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Supplementary Figure 1

Scaling index (SI) of single neurons in different brain areas.

(a) Histograms on the top show the normalized distribution of the scaling index for individual neurons in the MFC (n = 416 neurons from
both animals), caudate (n = 278 neurons), and thalamus (n = 846 neurons) for the Eye (Left) and Hand conditions (Right). The bottom
panel shows a comparison of the cumulative probability distribution of scaling index across the three areas. The thalamus shows a
predominance of smaller scaling index value (Mann-Whitney-Wilcoxon test, one-tailed, W(1260) = 310,733, z = 7.89, *** P < .001 in
comparison with MFC, and W(1122) = 189,163, z = 6.98, *** P < .001 in comparison with caudate) (b) Example PSTHs covering a
range of Sls in the three brain areas. The Sl value and effector condition for each neuron is indicated.
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Supplementary Figure 2

The time course of PCs (left) and SCs (right) for MFC data.

First 9 PCs over the course of the production interval (abscissa) that explain 80% of variance in the MFC data (n = 281 neurons for

Monkey A) in decreasing order of variance explained (left) for Short (warm colors) and Long (cool colors) intervals. First 9 SCs,
obtained for the same data, in decreasing order of scaling (right, see Methods).
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Supplementary Figure 3
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Analysis of scaling with surrogate data.

(a) Venn diagram showing the various constraints considered for non-scaling models. All surrogate data was generated from a
Gaussian Process (GP) with the same level of temporal smoothness (white rectangle, S) as the data. We considered three additional
constraints to make the surrogate data more similar to neural data without an explicit requirement for scaling. One constraint required
responses for all production intervals to be at the same level at the time of Set and at the time of response. We refer to this constraint
as endpoint matching (red circle, E). Another constraint required that the dimensionality of the surrogate data match the neural data,
and additionally the variance explained by each principal component (PC) be matched. We refer to this constraint as dimensionality
matching (green circle, D). Finally, we considered a constraint that required the collection of responses for different production intervals
to have the same correlation (quantified as RZ) as expected from perfect scaling. We refer to this constraint as correlation matching
(blue circle, C). We created surrogate data for each constraint and for various combination of constraints, and compared the scaling
properties to the original data. Note that each constraint characterized a superset of the scaling hypothesis. (b) Example traces
showing the procedure for generating the surrogate data (n = 281 surrogate units) in the C+D+E+S model for 5 randomly selected
surrogate units aligned to the time of Set. We first sampled a Short trace (red) from a Gaussian process. The trace in blue corresponds
to the perfectly scaled version of the red trace and is not a sample from the surrogate model. The surrogate data were generated using
a constrained Gaussian Process (GP) prior as follows: the response for the shortest production intervals (red) was sampled from a GP
with the same level of temporal smoothness as the neural data. The corresponding response with perfect scaling was generated by
linear scaling (shown in blue). Note that the trace in blue is not a sample from the GP and is therefore, not part of the surrogate data.
The gray traces correspond to the surrogate data. To generate the surrogate data, we drew samples from the Gaussian process that
satisfied several criteria. First, the starting point as well as the ending point of every gray trace had to be perfectly matched to the
starting point and ending point of the perfectly scaled blue trace. Second, across the population of surrogate data, the dimensionality
had to match observed neural data. Finally, the correlation between every gray trace and the red trace was the same as the correlation
between the red and blue trace. In this way, every sample of GP (gray traces) matched the smoothness, endpoints, dimensionality and
correlation as the real data (i.e., C+D+E+S model). (c) Cumulative percentage variance explained by PCs and SCs for the surrogate
data generated from the non-scaling C+D+E+S model. (d) The first 9 principal components of population activity (PC, left) and the
corresponding 9 scaling components (right, SCs) plotted as the function of time from Set for the non-scaling C+D+E+S model. Note that
PCs and SCs are based on the surrogate data (gray traces in panel b) — not the perfectly scaled data (blue traces in panel b).
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Supplementary Figure 4
Relationship between MFC population activity and behavior
The speed of neural trajectory in MFC (n = 281 neurons for Monkey A, n = 135 neurons for Monkey D) within the scaling subspace

spanned by the first 3 SCs predicted Tp across both Short and Long conditions on a trial-by-trial basis. Both ordinate and abscissa
follow a logarithmic scale. The case of hand trials for Monkey A was shown in Fig. 5d. Here, all the other conditions are shown.
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Supplementary Figure 5

Analysis of scaling at the population level in the caudate (top) and thalamus (bottom).

