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MODEL DERIVATION. wherei = {1,2}. The first term on the right side of eq. (5)
is due to the shot noise limit and the second term is due to
Here we provide the full derivation of an optimised unbi- classical and deterministic fluctuations (taking intoeaout
ased estimator for the sample absorptmnthat uses both Super Poissonian environmental noise sourgésy.a param-
correlated and un-correlated data recorded in the expetime€ter that quantifies the super-poissonian fluctuations & i
described in the main text. A standard estimatordgarises ~ Property of the source and of the noise conditions. Note that
from its definition: the fact that the statistics of each beam on their own is found
N to be above the shot noise limit is due to two distinct con-
1 (1)  tributions. The first and main contribution is technicals®i
<N1p> due to the fact that the pump laser experience itself teahnic
wherens is the transmission efficiency of the samphé, is intensity fluctuations and is therefore not a perfect catitere

the number of photons detected on arm 1 after the sample arf2te: The SPDC generated experiences the same fluctuations
N1, is the mean number of photons detected on arm 1 withou@"d the statistics of each beam is as a consequence super-

the sample. We can improve upon this estimator by using thg’0|ssonian_. '_I'he_ second contribution is due to the fact tieat t_
fact that we have access to two correlated beams of photons fif” D€ statistics is fundamentally thermal because of the exi

Os=1-ns=1-

our experiment. The fluctuatiohN, of N, is defined by : tence of stimulated emission. However, it must be_ noted that
for a low number of photons generated per spatio-temporal
ONp = Np — (Np) (2) mode, the thermal statistics tend to a Poissonian distoitout

of noise because stimulated emission becomes negligible. |
Following [1] we can introduce the corrected estimati{of  our experiment the use of a continuous wave laser means the
the photon number after the sample: number of photons per temporal mode is low, and therefore
N — Nt — kSN 3) the fundamental thermal co.ntribu.tion, compared to the domi
1 ! 2 nant technical laser fluctuation noise contribution to tinees-

wherek is a correction factor (defined below in eq. (10)). This Poissonian statistici is experimentally determined by com-

enables an estimator that uses quantum correlations: puting the variance of measured intensity for the individua
beams without a sample. We assume symmetric behaviour of
r_ Ny the two beams for the sake of simplicity in our model.
as=1- <N . 4) Starti .
1p) tarting from a mean number of photon paisand in-

. , ) ) troducing lossn; in each armi = {1,2} the variance of the
This can be improved further by accounting for classicatfluc heasured intensity in terms of photon-number, from eq. (5)
tuations that are recorded by single photon measurements, @.

given in ref. [1]. We also account for recorded classical-fluc 5 oo
tuations, however because we intend use in a metrology con- (B°Ni) = niN+ Bn?N?. (6)

text we mus_t ensure ourestlma_tor is unbiased in orde_r to u'“ExpressingNl and N, as a function of both the number of
mately provide an accurate estimation of the absorption. W

therefore adopt a different approach to the one described %enerated paii and the loss in each channels yields:
ref. [1]. cov(N1,Np) = cov(n1nsN, N2N) = n1nsn2 (A%N)

First we maximise the precision given by our estimator by = N1nsh2(N+ BN?). 7
finding the optimal value of k that minimises the error on the ) . )
final estimationa’, of the sample absorption, and for that we BY USing equations (3) and (2), this leads to:

have to minimise the variance bff. We express the variance <A2Ni> = <A2N1> + K2 <A2N2> — 2k cov(Ng, Ny) (8)
f the ph f h :
of the photon number for each arm by — nsN(L+N1nsBN) + k21N (1 + n2BN)
(A2N) = Ni+ BN? (5) —2kn1nsha(N+ BN?) ©)



We next search for the value &fthat minimises this uncer- 104 x10%
tainty: 51 14
1 N | 135
K — Mns(1+BN) (10) 5
1+BNn2 13

Substituting this value into ref. (4) gives an optimisedraat T ar {25 é
tor for as taking into account the classical fluctuations throuy - 2
B. i I* s

For this estimator to be unbiased, we have to show that & {15 é
expected valuéN;) of N; is equal to the expected valgiy). ©Lt 2
Which means that we have to explore whether orkoN,) = 1*
0. If the expected value adN, tends to zero by definition, b los
then the estimation ofjs, which is dependent oNj, is not
independent from the fluctuations &R,. o ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 0
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OE = (kdN2) = k(ONy) + cov(k, ONy) (11) pixel
1+ BN
= N’?i( 1 P N) cov(Ng,0Np) (12)  FIG. 1. Example of raw data extracted from the camera during
< lp>( +BNn2) the acquisition. this line is obtain by a full vertical binning acqui-

where: sition of the camera images. The left scale corresponds to the grey

scale levels which correspond to the raw data extracted from cam-
coV(Nz, ONp) = cov(Ny, Np) = nscov(Nip,Np).  (13)  era. The right scale correspond to the number of detected photons,

. ) obtained after conversion of the scale.
The last term, cofiN1p,N>), is the covariance between the two

beam’s intensities without a sample and is therefore etedua

from the calibration images obtained without sample, sitce T el
is a characteristic property of the source and the noiseicond Las
tions. Using the direct experimental value rather than aehod i

dependant value makes the estimator correction model inde- N
pendent. 125

We therefore have obtained the following optimised and un-
biased estimator that we use to analyse the data in the main
text:

N

=
o
Number of photons

Grey scale level

i

o
o

N:/L—‘réE Nl—k5N2+5E
mTv= 4, T RYIReT O
(Nzp) (Nap)

wheredE andk are computed independently for each single
trial (one image captured by the CCD). This allows the esti-
mation of the sample absorption to be obtained with an optiFIG. 2. Beam profile of the first beam that has gone through the
mised estimator each time a measurement is made on the sasample. The black dashed lines correspond to the region of interest
ple, provided only that the source has been previously charainside which the beam intensity is integrated to compte

terised without the sample present. We obtafor each trial

using the following formula:

keeny = MAEBN) (15)

(1+BN’72)<N1p> In reporting demonstrations that claim absolute quantum
where C is constant from trial to trialdE is computed by advantage for various technologies, it is illustrative tone
using the same substitution fgg. pare to previous works that report quantum advantage for

specific scenarios. In our case, we quantify precision in

Note that a model that is too simple (defined by eq. (5))estimating absorption PPE and we compare our results to

compared to the experimental reality would only make thethe theoretically optimum performance of classical experi
used estimator non-optimal for a particular experimentaiments in direct measurement—it is illustrative to repea thi
circumstance. The model is self-corrected in that the esanalysis for previous experiments that report sub shotenois
timator has been insured to be unbiased. Experimentallgbsorption imaging for a given detector efficiency. Fig. 4 of
the following values of the parameters where evaluatedf?] gives the ratio of photon pair to classical performanse a
BN =0.32; 11 =0.59; n, = 0.65. Rsnr = 1.0455 ato = 0.45 which is the mean value @f in

[2]. The data points below = 0.45 presented on the figure

Os=1— (14)
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COMPARISON TO ANALYSIS REGIME OF REF. [2].
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5 x10° ot optimum classical direct measurement. Furthermore, if we
consider the current commercially available CCD technglog
st 1%° which exhibit an efficiency of abounow = 95%, then the
13 result reported in [2] can be shown to be less accurate tlean th

best current realistically achievable classical measargm
Numerically, it gives .- x I = 1.093x {& ~ 0.92, i.e.
8% less precise. TwiosW supplemental analysis exemplifies
the utility of demonstrating absolute quantum advantage,

Grey scale level
w
~
Number of photons

1t that includes potential future advances in classical teldyy.
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FIG. 3. Beam profile of the second beam used to correct the fluc- In this section we show raw data that typical of the data ac-

tuation of beam 1. The black dashed lines correspond to the region - : : : .
of interest inside which the beam intensity is inte%rated to (:omgputgUIred during the reporteq _e_xperl_mental der_nons_tra'qogl.. Fi
No. correspo_nds tp one acquisition with full vertical binnirfdtoe
256 vertical pixels of the camera. Two scales are presented.
The first corresponds to a grey scale level i.e. the natutal ou
10t put of the camera. The second scale corresponds to the con-
T version of the acquired data in terms of detected number of
photons. Fig. 2 and 3 present the same data, with the region
of interest inside which the intensities are integrateddimin
the valuesN; andNy. Finally, Fig. 4 displays a series of 100
measurement acquired for an absorption.6f6.
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BEST FITTING IN FIGURE 4 OF THE MAIN TEXT.
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The blue fitting in figure 4 of the main text is obtained using
the expression:
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Trial number <A2Ni> _ nlnSN(1+ fa’75+ fb) 4 kznzN(l+ fC)
FIG. 4. Intensities N; and Ny, series of 100 measurements. —2kn1nsn2N(1+ fe) + fq (16)

This correspond to the introduction of 4 fitting parameters
(fa,fo. fc,fg) into equation (9). The fitting parametey,

are obtained by selecting images that present a better SNEPrresponds to the deterministic source of super-poiasoni
than average and are therefore not statistically repratemt NCiSe observed oNy, fi, corresponds to the non-deterministic
of the full optical probe used in the demonstration, whichSOurce of super-poissonian noise observedNenfc corre-

is a restriction that we place in our present context in ordefPOnds to source of super-poissonian noise observeld;on
to compare to potential future classical experiments. WendN and finallyfy corresponds to the camera noise.
therefore consider the quantum advantage obtained in mean

conditions, which meang = 0.45 for [2]. AsRsnris defined

as an SNR ratio, it is expressed in term of standard deviation

To compare to an advantage in variance we therefore need. Corresponding author: paul-antoine.moreau@glasgow.ac.uk
to take the square of the ratfo= R&yg = 1.0455" = 1.093 T Corresponding author: jonathan.matthews@bristol.ac.uk
which corresponds to a quantum advantage.8#@ Since [1] Tapster, P., Seward, S. & Rarity, J. Sub-shot-noise measumteme
the ratio in [2] is a comparison of the measurement perfor- of modulated absorption using parametric down-conversion.
mance with a coherent state with the same number of detected Physical Review A 44, 3266 (1991).

photons, it has to be multiplied by the efficiency of the [2] Brida, G., Genovese, M. & Berchera, |I. R. Experimental real-

detector to obtain a ratio comparing to the best possibétir ';;;'fg;g (s;éal-gl)wot-nmse quantum imagirgature Photonics 4,

measurement. In [2], it is stated that an efficiencyyef 80% [3] Jorden, P. R., Jordan, D., Jerram, P. A., Pratlong, J. & Selisd

givesn x T = 1.093x 0.8~ 0.87, s0 while this rESL_”t demon- I. e2v new ccd and cmos technology developments for astronom-
strates sub-shot-noise performance for the given detector icalsensors. II8PIE Astronomical Telescopes+ Instrumentation,

efficiency, no absolute quantum advantage is detectedr Thei 91540M-91540M (International Society for Optics and Photon-
demonstration is 13% less accurate that the theoretically ics, 2014).



