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0.1 Proof of the Theorem
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Denote 6 = \/((lﬂo)z_gé)((1_.)(0)2_%), Op=1—xi+gi+0(1+x5—8p), &=1+x7—g+(1 —x5+g5), & =F and

Oy = 9 To calculate the term max S 1 of steerability, we compute the derivations of S} with respect to the variables ¢; and f3;,
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Er sin oy cos o [0 u% cos? B1 + 6 u% sin® B1 — 6 u% — 521‘32], W =6 sin o sin 31 cos B (u% — u%),
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S . . as ) .

ﬁ = sinapcosap [6314% cos’ B+ &u% sin’ B — 53u§ — 54t32], TBI =83 sin” o sin Bacos By (u% — u%)
2 2

985 _ 98 _ 98 _ 98 _ ; :
From dar — 9B — day — 9By — 0, we have the following solutions,

sinjcosop =0 or A=0,
sin” oy sin BicosPB; =0,
sinopcosop =0 or Q=0,

sin® o sin Bacos By =0,
where A = 8 (u? cos? By + 13 sin® By — u3) — 8213 and Q = 83 (u3 cos? By + u} sin’ By — u3) — 8413 . Therefore we have either

sin; cos o =0,

sin® oy sin BicosPB; =0,

. (D
sinop cos oy =0,
sin” oy sin By cos B = 0,

or

sin; cos o =0,

) .
sin” oy sin By cos B; =0,

2

sinopcosap #0 but Q =0,

sin® o, sin Brcos By =0,



or

sinajcosa #0 but

sin® oy sin BicosPB; =0,

sin o cos 0 = 0,
sin® o sin Bacosfr =
or

sinajcosa; #0 but

sinopcosap #0 but

Actually, (2) is equivalent to
coso =0,

sin B cos B; = 0,

Q =0,

sin 3, cos B, =

which gives rise to

T
06125,
i—)m
g0
or
Q=0,
-1z
By — ( 2) 7
(4) is equivalent to
A=0,
sin B cos By =0,
=
Q=0,

sinfcos B =0

Herei= 1,2 and j = 1,2. Form (6) given o =0, B =
satisfied by ;. From (7), given 3| =

sin® &y sin B cos By = 0.

sin® oy sin BicosPB; =0,

A=0,
3)
A=0,
4
Q=0, “)
(3). Hence, we only need to consider (1), (2) and (4). From (2), we have
sing; =0,
Q=0, ®)
sinfrcos B =0
a; =0,
Q=0
(’ 1) (6)
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, then A 0 and Q = 0 are equations satisfied by the variables ¢ and

7> oroyp =%, 1= ("721)”, B = , Q= 01is an equation

V= l)

2)”7B2

. Hence we have the following conditions:

(M Fora; =7, B1 =

DT and By, = U= 1> , if the equation Q =0

(a) does not have a solutlon or

(b) only has the solution o =

(¢) has the solutions o = a2 # ’"” , but this solution o = ocg , together with o; =

the maximum points of § 1
(I) For oy =0, B, =

m77:

(m=0,1), or

Z.Bi= 7(!'—21)71 and B, = 7“_21)7?,

are not

T if the equation Q =0

(a) does not have a solutlon or

(b) only has the solutions o =

(c) has the solutlons o = 052 ;é

(HI)Forﬁl
o =7 T om= (),l,n—O 1.

U and B, = U 1> , the equations A = 0 and Q = 0 are satlsﬁed simultaneously if and only if ¢ =

,m=0,1, or

T but O =

0527 together with @y =0, B, = , are not the maximum points of Sj.
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27
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It is obvious that if py satisfies all the conditions (I) to (IIT), the candidates of the maximal points of S; are @; = %, a =0,
ﬁ[ ZOOI‘(Xl = %, (Xzzo,ﬁl ZgOI'Otl ZO, azzg,[b:Oora] 20, O = %,ﬁzZ%OI'Oﬂ ZO, OCQZOOI‘OC] = %,OQ:%,
Bi=0,B=Foras =%, 00=7,B1 =%, B =0, therefore the maximum points of S; are all the zero points of S, i.e.
the states satisfying (I)-(III) are zero-states p,.r,. We do not need to consider the case oy = op = 0, since when ¢ = ap =0,

