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1 Optimal replay creates memories where they
matter most

Requiring as few replays as possible for accurate behaviour is beneficial as replay
takes time, and time is often needed for online behaviour [1, 2]. Making the best
use of each replay means prioritising certain replay trajectories over others [3].
Intuitively, the highest priority replays are those that improve behaviour the
most. This intuition has been formalised in the RL framework, where replay
explicitly assigns credit to states through value backups, to successfully explain
a wealth of empirically observed patterns of replay [4]. Constructive replay per-
forms implicit credit assignment by binding object-centric representations, that
come with pre-learned policies, to allocentric coordinates. Nevertheless, optimal
constructive replay trajectories are qualitatively consistent with those predicted
by the best value backups - albeit with a very different neural implementation.

Here, we define optimal constructive replay as making those memories that
are most impactful for shortening paths towards rewards from anywhere in the
environment. Such replay forms new vector representation memories, or consol-
idates existing ones, at locations where these representations change the policy
(for example by providing a reward vector) and are frequently retrieved (for
example on common paths to reward). We find optimal replays by enumerating
replay trajectories and evaluating how much the resulting memories decrease
the expected distance towards the goal, averaged across the environment.

Optimal constructive replays play out along trajectories similar to backups
that maximally increase future reward, because both aim to achieve the same
goal: a map that supports selecting (ultimately) rewarding actions. Updates
to the map take place in locations that have the greatest impact on the overall
policy, regardless of the representation that underlies that policy. Upon re-
ward discovery, such optimal updates distribute the reward information back
through the environment (Fig 1a), whether through value backups or construc-
tive replays. Once complete, the reward map can be further improved by con-
solidating the existing memories: additional constructive replays suppress path
integration errors, along similar trajectories as ‘need’-driven value backups [4]
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a. Constructing new reward memories updates policy

c. Replay incorporates structural changes: first lay down wall memories, then consolidate reward memories

b. Consolidating existing memories improves policy
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Figure 1: Optimal replay constructs then consolidates maps. a. Ex-
pected additional distance (blue) for each state before (left) and after (right)
the optimal replay (red) upon reward discovery. Optimal constructive replay
minimises the total expected additional distance (the sum of additional distance
per state plotted in blue). Upon finding a reward, that means laying down re-
ward memories, producing simulated trajectories similar to ‘gain’-dominated
value backups [4]. b. Expected additional distance (blue) for each state before
(left) and after (right) the optimal replay (red) after building the reward map.
Once the reward map is sufficiently complete, optimal replays consolidate ex-
isting memories that will be needed often in the future, by encoding additional
memories to error-correct path integration noise. Such simulated replays play
out along similar trajectories as ‘need’-dominated value backups [4]. c. Ex-
pected additional distance (blue) for each state before (left) and after (right)
subsequent (first, second, and third) optimal replays (red) after obstacle dis-
covery. Constructive replay naturally accounts for structural changes, such as
the discovery of a wall in the environment. Optimal replay encodes memories
where they matter most. In this situation, that produces simulated replays first
along the wall to guide the policy around the wall, then away from the wall
for a more direct policy, and then towards reward to improve the accuracy of
memories that will be retrieved many times.
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(Fig 1b). These examples illustrate that the principle of replaying whatever
improves the policy most can be applied irrespective of the replay mechanism:
trajectories compatible with optimal value backups are often compatible with
optimal state-space construction too.

However, that replay mechanism does sharply distinguish the two. Value
backups treat the map, whether in hippocampus or cortex, as static, and change
striatal synapses to reflect state values. Constructive replays change the hip-
pocampal map itself. A new (replayed) composition that combines a particular
vector and grid code recruits a new hippocampal representation - the conjunc-
tion between the two. That means that, in addition to reward changes, construc-
tive replay also naturally accounts for structural changes (Fig 1c). We simulate
replays when an agent discovers a new wall in a familiar environment with a
rewarded location. Optimal replay first runs along the wall (opposite side to the
reward) while encoding wall-vector memories. Now all paths behind the wall are
successfully rerouted around the wall, though they still go directly to the wall
first, and then around. To make these trajectories less bendy, and more efficient,
the next replay updates state-representations progressively further away from
the wall, so that paths end up going directly to the edge of the wall. Finally,
optimal replay consolidates the reward memories that are retrieved most often:
those on the path from wall to reward. While no recordings of replay events
exist in such situations, exactly these progressively less bendy behavioural tra-
jectories are observed in behaviour when barriers are placed between a start and
goal (home) location in a homing task [5].

1.1 Methods

Given the proposed constructive function of replay, what should its content be
(Fig 1)? We define a replay as optimal if it maximally reduces the expected
additional distance to reward (as compared to before replay), summed across
all locations. We search over all possible replays to find the replay trajectory
that best improves this metric. Conceptually, there are two ways replay can
improve the metric: Either by adding vector representations of previously miss-
ing elements into the compositional map, or by consolidating already existing
representations to reduce path integration noise. We now describe how we cal-
culate the expected additional distance, and show how replay can improve it by
these two ways.

To fully elucidate how the memories formed in constructive replay improve
expected additional distance, we need to think about the possible representa-
tions at each location. In particular, each location either has access to the full
state representation, composed of vector representations for all objects/walls/rewards,
or a partial state representation, where an element of the composition is miss-
ing - but replay can provide the missing element. Partial representations can
have different consequences for policy optimality. Sometimes the resulting pol-
icy is still successful (for example, when the missing element is irrelevant for the
policy, like a wall to the north when there is reward to the south), but other
times the agent will get stuck. Replay must then choose which locations to visit
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to make partial state representations full or to further improve representations
that are currently noisy.

