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Abstract

This supplementary information is organised as follows. First, we will describe in some more detail
the derivation of the coupled local-mode equations modelling the propagation of ultra-short pulses in
multi-core �ber media. Next, we will analyse the mode-coupling dispersion in the linear regime. In the
third section, we will give some numerical examples that illustrate our �ndings. Finally, we will describe
the numerical method and the main �ber parameters used in the numerical calculations.
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1 Ultra-short pulse propagation model

Consider a real weakly-guiding multi-core �ber (MCF) operating in the single-mode regime with longitudinal
and temporal birefringence e�ects. The longitudinal birefringence perturbations are induced by macrobend-
ing, microbending, �ber twisting and intrinsic manufacturing imperfections. The temporal birefringence
perturbations are induced by external environmental factors, such as temperature variations and �oor vibra-
tions inducing temporal changes in the bending radius and twist rate. In order to describe the propagation of
ultra-short optical pulses in the linear and nonlinear �ber regime, the MCF can be modelled as a nonlinear,
anisotropous and temporal dispersive medium.

Moreover, in order to include the MCF random perturbations from the Maxwell equations, we employ a
similar formalism as in Ref. [1] using the concept of local modes. A local mode is de�ned as an eigenfunction in
a short core segment in which the perturbations of the ideal phase constant and the transversal eigenfunction
of the LP01 mode are approximately constant in both orthogonal polarizations. Hence, each core can be
modelled as a series of birefringent segments and local modes where the longitudinal and temporal MCF
perturbations are approximately invariant but can �uctuate between adjacent segments, as shown in Fig. 1
of the manuscript.

Now, in contrast to Ref. [1], let us assume non-monochromatic electric �elds to model the dispersive nature
of the MCF. We consider both orthogonal polarizations in each core and a single optical carrier with angular
frequency ω0. Thus, the real wave function of the global electric �eld strength of the MCF can be expressed
using the slowly-varying amplitude approximation as:

E (r, t) ' 1

2

∑
i=x,y

[Ei,ω0
(r, t) exp (jω0t) + Ei,−ω0

(r, t) exp (−jω0t)] ûi, (1)

where Ei,ω0 is the complex amplitude of the electric �eld strength in the i = x, y polarization axis; and Ei,−ω0

is the complex conjugate term. Note that the slowly-varying amplitude approximation performed in Eq. (1)
allows us to decouple the rapid temporal oscillation of the optical carrier from the slow temporal evolution of
the complex amplitudes [2]-[4]. In order to satisfy the Maxwell equations when using Eq. (1), we assume the
optical carrier located in the third transmission window (∼193.1 THz) and optical pulses wider than 10 fs.
A detailed discussion of the limits of applicability of Eq. (1) can be found in the main text.

1.1 Multi-core �ber local modes

The theoretical model we propose entails as an essential prerequisite to include the �ber perturbations
from the Maxwell equations to describe ultra-short pulse propagation in MCF media. To this end, the
longitudinal and temporal �uctuations of the �ber should be described by the complex amplitude Ei,ω0

.
From the perturbation theory [5], this term can be expressed in each polarization axis i = x, y of a N -core
MCF as a function of the polarized core modes (PCMs) mi (with m = 1, ..., N), where mi refers to the
LP01,mi mode associated with core m alone (i.e., in the absence of the other cores). In addition, each PCM
mi comprises a series of local modes distributed along the di�erent birefringent segments of the core m. All
in all, the complex amplitude Ei,ω0

is expressed as follow:

Ei,ω0
(r, t) '

N∑
m=1

Emi,ω0
(r, t)

=

N∑
m=1

1

2π

∫
Ãmi (z, ω − ω0; t)Fmi (x, y, ω; z, t) exp (−jΦmi (z, ω; t)) exp (j (ω − ω0) t) dω, (2)

where Emi,ω0
is the complex amplitude of the electric �eld of the PCM mi considering isolated cores; Ãmi is

the Fourier transform of the complex envelope in baseband (with Ω = ω−ω0) including the temporal birefrin-
gence �uctuations; Fmi is the transversal eigenfunction of the PCMmi; and Φmi is the complex phase function
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of the PCMmi modelling optical attenuation and the MCF longitudinal and temporal random perturbations:

Φmi (z, ω; t) := φmi (z, ω; t)− j 1

2
α (ω) z, (3)

where α is the power attenuation coe�cient of the MCF modelling optical absorption due to Rayleigh
scattering and assumed similar in each PCM; and φmi is the real phase function involving the longitudinal
and temporal MCF perturbations in each spectral component ω:

φmi (z, ω; t) :=

∫ z

0

β
(eq)
mi (ξ, ω; t)dξ = βmi (ω) z +

∫ z

0

β
(B+S)
mi (ξ, ω; t) dξ, (4)

with β
(eq)
mi the equivalent phase constant of each local mode of the PCM mi, which comprises the ideal phase

constant βmi and the phase perturbation β
(B+S)
mi induced by macrobends (B) and additional longitudinal

and temporal �ber structure �uctuations (S). In addition, it should be remarked for future mathematical
discussions that (we denote ∂z = ∂/∂z):

∂zΦmi = β
(eq)
mi − j 1

2α; ∂2
zΦmi = ∂zβ

(eq)
mi ; (∂zΦmi)

2 '
(
β

(eq)
mi

)2

− jαβ(eq)
mi . (5)

Thus, the Fourier transform (F) of Eqs. (1) and (2) is found to be:

E (r, ω; t) = F [E (r, t)] =
1

2

∑
i=x,y

[
Ẽi,ω0 (r, ω − ω0; t) + Ẽi,−ω0 (r, ω + ω0; t)

]
ûi; (6)

Ẽi,ω0 (r, ω − ω0; t) = F [Ei,ω0 (r, t) exp (jω0t)] '
N∑
m=1

F [Emi,ω0 (r, t) exp (jω0t)]

=

N∑
m=1

Ãmi (z, ω − ω0; t)Fmi (x, y, ω; z, t) exp (−jΦmi (z, ω; t))

=

N∑
m=1

Ãmi (z, ω − ω0; t)Fmi (x, y, ω; z, t) exp

(
−jφmi (z, ω0; t)− 1

2
α (ω) z

)
, (7)

with Ẽi,ω0 the Fourier transform of the complex amplitude Ei,ω0 , and Ãmi is the Fourier transform of
the complex envelope of the optical pulses in the PCM mi comprising the slow longitudinal and temporal
variations of the phase, that is, Ãmi(z, ω − ω0; t) = Ãmi(z, ω − ω0; t) exp[−j (φmi (z, ω; t)− φmi (z, ω0; t))].

Furthermore, in order to preserve the temporal �ber birefringence �uctuations in Ãmi, the Fourier transform
is calculated in the baseband (Ω = ω − ω0) in a time interval of the order of the temporal pulse width TP:

Ãmi (z,Ω; t) :=

∫
〈TP〉

Ami (z, t) exp (−jΩt) dt. (8)

Equations (1)-(8) allow us to describe the longitudinal and temporal MCF perturbations in the electric
�eld strength of the MCF. Along this line, the following considerations on the above equations should be
remarked:

� The longitudinal and temporal MCF perturbations de�ne the birefringent segments and the local modes
in each PCM mi. These �ber perturbations are modelled in the complex envelope Ãmi, transversal
local eigenfunctions Fmi and complex phase function Φmi. Assuming that the longitudinal and temporal
MCF perturbations modify the ideal phase constant βmi, the transversal function Fmi and the complex
envelope Ãmi should also be assumed longitudinal and temporal dependent in order to satisfy the
Maxwell equations in the MCF segments. In this way, the Fourier transform of the optical pulses
Ãmi (z,Ω; t) is also found to be time dependent due to the slowly-varying temporal �uctuation of the
�ber.
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� According to Ref. [1], the semicolon symbol is used to separate explicitly longitudinal and temporal
changes induced by the slowly-varying MCF perturbations. The longitudinal and temporal changes
induced by these perturbations in the optical medium are assumed to be slowly-varying in comparison
with the spatial and temporal duration of Ami(z, t). As an example, the slowly-varying longitudinal
and temporal changes of the transversal local eigenfunction Fmi(x, y, ω; z, t) are explicitly separated by
the semicolon symbol from the transversal changes given by the well-known Bessel functions [6].