Left column: Population activity ( n = 101 neurons for caudate and n = 481 neurons for thalamus, Moneky A) profiles projected onto the
first 3 principal components (PCs). Activity profiles associated with different produced intervals for Short and Long conditions are
plotted in different colors (same color scheme used throughout the paper). The state at 700 ms after Set is shown along the trajectories
(diamond). Second column from the left: Population activity projected onto the first 3 scaling components (SCs). Activity spanned by the
first 3 SCs overlap for different intervals in the caudate but not in the thalamus. Third column from left: Variance explained for individual
SCs as a function of scaling index. Right column: The speed of neural trajectory within the scaling subspace spanned by the first 3 SCs.
Both ordinate and abscissa follow a logarithmic scale.
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Supplementary Figure 6

Alternative recurrent neural network models

(a) A recurrent neural network (RNN) trained to use an interval-dependent Cue input to produce time intervals flexibly. The network was
trained using a non-scaling exponential objective with a fixed time constant. (b) The speed of dynamics measured within the space
spanned by the first three PCs predicted Tp across both Short and Long conditions. Both ordinate and abscissa follow a logarithmic
scale. (c) The response profiles of randomly selected units in the network (a) aligned to the time of Set. (d) A RNN trained to use a brief
pulse as the interval-dependent Cue input to produce time intervals flexibly. The network was trained using a linear ramping objective
like the network in the main text. (e) The speed of dynamics predicted Tp across both Short and Long conditions with the same format
as b). (f) The response profiles of randomly selected units in network (d) aligned to the time of Set.
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Supplementary Figure 7

Temporal scaling in the recurrent network mode

(a) The first 9 scaling components (SCs) of the population activity in the RNN with a scaling output function (Fig. 5). The early SCs
correspond to the recurrent subspace, and the last SC represents the input subspace. (b) The average speed of population activity in
the subspace spanned by the first 3 SCs is predictive of both within context and across context variations in Tp. Both ordinate and
abscissa follow a logarithmic scale. (c) The average firing rate of the population activity projected onto the last SC is also predictive of
Tp. (d) Cumulative percentage variance explained by PCs (white) and SCs (black). The dashed vertical line corresponds to the 9th
component. (e-h) Same as a-d, for a network that was trained for a non-scaling exponential output objective function (Supplementary
Fig. 6d).
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Supplementary Figure 8

Nonscaling population activity in MFC
Left: The time course of the SC9 (the least scaling component) across conditions. Right: The average firing rate of population activity

(n = 281 neurons for Monkey A) projected onto SC9 (left), also the putative input subspace, increases with produced intervals (Tp). This
is consistent with the hypothesis that the average firing rate in the non-scaling subspace controls speed. Based on the recurrent
network model, this subspace likely reflects the input drive to MFC. Both ordinate and abscissa are plotted in a logarithmic scale.



Supplementary Note

Surrogate data for testing the scaling property

Surrogate model 1. We required the firing rates to have heterogeneous and nonlinear profiles
while mimicking the same temporal smoothness as our data. To address this constraint, for
each surrogate neuron, we sampled the response profiles (i.e., analogous to firing rates) from a

zero-mean multinomial Gaussian Process (GP) prior '?. The covariance function between time
points 7 and tj, also known as the kernel function, K(ti,tj), was formulated as follows:
— |2

K(t,t)= o’ exp(—‘i—j

- ), K(t,t.) e R™" with 0° =1andT =150 ms.
T

These parameters were chosen to mimic the average smoothness observed in response
profiles of neurons. This constraint allowed us to examine whether the scaling indices
associated with different regions of interest could be attributed to the the smoothness of firing
rate functions. The surrogate model 1 was not worthy of consideration as i did not exhibit any

scaling. But the smoothness constraint was used in the subsequent more constrained models.