There are multiple possible ways to formalise expected additional distance.
We formalise it by comparing the optimal path versus the path taken by an
agent that operates in three regimes related to whether it has access to full or
partial representations. The first regime is when it has a full representation - in
which case it can path integrate straight to the goal. The second regime is when
it has a partial representation - then it can path integrate but may get stuck in
states. The third regime is random behaviour - it can switch to this behaviour
after it gets stuck. This means the agent will always eventually find the reward.
The agent can start using a partial regime then transition into the full regime
on visiting a state with a memory of the full state representation, or it can
transition from partial to random if the agent gets stuck. We formally model
the above using three absorbing Markov chains on the discrete environment.
The dynamics of these Markov chain are specified by three transition matrices,
defined by policies as Tss′ = p(s′|s) = Σap(a|s)p(s′|s, a): the transitions T full

for the policy given the full state representation, T part for the policy given
a partial state representation, and T rand for the random exploration policy.
The reward is an absorbing state for each of the chains. For T part there are
two additional types of absorbing state: locations where the partial policy gets
stuck, for example when there is an unexpected wall in front of the reward, and
locations where memories of the full state representation have been encoded.
Together, these three chains allow us to analyse a process where an agent that
does not have access to the full state representation follows the partial policy
until it arrives at reward, arrives at a memory, or gets stuck. If it arrives at
reward, it is done (1). If it arrives at a full representation memory, it switches to
the dynamics of the full policy T full that takes it to reward (2). If it gets stuck,
it starts random exploration following T rand until it either arrives at reward,
or hits a memory that provides it with the full representation, so it can follow
T full to reward (3). The total expected distance for a location to reward thus
becomes the sum of the expected distances of all these scenarios, weighted by
their probabilities:

dstart→reward =

1) ppart(start → reward)dpart

2) + Σmemppart(start → mem)(dpartstart→mem + dfullmem→reward)

3) + Σstuckp
part(start → stuck)(dpartstart→stuck + prandstuck→rewardd

rand
stuck→reward

+Σmemprandstuck→mem[drandstuck→mem + dfullmem→reward])

To evaluate this expected distance we need to calculate the absorption prob-
ability and expected time until absorption for a given chain and a given absorb-
ing state. To get these, standard Markov chain analysis separates the transition
matrix T into the dynamics between transient (non-absorbing) states Q and
transitions from transient to absorbing states R, and defines fundamental ma-
trix N = (It −Q)−1, where It is the identity matrix with dimension number-of-
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transient-states. The probability of getting absorbed at state j, starting from
state i, is given by the (i, j)-element of B = NR. The expected time until
absorption anywhere starting from state i is given by the sum of the i-th row of
N . To get the expected time until absorption at a specific absorbing state k, we
calculate the sum across columns of the fundamental matrix M of an adjusted
transition matrix U that expresses transition probabilities given eventual ab-
sorption at k: Uij = BikTij/Bjk [6]. The above considers replay that provides
missing elements to the compositional map in memory. But because memories
are noisy, due to path integration errors, replay can also improve the policy by
encoding memories for elements where these already exist. Repeated replay of
existing memories improves the accuracy of those memories. To model this, we
additionally inject noise into the transition matrices T full and T part. Because
this noise is caused by path integration errors, we model it by mixing the policy
at one location with the policy of the neighbours, plus a fixed amount of random
policy: π′ = mπnoise + (1 − m)π. Here π′ is a vector of action probabilities,
π is the noise-free policy vector, and πnoise is the mean of the policies across
all neighbours and a random policy with equal probability for each action. The
amount of mixing m, which determines the policy noise level, is lowered from 0.2
to 0.1 when replay creates an additional memory of an existing representation
at that location (i.e. goes from 1 memory to 2 memories).

To actually calculate the optimal replay trajectories, we first calculate the
expected distance to reward for each location, subtract the true distance to
reward, then sum across all locations. Then we sample all possible 5-step replay
sequences starting from the agent’s current location and recalculate this total
expected additional distance given the memories created in that replay. The
optimal replay is the one that decreases the total expected additional distance
the most.

2 Composing non-spatial and hierarchical build-
ing blocks

Constructive replay thus carries structural information beyond just reward to
compose representations that imply actions in remote locations. Importantly,
this works equally well for non-spatial building blocks. That is important be-
cause empirically, hippocampus supports non-spatial reasoning [7, 8], for ex-
ample through representation of hierarchy [9, 10] and context [11]. Computa-
tionally, non-spatial composition opens up a whole range of new problems to
which the same principles can be applied. These problems need to a) decompose
into building blocks so a common function f([z1, z2, z3, ...]) = a maps states to
optimal actions, and b) allow independent forward models for each building
block zit+1 = g(zit, at) so building blocks can be replayed separately and then
recombined in memory. Path integration is a specific spatial example of such
forward models; more generally, they can be learned to capture a broad variety
of environment dynamics.