S| — 82 < 0. Therefore, S = max{Aj,Az,A3,0}. O

0.2 Conditions of p.,,, for X-state
For any given two-qubit X-state, it is difficult to check if the state belongs to zero-state or not. Here we study further the
conditions that a X-state needs to satisfy to be a zero-state p.,. In the following we denote cond..,, the conditions such that
px satisfying cond,,,, is a zero state.

We have already classified the problem by conditions (I)-(IIT). For conditions (I): & = 7, B1 = ( T and B, = ) T, j=
1,2), Q@ = 0 is actually an equation satisfied by cos . We can prove that the following conditions are equivalent to (I)

lal).

5<u3 or [(u,z(ui—u%+t32)—t%)(u?—u%)][u?(ui u3+t3)—u —|—u3]<0,i=1,j:1
5<u3 or [(u,z(ui—u§+t32)—t%)(u?—u%)][uf(uf u3+t3) U —|—u3]<0,i=1,j:2
3<u3 or [(u,z(ui—u%—i—tgz)—t%)(u?—u%)][uf(uf—u3 +12) — u +ul] <0,i=2,j=1
3<u3 or [(ulz(uf—u%—i—t%)—t%)(u?—u%)][u?( 3—u3+t3)—u +u3] <0,i=2,j=2

1a2). if the conditions in lal) are not satisﬁed that is, at least one of the four inequalities in 1al) is not satisfied, i.e., for i

and j which satisfy u > u3 and [(u3 (u2 -3 +13)—13) (u —u3)] [uz(u2 —3+13) — u +u3] > 0, we obtain the following

(u%—u?—l—t%—i—u?(u?—u%—&—t%)) |t3||ui2(u§—u§+t32)+u§—u§—t32 ugfu%Jru?(u —u3+13)
(5 —u5+13)* (5 —uz +13)? (5 —u3) (uf (0 — w3 +15) —13)
(u%—u§+t§+u§(u%—u%+t32)) |t3]|u? (uj—u3+t3)+u -3 —13| u%—uf—ku?(w —u3+13) o
(3 —u3+13)? (uF — 3 +15)? (5 —u3) (uf (5 — w3 +13) —13)

1a3). if the conditions in 1al) and 1a2) are not satisfied, i.e., for 7 and j which satisfy u > u3 and [(u3 (u? —ui+13) —
t3)(u —13)] [uz(u2 — 3 +13) — u2 +u3] > 0, we obtain the following

j
i BB E B R4 R) | [l d 4R+ [ @5 81s)
(uf—u%—kt%)z (u?—u3+t3) (u?—u%)(u?( 3—u3—|—t3)—t3)
(—1—|—ui2)(2u%—u‘}—2u§+u‘3‘—2(l+u%)tg—|—t3 (u 3—u§+t32)2)(20050622—1)
" N2 2 p) <0
201 +u7) (uf —13) = 2(1 — 7 )13
or
cos gy — (u%—u§+t32+u§(u§—u%+t32)) l13][u? (5 — 13 +13) + u5 — u3 — 13 U3 — 5 15 (uF —uz +13)
(”?‘”gi‘%z)z (“3_”3'”3) (u?—u%)(u%(u?—%—k%)—tg)

(=14 uf) (2u5 —uf — 203 +u§ —2(1 +u3)i5 +15 + (w0 —u3 +13)%)(2cos a3 — 1) o
;)