Surrogate model 2. The first model did not impose any structure among response profiles
across the different produced intervals. In model 2, for each surrogate neuron, the starting point
of the surrogate data was the same as the starting point of the real data and the endpoint of the
surrogate data was the same as the endpoint of the real data, but the starting point and end
point of the real data were not necessarily the same. To satisfy this constraint, for each
surrogate neuron, we first generated a response profile corresponding to the shortest produced
interval, which we will refer to as the primary profile. We then constrained the response profiles
associated with all longer produced intervals to match the primary profile at both the starting and
terminal points. To do so, we sampled the remaining profiles from a conditional GP where the
endpoint values were constrained to be the same as the primary profile. This constraint can be

applied using GP regression analysis °, where we derived the expectation and covariance of
(gz,---,gtp_l) given the endpoints(gl,gtp). This model tested whether our scaling results

could be attributed to a general level of similarity between smooth data with matched initial and

terminal points.



Surrogate model 3. The first two constraints ensured that the smoothness of the surrogate data
and its starting/ending points corresponded to the recorded neuronal profiles. As a third
constraint, we required the surrogate data to have the same dimensionality as the physiological
data. To satisfy this constraint, we projected the surrogate data onto its principal components
(PCs) and adjusted the variance according to the variance explained by PCs in neural data.
This can be achieved by multiplying the data in the PC space by a diagonal matrix that scales
each axis according to the desired variance. This model tests whether our scaling results could
be attributed to data generated from a low-dimensional process with the same smoothness and

matching initial and terminal points.

Surrogate model 4. As a final constraint, we required the surrogate data generated for different
produced intervals to exhibit the same coefficient of determination (R?) as the surrogate data
generated from perfect scaling. To satisfy this constraint, for each surrogate neuron, we first
sampled one instance from the GP for the shortest produced interval; i.e., the primary profile for
that neuron. We then stretched the primary profile temporally to generate a set of perfectly
scaled response profiles for all other produced intervals. We computed R? as a measure of
similarity between perfectly scaled responses. We then created samples from GP for other
produced intervals that were matched in starting/ending points and had the same R? as the
perfectly scaled data. As a final step, we applied the same strategy as in surrogate model 3 to
match the dimensionality of the surrogate and neural data. This model enabled us to test
whether our scaling results could be attributed to the dimensionality of the data, given the same
smoothness and similarity in response profiles achieved by matching temporal correlation as

well as initial and terminal points.

We will refer to these models by the constraints they impose as follows:

Surrogate model 1 (S) Smoothness constrained (S)

Surrogate model 2 (E+S) Smoothness constrained (S)

Endpoints constrained (E)

Surrogate model 3 (D+E+S) Smoothness constrained (S)
Endpoints constrained (E)

Dimensionality unconstrained (D)

Surrogate model 4 (C+D+E+S) Smoothness constrained (S)




Endpoints constrained (E)
Dimensionality constrained (D)

Correlation constrained (C)

Supplementary Note Table 1. Surrogate models

The same analyses used to assess the neural responses were used to asses scaling in data
generated from the surrogate models. This included (1) reducing the dimensionality to the first 9
PCs (which captured 80% of total variance of the physiological data), (2) computing the scaling
index for each PC, (3) assessing the relationship between variance explained and scaling index
for random projections of activity in the state space, (4) repeating the step for 200 times to
obtain a distribution of scaling indices, and (5) comparing the distribution among different

surrogate models and regions of interest.
Training of the recurrent neural network model

Multiple networks were trained with inputs that were presented randomly across trials as

specified above using backpropagation-through-time °

. We computed model parameters by
minimizing a squared loss function between the network output z () and a target function f ()

The objective least-squares function used during training was :
HO)= Yo X3 0~ L0
| TS |54

The target function ]i(t) was computed for a subset of the trials and was only defined from the

onset of the Set pulse till the length of the desired interval. For the duration of the Set pulse, the
target function assumed a value of zero to prevent rapid transient switches in activity before the

production stage.
Once training was complete, we generated a new set of randomized test trials, chose a

threshold corresponding to the desired output (z = 1) and computed the times at which the

network output crossed that threshold after Set. The time of threshold-crossing relative to Set

was taken as the network’s produced interval (1'p). Network responses were also tested for

intervals that interpolated within and extrapolated beyond the trained range. All networks



exhibited good interpolation performance. Networks that exhibited good extrapolation
performance within 150 ms beyond trained ranges were used for further analysis (90% of tested
networks). In the main text, we report interpolated intervals that matched the monkeys’

response variability for both intervals.