5



a. Hierarchical mix of space and non-space b. Single policy function
works in every room
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Figure 2: Policy and replay over hierarchical non-spatial building
blocks. a. An example hierarchical environment that mixes space and non-
space, consisting of rooms on a non-spatial loop. One room contains reward
(green); each room contains two doors (blue and orange) at random locations
that transition the agent to the next room along the non-spatial loop. We pro-
vide a full state representation that consists of within-room spatial vectors to
reward and doors (r,d1,d2) and a between-room non-spatial vector code (c) to
the rewarding room. b. Learned policy (grey arrows) in a new hierarchical
environment from a policy mapping trained on hierarchical compositional state
representations. A policy mapping f([d1, d2, r, c]) = a learned across many hi-
erarchical environments provides optimal actions in unseen new configurations,
using the same within-room vector codes (d1,d2,r) in each room. c. Upon find-
ing a reward, and replaying its within-room location, a single between-room
replay propagates the rewarding room-vector code, c, thus providing the opti-
mal policy to each of the other rooms.
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We now show that our model works in a hierarchical task that mixes space
and non-space. This task consists of multiple spatial rooms (one of which con-
tains a reward) joined together into a (non-spatial) loop by doors, but where the
doors are at random spatial locations within each room and behave like teleports
(i.e. the locations of the doors are unrelated to the rooms they transition to; Fig
2a). We provide a state representation that composes both spatial within-room
vector codes, towards doors (d1,d2) or reward (r), and a non-spatial between-
room vector code, that specifies the number of rooms between the current and
the rewarding room (c). Importantly the d1, d2 and r representations are reused
across different rooms. As before we train a neural network f([d1, d2, r, c]) to
predict optimal actions on tasks with many different room sizes and door loca-
tions, and test on an entirely new hierarchical environment. We see that the
network generalises to unseen configurations and provides accurate policies in
each room towards the rewarded room (Fig 2b). This highlights generalisation
across the hierarchy as anything learned in one room applies in another; alter-
native approaches like hierarchical RL would need to learn separate policies (or
options) in each room.

In the situation described above, we provided the state representation. An
agent, however, can only initialise a reward vector code (or rewarding room code)
after actually observing a reward in one of the rooms. Similarly to before, we
use replay to propagate this knowledge within the rewarded room (i.e. replay
r vectors), but additionally replay across rooms (via c). This replay is thus
decoupled over space (r) and non-space (c vectors). Since the replay of c is
at a hierarchical level, a single replay suffices to obtain the optimal policy in
all unrewarded rooms (Fig 2c). The non-spatial between-room vector c can
be viewed as a contextual signal that modulates behaviour depending on the
state of the environment (like chopping or frying, depending on the current
stage of a recipe). And because its forward model can implement arbitrary non-
spatial dynamics (such as the non-spatial loop), it could guide actions in game
environments that are currently challenging for AI agents [12].

2.1 Methods

Here we show how our model of state-space composition can be extended to
accommodate hierarchies of spatial and non-spatial structures (Fig 2). As an
example of such an environment, we consider five discrete spatial regular square
grid rooms, with shapes that are randomly sampled from (4 × 4, 3 × 5, 5 ×
3), connected on a length-5 non-spatial loop. Now transitions exist on both
hierarchical levels, within-room and between-room; in general, there can be
many recursive levels where a location on the higher level corresponds to a
whole environment on the lower level, and a lower-level action can take the
agent to a different higher-level location. Here, the low-level rooms contain two
doors, which when entered transition the agent to the adjacent high-level room,
and one of the low-level rooms contains reward. Crucially the doors are located
randomly within each room so their location tells you nothing about the high
level action. We provide the agent a state representation that consists of within-
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room door and reward vectors d1,d2,r and between-room vector c that specifies
the clockwise and anticlockwise distance towards the rewarding room.

Like before, we train a policy mapping f(s) = a, where the state repre-
sentation input concatenates vector representations across hierarchical levels
s = [d1, d2, r, c] and the action output produces an ‘primitive’ action, on the
lowest level of the hierarchy. Intuitively, it makes sense that this state represen-
tation affords correct policies: the c representation tells the agent which door to
use, and the d1,d2 representations tells them how to get to that door - or directly
to reward following r if already in the rewarding room. The agent can therefore
reuse the same object vector cell population in every room (Fig 2)b). We imple-
ment f as a feedforward neural network with one hidden layer of twice the size
of the input dimension. To train f , we generate many different environments
where the shapes of the rooms, the door locations, and the rewarding room and
reward location are randomised. We train f through supervised learning by
backpropagation on 500 samples of [state representation, optimal action] pairs
from 25 of such environments in parallel, and repeat this 10 times with new
environments.

Since door locations are different for each room, the agent utilises a low-
level memory bank for each room that binds within-room vector representations
to low-level locations. Additionally, the agent has a high-level memory bank
that binds between-room vector representations to high-level rooms. This setup
factorises the different levels of the hierarchy, and so replay can be independent
for the different levels of the hierarchy.

When the agent has, through latent learning, built low-level memories of all
door-vectors d1,d2 within every room before finding a reward, it has complete
maps of the low-level environments but no optimal policy yet - it knows where
the doors are, but not yet which door to take. But when it finds the reward in
the rewarding room, it only needs to replay at the high-level to create a memory
that binds the between-room reward vector c to the room to get access to the
optimal policy (Fig 2)c). Next time when it enters a room, it retrieves c from
high-level memory and d1,d2 from the low-level memory bank for that room,
which tells it both where the doors are and which door to approach.

3 Model implementation details

3.1 Parameters

List of parameters with default values. These values are not fixed across simula-
tions: often a simulation systematically varies one or more of these parameters
(e.g. the path integration noise, or the number of replays).
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Name Value Description

ld 7 Number of nodes along one side of square grid graph
nb 25 Number of training samples in batch, each from a different

environment
ns 200 Number of training samples from the same environment
ne 20 Number of times new training environments are generated
ϵ 0 Path integration error probability
w 0.2 Weight of path integrated representation (versus memory

retrieved representation) in representation update
rn 5 Number of replays repeats at one step
rl 15 Replay length: number of steps in one replay
rf 4 Replay interval: number of physical steps after which to

replay
lc 1 Length of continuous two-dimensional arena side
nc 100 Number of object vector cells in object vector representa-

tion of one object
dR 0.1 Maximum step size
σr 0.01 Step size variation standard deviation
σtheta 0.1·2π Step direction variation standard deviation
lw 0.025 Wall radius (or half the wall thickness)
ro 0.05 Radius for perceiving objects
ϵr 0.025 Path integration step size noise standard deviation
ϵθ 0.25·2π Path integration step direction noise standard deviation
ξM 0.05 Distance cutoff for including memories in retrieval
βM 1 Memory retrieval weight softmax inverse temperature

