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A. VCSEL holder construction details  

 

In this section, we describe the custom VCSEL holder used to apply anisotropic strain on packaged 

VCSELs. This holder is similar to the one used in 1 and has been designed for VCSELs in TO46 packages 

and might need to be adjusted for other packaging.  

The holder comprises a main metal plate and a lid. Typical dimensions are displayed in Figure 1. Two 

screws are used to fix the metal lid onto the VCSEL. Then, by placing a small metal rod behind the 

VCSEL, we can induce anisotropic strain and tune the level of applied strain by fastening or loosening 

the screws that fix the metal lid. Finally, a thermistor is placed inside the metal plate and a Peltier 

element glued on the back of the plate to control the temperature of the system. 

 

 
Figure 1: Schematic dimensions of the VCSEL holder. The holder consists of a metal plate and a metal 
lid. The packaged VCSEL is placed behind the central hole of the lid and a steal rod - not pictured - is 
placed between the VCSEL and the metal plate. Pressure can then be applied on the metal lid and 
adjusted using the M2 screws - not pictured - on each side of the device. A thermistor is placed into the 
metal plate’s right side hole to control the device temperature. 
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B. Polarization chaos statistics: residence time estimate 

 

In Figure 2 , we give a rough estimate of the average residence time - also called dwell-time - for the 

polarization chaos dynamics obtained in a stressed QW VCSEL. The dataset is relatively small, and 

therefore we limit our analysis to the apparent trend keeping in mind that the accuracy of the result 

is not sufficient for a detailed analysis as done in 2. 

 

 
Figure 2: Mode hopping statistics. (a) average residence time 
when considering all jumps. The red line gives the following 
linear fit: -0.98*current + 2.074. (b) Average residence time for 
the upper (orange) and lower (blue) levels. The upper and 
lower levels are defined for a time-series recorded at 0° 
polarization. (c) Number of jumps considered for each point.  

 

The global trend for the average dwell time is quite clear as shown in panel (a), where a good fit is 

obtained with a linear approximation. This outcome confirms the exponential decrease of the 

residence time as the current is increased.  

The results shown in (b) are obtained considering separately the lower and upper levels. We can 

clearly observe a strong gap between the two set of data as a difference of about 2 orders of 

magnitude is recorded between the residence times of the two levels. Strong fluctuations are also 

observed but, again, the trend is clear and suggests an asymmetrical behavior as analyzed in 2. 

Finally, in the last plot we show the number of jumps versus injection current, which is the number of 

jumps in the recorded time-series. For low current values, the number of jumps is small but for current 

levels above 7.5 mA, hundreds of jumps per point have been recorded.  
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C. Additional time-series processing 

 

1- Estimation of the Largest Lyapunov Exponent  

Similarly to what has been done in 3, we used the so-called Wolf’s algorithm 4 to estimate the 

largest Lyapunov exponent (LLE) from experimental time-series. The LLE characterizes how 

fast two nearby trajectories diverge in the system phase space, thus from a theoretical point 

of view: chaotic systems will exhibit a finite positive (non-zero) LLE while a purely stochastic 

process will have an infinite LLE and a stable process will have a negative LLE.   

In the figure below, we give the evolution of the estimated LLE when increasing the injection 

current. Although very low LLEs are obtained at low current values, we observe a clear 

increase at higher injection currents. As discussed in previous work 5, the complexity of the 

dynamics mostly arises from the jumps between the two scrolls of the chaotic attractor. Thus, 

we observe a clear correlation between the estimated LLE value and the average residence 

time as discussed in the next section of the supplementary information.  

Overall, the use of Wolf’s algorithm clearly yields a finite non-zero value of the Largest 

Lyapunov exponent coherent with the chaotic interpretation of the dynamics.  

 

 
Figure 3: Estimation of the Largest Lyapunov Exponent for 
increasing injection current using Wolf's algorithm.  
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2- Hidden Markov Processes 

Another statistic-based approach to discriminate a deterministic mode-hopping from a 

stochastic mode hopping consists in modelling the hopping dynamics as Hidden Markov 

Processes (HMP). Whereas a deterministic dynamics can be modelled without hidden 

processes, the modeling of a stochastic process does require the inclusion of hidden processes 
3,6.  

In practice, we use the Baum and Welch algorithm to estimate the corresponding 2x2 

transmission and emission matrices of the model, that we will identify as A and B respectively. 

In our case, we focus on the anti-diagonal terms of matrix B: values close to 0 indicate that no 

hidden processes appear while non-zero terms indicate otherwise.  

When using this approach on the recorded time-series, the terms of the anti-diagonal of 

matrix B appear to be close to 0: typically, well below 10-4 and always below 10-2. These results 

therefore indicate that no hidden processes are required to accurately model the mode-

hopping dynamics as a two-level Markov process, unlike what would be expected for a noise-

induced dynamic.  

