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Appendix A: Parabolic pulse

For a parabolic envelope the useful functions take the form

g(s) = s(2s0 − s)/s2
0 (1)

where s = ωt, s0 = ωt0 and t0 can be regarded is the pulse width at the base.

We need to compute the vector potential A(t)=−
∫ t
−∞E(t)dt and evaluate the expression

â(s) =

∫ s

0
g(s′)

 ẑ cos
(
ω
ω0
s′ + ϕ

)
x̂α cos

(
ω
ω0
s′ + ϕ

)
+ ŷβ sin

(
ω
ω0
s′ + ϕ

)
 ds′ =

 ẑΣc

x̂αΣc + ŷβΣs

 (2)

where we have analytical expressions

Σc(s) =

∫
g(s′) cos

(
ws′ + ϕ

)
ds′ =

2

s2
0w

3

(
(1− 1

2
s2w2 + sw2s0)S − w(s− s0)C

)
(3)

Σs(s) =

∫
g(s′) sin

(
ws′ + ϕ

)
ds′ = − 2

s2
0w

3

(
(1− 1

2
s2w2 + sw2s0)C + w(s− s0)S

)
(4)

with definitions w = ω
ω0

, S = sin
(
ω
ω0
s+ ϕ

)
, C = cos

(
ω
ω0
s+ ϕ

)
.

Similarly we need

Σ(2)
c =

∫ s

0
g2(s) cos2

(
ws′ + ϕ

)
ds′ =

1

s4
0

∫
s2(2s0 − s)2 cos2 (ws+ ϕ) ds (5)

=
1

s4
0

[
1

30
s3
(
20s2

0 − 15ss0 + 3s2
)

(6)

+
S2

8w5

(
3 + 2w2

(
s2

0 − 3 (s− s0)2 + s2w2 (s− 2s0)2
))

+
1

4

C2

w4
(s− s0)

(
2w2s(s− 2s0)− 3

)
]

Σ(2)
s =

∫ s

0
g2(s) sin2

(
ws′ + ϕ

)
ds′ =

1

s4
0

∫
s2(2s0 − s)2 sin2 (ws+ ϕ) ds (7)

=
1

s4
0

[
1

30
s3
(
20s2

0 − 15ss0 + 3s2
)

(8)

− S2

8w5
(3 + 2w2

(
s2

0 − 3 (s− s0)2 + s2w2 (s− 2s0)2
)

)

−1

4

C2

w4
(s− s0)

(
2w2s(s− 2s0)− 3

)
]

where S2 = sin 2
(
ω
ω0
s+ ϕ

)
, C2 = cos 2

(
ω
ω0
s+ ϕ

)
.
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The dot products which we define in the text may be expressed as

n̂ · â =

 Σc cos
(
ω
ω0
s+ ϕ

)
α2Σc cos

(
ω
ω0
s+ ϕ

)
+ β2Σs sin

(
ω
ω0
s+ ϕ

)
 (9)

â · â =

 Σ2
c

α2Σ2
c + β2Σ2

s

 (10)

~℘·â =

 ℘zΣc

℘xαΣc + ℘yβΣs

 (11)

The next level of integrations are

∫ s

0
â(s)ds =

 ẑΞc

x̂αΞc + ŷβΞs

 , (12)

∫ s

0
â · âds =

∫ s

0

 Σ2
c

α2Σ2
c + β2Σ2

s

 ds =

 Ξ
(2)
c

α2Ξ
(2)
c + β2Ξ

(2)
s

 , (13)

where

Ξc(s)(s) =

∫ s

0
Σc(s)(s

′)ds′.

Appendix B: Spherical Coordinates in Generalized Momentum Space

The full hydrogenic wavefunction
(

dimension m−3/2
)

is

ψnlm (r) = σ
1

(2π)1/2
eimφ

√
(2l + 1)

2

(l − |m|)!
(l + |m|)!

Pml (y)

[
(2Y )l+1

√
Y (n− l − 1)!

n [(n+ 1)!]3
e−Y rrlL2l+1

n−l−1 (2Y r)

]
(14)

= σ

√
(2l + 1)

4π

(l − |m|)!
(l + |m|)!