3.2 State representation

3.2.1 Discrete model

The state space of the discrete model is defined on a set of states s ∈ S, con-
nected by actions a ∈ A, to form a graph as in a deterministic Markov decision
process. All spatial environments are regular square grid graphs, with actions
’go-north’, ’go-east’, ’go-south’, and ’go-west’. We generate environments by
populating a ld× ld square grid with walls and rewards: we assign nodes a ’wall’
or ’reward’ identity. Wall nodes can be horizontal or vertical neighbours and
cannot overlap with rewards or completely block off parts of the environment.
We disconnect wall nodes from their non-wall neighbours in the environment by
disabling actions that would transition the agent to the wall node.

The full compositional state representation v⃗ of state s consists of the con-
catenation of the vector representations v⃗k across all components k in the en-
vironment. We represent a reward as a single component, and a wall as a
pair of components, one on each end of the wall. For example, the full repre-
sentation of a state in an environment with two walls and one reward will be
v⃗ = [v⃗w11, v⃗w12, v⃗w21, v⃗w22, v⃗r] where [] means concatenation and v⃗k is a vector
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Figure 3: Discrete object vector representations. a. Example object vec-
tor representation at state s indicated with the blue circle for the blue square
reward component at state q. We calculate distances along each action to the
component, plotted by green arrows; red arrows indicate actions that go in op-
posite direction. b. The full object vector representation is a vector of distances
along each action, here ‘go-north’ (N), ‘go-east’ (E), ‘go-south’ (S), and ‘go-west’
(W). Opposite actions are indicated by a -1. c. We one-hot encode each action
distance. d. The full state representation v⃗ that serves as input for f is the
concatenation of these one-hot encoded distances.

representation. We implement this vector representation v⃗k as follows (Fig-
ure 3). For state s, we get the representation v⃗k of component k at state q
as the concatenation of one-hot encoded distances along all actions from s to
q (Figure 3a). We set the distance to -1 for an action if q is in the opposite
direction of that action (Figure 3b). For example, if q is 1 step to the east
and three steps to the south of s, the state representation v⃗k at s becomes
[onehot(−1), onehot(1), onehot(3), onehot(−1)] (Figure 3c,d). Here [] means
concatenation and onehot(i) is the (i+2)-th column of the (ld + 1)-dimensional
identity matrix: each one-hot vector has dimension ld + 1, to enable encoding
of all possible distances in the square grid environment, plus the -1 for opposite
direction in the first dimension. The resulting (4 ld + 4)-dimensional vector
thus always contains 4 ones, one for each action. Finally, in addition to the
vector representations for all components in the environment, we implement a
one-hot place code (our model’s analogy to the brain’s grid code - a coordinate
system that uniquely identifies each state) for state s as the is-th column of the
(ld · ld)-dimensional identity matrix.

3.2.2 Continuous model

Continuous environments are specified on two-dimensional continuous (x, y) co-
ordinates in an lc × lc arena, so s⃗ = {(x, y)|0 ≤ x ≤ ld; 0 ≤ y ≤ ld}. We place
reward and walls within this arena (Figure 4). Again, a reward is represented by
a single vector code, and a wall by two vector codes, one centred on each wall end
(Figure 4a,b). And like the discrete environment, the full compositional repre-
sentation for a state concatenates the vector representations for all components,
e.g. v⃗ = [v⃗w11, v⃗w12, v⃗w21, v⃗w22, v⃗r]. But the individual vector representation v⃗k
now consists of the firing rates of a population of nc spatially tuned object-
vector cells (Figure 4c,d). For a component k at state q⃗, we distribute the firing
fields of the object-vector cells evenly on a 2 · lc × 2 · lc square grid, with the
population’s centre aligned on q⃗. This configuration makes sure that the whole
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arena is covered by object-vector cells for any possible q⃗. We model the firing
field of a single object-vector cell as a two-dimensional multivariate Gaussian,
with a diagonal covariance matrix that has firing field width Σ on the diagonal
and zeros off-diagonal. Then to obtain the vector representation v⃗ at state s⃗ for
element k, we evaluate the q⃗-centred population of nc multivariate Gaussians
at s⃗ to get a nc-dimensional vector of activities.

Like in the discrete environment, we also implement a place code that rep-
resents the absolute location of a state, analogous to grid cells that encode a
coordinate system in 2d space to uniquely index location (Figure 4e). In the
continuous environment, this place code is obtained by evaluating nc/4 multi-
variate Gaussians that are arranged at fixed locations on a regular square grid
within the arena.

3.2.3 Conjunction versus concatenation

Throughout this paper, state representations are sometimes written as conjunc-
tions and sometimes as concatenations. To avoid confusion, we’ll distinguish
the two as explicitly as possible here. A concatenation creates a new repre-
sentation that stacks its component representations; the dimension of the new
representation will be the sum of its component dimensions. We use concate-
nated representations to produce policies from a set of vector representations
(e.g. a reward-vector code and a wall-vector code): we map the concatenated
vector representations to actions (Section 3.3). A conjunction creates a new rep-
resentation that combines its component representations, for example through
an outer product; the dimension of the new representation will be the product
of its component dimensions. We use conjunctions to bind vector representa-
tions (e.g. a reward-vector code) to place representations (e.g. a grid code) and
store this combination in memory (Section 3.4). Importantly, these conjunctive
memories can be created independently for each component: the agent can cre-
ate a map of grid-reward conjunctions, and a map of grid-wall conjunctions, at
different times and different places. Then when they need to select an action
at a particular location, encoded by the grid code, they can retrieve the cor-
responding vector codes, e.g. the reward-vector and wall-vector, concatenate
them, and infer appropriate action (Section 3.5). In summary: in our model
conjunctions are for memory, and concatenations are for policy.

