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FORWARD TRANSMISSION COEFFICIENT
FOR THE VOLTAGE

In this section, we derive the transmission coefficient
of the three-SQUID linear phase shifter considered in the
main text. Although identical results can be obtained
using classical circuit theory, we choose to work within
quantum mechanics [1].

Let us first consider a single LC oscillator interrupt-
ing an infinite transmission line at position x = 0 as
shown in Fig. S1. We define charge operators Q̂a (x, t)

for x ≤ 0 and Q̂b (x, t) for x ≥ 0 corresponding to the to-
tal charge on the transmission line to the left of point
x at time t. The corresponding current and voltage
operators are given by Îa/b(x, t) = −∂tQ̂a/b (x, t), and

V̂a/b(x, t) = − 1
c∂xQ̂a/b (x, t), respectively, where c is the

capacitance of the transmission line per unit length. The
Lagrangian density of the system can be expressed as
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where l is the inductance per unit length of the trans-
mission line, ÎL is the operator for the current flowing
through the inductor, and V̂ is the operator for the volt-
age across the oscillator. The voltage operator V̂ can be
written in terms of the charge operators as

V̂ = −1
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)
, (S.2)

and similarly the current through the inductor can be
expressed as

ÎL = ∂tQ̂a +
C
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)
. (S.3)

Here, we have employed the current–voltage relation for
the capacitor C.

Applying the Euler–Lagrange equation for the La-
grangian density in equation (S.1) yields
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for x = 0. In addition, we find that the charge operators
Q̂a and Q̂b satisfy the wave equation for x 6= 0.

The Fourier expansions of the charge operators are
given by
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and
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where Z0 =
√

l
c is the characteristic impedance of the

transmission line, v =
√

1
lc is the velocity of the wave

in the transmission line, and ~ is the reduced Planck
constant.

Insertion of the above expansions of the charge opera-
tors into equation (S.4) yields for any ω > 0
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The electric charge must be conserved, ∂tQ̂a(x = 0, t) =

∂tQ̂b(x = 0, t), which can be written in terms of the
annihilation operators as

âL + âR = b̂L + b̂R. (S.8)

The SQUID-based phase shifter consists of three sys-
tems similar to the one we analyzed above, see Fig. S2.
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FIG. S1. Transmission line interrupted by an LC oscillator.
The operators âL/R and b̂L/R correspond to annihilation an
excitation of the mode propagating to the left (L) or to the

right (R) for x < 0 (â) and x > 0 (b̂).
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FIG. S2. Three LC oscillators interrupting a transmission
line. Inductors on the left and right have an equal inductance
L1, and the inductor in the middle has an inductance L2. All
capacitors have an equal capacitance C. The inductors are
separated by the distance d. The operators âL/R, b̂l/r,L/R,

ĉl/r,L/R, and d̂L/R are annihilation operators for excitations
of the mode propagating leftwards (L) or rightwards (R) at
the left (l) or right (r) end of a transmission line connecting
two LC oscillators.

Thus, the boundary conditions are similar to equa-
tions (S.7) and (S.8) and they are given by
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âL + âR = b̂l,L + b̂l,R, (S.12)

b̂r,L + b̂r,R = ĉl,L + ĉl,R, (S.13)

and

ĉr,L + ĉr,R = d̂L + d̂R. (S.14)

In addition to the above boundary conditions, the op-
erators annihilating the same excitation of a mode, but
at different locations of the same transmission line, are
related by a phase shift. We obtain the corresponding
relations from the Fourier expansions of the charge oper-
ators as
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−iϕ, (S.15)
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iϕ, (S.16)

ĉr,L = ĉl,Le
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ĉr,R = ĉl,Re
iϕ, (S.18)

where ϕ = ω dv is the phase shift owing to a transmission
line connecting two LC oscillators.

From the linear system of equations (S.9)–(S.18), we

can solve d̂R in terms of âR and d̂L, i.e., how the output

is affected by the inputs. This yields
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where f and g are given by
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The factor fR assumes the form
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From the equations (S.19)–(S.21) we obtain the scat-
tering parameter S21, or the transmission coefficient

S21 ≡

(
∂d̂R
∂âR

)∗
=
f∗

g∗
, (S.23)

which coincides with equation (2) in the main text. Since
the circuit is linear, by symbolically calculating the par-
tial derivative, we obtain the complex coefficient which

transforms photons in mode âR to those in mode d̂R.
This enables direct comparison between the theory and
the experiments since we can measure the transmission
coefficient.

In equation (S.23), we define the transmission coeffi-
cient as a complex conjugate of the derivative, since this
was observed to match with the measured transmission
coefficients. We attribute the conjugation to the freedom
of choice of the sign of the exponent in the Fourier trans-
form. Manufacturer of our measurement equipment has
likely chosen different sign than we have. Equivalently,
if heterodyne detection is used, the sign of the phase
changes depending on whether the frequency of the lo-
cal oscillator is chosen to be higher or lower than the
frequency of the measured signal.

Let us derive equations (3) and (4) of the main text.
For the phase shifter to exhibit full transmission, the re-
flection coefficient must vanish, i.e., fR = 0. Thus equa-
tion (S.22) yields
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where

X =L1ω
2 cos(2ϕ)

[
L1

(
4C2ω2Z2

0 − 1
)
− 4CZ2

0

]
− 4CL1ω

2Z2
0 + 2L1ωZ0 sin(2ϕ)

(
2CL1ω

2 − 1
)

+ L2
1ω

2 + 2Z2
0 + 2C2L2

1ω
4Z2

0 . (S.25)

Since we are looking for parametrizations for the induc-

tances which yield full transmission, we may write

S21 =
f∗

g∗
= ei(θ−2ϕ). (S.26)

By substituting equations (S.20), (S.21), (S.24), and
(S.25) into equation (S.26) we obtain equation (3) of the
main text. Furthermore, an insertion of equation (3) of
the main text into equation (S.24) yields equation (4) of
the main text.
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