� The phase of the local modes is given by the complex function Φmi in each MCF segment. Therefore,
considering that the local modes satisfy the Maxwell equations, Fmi should also be assumed a complex
function. Nevertheless, taking into account that the imaginary part of Φmi (modelling the optical
absorption) is much lower than the real part φmi (accounting for the ideal phase constant along with
the �ber perturbations), we assume Fmi as a real function from now on. However, note that in the
multi-mode regime, Fmi should be considered as a complex function including the azimuthal order of
the corresponding LP mode group.

� In contrast with previous ultra-short pulse propagation models proposed for single-mode �bers (SMFs)
and MCFs in [3],[7]-[17], the ideal phase constant βmi(ω) is assumed to be modi�ed by the aforemen-
tioned perturbations, which are included in the coupled local-mode theory with rigorous formalism
from the Maxwell equations. Furthermore, note that the complex phase function Φmi(z, ω; t) is not
approximated to ω0 in order to describe accurately the frequency dependence of the phase-mismatching
between the local modes including the MCF birefringence. In this way, we will able to investigate the
impact of the �ber perturbations when propagating ultra-short optical pulses in real MCFs.

1.2 Coupled-wave equations

In this subsection, the goal is to derive the coupled-wave equations of the complex amplitude Ei,ω0
in

each polarization axis i = x, y of the MCF. To this end, we start writing in the optical medium the �rst
and second macroscopic Maxwell equations (Ampère's and Faraday's laws) in the time domain (we use the
notation ∂t = ∂/∂t):

∇× E (r, t) = −∂tB (r, t) ; ∇×H (r, t) = ∂tD (r, t) , (9)

with E the real wave function of the electric �eld strength; B the real wave function of the magnetic induc-
tion; H the real wave function of the magnetic �eld strength; and D the real wave function of the electric
displacement. From the classical homogenization process [18], we can express the auxiliary �eld D and H
in terms of the polarization and magnetization through the so-called constitutive relations, which account
for the response of the medium bound charges and currents to the applied �elds [all the �elds appearing in
Eq. (9) are volume-averaged quantities]. Thus, applying the curl operator in Eq. (9) and using the constitutive
relations, the wave equation of the electric �eld strength is found to be:

4E (r, t)− 1

c20
∂2
t E (r, t) = µ0∂

2
tP

(1) (r, t) + µ0∂
2
tP

(3) (r, t) , (10)

where 4 is the Laplacian operator; c0 and µ0 are the speed of light and the magnetic permeability in vacuum,
respectively; and P(1) and P(3) are the linear and nonlinear polarization of the MCF, respectively. Note
that we have neglected the term ∇(∇ · (P(1) + P(3))) in Eq. (10) considering slowly-varying refractive index
pro�les and the low birefringent and nonlinear nature of silica MCFs, in line with the assumptions performed
in step- and gradual-index SMFs [3],[4],[7],[8]. Now, applying the Fourier transform to Eq. (10) we obtain:

4E (r, ω; t) +
ω2

c20
E (r, ω; t) = −ω2µ0P

(1) (r, ω; t)− ω2µ0P
(3) (r, ω; t) , (11)

Here, it should be noted that the temporal birefringence �uctuations of the MCF have been explicitly denoted
with the semicolon symbol, as was previously de�ned. Moreover, the Fourier transform of the linear and
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nonlinear polarization can be written in terms of their complex amplitudes in the time and frequency domain
as:

P (k) (r, ω; t) = F
[
P(k) (r, t)

]
= F

1

2

∑
i=x,y

(
P

(k)
i,ω0

(r, t) exp (jω0t) + P
(k)
i,−ω0

(r, t) exp (−jω0t)
)
ûi


=

1

2

∑
i=x,y

[
P̃

(k)
i,ω0

(r, ω − ω0; t) + P̃
(k)
i,−ω0

(r, ω + ω0; t)
]
ûi; k = 1, 3. (12)

where the nonlinear polarization in 3ω0 was omitted taking into account that the phase-matching condition
in this nonlinear term is not satis�ed in silica �bers [7]. Therefore, using Eqs. (6) and (12) the nonlinear wave
equation Eq. (11) becomes:

4Ẽi,ω0
(r, ω − ω0; t) +

ω2

c20
Ẽi,ω0

(r, ω − ω0; t) = −ω2µ0P̃
(1)
i,ω0

(r, ω − ω0; t)− ω2µ0P̃
(3)
i,ω0

(r, ω − ω0; t) . (13)

Now, let us discuss the expression of the complex amplitude of the linear polarization in the frequency

domain P̃
(1)
i,ω0

as a function of the MCF random perturbations. Considering the dispersive e�ects and the

spatial and temporal random perturbations of the �ber, the linear polarization in the time domain P(1) can
be expressed in the general form:

P(1) (r, t) = ε0

∫ +∞

−∞
χ(1) (r, τ ; t)E (r, τ) dτ ' ε0

∫
〈TP〉

χ(1) (r, t− τ)E (r, τ) dτ, (14)

with ε0 the electrical permittivity in vacuum and χ(1) the �rst-order electrical susceptibility tensor accounting
for the linear and circular birefringence of the MCF. Note that χ(1) is assumed longitudinal and temporal
dependent due to the MCF perturbations and the dispersive nature of silica media. Rigorously, the linear
polarization describes a linear and time-varying system. However, at this point let us assume the pulse width
TP much shorter than the temporal birefringence �uctuations of the MCF. Hence, the linear and time-varying
system described by the linear polarization can be modelled as a linear and time-invariant system in a time
interval TP, as indicated in the approximation performed in Eq. (14). As a result, the constitutive relation
of the linear polarization can be expressed in the frequency domain as:

P (1) (r, ω; t) = ε0χ̃
(1) (r, ω; t)E (r, ω; t) , (15)

where:

χ̃(1) (r, ω; t) := F
[
χ(1) (r, t)

]
=

∫
〈TP〉

χ(1) (r, t) exp (−jωt) dt. (16)

It should be taken into account that the �rst-order electrical susceptibility tensor in the frequency domain

χ̃(1) describes the material dispersion and the optical absorption induced by the resonant frequencies of silica
media, located in the ultraviolet (68.4 nm and 116.2 nm) and infrared (9896.2 nm) bands [2]. Moreover, the
optical absorption induced by the Rayleigh scattering is modelled in the attenuation coe�cient α of Eq. (3).
Thus, the complex amplitude of the linear polarization in the frequency domain is found to be (Einstein
summation convention):

P̃
(1)
i,ω0

(r, ω − ω0; t) = ε0χ̃
(1)
ij (r, ω; t) Ẽj,ω0

(r, ω − ω0; t) . (17)

Now, we still need to investigate the nonlinear polarization term P̃
(3)
i,ω0

of Eq. (13). Nevertheless, the
constitutive relation of the nonlinear polarization with the electric �eld strength involves the convolution
operation in the frequency domain, increasing the complexity of the mathematical discussion of the coupled
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local-mode equations. Hence, we will maintain the nonlinear polarization P̃
(3)
i,ω0

in the wave equation Eq. (13),
which is reduced to:

4Ẽi,ω0 (r, ω − ω0; t)+
ω2

c20

[
Ẽi,ω0 (r, ω − ω0; t) + χ̃

(1)
ij (r, ω; t) Ẽj,ω0 (r, ω − ω0; t)

]
= −ω2µ0P̃

(3)
i,ω0

(r, ω − ω0; t) .

