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This Supplementary Material is organized as follows: we discuss the detdtie O (£/Er) approxima-
tion, which we employed in the main text. We further discuss the relationsitvgebaS and the dynamic
spin-susceptibility and we also give an analytic treatment of the spin-dgaamthe clean limit. We present
the equivalence of thewo-site motional narrowing NMR probleand the 2D Bychkov-Rashba induced spin-
relaxation for spins aligned perpendicular to the plaree spin-relaxation is discussed when both Dresselhaus
and Bychkov-Rashba spin-orbit couplings are present.

PACS numbers: 76.30.Pk, 71.70.Ej, 75.76.+|

I. THE EFFECT OF THE O (£/Er) APPROXIMATION
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FIG. 1. Schematics of thé& (L/Er) approximation for a one-dimensional quadratic band dispersion. uebr & dispersion, the Bychkov-
Rashba type SOC shifts the up/down dispersions to the right/left, respgcttehe Fermi surface intersection, the SOC induced splitting
is |k| dependent. In contrast, our approximation is equivalent to substitutirygeittypothetical, Zeeman-like split band structure, where the
SOC induced splitting is independent|&f.

It was mentioned in the main text that both the Monte Carlotheddiagrammatic technique in Ref. 1 neglects the effect of
the SOC on the Fermi surface. A proper calculation shouldiden that the bands are split due to the SOC and therefore the
corresponding2(k) is |k| dependent due to this effect. In contrast, our approximatieglects this effect and Fig. 1 depicts
this approximation for a one-dimensional band dispersidre figure suggests that corrections to our approximatieroarthe
order of O (L/Ek).



Il. RELATIONSHIP BETWEEN S AND THE DYNAMIC SPIN-SUSCEPTIBILITY

We discussed in the main text that the time decay of a spiarizeld ensemble (described byt)) is calculated with a
Monte Carlo approach for both the clean and dirty cases. \Weddhat the real part of its Fourier transform, &e) can be
conveniently displayed in order to demonstrate the spxation properties. Here, thei’ components ofS refer to thei’
component of a spin ensemble which was originally polareedgi, with i, = z,y, or z. N

We also showed that a relation betweerSiRe) and the dynamic spin-susceptibility(w) holds:
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FIG. 2. Comparison of - S(w) as obtained from our Monte Carlo results (symbols) and the analytic cédmdaf Imy(w) in Ref. 2 for

various parameters of the SOC Hamiltonard for various components of theandS tensors Note the agreement between the two kinds of
data besides a vertical scaling factor. N

We present the above relationship on a quantitative agneeniéch we numerically obtained by comparing our Monte Garl
results onS(w) with analytic calculations of (w) for a particular Hamiltonian which is available in the lagure (Ref. 2). The

result is shown in Fig. 2 with the calculation details asdofs.

Erlingssonet. al. (Ref. 2) calculatedy(w) for a two-dimensional electron gas for a Hamiltonian caiteg both Bychkov-
Rashba and Dresselhaus type SOC terms as follows:

h’k?>  Lgr Lp
HU = om + E(Smky — Sykz) +

kp (syky — szkz). 2

whereLr andLp are the strengths of the Bychkov-Rashba and the Dresselfa@ispin-orbit couplings, respectively.
The dynamic spin-susceptibility was calculated in the abseof momentum relaxation and whép ~ Lp < Ep. This

limit matches the above discusséd £/ Eg) approximation. Eq. 15 in Ref. 2 gives the dynamic spin-spiliity for the
various componentas:
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Fig. 2. demonstrates a good agreement between the two Kiddssowvhich supports the statement in the main text conegrni
the connection betwee$iandy.

I11. ANALYTIC TREATMENT OF THE SPIN DYNAMICSBY THE TIME EVOLUTION INTHE CLEAN LIMIT

We give an analytic description of the time evolution of thegnetization of an electron ensemble subjected to int&0&
fields to verify further the Monte Carlo method applied in thain text since this description is equivalent to the nuoari
method in the clean limit. We consider the SOC in the fdifjn = €(k) - o, whereo is a vector composed by the Pauli
matrices, and2 (k) is thek-dependent internal SOC field.

