effect. Under this conventional linear model, the focal variant x is assumed
to have a persistent genetic effect on all samples included in the analysis.

StructLMM extends the conventional linear mixed model by including an additional
per-individual effect term that accounts for G×E, which can be represented as an N×1
vector, βG×E. The model can be cast as

y = Xb+ xβG︸︷︷︸
G

+x� βG×E︸ ︷︷ ︸
G×E

+ u︸︷︷︸
E

+ψ, (4)

where � denotes the element-wise (Hadamard) product. The per-individual effect size
vector βG×E is modelled as random effect, following the multivariate normal distribu-
tion

βG×E ∼ N
(
0 , σ2

G×EΣ
)
, (5)

where the covariance matrix Σ ∈ RN×N parameterises how per-individual effects co-
vary across individuals and is calculated as a function of observed environmental vari-
ables Σ ≡ Σ (E) ∈ RN×N , where E is the N ×L matrix of L observed environments.

Note that for the special case σ2
G×E = 0, this model reduces to a standard linear

mixed model for genetic association testing. In StructLMM, the random effect compo-
nent u is used to account for additive environmental effects. While in general different
covariance functions could be considered for additive environmental effects and in-
teractions, we assume Σu ≡ Σ for simplicity. Specific choices for the environmental
covariance Σ(E) are discussed in Section 1.2.
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Marginal Likelihood For parameter inference, we consider the marginalised form of
the model in Eq (4), which is obtained by integrating over the G×E effects βG×E and
the random effect component u

y ∼ N

Xb+ xβG︸︷︷︸
G

, σ2
G×Ediag(x)Σdiag(x)︸ ︷︷ ︸

G×E

+σ2
eΣ︸︷︷︸
E

+ σ2
nI︸︷︷︸

noise

 . (6)

Here, we used the identity x�βG×E = diag(x)βG×E in Eq (4), with diag(x) denoting
the N ×N diagonal matrix whose diagonal is x.

1.2. Definition of the environment covariance

In principle, StructLMM can be applied with any valid covariance function [1] of the
observed environments. In this work, we only consider linear covariance functions, de-
fined on a potentially large number of continuous and discrete environmental variables

Σ (E) = EET . (7)

The use of a linear covariance function was primarily motivated by two appealing prop-
erties. First, as the number of samples typically exceeds the number of environments
in larger cohorts (L << N), the linear covariance will be low-rank, enabling parame-
ter inference with a computational complexity that scales linearly with the cohort size
(Section 1.4.3). Second, a linear covariance is directly interpretable as there is a one-
to-one correspondence between StructLMM and multivariate linear regression using L
covariates to account for the interaction term (see Section 1.3). Note that, depending
on the choice of E, the linear covariance can be used to (i) model group-specific effects,
which correspond to the setting where Σ is a block diagonal matrix with blocks cor-
responding to the different groups, or per-individual effect sizes (see Fig. 1b-c) and
(ii) account for non-linear relationships between the observed environmental variables
by combining simple observed environments to create more complex ones (similar to
the use of basis functions; see below for more details).

Normalisation of environmental variables A standard strategy to normalise the vari-
ables for defining a linear covariance is to consider standardised features rescaled by
1√
L

. This normalisation ensures that the resulting random effect has sample mean 0

and sample variance 1 [2]. Other normalisation procedures, including row standard-
isation, such that the resulting random effect has per-individual variance 1 or is a
correlation matrix, are also valid [1]. Different normalisation procedures correspond
to slightly different assumptions regarding the variance explained by different environ-
ments within the interaction and additive environment term, similar to building linear
covariances using genetic factors [3].

Accounting for non-linear relationships between environmental variables Non-
linear effects can be accounted for by introducing additional transformed environmen-
tal variables, similar to using basis functions for non-linear regression. For example,
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to model possible dependencies of G×E and additive environmental effects of L envi-
ronments e1, . . . , eL with a categorical variable c ∈ {0, 1}N×1 (e.g. gender), one can
define Σ using the extended set of environments E = [c⊗ e1, . . . , c⊗ eL, (1N − c)⊗
e1, . . . , (1N − c) ⊗ eL] ∈ RN×2L. This approach is used to define a gender-adjusted
and age-adjusted environmental covariance.

1.3. Derivation as marginalised linear G× E interaction model

When using a linear environmental covariance, StructLMM can be interpreted as a
random-effect implementation of the multi-environment linear interaction model where
persistent genetic and G×E effects are modelled as fixed effects. This relationship is
similar to the well-known equivalence between multivariate Bayesian linear regression
and a linear mixed model (e.g. [4]). Briefly, denoting with e1, . . . , eL the set of observed
N × 1 vectors for L environmental variables, the linear model underlying StructLMM
can be cast as

y = Xb+ xβG︸︷︷︸
G

+

L∑
l=1

(x� el)βl︸ ︷︷ ︸
G×E

+

L∑
l=1

elαl︸ ︷︷ ︸
E

+ψ, (8)

where ψ ∼ N
(
0, σ2

nIN
)
. Defining prior variances on G×E and additive environmental

effects

βl ∼ N (0, σ2
G×E), (9)

αl ∼ N (0, σ2
e), (10)

and marginalising over βl and αl results in the marginalised StructLMM model in
Eq. (6). It is of note that both the association and interaction tests in StructLMM can
also be directly implemented in the fixed effect framework, without marginalization.
These alternative tests are considered in Supp. Fig. 1b, where we observe that
fixed effect tests are not always calibrated and are underpowered in some settings. See
Section 3.2.1 for full details on the implementation of alternative methods that are
compared to StructLMM.

1.4. Interaction and joint association tests

We define two variance component score tests based on the StructLMM model, (i) an
interaction test to identify loci with G×E and (ii) an association test that accounts
for heterogeneity in genetic effect sizes due to G× E (jointly testing the G and G×E
effects).

1.4.1. Interaction test

Using the marginalised model in Eq. 6, a test for G×E interactions corresponds to the
alternative hypothesis σ2

G×E > 0. We define an efficient score-based test that enables
the calculation of P values with a complexity that scales linearly in the number of
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individuals, provided that the environment covariance Σ is low rank. We note that
the null of the interaction test reduces to a standard linear mixed model with a low-
rank covariance matrix for additive random effects, for which existing efficient inference
strategies can be reused [5].