J
2(1+a2) (i — ) —2(1—i))5}

If px satisfies conditions lal) or 1a2) or 1a3), we obtain that Q = 0 does not have solutions for o) = %, B = W and
B = (./'*21)”.
If both 1al),1a2) and 1a3) are not satisfied, then
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1b) for the i and j which satisfy u > u3 and [(u? (u? —u+1) —t3)(u - u%)][uz(u§ —ui+13) — u; 2 +u3] > 0 we obtain

the following

2 240 2., 2
u3—uj—|—uj(u —u5+13)

|13 |uf (”]_”3‘”%)"‘” —u3 13

cos2 o = (3 —j + 53 + w5 (] — w5 +13)
TR P (=B~ )~

(=1 +u7) (5 —u} =23 +ud = 2(1 +3)5 + 63+ (0 —u3 +13)°)
201+ uf) (w5 —u3) = 2(1 —uf)t3

> 0.

or

13w (5 — 13 +13) + u5 — u3 — 13 U3 — 5 15 (uF —uz +13)

2 2 2 2(,,2 2 2
cos? o = (3 —uj +13 + uj(uj —u3 +13)) _
(2 — i3 +13)? (W =13 +13)2 (uf —13) (uf (uf — 15 +13) = 13)
(—1+u?) (2 —ut =23 +ud = 2(1+ )3 +1f — (1 —ud +13)?) -

21412 )(u,—»@ 2(1-)i3

ie.,foroy =7, B = (=
Ic) for the i and j wh1ch satisfy u

the following

and[i —& Q = 0 has the solution o = "% (m =0 or 1).
> 2 and [ P =3 +13) = 13) (uf —3)][u5 (uf — 13 +13) —uj + 03] >

0, we obtain

u%—uf—i—uf( —ui+13)
(”3 —u%)(uz(uf —u3+13) = 13)

1

511208 13 +43) +42 —1d ) _

(u% —u? +t32—|—u§(u% —u%—l—t%))
(uf —3+13)?

(uf —u3+13)2
2(14+ud) +15 + (uf —ui+13)*(2cos? o — 1)) -

=

cos® o =

(-1 +u%)(2u§—u‘}—2u§+u‘3‘f

2T+ 2)2 1)~ 21—
or
COSZOQ:(u%—u%—kt%—ku%(u?—u%—kt%))_\t3|\u%(u§—u%+t32)+u —u3—t3| u%—uf—i—uf( —u§—|—t32) -0
(u?—u%—i—t}z)z (u?—u_%—&—%) (u?—u%)(ulz(uf—%—l—t;)—%)
(—1 +u12)(2u3 fu‘} — 25+ uf —2(1 +ud)3 +1§ + (u? —ui+13)*(2cos? o — 1)) .
2T+ 2)2 1)~ 21— -
o # "E (m=1,2) for some i and j, but we require that a; = %, B = ("721)”, B = w,

i.e., Q = 0 has the solutions op =

o = Ot2 are not the maximum points of Sj.
For condition (I1): when a; =0, 3, = - 1) (j=1,2), Q=0 is actually the equation satisfied by cos 0.

— u%), ry =u3+16; + (u3 —13)* + u3(—1 —u3 +13), we can prove that the following

Let 1 = /(162 =) (1 —12)?
conditions are equivalent to (II).
2al)
B or (Bl —1—d+8) (3 - R3 - B+3) <0, j= 1
u3<u§ or (u3+u(3—1—u§+t32))( —r%(ui—u§+t32))<0,j:2

If the conditions in 2al) are not satisfied, i.e.
AR B +R) >

2a2) u3 > u3 and (w5 + w3 (u5 — 1 —u3 +13)) (3 : 0,j=1orj=2orj=1,2,but

2|rt3]

w3+ 15 +ui (s — 1 —u3 +13)
(uf —u3+13)?

(uf —u3+13)?

w3+ 13 +u5 (5 — 1 —u3 +13)

2\r2t3\

(u? —ui+13)?