The time evolution of the state of an electron under the SO@etermined by the time evolution operatb(t) =
exp(—iHot/h). Supposing that the electron is initially in spin-up stae, its spin is polarized along thedirection,

—)|+> (+)| >
[P(0)) =[1) = ; 4
( ), (+)+v§+) )
its state ket at timeis obtained as
(=) \—iEL t/h (+) e—iB-t/h|_
Vy e + +
o(e) = = = >'<+§ @ e = ®)
Vs + vy

by applying the time evolution operator. Hef¢) = [ ) (i ] andE are the eigenkets and eigenenergies of the Hamiltonian
Hy. Finally, the time development of thecomponent of the electron spin is obtained as

S.(t,k) = (¥(1)|S:]v(t))

(6)

whereQ) =, /Q2 + Q2 + Q2. The quantityS.(¢), i.e. thez component of a spin ensemble, calculated by Monte Carloodeth
in the main text is obtained as

S.(t) = /F k(110 %

within this approach, i.e. by integration overon the Fermi surface. Arbitrai§2(k) can be considered in the Hamiltonih,
such as the two-dimensional Bychkov-Rashba SOC or the-ttireensional Dresselhaus case discussed in the main text. W
note that for a complicated distribution of the SOC fields khiategration in Eq. (7) might not be performed analytically.
such a case, the integration can be performed by choosidgmak values on the Fermi surface.

When this calculation is performed according to Eq. (6) ffledent model Hamiltonians such as those given in the main te
we obtained numerically identical results (data not shoafor the Monte Carlo, and the analytic result for the dymaspin
susceptibility given in Eq. (3) is reproduced as well.

From expression (6) it is obvious that in a two-dimensiorae; i.e. whef2, = 0:

S.(t, k) = cos((k)t). (8)

By taking the Bychkov-Rashba SOQ(k) = %ch, ky, 0], Q(k) becomesk independent aQ(k) = £/ = Q, which means
a single oscillating component ifi, (¢) as it is shown by dashed curve in Fig.2 of the main text, and@vac-delta peaks at
£+ in the real part of the Fourier transforfi{w). In three-dimensional cases, there is alwaysralependent non-zero termin
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FIG. 3. Schematic depiction of the spin precession around the SOC freldba correspondinf (k) vectors when the spins start along the
z direction att = 0. Note that for an arbitrar§2(k) which is not in ther — y plane, the precession retains a firptesitives, value.

S (t) coming from the last term in Eq. (6), which explains the firfitevalue in Fig.4 of the main text with = 0. This non-zero
and time independent term corresponds to a Dirac-deltaibtmcentered o = 0 in S(w).

The origin of this effect is further supported by a geometnasideration which is depicted in Fig. 3. The presence ef th
Dirac-delta peak foiS(w = 0) is a generic feature and its absence for the two-dimensieeatron gas and the Bychkov-
Rashba SOC is an exeption. For the latter, when the spindigne@ perpendicular to the 2D plane, all SOC fields are in the
plane, i.e. the precession of the spins around the bull2(R) results in a zero-averaged net magnetization. Howevei for
general distribution of the SOC fields and the correspon€il(k) vectors, the precession of the spins retains a finite pesitiv
s, component as Fig. 3. depicts. A straightforward geometitsideration shows that thg, ), i.e. the Dirac delta function
strength is given by2? /Q? (2, and(2 are thez component and t he magnitude of #¥k) vector, respectively) for a particular
Q(k) component. Similarly, we obtain that the amplitude of theilztion goes ad — Q2 /0?2, in full agreement with Eq. (6).
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FIG. 4. Comparison of the Monte Carlo basedSRe) (solid line) and the histogram of th€ (k)| (open symbols). Note that there is no
scaling parameters between the two kinds of data.

In Fig. 4., we present the comparison between th&(R¢ and the histogram of the internal Larmor frequency distrdsufor
the three-dimensional Dresselhaus model. The latter deggriated for the positive frequencies gives the averageeoSOC



fields which coincides with the frequency value where it iakgel and its weighted integral, i.e the integral of the lgsimn
values multiplied by the related frequency gives unity sialt weights are summed up in this way.

IV. ANALOGY BETWEEN THE MOTIONAL NARROWING AND THE SPIN-RELAXATION FOR THE 2D BR MODELL
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FIG. 5. Simulated lineshapes for the two-site NMR motional narrowinglpmb Note that two peaks are observed for smaller valuds of
whose linewidth increases with increasifigin contrast, a single, motionally narrowed peak is observed for l&rgaiues, whose linewidth
decreasesvith increasingl".