Score test for interaction test In the model in Eq (4-5), the score-test statistics can
be computed analogously to the procedure described in [6]

Q =
1

2
yTPK1Py

=
1

2
yTP (diag(x)Σdiag(x))Py

=
1

2
yTP

[
diag(x)E

]︸ ︷︷ ︸
W

[
diag(x)E

]T
Py

=
1

2

∥∥W TPy
∥∥2 . (11)

where we have defined

K1 = diag(x)Σdiag(x),

W = diag(x)E,

P = H−10 −H−10 [X,x]
(
[X,x]TH−10 [X,x]

)−1
[X,x]TH−10 . (12)

The matrix H0 denotes the total covariance matrix estimated under the null model

H0 = σ̂2
eΣ + σ̂2

nI, (13)

where σ̂2
e and σ̂2

n correspond to the (null model) maximum likelihood estimates (MLE)
of σ2

e and σ2
n. It can be shown that Q follows a mixture of χ2 distributions [6, 7]

Q ∼
∑
k

akχ
2
1, (14)

where the vector of the coefficients a = [ak]k can be computed as the eigenvalues of

P
T
2K1P

1
2

a = eigh
(
P

T
2K1P

1
2

)
(15)

= eigh
(
W TPW

)
. (16)

As the distribution of the score test statistics is a mixture of χ2, following the proce-
dure in SKAT [6], P values are computed using Davies method [8] (an exact method
which directly inverts the characteristic function), switching to the Liu method [9] (an
approximation method based on moment matching) when the Davies method fails to
converge (see [10] for full details).
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1.4.2. Association test

To define a joint association test that accounts for the possibility of effect size het-
erogeneity, we consider a fully marginalised form of the model described in Eq. 4,
where both the G×E and the persistent effect effect sizes, following distributions
βG×E ∼ N

(
0 , σ2

G×EΣ
)

and βG ∼ N
(

0 , σ2
G

)
, respectively, are integrated out. This

fully marginalised model can be cast as

y ∼ N

Xb , σ2
Gtot

Kρ︸ ︷︷ ︸
G+G×E

+σ2
eΣ︸︷︷︸
E

+ σ2
nI︸︷︷︸

noise

 (17)

where σ2
Gtot

= σ2
G + σ2

G×E denotes the total variance of the genetic effect (including
both persistent and G×E components). Additionally, we have introduced

Kρ = (1− ρ) xxT︸ ︷︷ ︸
G

+ ρdiag(x)Σdiag(x)︸ ︷︷ ︸
G×E

, (18)

where the parameter ρ is defined as the fraction of the total genetic variance explained
by G×E effects, ρ = σ2

G×E/σ
2
Gtot

. We note that this fully marginalised form of the
model can also be derived from the linear model

y = Xb+ x� β + u+ψ, (19)

by marginalizing over β, assuming the following multivariate normal prior

β ∼ N

0 , σ2
Gtot

(1− ρ)11T︸ ︷︷ ︸
G

+ ρΣ︸︷︷︸
GxE

 . (20)

Note that in this representation β accounts for G and G×E effects, with the first
covariance term corresponding to a persistent genetic effect (G, full correlation of the
genetic effect sizes across individuals) whereas the second covariance term accounts
for heterogeneity of genetic effect sizes due to G×E.

In the marginalised form of the model given by Eq (17-18), an association test corre-
sponds to assessing the alternative hypothesis σ2

Gtot
> 0. The form of both the model

and the test allow us to implement an efficient optimal score test procedure, building
on the work in [11]. This score-based test again has complexity that scales linear in
the number of individuals, provided that the environment covariance Σ is low rank.
Below we present details of how the test is implemented, first considering the case of
known ρ followed by general case of unknown ρ.

Score test for given ρ. The score test for given ρ is analogous to the one described in
Section 1.4.1 but with K1 replaced by Kρ =

(
(1− ρ) xxT + ρdiag(x)Σdiag(x)

)
such

that W =
[√

1− ρx √
ρdiag(x)E

]
and [X,x] replaced by X.
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Score test for unknown ρ. As in the test σ2
Gtot

> 0 in the marginalised model in
Eq (17-18), the fraction of genetic variance due to G×E (ρ) is in general unknown,
one would like to select ρ to maximise detection power. Following [11], we define the
optimal score test as follows:

1. Define a grid of R values ρ1 < ρ2 < · · · < ρR for ρr (by default, we consider
[0, 0.5, 0.75, 0.84, 0.91, 0.96, 0.99, 1]);

2. For each value ρr, compute the score test statistic Qρr using Eq (11) and
corresponding P values pρr using the modified Liu method (an approximation
method);

3. Compute a P value for the test statistic T = min {pρ1 , . . . , pρR}.

By definition, this P value can be computed from Qρ1 , . . . , QρR and T as

PT = p(t < T ) = 1− P (Qρ1 < qρ1(T ), Qρ2 < qρ1(T ), ..., Qρν < qρ1(T )) (21)

where qρr (T ) denotes the (1− T )th percentile of Qρr . It can be shown that Qρ can be
written as follows (see derivation in Appendix A)

Qρ =
1

2
ρκ+

1

2
τρη0, (22)

where

κ =

m∑
k=1

λkηk + ξ (23)

λ = eigh (Λ) (24)

Λ = Λ0 −
1

c
ααT (25)

Var (ξ) =
4

c
αTΛ0α−

4

c2
(
αTα

)2
(26)

τρ = c(1− ρ) +
ρ

c
αTα (27)

ηk
iid∼ χ2

1 (28)

Λ0 = ETdiag(x)Pdiag(x)E (29)

α = ETdiag(x)Px (30)

c = xPxT . (31)

Replacing Eq (22) in Eq (21) results in

PT = p(t < T ) = 1− E
[
P (κ < min { (2qρr (T )− τρrη0) /ρr| η0}Rr=1

]
, (32)

This P value can computed using one-dimensional numerical integration in the same
manner as for the interaction test; using Davies method [8] (an exact method which
directly inverts the characteristic function), switching to the Liu method [9] (an ap-
proximation method based on moment matching) when convergence fails (see [11, 10]
for details).
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1.4.3. Computational complexity

To evaluate the interaction and joint association tests, we need to first fit the null model
and then compute the corresponding score test statistics. A naive implementation of
both of these operations would result in computations that scale cubically with the
number of individuals, i.e. O(N3). To reduce the complexity of both operations,
we exploit that, when considering a linear covariance of L environments, the total
covariance matrix is

σ2
eEE

T + σ2
nI, (33)

where the first term is low rank (L << N). In this setting, the null model can be fit
with computational complexity O(NR2 +R3), where R is the rank of the first covari-
ance term term (in Eq (33), in this case, R = L). We refer to [7, 12] for further details.