3.3 Learning policies that generalise

3.3.1 Discrete model

Given the full state representation that concatenates vector codes for all objects
in the environment, e.g. v⃗ = [v⃗w11, v⃗w12, v⃗w21, v⃗w22, v⃗r], the model learns a
policy through a mapping f(v⃗) = p⃗a that maps a state representation to action
probabilities. Here p⃗a is a vector of action probabilities, so its dimension matches
the number of actions in the environment, i.e. four in the square grid world. The
mapping f is learned across many environments, so that it generalises to new
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Figure 4: Continuous object vector representations. a. Continuous envi-
ronment with a reward (blue circle) and a wall (green bar), represented by two
wall ends (green circles). b. Continuous environment with different configura-
tion. c. Object vector cell population for the reward object. Each square is a
rate map for one cell, the top row for the environment in a and the bottom row
for the environment in b. The rate map circled in red, for example, shows a cell
that fires just west of the reward in both environments. d. Object vector cell
rate maps for one wall end, with the cell circled in red firing just west of the
wall end in both environments. e. Place cell population that represents location
in both environments, independent of object orientation.

configurations of objects on first encounter. We implement f as a multi-layer
perceptron, consisting of an input layer of the same dimension as s (i.e. (4 ld +
4)*number of components), then three hidden layers of dimensions 1000, 750,
500 and rectified linear activation, and an output layer of the same dimension as
a (i.e. 4). Before inputting v⃗ into f , we preprocess all wall vector representations
with a common wall-embedding function fw, with an output layer of the same
dimension as the wall representation and a hidden layer twice that size and
rectified linear activation. In the example v⃗ = [v⃗w11, v⃗w12, v⃗w21, v⃗w22, v⃗r], that
means that the input to f would be [fw(v⃗w11, v⃗w12), fw(v⃗w21, v⃗w22), v⃗r]. This wall
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embedding is not necessary for accurate policies, but does speed up learning.
We train f and fw through supervised learning on the optimal policy. As

training examples, we generate nb environments with random configurations of
walls and rewards, and calculate the representation s and optimal policy a for
each state. We use Dijkstra’s algorithm to determine shortest-path distances
from each location to the reward, while taking walls into account; the optimal
policy then assigns equal probability to all actions that decrease the distance
to reward, and zero to others. We then sample a random node from each envi-
ronment and train f on the batched {v⃗, p⃗a} pairs. We update f ’s parameters
through backpropagation using gradients provided by Pytorch and the ADAM
optimiser with learning rate 10−3. Because f is trained on multiple environ-
ments in parallel, it needs to learn a mapping that works across environment
configurations. After ns samples we generate new training environments, and
this procedure is repeated ne times.

3.3.2 Continuous model

In continuous environments, we define actions as optimal directions to reward.
Therefore mapping f(v⃗) = ϕ⃗ must produce a continuous, periodic value −π ≤
θ ≤ π. We implement this action output as a two-dimensional vector ϕ⃗ that
contains the sine and the cosine of the optimal direction θ; the optimal direction
can be recovered from this output as θ = atan2(ϕ2, ϕ1). Again, the input state
v⃗ concatenates the vector representation across all components in the environ-
ment, e.g. v⃗ = [v⃗w11, v⃗w12, v⃗w21, v⃗w22, v⃗r] – with vector representations calcu-
lated as described in Section 3.2.2. The network hidden state dimensions are
3000, 2000, 1000, and we preprocess wall embeddings as in the discrete model to
speed up learning. As training examples, we generate nb environments with ran-
dom configurations of walls and rewards, and sample random locations within
those to provide training state-action pairs. We calculate the optimal direction
θ for a location as follows. First, we construct a fully connected graph of the
environment, where each component in the environment (with two components
for a wall, one on each end) is a node, and with edges whose weight is the Eu-
clidian distances between objects. We remove edges between objects if the line
connecting them in the environment crosses any walls. Then we use Dijkstra’s
algorithm to calculate the graph distance to the nearest reward for each node
on this graph, taking the edge weights into account. Finally, for a given location
s⃗, the optimal direction points towards the object that a) can be reached in a
straight line without crossing walls from s⃗ and b) has the smallest graph dis-
tance to reward after adding the distance from that object to s⃗. Provided with
these state-action training examples, we update f ’s parameters through back-
propagation as in the discrete model. After ns state-action training examples
we sample new training environments, and we repeat this ne times.
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3.4 Mapping the environment

3.4.1 Discrete model

Given a learned mapping f(v⃗) = p⃗a, the agent can act optimally when it has
access to its full state representation v⃗. However, upon entering a new en-
vironment, they don’t know the current configuration of components. They
will need to incorporate the components in their state representation through
exploration (Figure 5). A simulated episode in such a new environment runs
as follows. Initially, all vector representations are initialised as empty. The
agent explores the environment by observing their location, selecting an action
from their exploration policy (e.g. a random policy with equal probability for
all available actions), and transitioning to the next location. When they dis-
cover a component, by approaching it within one step for wall ends or zero
steps for reward, they initialise the object-vector representation v⃗k for that ob-
ject k. For ease of notation and implementation, we will keep track of the
represented state sk of the agent for that component rather than the vector
representation v⃗k. This representation can be thought of as ”where does the
agent think they are, with respect to component k”. For example, when the
agent discovers a component k at state q = 12, and takes a step east, we’ll
write sk,q=12 = 13 for their new vector representation of that component in-
stead of v⃗k = [onehot(0), onehot(−1), onehot(0), onehot(−1)] (’1 step west’).
That makes the equations easier to read, but the two notations are equivalent,
because there is a one-to-one correspondence between represented state and
object-vectors (as described in Section 3.2.1). We’ll drop the subscript q in the
following because for a particular component k, the state it is in, q, is fixed.