√(
2

na0

)3 (n− l − 1)!

2n [(n+ 1)!]3

[
e−x/2xlL2l+1

n−l−1 (x)
]
Pml (y) eimφ (15)

and its Fourier transform
(

dimension (kgms−1)−3/2
)

that was obtained analytically by Pauling and

Podolsky [? ]

ψ̄s(Π) =
1√

(2π~)3

∫
ψs(r) exp(− i

~
Π(s)·r)d3r =

1√
(2π~Y )3

FGH (16)

=
1√

(2π~Y )3

{
1

(2π)1/2
e±imΦ′

}{(
(2l + 1) (l −m)!

2 (l +m)!

) 1
2

Pml
(
cos Θ′

)}
×{

− (−1)2l+1 (−i)l π22l+4l!

(
n (n− l − 1)!

(n+ l)!

) 1
2 ζ l

(1 + ζ2)l+2
C l+1
n−l−1

(
1− ζ2

1 + ζ2

)}
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The generalized momentum vector and the corresponding variables in spherical coordinates are

= P+q
E0

ω0
â(s) =



P sin Θ cos Φ + q E0ω0

 0

αΣc


P sin Θ sin Φ + q E0ω0

 0

βΣs


P cos Θ + q E0ω0

 Σc

0




=


Π sin Θ′ cos Φ′

Π sin Θ′ sin Φ′

Π cos Θ′

 (17)

Π =

 √
P 2 sin2 Θ + (P cos Θ + qΣc

E0
ω0

)2√
(P sin Θ cos Φ + q E0ω0

αΣc)2 + (P sin Θ sin Φ + q E0ω0
βΣs)2 + (P cos Θ)2

 (18)

tan Φ′ =

P sin Θ sin Φ + q E0ω0

 0

βΣs


P sin Θ cos Φ + q E0ω0

 0

αΣc

 =

 tan Φ

P sin Θ sin Φ+q
E0
ω0
βΣs

P sin Θ cos Φ+q
E0
ω0
αΣc

 (19)

tan Θ′ =


P sin Θ√

(P cos Θ+qΣc
E0
ω0

)2√
(P sin Θ cos Φ+q

E0
ω0
αΣc)2+(P sin Θ sin Φ+q

E0
ω0
βΣs)2

P cos Θ

 (20)

Appendix C: Derivatives of the Wavefunctions in Generalized Momentum Space

The derivatives of the separated functions in ψ̄s(Π) are

∂ψ̄s
∂Φ′

= imψ̄s,
∂F

∂Φ′
= imF, (21)

∂G (Θ′)

∂Θ′
=

∂

∂Θ′

{(
(2l + 1) (l −m)!

2 (l +m)!

) 1
2

Pml
(
cos Θ′

)}
(22)

=

(
(2l + 1) (l −m)!

2 (l +m)!

) 1
2 l (cos θ)Pml (cos Θ′)− (l +m)Pml−1 (cos Θ′)

sin2 Θ′
.

∂H

∂ζ
= − (−i)l π22l+4l!

(
n (n− l − 1)!

(n+ l)!

) 1
2

× (23){
8 (l + 1) ζ l+1

(ζ2 + 1)l+4
C l+2
n−l−2

(
ζ2 − 1

ζ2 + 1

)
+ C l+1

n−l−1

(
ζ2 − 1

ζ2 + 1

)[
lζ l−1

(ζ2 + 1)(l+2)
− 2 (l + 2)

ζ l+1

(ζ2 + 1)(l+3)

]}
.
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where we have used the identity ∂
∂Θ′P

m
l (cos Θ′) =

l(cos θ)Pm
l (cos Θ′)−(l+m)Pm

l−1(cos Θ′)

sin2 Θ′
for the associated

Legendre polynomials and evaluated the derivative

∂H(Π)

∂Π
= − (−i)l π22l+4l!

(
n (n− l − 1)!

(n+ l)!

) 1
2 ∂

∂Π

[
ζ l

(ζ2 + 1)l+2
C l+1
n−l−1

(
ζ2 − 1

ζ2 + 1

)]
. (24)