Concerning the computation of the score test statistics for interaction test, Q can be
calculated with computational complexity O(NL2 +NK2 +NLK +L2K +K3 +L3)
where K corresponds to the number of covariates, while the coefficient a of the χ2

1-
mixture (eigenvalues of W TPW , see Eq (16)), can be computed in O(NL2 +NK2 +
NLK +L2K +K3 +L3). The computation of P values either using the Davies or Liu
method does not depend on the number of individuals.

For the association test for unknown ρ, the standard score-based procedure is re-
peated multiple times, corresponding to the number of values in the grid search over
ρ. The additional variables that need to be computed (see Eqs 23-31) have linear com-
putational complexity with the number of individuals. Finally, the one-dimensional
numerical integration step (using Davies or Liu method) has a computational com-
plexity that is independent of the number of individuals.

1.5. Characterisation of G×E loci

The StructLMM framework facilitates different analyses for characterising G×E ef-
fects. Although all the computations of these analyses remain linear in the number of
individuals, the underlying computations are less efficient than those required for score
tests, as maximum likelihood model parameters need to be determined explicitly for
each variant that is considered. For this reason, we recommend using these analyses
exclusively at the suggestive loci identified by StructLMM association and interaction
tests.

1.5.1. Estimation of variance components and the fraction of genetic variance
explained by GxE

StructLMM allows for decomposing the phenotypic variance into genetic (G), G×E
and additive environment (E) variance components. Based on the marginalised model
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in Eq (6), the three variance components can be estimated as

var(G) = varS

(
xβ̂G

)
= β̂2

GvarS (x) , (34)

var(G×E) = varM
(
σ̂2
G×E(x�E)(x�E)T

)
, (35)

var(E) = varM
(
σ̂2
EEE

T
)
. (36)

Here, varS denotes the sample variance and varM(K) denotes the expected value of
the sample variance of z with z ∼ N ( 0 , K ). We also use the following two identities
for terms that involve the linear covariance matrix, Σ = EET , diag(x)Σdiag(x) =

(x �E)(x �E)T ∗ and denote the MLE estimates of βG, σ2
G×E and σ2

E as β̂G, σ̂2
G×E

and σ̂2
E, respectively.

Using varM(K) = 1
N−1 tr(PK), where P = I − 1

dim(K)11T [2, 13], we obtain

var(G×E) =
1

N − 1
σ̂2
G×E ‖P (x�E)‖2 (37)

var(E) =
1

N − 1
σ̂2
E ‖PE‖

2
. (38)

Finally, the estimated fraction of genetic variance explained by G×E effects (ρ) follows
as

ρ̂ =
var(G×E)

var(G) + var(G×E)
. (39)

It can be seen that this is equivalent to ρ described in Section 1.4.2 (optimal score test
procedure), such that var(G×E) ≡ σ2

G×E and var(G) + var(G×E) ≡ σ2
tot

Note that the estimate ρ̂ is based on a MLE whilst the estimate obtained from the opti-
mal score test procedure corresponds to the minimum P value obtained from searching
over a grid of predefined values, which has a different objective.

1.5.2. Exploring the environments that drive the observed interaction effects

The evidence of individual environmental variables or sets of environments for driving
the observed G×E effects can be assessed by comparing the log marginal likelihood
of models with and without these environments included. The resulting Bayes fac-
tors from such comparisons are directly calibrated because the number of parameters
fit using maximum likelihood is independent of the number of environmental variables.

Given a variant and a set of L environments E = {e1, . . . , eL}, the evidence for a
subset of environments, Ei ⊆ E , Li < L driving the observed G×E effect can be
estimated as

log(Bayes factor)(Ei) = LML(ME)− LML(ME\Ei) (40)

∗We use the � operator between vectors and matrices to denote the matrix obtained by the
element-wise multiplication of matrix columns by the input vector.
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where LML(ME) and LML(ME\Ei) denotes the marginal log-likelihood of the model
in Eq (6), either considering the full or reduced sets of environments to define the
G×E environment covariance respectively. Specifically, while in ME all environments
are used in the G×E covariance, in ME\Ei only the environments not in Ei are consid-
ered (the operation \ denotes the set difference). Note that the additive environment
covariance remains the same in both models and is always estimated using all envi-
ronments. To identify a putative causal set of driving environments, we use a greedy
backward elimination procedure. Initially, we calculate the log(Bayes factor) for each
environmental variable, to identify the marginal environment with the most evidence:
imax = argmaxi (log(Bayes factor)(Ei)). Subsequently, this environment is removed
and the process iterated, stopping when there is positive evidence based on the log
Kass and Raftery scale [14] that we have selected a full set of environments that can
drive the observed G×E effect (i.e. when the delta log(Bayes Factor) between the
model under consideration and the model that removes all environmental variables is
<1).

1.5.3. Estimation of per-individual allelic effect sizes due to G× E

StructLMM allows for estimating per-individual allelic effect sizes of selected variants
based on the distribution of environmental profiles attained in a population. For a
given locus, the effect size of the non-reference allele in environment profile e? can be
estimated using a procedure based on the best linear unbiased predictor (BLUP, [15]):

1. Estimate the G + G×E effect for a homozygous reference individual in environ-
mental profile e? using BLUP and the model in Eq (6)

ref(e?) = xrβ̂G︸ ︷︷ ︸
G

+ σ̂2
G×Exre

?T (x�E)T Ĥ−1
(
y −Xb̂− xβ̂G

)
︸ ︷︷ ︸

G×E

. (41)

Here, Ĥ, β̂ and b̂ are MLE of the total covariance matrix, the genetic effect size
β and the covariate effect sizes b in the model in Eq (6), while xr is the value
corresponding to the encoding of the homozygous reference genotype.

2. Compute the BLUP of the G + G× E for a heterozygous individual in environ-
mental profile e? using the same model

alt(e?) = xaβ̂G︸ ︷︷ ︸
G

+ σ̂2
G×Exae

?T (x�E)T Ĥ−1
(
y −Xb̂− xβ̂G

)
︸ ︷︷ ︸

G×E

, (42)

where xa corresponds to the encoding of the heterozygous genotype.