After initialisation, the agent carries out such updates to vector representa-
tions with respect to their actions through path integration (Figure 5a). How-
ever, path integration is noisy. Errors may cause the represented component
vector state sk to diverge from the true state s. We model path integration
noise as a distribution over transitioned locations s′k given action a from state
sk:

pPI(s
′
k|sk, a) =


1−ϵ

|S′(sk,a)| if s′k ∈ S′(sk, a)
ϵ

|S′′(S′(sk,a))| if s′k ∈ S′′(S′(sk, a))

0 otherwise

(1)

where
S′(sk, a) = {s′ ∈ S | p(s′|sk, a) > 0} (2)

is the set of locations that taking a from sk can transition to (p(s′|s, a) is defined
by the environment; here, since the environment is deterministic, |s′| = 1), and

S′′(S′) = {s′′ ∈ S | s′′ ̸∈ S′ and

S′∑
s′

A∑
a′

p(s′′|s′, a′) > 0} (3)

is the set of two-step neighbours of sk. In other words, path integration updates
the representation to the correct location s′k with probability 1 − ϵ or any of
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Figure 5: Discrete map-making. a. Schematic of a model trajectory after
entering a new environment for the first time. During exploration (orange ar-
rows), the model observes states (numbers, black slots) and tracks object vector
representations (arrows in green, blue, and red slots) through path integration.
Vector representations start empty (step A), but are initialised on component
discovery (like the green wall end, step B). As the agent moves from state 6 to
state 10, they uses their knowledge about their actions to path integrate the
representations of the green wall (so that now in state 10 it points north-east).
In addition, the model discovers the blue wall, and initialises its representation.
b. At each step, the model stores the vector representations it has access to in
memory by binding it to the state, implemented as a dictionary where the state
(black) is the key and the representation (green, blue, red) the value. In replay,
the model carries state representation to remote locations without physical dis-
placement (purple arrows). It then binds the object vector representations to
locations in memory (step E, F) for later retrieval at that location.

the correct location’s neighbours with total probability ϵ. Note that this ac-
cumulation of error occurs independently for each component k, resulting in a
(possibly) different representation of ”where do I think I am” with respect to
each component.

In addition to path integration, the agent relies on memory to update rep-
resentations after an action (Figure 5b). In the brain, we hypothesise these
memories are stored as hippocampal conjunctions, which link a vector represen-
tation (the object-vector cell population activity) to place representations (the
grid cell population activity).

Here, we model such conjunctive memories as a dictionary Ms = [sik, ...]
with states s as keys and multisets (i.e. the same element can appear multiple
times) of vector representations (or, again for ease of notation: the state sk
corresponding to a vector representation) as values. The superscript i indexes
all the memories that exist at state s: the agent appends a new memory sk to the
memory bank Ms at state s every time they go there. Without path integration
errors, the represented state sk always matches the true state s, so in that case
Ms would just contain many copies of s. But due to path integration errors, the
represented state might diverge from the true state, so that the list of memories
Ms contains a variety of states sk that are not s. In the example of taking a
step east after finding reward at state 12, the new memory would be M13 = [13],
indicating a reward one step to the west at state 13 – if they have correctly path
integrated their reward-vector representation. If they made a path integration
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error, the encoded memory may instead be M13 = [14], (incorrectly) indicating
a reward two steps to the west. When the agent returns to a location where it
has previously encoded memories, they can retrieve these memories. We model
the probability of retrieving a particular vector representation sk as proportional
to the number of encoded memories of that vector representation at the current
state s:

pM (sk|s) =
|[sM ∈ Ms | sM = sk]|

|Ms|
(4)

which is only calculated if |Ms| > 0, so there are memories at state s. Equation
1 and 4 thus provide two probability distribution of updated vector representa-
tions s′k given the previous representation sk, the action the agent took a, and
the new state s. To update their representation, the agent can make use of the
combination of the two: a weighted sum over the path-integrated representation
(weight w) and the distribution of representations on earlier encounters of this
state (weight 1− w), setting w = 1 if |Ms| = 0.

p(s′k|sk, a, s) = wpPI(s
′
k|sk, a) + (1− w)pM (s′k|s) (5)

They sample s′k from Equation 5 to obtain the updated representation, which
is encoded in memory and path-integrated in the next step.

Replay in our model allows the agent to encode remote memories offline.
Given an initial state s and representation sk, they imagine transitions through
the environment. After each transition, they update their representations and
append them to the current state’s memories, as during online navigation. There
is one difference: Since transitions are now imagined, the current state cannot
be observed from the environment. Instead, it needs to be path integrated, just
like the object-vector representations. That means there can now be errors both
in the state s (the key in the memory dictionary) and the vector representation
(the value in the memory dictionary). Again, we model path integration noise
by sampling from a distribution over correct and neighbour locations. The agent
performs rn replays of rl steps long, every rf steps of exploration.

3.4.2 Continuous model

During simulated exploration, the continuous space agent takes steps d of length
dr (capped at dR) in direction dθ by adding normal random variation with
standard deviation σr, σθ to the previous length and direction for smooth tra-
jectories. Compared to the discrete environments, where we simply disabled
actions that lead into walls, the interaction with continuous walls is a bit more
complicated. The agent cannot pass through walls, but should still be able to
slide along walls if they are not moving perpendicularly towards the wall, unless
there is another wall preventing that (as in corners). Algorithm 1 resolves an

attempted step d⃗ from state s⃗ to s⃗′ in the presence of walls, with wall normal
vectors pointing from s⃗ orthogonally into the wall.