 

 

3- Grassberger Procaccia Algorithm 

The Grassberger Procaccia (GP) Algorithm is typically used to estimate the so-called K2 or 

Kolmogorov entropy from time-series data, and in case the value of the K2-entropy converges, 

the algorithm provides an estimate of the correlation dimension of the chaos investigated 7,8. 

We use the same approach and same notations as those described in 3, including in particular 

the re-embedding procedure introduced in 9 before processing the experimental data with 

the GP algorithm. As can be seen in Figure 4, we obtain a result that is very similar to 3: the K2-

entropy converges along with the correlation dimension D2. Based on these results, we obtain 

a K2-entropy about K2 = 5.2 10-3 ns-1 with the corresponding correlation dimension D2 ≈ 2.04. 

As already briefly discussed in the main text, the correlation dimension is close to the one 

reported in 3 and the Kolmogorov entropy is strictly positive, which confirms the chaotic 

nature of the dynamics.  

However, the value of the K2-entropy is three orders of magnitude smaller than the one 

reported previously, but this can be easily explained considering the different time-scales of 

the dynamics. In 3 the average dwell-time is of the order of the nanosecond while in this report 

we only reach the microsecond scale, we therefore use a different sampling rate for the two 

cases. The delay constant  used to the computation of the K2-entropy is therefore three 

orders of magnitude larger 3,7, hence leading to a significantly smaller value for the slower 

dynamics. 
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Figure 4: Results of the GP algorithm. In both panels, we show the evolution 
of the curves for increasing segment length D. Panel (a) shows the evolution of 
the correlation integral CD - i.e. the average number of neighbouring points in 
the sphere of radius r. In panel (b) we give the derivative d(ln(CD))/d(ln(r)) that 
leads to the correlation dimension when it converges when increasing the 
segment length D. Such convergence is clearly obtained around ln(r) = 6.3 
where the curves form a clear plateau giving the correlation dimension around 
2.04. 
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D. Polarization and frequency-resolved optical spectra 

 

In this section, we provide additional details on the emergence of higher-order modes and their 

polarization.  

 

In Figure 5, we show the frequency resolved LI curves for four different projections at 0, 90, 45 and -

45 ° respectively. We use the same convention as described in the text. As already mention, the second 

switching which appears around 6.2 mA, is clearly a switching of the fundamental mode: while we see 

a large exchange between polarization at 0 and 90° for the fundamental mode, the second order mode 

sees only very little changes. In addition, we observe that the projections at 45 and -45° for the 

fundamental modes are almost identical which confirms that the fundamental mode is almost linearly 

polarized until the second switching, i.e. below 6.2 mA. Nevertheless, looking closer around the 

switching point, we see a short transition through a slightly elliptical polarization as shown in the inset 

of panel (b) in which we observe a small increase for the polarization at 90° just before the switching 

point. 

 

 
Figure 5: Frequency resolved LI curves for projection at 0° (a), 90° (b), 45° (c) and -45° (d). For each panel the 
projection orientation is also indicated by the red arrow in the black circle. In all panels, the blue line with 
crosses shows the evolution of the fundamental mode while the orange line with circles represent the second 
order mode. The inset in panel (b) shows a zoom around the switching point delimited by the red rectangle.  
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E. List of features confirming the chaotic dynamics 

 

In summary, the dynamics observed from off-the-shelf VCSELs subjected to mechanical strains proved 

to show the following features: 

1. Dynamics following a polarization switching event of type II. We observed double PS event 

which is typically a type I switching followed by type II. 

2. An abrupt frequency shift and a second PS event appear simultaneously. This shift of 

frequency is similar to the bistability limit cycle observed in chaotic QD-VCSELs 10. 

3. The dynamics appears as a random-like hopping between two polarization modes, and the 

average residence time decreases exponentially for increasing currents. 

4. Using Wolf’s algorithm, we obtain a positive largest Lyapunov exponent for the dynamics. 

5. Modelling the dynamics as a Markov process confirms that no hidden processes are required 

to obtain and accurate modelling. 

6. The Grassberger-Procaccia algorithm converges to a non-zero value of the K2-entropy (5.2 10-

3 ns-1), and a corresponding correlation dimension D2 equals to 2.01.  

7. Frequency resolved measurements confirm that the results reported are mostly due to the 

evolution of the fundamental mode despite the emergence of a second order mode.  

Using frequency resolved measurements, we observe a short transition through elliptically 

polarized states consistent with the route to polarization chaos.  

All these features are in excellent agreement with theoretical models and previous observations of 

polarization chaos in quantum dot VCSELs, hence allowing us to conclude that the observed dynamics 

is indeed polarization chaos.  
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