3. The allelic effect in environment profile e? is then defined as the difference be-
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tween alt(e?) and ref(e?)

β(tot)(e?) = alt(e?)− ref(e?) (43)

= (xa − xr)

 β̂G︸︷︷︸
G

+ σ̂2
G×Ee

?T (x�E)T Ĥ−1
(
y −Xb̂− xβ̂G

)
︸ ︷︷ ︸

G×E

(44)

= (xa − xr)

 β̂G︸︷︷︸
G

+βG×E(e?)︸ ︷︷ ︸
G×E

 (45)

In order to compute allelic effects for N? different environmental profiles {e?1, . . . , e?N?},
we use Eq (44) in vectorial form as

β(tot)(E?) = (xa − xr)

1N β̂G︸ ︷︷ ︸
G

+ σ̂2
G×EE

?(x�E)T Ĥ−1
(
y −Xb̂− xβ̂G

)
︸ ︷︷ ︸

G×E

 , (46)

where β(tot) is N? × 1 vector of genetic effects in the corresponding N? profiles and
E? is the N? × L environment matrix

E? =

e?1. . .
e?N

 . (47)

This formula can be applied for the whole set of N observed environmental profiles
(E? = E) (in-sample estimations), for environmental profiles from test/validation
samples (out-of-sample predictions).
Finally, we note that if the genetic vector x is standardised, then xr = −2p√

2p(1−p)
and

xa = 1−2p√
2p(1−p)

, where p is the observed minor allele frequency (MAF). It follows that

xa − xr = 1√
2p(1−p)

.

Aggregate environment driving G×E. StructLMM can also be used to estimate the
aggregate environment to explain G×E at single loci, which can be interpreted as the
MAP posterior estimate of βG×E. An estimate can be derived based form the linear
model equivalence underlying StructLMM in Eq (8) (see Section 1.3), which we use to
rewrite the G×E term as

L∑
l=1

(x� el)βl = x�

(
L∑
l=1

elβl

)
= x� (Eβ′G×E), (48)

where β′G×E = [β1, β2, ..., βL]T and Eβ′G×E denotes the aggregate environment driving
G×E. Using the StructLMM model in Eq (6), a maximum a posteriori estimate of the
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aggregate environment is Eβ̂′G×E, where

β̂′G×E = σ̂2
G×E(x�E)T Ĥ−1

(
y −Xb̂− xβ̂G

)
. (49)

1.5.4. Computational Complexity

The post-processing analyses for characterising G×E effects build on the marginal
model in Eq. (6), which is amenable to fast inference schemes. Specifically, introducing
Z = [σG×Ediag(x)E, σEE], the model in Eq (6) can be written as

y ∼ N
([
X x

] [b
β

]
, ZZT + σ2

nI

)
. (50)

Note, that this model has the same form as the null model, where the first covariance
term has rank 2L. Maximum likelihood can thus be achieved with computational
complexity O(N(2L)2 + (2L)3) (see [7, 12] for details).

2. Relationship with prior work and comparison methods

In this section, we review existing methods for G×E and we describe LMMs that
are otherwise related to StructLMM. In Section 2.1 we review related existing G×E
testing strategies; in Section 2.2 we discuss technical similarities between StructLMM
and existing LMM-based approaches. Finally, in Section 3 we describe alternative
methods that are compared with StructLMM.

2.1. Relationship to other G×E tests

Single-environment G×E tests A standard linear model to test for G×E using quan-
titative traits and a single environmental variable can be cast as

y = Xb+ xβG + (x� e)βG×E + eβE +ψ, (51)

where y is a N × 1 vector of quantitative trait measurements for N individuals, X is
the N ×K fixed effect design matrix for K covariates, b is the K × 1 vector of their
effect sizes, x is an N × 1 genotype vector for the variant under consideration, βG the
corresponding persistent genetic effect, e an N × 1 environment vector for the studied
environment, βG×E the genotype-environment interaction effect and ψ a noise term,

typically assumed to be iid normal ψ
iid∼ N

(
0 , σ2

n

)
[16]. The model in Eq (51) can

be used both for testing G×E (βG×E 6= 0) or to test for association while accounting
for G×E ([βG, βG×E] 6= 0) [17, 18].

G×E variant-set tests The model in Eq (51) can be extended to aggregate effects
across multiple variants, enabling G×E variant-set tests for single environments. For
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a set of R genetic variants {g1, . . . gR}, a variant-set model can be cast as

y = Xb+

R∑
s=1

gsβ
G
s +

R∑
s=1

(gs � e)βG×E
s + eβE +ψ. (52)

Tukey’s one degree-of-freedom (df) is one of the first G×E variant-set tests [19], which
assumes proportionality between interaction and marginal genetic effect sizes (i.e.,
βG×E
s = θβG

s , s = 1, . . . , R). This assumption can be restrictive, but comes with
the advantage that variant-sets can be tested via θ 6= 0 (1 df). Other strategies to
re-weight the interaction effects and limit the number of testing parameters have been
proposed (for example, Jiao et al [20] proposed using gene-environment correlations).

Another reweighting scheme that is commonly used for G×E analysis is known as the
genetic risk score (GRS), where one assumes βG

s = wsβ
G and βG×E

s = wsβ
G×E . In

GRS analyses, the SNP weight ws is either i) set to ws = 1 for all s (unweighted GRS,
[21]) or ii) to ws = βP

s , where βP
s is the effect size of variant s identified from a previous

study that tested only for main genetic effects (weighted GRS, [22]). GRS analyses
have been used in G×E interaction analyses of BMI in UK Biobank data [22, 23] using
a weighted score based on the effect sizes estimated from the 2015 GIANT association
analysis for BMI [24].