Abragant considered the so-called two-site NMR motional narrowingofem: a nuclei is allowed to jump with the transi-
tion ratel'. = 1/7. between two sites with different local Larmor frequenci¢$2 around a central Larmor frequency (defined
as zero in this case). The resulting NMR lineshape is showkign5 for a fixed2 = 1 and different values of the jumping
frequencyl'c. The analogy between the spin-relaxation and the moticarabwing is clear: thekS2 local Larmor frequencies
correspond to the built-in Zeeman field distribution of tipinsrelaxation problem and the jumping frequenty)(of the mo-
tional narrowing problem corresponds to tfienomentum relaxation rate (besides a factor 2 which is desmibelow). The
analogy can be quantified for the simplest case as follows.

2iw + 4I'¢

I(w) = .
(@) =R or = 2y T,

9)

The denominator of Eg. (9) has poles.at; =i (FC + T2 - Q2>, i.e. EQ. (9) can be rewritten as:

I(W):afe( A, B ) (10)

W — w1 W — W2

whereA = '—i% andB = i'=2. Herein, we introduced\ = ,/T’Z — Q2. Evaluation of Egs. (9) and (10) yields the curves
shown in Fig. 5.

Our definition ofI" differs from that ofl'¢ in Abragam’s work in a factor 2 as discussed herein]'aorresponds to the
momentum relaxation rate afid corresponds to the transition rate between the two statesrae equations for the two state’s
populations:
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FIG. 6. Real and imaginary parts of the o roots as defined above from the NMR motional narrowing problem.

We can see tha# , soI' = 2I'.. With this change, the real and imaginary values of the albefi@edw, » are shown
in Fig. 6. The reaf"part of the roots describe the positiorheftivo peaks and the imaginary parts describe the linewidths
agreement with Fig. 6. Remarkably, this figurédsnticalto the spin-relaxation problem for the 2D Rashba model imtla@
paper with a straightforward identification of the correspence of the two parameters.

V. SPIN-RELAXATION WHEN DRESSELHAUS AND BY CHKOV-RASHBA SPIN-ORBIT COUPLINGS ARE PRESENT

Both the Dresselhaus and Bychkov-Rashba spin-orbit cogglare present in 111-VV sermiconductor based quantum wells
The earlier is due to the bulk inversion symmetry breakinglenvtine latter is due to a longitudinal electric field acting the
quantum well.

When the growth direction is along th@, 0, 1], both the Dresselhaus and the Bychkov-Rashba Hamiltoraartte usual
form which is mentioned in the main text and the resultingltaemor-frequency distribution reads:

ko (K2 —k2) —ky
Q) = 22 |k, (6 12) | + 22| 8 (12)
RRE ) (k2 — k)| BkE | o
xRy

When the growth direction is along tlk 1, 1], we take the:-axis along this direction, therefore the Bychkov-Rashbanit
tonian is retained and the Dresselhaus one is transfornfedlreBulting Larmor-frequency distribution reads:
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In our examples we usép = L = L.
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FIG. 7. The components of B¢w) for the various SOC configurations and for different valueg'of* from top to bottom is 00.02.£, and
5L. Note that thev axis are scaled differently for the last two columns of figures.

In Fig. 7., we show the components of Rev) for the various SOC configurations and for different value§ oThe first
column is for the pure Dresselhaus SOC and is an identicaltresthat given in the main textl" values in the rows are 0,
0.02L, and5L, respectively. The scales are the same for the first two rdwata but are different for the third one (with large
).

The important observations are: i) the overall SOC field beeplarger as expected with a singular (step-like) feaind-(
cated by an arrow in the figure), ii) the spin-relaxation lmees anisotropic when the Bychkov-Rashba term is also praseh
even ancy term is present for th@, 0, 1] growth direction, which however vanishes in the D'yakoriRerel’ regime, iii) the



TABLE I. The spin-relaxation broadening parametey,in the D’yakonov-Perel’ regime for the various SOC combinations in Figfor
T" = 5L. The definition ofl's is given in the text

SOC model and direction T'sin units of £
pure Dresselhaus 0.017
Dresselhaus+Rashifé 0, 1] zx direction 0.091
- Dresselhaus+Rashfi@ 0, 1] zz direction 0.161
]
]

Dresselhaus+Rashibg 1, 1] zx direction 0.088
Dresselhaus+Rashih 1, 1] zz direction 0.161

anisotropy remains for thig, 1, 1] growth direction but the:y term is zero, iv) a single Lorentzian component is obsermgte
Dyakonov-Perel regime but with varying widths which are suwamized in Table I. The broadening paramelgrs the HWFM
of the Lorentzian curves in the figures.

These parameters indicate how strong the spin-relaxatitrese models is. E.g. the 0.017 value is related to thesymnal-
ing spatial average of th&.,;.,,, function.
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