The agent thus explores the environment (Figure 6). They discover a com-
ponent when they get within radius ro of that component, and initialise the
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Algorithm 1 Transition with walls

1. Is s⃗ within distance lw of a wall?

Yes Is s⃗ within distance lw of multiple walls?

Yes Calculate the dot products of d⃗ and the normal vectors of the
walls within lw

Remove the positive component along the normal vector of the
wall with the largest dot product from d⃗.

Recalculate the dot product of d⃗ and the normal vector of the
wall that had the second-largest dot product. Is it greater than
zero?

Yes Set d⃗ to 0⃗; continue to 2.

No continue to 2.

No Remove the positive component along the normal vector of the
wall within lw from d⃗; continue to 2.

No continue to 2.

2. Does the line from s⃗ to s⃗+ d⃗ cross any walls?

Yes Set new location s⃗′ to wall contact location, lw away from the wall
crossed first; exit.

No Set new location s⃗′ to s⃗′ = s⃗+ d⃗; exit.

Figure 6: Continuous exploration. Example walk of agent in a continuous
environment, each step marked with a red dot connected to the previous step
with a red line, progressing from light red to dark red over the course of the walk.
Blue patches indicate binned location occupancy. Interactions with the green
wall and arena boundaries demonstrate how the agent slides along blockades
without crossing them.
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corresponding vector representation upon discovery. Again, for ease of nota-
tion, we will write the agent’s represented state s⃗k for an object instead of the
object-vector representations v⃗k. In other words, we’ll write representations as
2-dimensional (x, y) vectors, but these have a one-to-one correspondence with
nc-dimensional population activities of object-vector cells. After initialisation,
the agent tracks the object’s representation by combining path integration with
memory retrieval, just like in the discrete model. Path integration updates
represented states s⃗k to reflect step d⃗, with path integration error modelled as
Gaussian noise with standard deviation er and ed on step length dr and direction
dθ respectively:

s⃗PI
k = s⃗k + d⃗PI (6)

d⃗PI = dPI
r cos(dPI

θ )x̂+ dPI
r sin(dPI

θ )ŷ

dPI
r = dr + er, er ∼ N (0, ϵr)

dPI
θ = dθ + eθ, eθ ∼ N (0, ϵθ)

Note that equation 6 follows the state update algorithm, taking walls into ac-
count.

We encode a new memory as a state-representation pair, so that the memory
bank M = [{s⃗i, s⃗ik}, ...] becomes a multiset of pairs. The reason this is differ-
ent from the dictionary in the discrete case, is that states are now continuous
coordinates, so there is not much point in using them as dictionary keys: it is
unlikely the same key will occur twice. Again, this memory bank is a simplified
implementation of what we hypothesise the brain achieves through hippocampal
conjunction: the binding together of a location and object-vector code. Then
to retrieve a representation at state s⃗ from all previous experience, we calcu-
late a weighted average across representations s⃗k

i in the memory bank. The
weights are given by the corresponding memory states s⃗i: memories created
near s⃗ contribute stronger to the retrieved representation. More specifically, we
exclude memories create beyond distance threshold ξM , and then weight remain-
ing memories by the softmax of dot products between the memory locations s⃗i

and retrieval location s⃗:

s⃗Mk =
Σ{s⃗i,s⃗ik}∈V e

βM p⃗(s⃗)·p⃗(s⃗i)s⃗ik

Σ{s⃗i,s⃗ik}∈V e
βM p⃗(s⃗)·p⃗(s⃗i)

(7)

where βM is the softmax inverse temperature, p⃗(s⃗) the place code of a given
(x, y) location (see Section 3.2.2) and V only contains the included memories:

V = [{s⃗i, s⃗ik} ∈ M | |s⃗− s⃗i| < ξM ] (8)

The final updated representation combines the path-integrated and retrieved
representation as a weighted sum, again setting w = 1 if |V | = 0:

s⃗k = ws⃗PI
k + (1− w)s⃗Mk (9)
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This final updated representation is encoded in memory and path-integrated
in the next step. The replay implementation in the continuous model is very
similar to the discrete case. The agent imagines transitions and makes a new
memory at each replay step, path-integration both location and representation
– in contrast to physical navigation, where the location s⃗ is observed from the
environment.

3.5 Goal-directed navigation

Following the map construction of Section 3.4, the agent can read out the policy
given a state representation through the policy mapping learned as described in
Section 3.3. By carrying out these actions, the agent engages in goal-directed
navigation or exploitation, in contrast to Section 3.4 which described explo-
ration. Practically, we first convert the represented locations to vector codes for
each object as described in Section 3.2, and then concatenate the vector codes
across objects to obtain the input vector for f . The agent then executes the
action (in the continuous model, this means taking a step of size dR in the direc-
tion produced by f), updates their representations, and repeats the procedure
until reaching reward.
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4 Supplementary figures