A class of G×E variant-set tests that is technically related to StructLMM is based on
random effects for βG×E , which build on linear mixed models, similarly to StructLMM.
In the following we describe the interaction sequence kernel association test (GESAT) [25],
as representative of a family of related methods [25, 26, 27, 28]. Starting from equation
Eq (52), GESAT can be derived by defining a multivariate normal prior on the genetic
effect sizes, βG×E ∼ N (0, τIR), where interactions can be tested by assessing τ 6= 0
using a score test (see Section 1.4). GESAT models the additive genetic effects in the
null model using fixed effects, estimated using ridge regression to mitigate the large
number of covariates in the test [29]. The score-based test statistics of the interaction
test is

Q = (y − µ̂)>SS>(y − µ̂), (53)

where S = [g1 � e, . . . , gR � e] and µ̂ is the optimised mean under the null model. Q
follows a mixture of χ2 distributions with 1 df [6] (see Section 1.4). Among the gener-
alisations of GESAT are methods tailored towards rare variants (iSKAT, [26]), with a
prior on βG×E that accounts both for scenarios where the G×E effects have consistent
effect directions or have independent effects (βG×E ∼ N

(
0, τ(π1R1TR + (1− π)IR

)
).

An optimal score-test is considered to assess statistical significance (see Section 1.4).
The testing procedure in iSKAT is related to the association test in StructLMM, but
there are important differences. First, the prior used in iSKAT is designed to empower
the detection of interaction effects between multiple rare variants and a single envi-
ronmental variable. Conversely, StructLMM considers a prior on the effect of a single
variants due to G×E with multiple environments. Additionally, a technical difference
is in how the two methods deal with the high number of covariates: while StructLMM
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uses a random effect, iSKAT uses ridge regression. Finally, StructLMM can also be
used to efficiently fit the full model with G+E+G×E effects, which is critical to enable
for the characterisation of selected G×E loci (see Section 1.5).

StructLMM is also related to a recently proposed random effect set test, iSet [30],
which builds on a framework for multi-trait set tests [12]. Critically, the model is lim-
ited to analyses of moderately sized cohorts (at most tens of thousands of samples),
it only considers categorical environments and it cannot be used for the analysis of
multiple environments.

Existing multi-environment G×E anlayses The only multivariate G×E analysis with
multiple environments we are aware of has been proposed in [31], in which the authors
study G×E effects on BMI at the FTO locus. Briefly, the authors employ a two-
step approach, first selecting relevant environmental variables based on their additive
effect on the phenotype (using a cross validation scheme), and then assess G×E effects
using a z-score test statistics using a multivariate fixed effect model (as in Eq. (8)).
Thus, the method is similar to the fixed effect model we implement for comparison
(Section 1.5.2). At present, there is no software that implements this procedure [31],
which also does not scale to genome-wide applications due to the costly cross-validation
step.

2.2. Relationship to other LMM implementations

Although the models follow different aims, StructLMM is technically related to the
optimal score-based test originally implemented in SKAT-O [11], a rare variant asso-
ciation test. The SKAT-O model can be cast as

y = Xb+GβG +ψ, (54)

where where G = [g1, . . . gR] denote the N × R genetic design matrix for R rare
variants and βG is set to follow the multivariate normal distribution

βG ∼ N
(
0, τ(π1R1TR + (1− π)IR

)
. (55)

This formulation interpolates between fully correlated genetic effects (1R1TR) and in-
dependent genetic effects (IR). The relation to StructLMM becomes apparent from
Eqs (19-20), considering that x � β = diag(x)β. In essence, SKAT-O interpolates
between models that consider different correlation structures of genetic effects across
variants, whereas StructLMM interpolates between different covariance models for per-
individual genetic effects.

A second related model is an LMM-based method for gene-gene (G×G) interaction
test introduced in [32], between a single variant and multiple others. While concep-
tually related, the proposed tests scales quadratically with the number of samples
(StructLMM is linear), and hence this method cannot be applied to larger datasets.
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Additionally, the method does not consider a joint association test but instead is lim-
ited to testing for interactions at this point.

Finally, we note that the approaches we employ for efficient fitting of the null and
alternative models in StructLMM borrows ideas from previous efficient implementa-
tions of linear mixed models using low-rank random effect, including [5, 33, 7, 12, 30].

3. Comparison methods

We compare StructLMM to alternative implementations of single and multi environ-
ments GxE models. Additionally, for association tests, we present comparisons to
alternative implementations of linear persistent effect tests. Here we provide full de-
tails on the models these tests build on. For a compact tabular summary, we refer to
Supp. Table 2 with the methods (SingleEnv-Renv, LMM-Renv and MultiEnv-Renv-
LRT) that are used in the main text results displayed in bold. These methods were
chosen as the default comparison partners as they use the same random effect term
to model the additive environment under the null as StructLMM and hence are most
directly comparable.

3.1. Single environment models

Single Environment model with Single environment additive effect (SingleEnv-
Senv). Standard interaction tests and joint association tests consider the following
model [16, 17] for each environment el in isolation:

y ∼ N

Xb+ xβG︸︷︷︸
G

+ (x� el)βG×E︸ ︷︷ ︸
G×E

+ (el)γ︸ ︷︷ ︸
E

, σ2
nI︸︷︷︸

noise

 , (56)

where y is an N × 1 phenotype vector for N individuals, X is the N ×K fixed effect
design matrix for K covariates, b is the K×1 vector of their effect sizes, x is an N ×1
genotype vector for the variant being tested, βG the corresponding genetic effect and
ψ the residuals. This model can be used to assess the presence of G×E interaction
with environment el by testing βG×E 6= 0 (1 df). A joint P value that corresponds to
the alternative hypothesis that at least one of L environments is participating in G×E
effects, can then be constructed by performing L tests followed by appropriate adjust-
ment for multiple testing (we consider Bonferroni). Similarly, a joint association test
that accounts for G×E effects due to single environments el can be derived by testing
[βG, βG×E] 6= 0 (2 df), where again multiple environments and their corresponding
tests can be combined using Bonferroni adjustment.

Single Environment model with multi-environment additive effect as Fixed effect
(SingleEnv-Fenv). One can extend the standard approach presented above by mod-
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elling additive environment effects from multiple environments:

y ∼ N

Xb+ xβG︸︷︷︸
G

+ (x� el)βG×E︸ ︷︷ ︸
G×E

+

L∑
l=1

(el)γl︸ ︷︷ ︸
E

, σ2
nI︸︷︷︸

noise

 . (57)

Again, the presence of interaction and association can be assessed by testing βG×E 6= 0
and [βG, βG×E] 6= 0 for each environment respectively, where again multiple environ-
ments can be combined using Bonferroni adjustment. This model provides a more
accurate null model for both tests, modelling additive effects of other relevant envi-
ronments.