J

(2 —iZ+7)
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If the conditions in 2al) and 2a2) are not satisfied, i.e.
2a3) uf > u3 and (u%%—uf(u? — 1= +13))(r5 - r%(u3 —13+13)) =0, j=1lorj=2orj=1,2,but

cos? oy = ”§+t§+”§(“§*1*“%+f32) 2|rats3] u3—|—u (u —1—u3+1)
(u —uz +13)? (5 —uz+13)? rs —ri(u; —u3 +13)
(1= u5) (5 —uz) — (1+u3)e5 + (u5 —u3 +13)* cos 0
w3 +15+ (U3 —13)2 +ui (=1 —u3 +13)
or
C082a2: u%—l—t%—&—u?(u?—l—u%—i—t%) 2|r2[3| u%+u2( 2-—1—u§+t32)
(f —u3 +13)? WB-Z+32\ B-rRd—id+3)
(1 =) (5 —u3) — (1+u3)i3 + (u5 —u3 +13)* cos 0
ud+03 4 (u3 —13)? +u; H-1—u3+13)

If px satisfies conditions in 2al) or 2a2) or 2a3), we find = 0 does not have solutions for a; =0, 3, = w
If both 2al), 2a2) and 2a3) are not satisfied, i.e.

2b) w5 > w3 and (u3 +u5 (5 — 1 —u3 +13))(r3 — r{(u5 —u3 +13)) =0, j=1lor j=2or j= 1,2, but

o g BTG UGG 1 w413 2rat3] w3 + 15 (u; — 1 — 5 +13)

2 = =
(u? —u% —|—t§)2 (u? —u% —|—t§)2 r% - r%(u? — u% —|—t32)

(1 =) (5 —u3) — (1 +u3)e5 + (u5 —u3 +13)°

w13+ (u3 —13)2 +ui (=1 —u3 +13)

or
2 u§+t§+u§(u§—l—u§+t32) 2|rat3] u3—|—u (u —1—u3—|—t3)
cosap = 3 2.2 T3 5 an 2 =0
(uf —us+13) (uf —us+13) 2"1(”;’ w3 +13)
(- - ()
ud+034 (U3 —13)? +uj(—1—u3+t32)
i.e., Q = 0 only has the solution o, = % (m =0, 1) for oy =0, ﬁzz 2)”.
2¢) u3 > uz and (5 4+ u3(u5 — 1 —u3+13)) (3 —ri(WF —u3+13)) =0, j=1lor j=2o0r j=1,2,but
cos a — u§+t§+u§(u371—u§+t§) 2|rt3] u§+u§(u§—1—u§+t32)
W@-dTEF T @-d+BP\ A=)
(1)) (5 =) = (L +u)3 + (w5 —wi +13)°cos o
B+ 4+ uf—3)2+uf(—1 —uj+13) -
or
cos? oy — u%—l—tf—&—u?(n?—l—u%—i—ti) 2|t u%—i—uZ( 2-—1—u§+t32) -0
W~ + ) W—iZ+B7\ A=A+
(l—uf)(uz—ug) (1+u )3 (uf—u3+t3)zcosa22 >0
w3 +15+ (3 —13)2 +ui (=1 -3 +13) -
i.e., Q = 0 has the solution o = 0621 =+ an foroy =0, f = but we require that oy =0, B, = 2)” and op = OC21 are

not the maximum of §;.
For condition (III): If tg‘ + (u% - u%)(u% - u%), when f3; = %” B = %”, A and Q can not be 0 simultaneously, then (4) does
not have solutions. O

5/6



0.3 Proof of Corollaries
Proof of Corollary 1: For the states p..,,, the positivity of density matrix gives the conditions (a3 —b3)>+ (c1 +¢2)> < (1—¢3)?
and (a3 + b3)2 +(c1— Cz)z <(1 +C3)2.
Case I: The maximal value of Aj = u} +u3 — 1
From the condition (a3 — b3)? + (c1 +¢2)? < (1 —¢3)? and (a3 + b3)? + (c1 — ¢2)* < (1 +¢3)?, we find that ¢ + ¢35 <
2

c;—a c3—a
1+¢3—a3 —b3. Hence, ul +u3 — 1 < 1371;%3' 1371%3

(c1+¢2)? < (1 —c3)? and (a3 +b3)* + (cl‘— c2)? < (1+¢3)%, we obtain |a3 — b3| < 1—c3 and |az +b3| < 1+c3. When
az = 0, b3 attains its maximum value, min{1 — c3, 1+ ¢3}. Therefore,

gets the maximum value for small a3 and large b3. Due to (a3 — b3)* +

2 2 2
343 3

< -
1-b3 = 1—min{(1—c3)?,(1+c¢3)?}

< esl.