Figure 7: Contribution of remote replay spikes. a. To verify that the
replay-spike aligned ratemap changes are not just driven by changes at the
home-well, we repeat the analysis while excluding replay spikes within 10 cm
from the home well. The location of included replay spikes relative to home
is plotted on the left, and the distribution of home distances for the top 10 %
of replay spikes that change the ratemap the most on the right, showing that
many ratemap changes occur at considerable distance from the home well. The
baseline distribution of home distances across all replay spikes is shown on top
in dashed lines. b. Repeating region-of-interest and radial-spoke averages of
ratemap change around replay spikes, only including replay spikes more than
10 cm away from the home well as shown in a. N=6485 (home), 20912 (away),
6539 (matched); error bars: s.e.m. c-d. Same procedure, now excluding replay
spikes within 25 cm from the home well. N=5041 (home), 20912 (away), 6539
(matched); error bars: s.e.m. e-f. Same procedure, now excluding replay spikes
within 50 cm from the home well. As the full arena is 200 by 200 cm, the
diameter of the exclusion region now spans half of the arena length. N=2917
(home), 20912 (away), 6539 (matched); error bars: s.e.m. c-d.
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Figure 8: Replay to incorporate structural elements. a. We investigate
replay of structural changes in a four-room configurable maze task, where the
animal needs to navigate to a particular room then forage there. Some doors
between rooms close halfway through the experiment; we calculate ratemaps
before and after closing and look for replay after discovery of the change. b.
Because we cannot detect SWRs or decode replay, we define replay through
‘non-local door spikes’. c. Two example cells where such a non-local door
spike precedes the emergence of a new place field. d. Across the population,
cells with non-local door spikes are more likely to get new place fields. Each
recording consists of five sessions: doors open (s1), doors open (s2), doors closed
(s3), doors closed (s4), doors open (s5). We find cells that have non-local door
spikes when the doors close for the first time (s3) and ask whether the same
cells obtain new place fields in the next closed door session (s4) that did not
exist in the previous open door session (s2). We regress the emergence of new
fields on the presence non-local door spikes, including a regressor for baseline
firing rate, and find a significant relation.
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Figure 9: Replay for stable environments and erasing fields. a. The
relation between replay and new fields also exists in a stable environment, but
there is less replay than in a changing environment. We repeat the analysis of
Figure 8, but now extract non-local door spikes in session s2 (a stable session),
and detect new place field by comparing session s3 to session s1. The relation
between the two still holds, but this time there are more cells that have no
replay and no new fields (top left) and fewer that have replay and new place
fields (bottom right). That is consistent with the model: even in the absence
of structural changes, when replay occurs it should still make new landmark
cells (to further consolidate the representation). It should just do so less often.
This means that the correlation between replay and new cells should still exist,
but there should be less replay than in 8, where the environmental structure
changes. b. There is also a relation between replay and disappearing fields in
a changing environment, but that leaves more replays unexplained. We repeat
the same analysis of Figure 8, but focus on disappearing place fields rather
then new place fields. We extract non-local door spikes in session s3, but detect
place fields that are present in session s2 but not any more in session s4. We find
that cells that replay in s3 lose place fields more often, which is consistent with
our findings of changes in representations on the second day of the home-away
well paradigm. This time the proportion of cells that does replay but does not
change firing fields fields (bottom left) is larger than in a and 8, which again
aligns with our model: we expect many of these replaying cells to gain new place
fields too (rather than just lose them), which this analysis does not measure.
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Figure 10: Decoding accuracy. a. Decoded trajectory from held-out neural
data, plotted on top of the true position of the animal, for an example rat in an
example session. This only includes time windows where animal moved faster
than 5 cm/s b. Same data as in a, but only the first 125 seconds, separated for
the x and y position, plotted against time. During periods of immobility (animal
speed below 5 cm/s; flat line in true position against time), the decoded position
is overlaid in yellow. c. Probability density for decoding error, measured as
distance between true and decoded position, across animals and sessions. d.
Cumulative probability distribution for data in c.
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Figure 11: Simulated ratemaps for home-well experiment. a. Sample of
synthetic entorhinal grid/object-vector cells, and hippocampal landmark cells
in the simulation of the home-away well paradigm for the home well location
(white circle) of day 1. The first row shows an example subset of 4 object-
vector cells (there are 20 in the simulated population), the first column shows
an example subset of 4 grid cells (there are 10 in the simulated population),
and the remaining rows and columns the resulting 16 conjunctions (landmark
cells; there are 200 of those in the simulated population). The white number
indicates the max firing rate in Hz. b. Same cells as in a but for the home well
location (white circle) of day 2. c. Sample of synthetic enthorinal grid/sensory
cells, and hippocampal place cells in the same simulation. Like a and b, except
that the top row is now a subset of 4 sensory cells (there are 40 of those in
the simulated population), so that the 16 example hippocampal conjunctions
(there are 400 in the full simulated population) are now place cells that are
stable across days, because the sensory properties of the environment remain
identical. d. Ratemap changes for the example subset of landmark cells in a
and b from day 1 to day 2. Positive ratemap changes are plotted in red, negative
ratemap changes in blue, with the red and the blue number in the right and the
left bottom corner indicating maximum and minimum change respectively.
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Figure 12: Example replays in home-well simulation. a. Example of a
simulated replay from home early in the session. The green trajectory plots the
replayed trajectory. Red crosses are spikes of place cells during this replay (with
small jitter for illustration; else they would all be on top of the green circles,
as these are the replayed locations), blue crosses are spikes of landmark cells.
(Continued on next page.)
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Figure 12: (Continued from previous page.) On the left of the arena there is a
random sample of four place cells (left: ratemap, peak firing rate (Hz) in white;
right: change in ratemap, min/max change in firing rate (Hz) in blue/red) that
fired during this replay; the dashed red lines connect these cells with their replay
spikes. There are four random landmark cells that fired on the right of the arena,
connected to their spikes with blue dashed lines. Notice large ratemap changes
for the landmark cells as these firing fields have just created in this replay. b.
Example of simulated early replay elsewhere. Notice that no landmark cells fired
in this replay, as their fields have not been created yet. c. Example of simulated
late replay from home. Notice the small changes for landmark cells, because
their fields have existed for a while, so the ratemap before this replay ends up
highly similar to the ratemap after this replay. d. Example of simulated late
replay elsewhere. Notice that, in contrast to b, there are landmark cell spikes
because these landmark cells have been created in previous home replays, but
as in c the landmark ratemap changes are small.
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