Single Environment model with multi-environment additive effect as Random effect
(SingleEnv-Renv). Alternatively, one can use a random effect to model multivari-
ate additive environments, which is analogous to the approach taken in StructLMM.
Specifically, one can define an environmental covariance Σ based on the observed en-
vironments as described in Section 1.2 and consider the model

y ∼ N

Xb+ xβG︸︷︷︸
G

+ (x� el)βl︸ ︷︷ ︸
G×E

, σ2
eΣ︸︷︷︸
E

+ σ2
nI︸︷︷︸

noise

 , (58)

where again interaction and association tests can be implemented as described above.
In the main paper, we consider this model as it has the same background model as
StructLMM but perform comparisons with alternative implementations in Supp. Fig.
2.

3.2. Association tests

Linear model (LM). For comparison, we consider a conventional linear model (LM),
assuming genetic effect sizes that are constant in the population

y ∼ N

Xb+ xβG︸︷︷︸
G

, σ2
nI︸︷︷︸

noise

 . (59)

Association with genetic variant x can be assessed through the 1dof test βG 6= 0.

Linear model with multivariate additive environment effects. In a linear model,
multivariate additive effects from environment can be accounted for by the means of
a fixed effect term, which results in the model (LM-Fenv):

y ∼ N

Xb+ xβG︸︷︷︸
G

+

L∑
l=1

(el)γl︸ ︷︷ ︸
E

, σ2
nI︸︷︷︸

noise

 . (60)
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Alternatively, similarly to StructLMM, one can use a random effect with environment
covariance Σ, obtaining the following linear mixed model (LMM-Renv)

y ∼ N

Xb+ xβG︸︷︷︸
G

, σ2
eΣ︸︷︷︸
E

+ σ2
nI︸︷︷︸

noise

 . (61)

In the main paper, we consider the random-effect model as it has the same background
model as StructLMM but perform comparisons with alternative implementations in
Supp. Fig. 2.

3.2.1. Alternative multivariate G×E tests based on fixed effects

Multi Environment model with multi-environment additive effect as Fixed effect
(MultiEnv-Fenv). Whilst we implement StructLMM using a random effect term to
model GxE, an alternative implementation using multiple fixed effects can be consid-
ered. Explicitly, denoting with e1, . . . , eL the N × 1 vectors for L environments, a
fixed-effect-based multi-environment model can be cast as

y ∼ N

Xb+ xβG︸︷︷︸
G

+

L∑
l=1

(x� el)βl︸ ︷︷ ︸
G×E

+

L∑
l=1

(el)γl︸ ︷︷ ︸
E

, σ2
nI︸︷︷︸

noise

 , (62)

where both interactions due to L environmental variables and their additive effects are
modelled as fixed effects. Within this model, the presence of interactions and associ-
ations can be assessed by testing [β1, . . . , βL] 6= 0 (L df test) and [β, β1, . . . , βL] 6= 0
(L+ 1 df test), respectively.

We consider both an LR-based and a score-based implementations of the tests (in
Supp. Fig. 1b), which we respectively refer to as MultiEnv-Fenv-LRT and MultiEnv-
Fenv-Score. Briefly, for the score test, we employ the Rao’s score test statistic [34]

RS = UT
0 I
−1
0 U0, (63)

where U0 and I0 are respectively the gradient and the Fisher Information matrix
(FIM) with respect to the tested parameters, computed use MLE under the null†.
Rao’s score test statistic has an asymptotic chi-square distribution with the number

†Specifically, for the test β 6= 0 in the Gaussian model

y ∼ N (Fα+Wβ,H), (64)

we have

U(β) = (y − Fα0)TH−1
0 W , (65)

I(β) = W TH−1
0 W , (66)

where α0 and H0 are MLE of α and H under the null model.
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of tested parameters as degrees of freedom.

Whilst the LR test is inflated, the score test is deflated when the number of envi-
ronments is large relative to the sample size and again highlighting the benefits of the
StructLMM tests that have constant number of parameters independent of the number
of environments.

Multi Environment model with multi-environment additive effect as Random ef-
fect (MultiEnv-Renv). As with the single environment and linear model tests, the
multivariate additive environment effect can be modelled as a random effect with envi-
ronment covariance Σ, analogous to the StructLMM model, resulting in the following
model

y ∼ N

Xb+ xβG︸︷︷︸
G

+

L∑
l=1

(x� el)βl︸ ︷︷ ︸
G×E

, σ2
eΣ︸︷︷︸
E

+ σ2
nI︸︷︷︸

noise

 , (67)

where again interaction and association tests can be performed as described above.
Again as described above both LR tests (MultiEnv-Renv-LRT) and score tests (MultiEnv-
Renv-Score) can be employed.

PC-based fixed effect G×E test Motivated by the observation that multi-environment
fixed effect models for G×E are in general not calibrated, in particular when analysing
larger numbers of environments (Supp. Fig. 1b), one can in principle considered
PCA to reduce the effect number of environmental variables in the test. The model is
identical to the approach described in Eq (67), but is based on the leading M principal
components calculated based on the full set of L environments, where M < L. We con-
sider this approach when analysing the eQTL data, where the proxy for environment
is high-dimensional Supp. Fig. 20.

3.3. Original analysis of blood eQTL data

We here provide a brief description of the method used in [35] to identify expression
quantitative trait loci whose effect depends on cellular context, Briefly, the authors
considered the single-environment model in Eq (51) where y is the gene expression
of the analysed eQTL gene, g its cis eQTL and e the environment-gene. Then the
following procedure was considered:

• Fit model for each eQTL gene as outcome (y) and each genome-wide gene as
environment (e);

• Compute the test statistic ζl =
∑
i z

2
il for each environment-gene l, where zil is

the z-score of the interaction G×E term from the model with gene eQTL i as
outcome (y) and gene l as environment (e);
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• Define the environment-gene with maximal test statistic as proxy gene and
regress out its expression from all gene expression levels.

This procedure was repeated ten times, which led to the identification of ten proxy
genes. Each proxy gene was then linked to a specific cell type or molecular pathway
called module through various analyses (see [35] for more details). Once the proxy
genes and the corresponding modules had been identified, Zhernakova et al. considered
again the single-environment model in Eq (51) to test for interactions with specific
modules at individual eQTL (each eQTL gene as outcome and each proxy gene as
environment). The significance threshold for this second stage was assessed through
permutations and results reported at 5% FDR.