Actually when ¢3 > 0, we find u? +u3 — 1 — ¢3 if b3 — —1 and a3 — b3 = 1 — c3. When ¢3 < 0, we find u? +u3 — 1 — |c3] if
by — landaz+b3 =1+c3.

Case II: The maximal value of Ay = 1[u2 (3 —12) +ud +ud +13 —1— (1 - u%)\/((l —13)2 —13)((1+13) — u3)]

For any given a3, b3 and c3, Ay increases with |c|. The maximum value of ¢ is attained when (az — b3)% + (c; +¢2)* =
(1—c3)? and (a3 +b3)> + (¢ — ¢2)> = (1 +c3)%. We only need to consider the parameters a3, b3, c1,c, and c3 which satisfy
(a3 — b3)2 + (Cl +02)2 = (1 — 03)2 and (Cl3 —‘rb3)2 + (Cl - 02)2 = (1 —|—C3)2. Let ') = \/(1 —C3)2 — (613 —b3)2, and I, =
\/(1 +¢3)% — (a3 + b3)%. We assume ¢ > ¢2, and ¢ > 0, then ¢; < % Setcp = % —Xx,c1 = % +x,for0<x < % We have
that A is an increasing function of x. Hence,

c%fa% 1—b%+c§fa%+rllﬂ2
2(1—b§) l—b%

Ay <

I1I2/(1 —b3) attain the maximum value when ¢3 > 0 (< 0) and azbs > 0 (< 0). By the optimization method, one can
find c'%fa% 17b§+c§7u§+l"] I,
2(1-43) 1-b2

approaches to —1 and a3 — b3 = 1 —¢3, or b3 — 1 and a3 + b3 = 1 + ¢3, we have the maxima of Ay = |c3].
We have the steerability S < |c3| when b3 — —1 and a3 — b3 =1 —c¢3, or b3 — 1 and a3 + b3 = 1 4+ ¢3. Then either
c1=—ca =%/ (14+b3)(c3—b3) orci =cp = ++/(1 —b3) (b3 —c3), and S < % This completes the proof. O

Proof of Corollary 2: Due to the positivity of density matrix px, az, b3 and ¢; (i = 1,2,3) satisfy the conditions |az 4+ b3| <
\/(1 +C3)2 — (e —¢3)% and laz — b3| < \/(1 —03)2 — (e +Cz)2. Let

attain the maximum value when 1 + ¢3 = |az + b3| or 1 —c3 = |az — b3|. So we have when b3

Q={las + b3 < /(1 +¢3)2 — (c1 —e2)?,

laz — b3| < \/(1 —c3)?—(c1+2)?}

The minimum of m%x S is attained at the interior points or the boundary of Q for given CHSH value N:
Qs Pj

(1) For the interior points of Q, we find the minimal steerability S = M | when t3 =0, u3 =c3,and b3 =0.
(2) For the boundary of , the minimal value of S is attained at the extreme points of A, or Az, or the points solving the
equation Ap = Ay, A3 = Ay, or Ay = A3. By numerical simulations, we find that when N > 2, the lower bound is very close to

Nfz — 1 but smaller than sz -1 )

0.4 Matlab program for computing steerability of general two-qubit states
opts=optimoptions(@fmincon,” Algorithm’, interior

—point’);

problem=createOptimProblem(opt);

gs=GlobalSearch;

[x,f]=run(gs,problem).

Here

opt="fmincon’,’objective’,... @ (x)(—S(x1,x2,x3,X4)), ‘x,x*, ‘Ib',Ib*, ‘ub’ ,un*, ‘options’,opts

with x| = a,x = B1,x3 = o, x4 = B2, x* =[0,0,0,0], Ib* = [0,0,0,0], and ub* = [n,27, w,27].
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