We trained and tested multiple networks with different input profiles and different training
objectives to check the consistency of the solution (Supplementary Fig. 6). In these networks,
the scalar nature of the objective function was controlled by two parameters, @ and A4, to create
a continuum of objective functions between a ramp (linear scaling) and a delta function (non-

scaling). For example, with parameters A =3 and o = 2.8, the above function approximates a

scaled linear ramp of desired duration (7).

s

£(t)= A(e’* 1)

We tested additional networks with explicit non-scaling objectives and also with Cue inputs that
did not remain constant throughout the trial. We have reported the results of two such variations
in Supplementary Fig. 6, one in which the objective does not scale with interval duration
(Supplementary Fig. 6a), and one in which the Cue input was a transient pulse (Supplementary
Fig. 6d).

Similar to previous work ®, we analyzed the rate of change of the network state to uncover its

2

underlying dynamics. We computed g(z) = % | F(z)[* to find the fixed and slow points of the

system (corresponding to tolerances of ¢ = 1le— 18 and le —5 respectively). We analyzed the

local dynamics around fixed points by performing an eigendecomposition of the corresponding

linearized system. Fixed points associated with no positive eigenvalues were classified as
stable fixed points. The unstable fixed points (Fmd{ne ) that we detected in some networks were
usually associated with one unstable mode and often helped mediate the transition of

trajectories after Set towards F!

terminal ~

We projected activities of neurons on each trial onto the first three principal components of the
total activity covariance matrix (across all trials) to obtain state space trajectories (Fig. 5c). Fixed
points were projected onto the same basis for visualization purposes. For various networks, the
mean squared speed of network trajectories during interval production over the first three PCs

was used to relate dynamics to Tp (Fig. 5, Supplementary Fig. 6). We additionally computed the



scaling components (SCs) for the activity of various networks (Supplementary Fig. 7) The speed
of the trajectory within the scaling subspace was calculated based on projection onto the first 3

SCs (Supplementary Fig. 7).

Two inhibitory-neuron model

Building on previous work *, we engineered a two-neuron model that captured the key intuition
behind speed control in the interval timing task. The network consists of two mutually inhibitory
neurons (u, and v), which receive a common input representing the contextual cue, denoted as
6 (Fig. 6a). The time-varying firing rates of the model neurons are governed by a pair of

nonlinear differential equations as follows:

i =—-u+ f(W ,0-W v)
T=-v+gW 6 -W u)

Model structure and parameters were explained in the table below.

W =W =6 !\/Iagniltude C_)f §ynaptic weight from
ij uf v0 input j to unit /
W = =
uv U
6 0= [0.6,0.8] Balanced inputto v and v
T 100 ms Time constant of each unit,
At = 10ms (time step)
f(x),g(:c) 1 Actlvatlf)n function for v and v
D E— respectively
1+ exp(—x)

Supplementary Note Table 2. Structure and parameters for the two-inhibitory neuron model.



The nullcline for each variable is defined as the set of all the states where the derivative of the

variable vanishes. For example, solving for % = O provides a solution of the kind u = f(8,v)
, Which represents the nullicline for u (Fig. 6¢). The intersection of the nuliclines pertaining to

each variable represent a point where variables do not change, i.e., fixed points (FPs). For a
range of synaptic weights (V[/;j ) and input levels (9 ), the system has two stable FPs that are
separated by an unstable one. Increasing ) systematically shifts the position of the two

nullclines (Fig. 6¢). It also reduces the energy gradient between the FPs (Fig. 6b) causing the

system to slow down.

We numerically solved the coupled equations (* ) to compute the system’s response dynamics.

The energy (E) of the system was defined as the path integral over a vector field:

V= [d, 1}] = —VE(U, U). This was computed numerically by integrating the speed along a

deterministic trajectory from the unstable FP to the stable ones using the equations above (*)

to numerically simulate the relaxation of the activity towards the final FP.

Supplementary Software

Matlab codes for generating the dynamics of two-inhibitory neurons are available at

https://github.com/wangjing0/two-neuron-model.
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