4. Simulations

4.1. Environment covariates

In order to mimic realistic distributions in the real data analysis, we considered en-
vironmental exposures from UK Biobank data. Specifically, we extracted 33 environ-
mental factors, which include 9 ordinal dietary variables (’Oily fish intake’, ’Non-oily
fish intake’, ’Processed meat intake’, ’Poultry intake’, ’Beef intake’, ’Lamb/mutton in-
take, ’Pork intake’, ’Cheese intake’ and ’Salt added to food’), three continuous dietary
variables (’Cooked vegetable intake’, ’Bread intake’, ’Tea intake’), three physical ac-
tivity variables (’Number of days/week walked 10+ minutes’, ’Number of days/week of
moderate physical activity 10+ minutes’, ’Number of days/week of vigorous physical
activity 10+ minutes’), ’Alcohol intake frequency’, ’Sleep duration’, ’Sleep duration
residuals squared’, ’Townsend deprivation index’, ’Smoking status’, ’Time spent watch-
ing television’, ’Usual walking pace’, ’Frequency of friend/family visits’, ’Time spend
outdoors in summer’, ’Time spent outdoors in winter’, ’Time spent using computer’,
’Nap during day’, ’Overall health rating’, ’Nitrogen dioxide air pollution 2010’, ’Nitro-
gen oxides air pollution 2010’, ’Traffic intensity on the nearest major road’, ’Average
daytime sound level of noise pollution’, ’Average evening sound level of noise pollu-
tion’‡. For the three continuous dietary and five pollutant variables, we removed values
exceeding the 99th percentile. For ‘Sleep duration’, we removed the top and bottom
percentiles and for each individual, calculated the squared deviations from the mean
sleep duration, creating environmental variable, ‘Squared sleep duration res.’ (33rd en-
vironmental variable). For the four variables (‘Time spent watching television’ , ‘Time
spent using computer’, ‘Time spend outdoors in summer’, ‘Time spent outdoors in
winter’), less than 0.5 hours of was encoded as 0.5 and we excluded individuals in the
upper and lower percentile. These variables were further augmented by element wise
interactions with gender and age (and the inclusion of age itself), resulting in a total of
L = 100 environmental variables. We randomly assigned environmental profiles from
the 70,282 individuals for which all environmental factors were available (based on the

‡Environments in blue were also considered in the BMI analysis and were preprocessed as described
in the corresponding section.

20



Interim release) to the genotypes. The environmental covariance was built as a linear
covariance from standardised values.

4.2. Phenotype simulation strategy

Phenotype data were generated as the sum of a persistent genetic effect from a genetic
variant (g), additive environment effects from a set of E environments (e), G×E effects
from a subset of L1 ≤ L environments (i), a contribution from population structure
(u) and iid gaussian noise (ψ)

y = g + e+ i+ u+ψ. (68)

The individual contributions from each term as in Eq (68) were simulated as follows:

• Persistent genetic effect from a randomly selected genetic variant is rescaled
to have sample variance (1− ρ) · vg;

• Additive environment effects are generated as e = EEβE, where EE is the
N × L design matrix for L environments in N individuals and βE is generated

as βE
iid∼ N (0, 1). Subsequently, e is rescaled to have sample variance ve;

• G×E effects are generated as i = (EG×EβG×E)⊗x, where EG×E is the N×L1

design matrix for L1 < L environments in N individuals and βG×E is generated

as βG×E
iid∼ {+1,−1}. Subsequently, i is rescaled to have sample variance ρ · vg;

• Population structure is simulated as u = Fβpop, where F is the N×10 matrix
of the leading 10 principal components from the realised relatedness matrix and

βpop is generated as βpop
iid∼ N (0, 1). Subsequently, u is rescaled to have sample

variance vpop;

• Noise is generated as iid Gaussian and rescaled to have sample variance vn =
1− vg − ve − vpop.

In a first set of simulation experiments, we vary the sample size (N), the number of
environments (L), the percentage of them with G×E effects (π = L1

L ), the variance
explained by the total genetic effect (G+G×E effect, vg), the proportion of the genetic
variance due to G×E effects (ρ) and the variance explained by additive environmental
effects (ve) while we fix the variance explained by population structure (vpop = 40%).
The specific parameter settings and the considered ranges of settings are provided
in Supp. Table 1. Additionally to these extensive simulations, we also simulated
scenarios with gene-exposure correlation, skewed and binary environments. Full details
on these additional simulations are given in the next sections.

4.3. Gene-exposure correlations

We simulated environments that are subject to a genetic effect from a variant in LD
with the variant affecting the phenotype. Specifically, we generated new environments
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as
vec (E) ∼ N (0,C ⊗R) , (69)

where C is the covariance between environments and R is the covariance between
individuals. We set C = Ĉ and R = vxxex

T
e + (1− vx)R̂, where Ĉ and R̂ are column

and row covariances estimated from environments in real data repectively, xe the geno-
type of the variant correlated with the environments and vx the variance explained
by this variant on environments. After generation, the environments were standard-
ised and then the phenotype simulation procedure described in Section 4.2 was applied.

In our simulations we varied (i) the LD between the variant correlated with the envi-
ronments and the one associated with the phenotype and (ii) the average heritability
of environments (vx) when the phenotype and environments are affected by the the
same variant. Calibration was assessed in the extreme scenario of same variant and
vx = 0.20%.

4.4. Skewed and binary environments

First, we generated environments as

vec (E) ∼ N
(
0, Ĉ ⊗ R̂

)
, (70)

where Ĉ and R̂ are environment and individuals covariances estimated from envi-
ronments in real data. After generation, the environments were transformed to have
non-Gaussian distributions and then the phenotype simulation procedure described
in Section 4.2 was applied. To generate skewed distributions, we rank-inverse trans-
formed the generated environments to a Gamma distribution with shape a and scale 1.
We varied the shape a of all simulated environments. Calibration was assessed in the
extreme scenario a = 0.1. For binary environment scenarios, we binarised a fraction
fB of the generated environments to have a specific sample frequency ν. We varied
the fraction fB of binary environments (fixing ν = 2%) and the frequency ν (fixing
fB=1). Calibration was assessed in the extreme scenario fB = 1 and ν = 0.5%.

