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APPENDIX A 

Biomechanical principles:  In cylindrical coordinate with 𝑅, 𝑍, Θ  for stress-free 

state and 𝑟, 𝑧, 𝜃 for no-load and loaded states, we obtain the following expression: 

 𝑟 = 𝑟(𝑅), 𝜃 =
𝜋

𝜋 − 𝜑
Θ = 𝜒Θ, 𝑍 = 𝜆𝑧𝑧 (A1) 

where 𝜒 =
𝜋

𝜋−𝜑
  is a parameter that characterizes the deformation from stress-free to 

loaded states depending on the opening angle 𝜑 .  As the shear deformation is 

neglected, deformation gradient and green strain tensor are written as: 

𝐹 = [

𝜆𝑟 0 0
0 𝜆𝜃 0
0 0 𝜆𝑧

] = [

𝑑𝑟

𝑑𝑅
0 0

0
𝜒𝑟

𝑅
0
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      (A3) 

where 𝐸𝜃𝜃 , 𝐸𝑧𝑧  and 𝐸𝑟𝑟  are circumferential, axial and radial Green strains, 

respectively; 𝜆𝜃 =
𝑙

𝑙0
= √2𝐸𝜃𝜃 + 1, 𝜆𝑧 =

𝐿

𝐿0
= √2𝐸𝑧𝑧 + 1, and 𝜆𝑟 =

1

𝜆𝜃𝜆𝑧
 (given the 

material incompressibility, i.e., 𝜆𝑟𝜆𝜃𝜆𝑧 = 1) represent the corresponding stretch ratios 

(𝑙 and 𝑙0  are the circumferential lengths in loaded and zero-stress states; and 𝐿 and 

𝐿0 are the axial lengths in loaded and no-load states). The material incompressibility 

results in the following equation:  

 𝑅 = √(𝑟2 − 𝑟𝑖
2)𝜒𝜆𝑧 + 𝑅𝑖

2 (A4) 



Strain energy function:  The 3D passive and active strain energy functions ( passiveW  

and activeW , respectively) are written as: 
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where 
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and 1 6b b  are material constants; and 𝐸𝑟𝑓(𝑋) is the Gauss error function. 𝑊𝑝𝑎𝑠𝑠𝑖𝑣𝑒 

refers to 𝑊𝑝𝑎𝑠𝑠𝑖𝑣𝑒
𝐼𝑀   or 𝑊𝑝𝑎𝑠𝑠𝑖𝑣𝑒

𝐴   while 𝑊𝑎𝑐𝑡𝑖𝑣𝑒  represents 𝑊𝑎𝑐𝑡𝑖𝑣𝑒
𝐼𝑀   because K+-

induced active strain energy function is only applied to the intima-media layer with 

SMCs.   

The 3D passive and active 2nd PK stresses are written as: 
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(A6) 

 

The 3D 1st PK stresses at passive and active states are written as: 



 

 

 

(A7) 

 

 

Equations (A7) and (A8) were used to determine Piola-Kirchhoff stresses. 
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APPENDIX B 

The equilibrium equation in cylindrical coordinate is given as: 

𝜕𝜎𝑟
𝜕𝑟

+
𝜎𝑟 − 𝜎𝜃
𝑟

= 0 

where 𝜎𝑟 and 𝜎𝜃 are radial and circumferential Cauchy stresses, respectively.  The 

passive Cauchy stress tensor is written as: 

 𝜎𝑝𝑎𝑠𝑠𝑖𝑣𝑒 = 𝐹 ∙
𝜕𝑊𝑝𝑎𝑠𝑠𝑖𝑣𝑒

𝜕𝐸
∙ 𝐹𝑇 − 𝑃𝐼  

where 𝑃  is the unknown Lagrange multiplier which needs to be determined form 

boundary conditions.  The K+-induced 3D active strain energy function was used to 

model the fully contraction of the intima-media layer, i.e., 𝑊𝑡𝑜𝑡𝑎𝑙
𝐼𝑀 = 𝑊𝑝𝑎𝑠𝑠𝑖𝑣𝑒

𝐼𝑀 +

𝑊𝑎𝑐𝑡𝑖𝑣𝑒
𝐼𝑀 .  The total Cauchy stress in the intima-media layer is given by 

  𝜎𝑡𝑜𝑡𝑎𝑙 = 𝐹 ∙
𝜕(𝑊𝑝𝑎𝑠𝑠𝑖𝑣𝑒

𝐼𝑀 +𝑊𝑎𝑐𝑡𝑖𝑣𝑒
𝐼𝑀 )

𝜕𝐸
∙ 𝐹𝑇 − 𝑃𝐼  

The adventitia layer does not contribute to the active contraction of the artery and thus 

only the passive strain energy is considered in the adventitia layer, i.e., 𝑊𝑡𝑜𝑡𝑎𝑙
𝐴 =

𝑊𝑝𝑎𝑠𝑠𝑖𝑣𝑒
𝐴 .   

The boundary conditions at the inner and outer surfaces of vessel wall are:  

𝜎𝑟|𝑟=𝑟𝑖
𝐼𝑀 = −𝑝  and   𝜎𝑟|𝑟=𝑟𝑜𝐴 = 0      

where 𝑝  equals to 80 mmHg.  Subscripts ‘i’ and ‘o’ refer to inner and outer 

boundaries.  An additional boundary condition is the stress balance at the interface 

between intima-media and adventitia layers: 

     𝜎𝑟|𝑟=𝑟𝑜𝐼𝑀 = 𝜎𝑟|𝑟=𝑟𝑖
𝐴          (B5) 

(B1) 

(B4) 

(B2) 

(B3) 



Solving Eq. (B1) with boundary conditions, radial, circumferential, and axial stress 

components in the intima-media layer are given by:  

{
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From Eq. (B5), we can obtain:  

𝜎𝑟|𝑟=𝑟𝑖
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Solving Eq. (B1) with boundary conditions, radial, circumferential, and axial stress 

components in the adventitia layer are given by: 

{
 
 
 

 
 
 𝜎𝑟

𝐴 = ∫ (𝜆𝜃
2 𝜕𝑊

𝐴

𝜕𝐸𝜃𝜃
− 𝜆𝑟

2
𝜕𝑊𝐴

𝜕𝐸𝑟𝑟
)
1

𝑟
𝑑𝑟 +

𝑟

𝑟𝑖
𝐴

∫ (𝜆𝜃
2 𝜕𝑊

𝐼𝑀

𝜕𝐸𝜃𝜃
− 𝜆𝑟

2
𝜕𝑊𝐼𝑀

𝜕𝐸𝑟𝑟
)
1

𝑟
𝑑𝑟 − 𝑝

𝑟𝑜
𝐼𝑀

𝑟𝑖
𝐼𝑀

𝜎𝜃
𝐴 = 𝜎𝑟

𝐴 + 𝜆𝜃
2 𝜕𝑊

𝐴

𝜕𝐸𝜃𝜃
− 𝜆𝑟

2
𝜕𝑊𝐴

𝜕𝐸𝑟𝑟

𝜎𝑧
𝐴 = 𝜎𝑟

𝐴 + 𝜆𝑧
2
𝜕𝑊𝐴

𝜕𝐸𝑧𝑧
− 𝜆𝑟

2
𝜕𝑊𝐴

𝜕𝐸𝑟𝑟

 

Given the appropriate strain energy functions, Equations (B1-B8) were used to solve 

the transmural stress-strain relationship from stress-free to loaded vessel wall at both 

passive and active states. 

(B6) 

(B7) 

(B8) 