5. Analysis of BMI in UK Biobank

5.1. Hold-out validation of per-individual genetic effect sizes

For out-of-sample assessment of the allelic predictions, we randomly split the 252,188
individuals into training and testing groups (126,094 individuals). We used the training
group to fit the model and estimated allelic effects at the 11 interaction loci (5%
FDR-adjusted) within sample, similar to the approach taken on the full dataset. We
then identified the 5% (6,305) of individuals with the highest and lowest estimated
allelic effects. For these strata of individuals, we use their genotype and phenotype
information and test for associations using the LMM-Renv from which we identify
a subset of strata that have nominally significant P values (P < 0.05, Supp. Fig.
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17a). Next, we predicted allelic effects in the test set (Supp. Fig. 17b) based on all
data in the training fraction and the environmental profiles in the test fraction, again
identifying the 5% strata of individuals with the highest and lowest estimated allelic
effects. We averaged over the predicted allelic effects of test individuals in the 5%
strata (only for significant strata in the training set estimations (Supp. Fig. 17a))
to produce a mean predicted allelic effect (yellow crosses, Supp. Fig. 17b). We then
used the genotypes and phenotypes of test individuals in in the top and bottom strata
to estimate the genetic effect based on their phenotype data (using LMM-Renv). We
compared mean predicted allelic effect with the estimated genetic effect (Supp. Fig.
17c) and we compared the mean predicted and estimated effects when considering the
GxE component only. For the latter comparison, we subtracted the persistent SNP
effect (using the estimate from the StructLMM fit on the training fraction) from the
predicted mean effect of the strata. For the LMM-Renv estimated effect, this was
achieved by the subtracting the variant effect identified from the LMM-Renv using all
individuals in the testing set from the variant effect identified from the LMM-Renv
using only individuals in the top and bottom 5% strata (Supp. Fig. 17d).

6. Analysis of cell-context eQTLs in a large blood cohort

6.1. Generation of principal components from SAMtools flagstat
and Picard tools

The first eight principal components derived from SAMtools flagstat and Picard tools
were calculated from the following fields: GC, Bam.genome total, Bam.exon total,
Counts.number detected genes, PF BASES, PF ALIGNED BASES, CODING BASES,
UTR BASES, INTRONIC BASES, INTERGENIC BASES, PCT CODING BASES,
PCT UTR BASES, PCT INTRONIC BASES, PCT INTERGENIC BASES, PCT
MRNA BASES, PCT USABLE BASES, MEDIAN CV COVERAGE, MEDIAN 5PRIME
BIAS, MEDIAN 3PRIME BIAS, MEDIAN 5PRIME TO 3PRIME BIAS.

A. Proof for form of Q

First, let us rewrite Qρ

Qρ =
1

2
yTKρy (71)

=
1

2
(1− ρ)yTPdiag(x)11Tdiag(x)Py +

1

2
ρyTPdiag(x)EETdiag(x)Py(72)

=
1

2
c(1− ρ)vTMv +

1

2
ρvTZEETZTv (73)
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where

v = P
T
2 y (74)

Z = P
T
2 diag(x) (75)

M =
1

c
Z11TZT (76)

c = 1TZTZ1 (77)

Eq (73) can be equivalently written as

Qρ =
1

2
ρκ+

1

2
τρη0 (78)

where

κ = φ+ ξ (79)

φ = vT (I −M)ZEETZT (I −M)v (80)

ξ = 2vT (I −M)ZEETZTMv (81)

τρ = c(1− ρ) +
ρ

c
1TZTZEETZTZ1 (82)

η0 = vTMv (83)

Indeed, replacing Eqs (83) in (78)

Qρ =
1

2
ρvT (I −M)ZEETZT (I −M)v + (84)

ρvT (I −M)ZEETZTMv + (85)(
c(1− ρ) +

ρ

c
1TZTZEETZTZ1

)
vTMv (86)

=
1

2
ρvTZEETZTv − ρvTZEETZTMv +

1

2
ρvTMZEETZTMv + (87)

+ρvTZEETZTMv − ρvTMZEETZTMv + (88)

1

2
c(1− ρ)vTMv +

1

2c
ρ1TZTZEETZTZ1vT

1

c
Z11TZT︸ ︷︷ ︸

M

v (89)

=
1

2
c(1− ρ)vTMv +

1

2
ρvTZEETZTv + (90)

−1

2
ρvTMZEETZTMv +

1

2
ρvT

1

c
Z11TZT︸ ︷︷ ︸

M

ZEETZT
1

c
Z11TZT︸ ︷︷ ︸

M

v(91)

=
1

2
c(1− ρ)vTMv +

1

2
ρvTZEETZTv (92)
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Denoting with C a symmetric matrix, withA andB two general matrices and suppose
v ∼ N ( 0 , I ), then we have

vTCv ∼
∑
k

wkχ
2
1, where w = eigh (C) (93)

and

E
(
vTAv

)
= tr (A) (94)

Cov
(
vTAv,vTBv

)
= tr

(
A(B +BT )

)
(95)

where we used E
(
vTAvvTBv

)
= tr

(
A(B +BT )

)
+ tr (A) tr (B) from the matrix

cookbook section 8.2.4. Using these properties and that MM = M §, we have

• φ ∼
∑m
k=1 λkχ

2
1 where λ = eigh (Λ)

• Λ = ETZT (I−M)ZE

• E (ξ) = 2tr
(
(I −M)ZEETZTM

)
= 0

• Var (ξ) = 4tr
(
(I −M)ZEETZTMZEETZT

)
• Cov (ξ, η0) = 4tr

(
(I −M)ZEETZTM

)
= 0

• Cov (ξ, φ) = 4tr
(
(I −M)ZEETZTM(I −M)ZEETZT (I −M)

)
= 0

• Cov (φ, η0) = 4tr
(
(I −M)ZEETZT (I −M)M

)
= 0

• η0 = vTMv =
(
ẑTv

)T (
ẑTv

)
∼ χ2

1, as ẑ = Z1
‖Z1‖ is a direction.

Using Eqs (74-77) and introducing

Λ0 = ETdiag(x)Pdiag(x)E (96)

α = ETdiag(x)Px (97)

c = xPxT (98)

we can rewrite Λ, Var (ξ) and τρ as

Λ = Λ0 −
1

c
ααT (99)

Var (ξ) =
4

c
αTΛ0α−

4

c2
(
αTα

)2
(100)

τρ = c(1− ρ) +
ρ

c
αTα (101)

§from which follows (I −M)(I −M) = (I −M) and M(I −M) = 0
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