(18)

Furthermore, considering that χ̃
(1)
yx =

(
χ̃

(1)
xy

)∗
in dispersive dielectric media in order to satisfy the Poynting

theorem [19] and de�ning:

ε̃r,i (r, ω; t) := 1 + χ̃
(1)
ii (r, ω; t) ; (19)

σ̃ (r, ω; t) := χ̃(1)
xy (r, ω; t) , (20)

the coupled-wave equations are �nally derived (the independent variables are omitted for the sake of simplicity
from now on):

4Ẽx,ω0 +
ω2

c20

(
ε̃r,xẼx,ω0

+ σ̃Ẽy,ω0

)
= −ω2µ0P̃

(3)
x,ω0

; (21)

4Ẽy,ω0
+
ω2

c20

(
ε̃r,yẼy,ω0

+ σ̃∗Ẽx,ω0

)
= −ω2µ0P̃

(3)
y,ω0

. (22)

Note that, in contrast to Ref. [1], the coupled-wave equations given by Eqs. (21) and (22) are written in
the frequency domain when assuming non-monochromatic electric �elds in Eq. (1). As a result, the coupled
local-mode equations should also be discussed in the frequency domain, and later, we will apply the inverse
Fourier transform to obtain the �nal expressions in the time domain.

1.3 Coupled local-mode equations

Once we derive the coupled-wave equations, we can obtain the coupled local-mode equations when using
Eqs. (6) and (7) in Eqs. (21) and (22). However, we should previously discuss some questions related to the
MCF birefringence and local modes.

First, let us assume without loss of generality a MCF comprising only two cores a and b. In order to
describe di�erent MCF designs1, the relative electric permittivity given by Eq. (19) and accounting for the
linear birefringence is found in each polarization axis as:

ε̃r,i (r, ω; t) = ε̃r,ci (r, ω; t) + ∆ε̃r,ai (r, ω; t) + ∆ε̃r,bi (r, ω; t)

=


r ≡ core a ε̃r,ai (r, ω; t) = ε̃r,ci (r, ω; t) + ∆ε̃r,ai (r, ω; t)

r ≡ cladding ε̃r,ci (r, ω; t)

r ≡ core b ε̃r,bi (r, ω; t) = ε̃r,ci (r, ω; t) + ∆ε̃r,bi (r, ω; t)

, (23)

where ε̃r,ai, ε̃r,bi and ε̃r,ci are the relative electric permittivity in the cores a, b and in the cladding, respectively;
and ∆ε̃r,ai and ∆ε̃r,bi are the di�erence between the relative electric permittivity of the cladding and those
of cores a and b, respectively. Moreover, the circular birefringence is given by:

σ̃ (r, ω; t) =


r ≡ core a σ̃a (r, ω; t) = χ̃

(1)
a,xy (r, ω; t)

r ≡ cladding σ̃c (r, ω; t) = χ̃
(1)
c,xy (r, ω; t)

r ≡ core b σ̃b (r, ω; t) = χ̃
(1)
b,xy (r, ω; t)

. (24)

1The herein presented theory is a general model which can be applied to MCFs comprising: coupled or uncoupled cores,
lowly- or highly-birefringent cores, trench- or hole-assisted cladding and gradual- or step-index pro�le. Note that in contrast to
Ref. [1], Eqs. (23) and (24) are assumed to be longitudinal and transversal dependent.
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Note that the real part of Eqs. (23) and (24) gives information about the material dispersion and the imaginary
part accounts for the optical absorption induced by the resonant frequencies of silica media. Nevertheless,
taking into account that the optical absorption is mainly induced by the Rayleigh scattering in the third
transmission window [2],[7], the imaginary part of Eqs. (23) and (24) can be neglected. Thus, the �ber
parameters ε̃r,i and σ̃ will be assumed real functions from now on.

Second, it is worth mentioning that the idea underneath local modes permits to describe the MCF per-
turbations with rigorous formalism when considering that the local mode Fmi(x, y, ω; z, t) exp(−jΦmi(z, ω; t))
should satisfy the Helmholtz equation in each birefringent segment of the core m:(

4+
ω2

c20
ε̃r,mi

)
Fmi exp (−jΦmi) = 0. (25)

Equation (25) allows us to obtain two fundamental relations to describe the chromatic dispersion along with
the MCF perturbations. It is straightforward to derive these relations performing the next two steps. First,
the complex phase function Φmi should be written as:

Φmi(z, ω; t) =

∫ z

0

β
(eq)
mi (ξ, ω; t)dξ − j 1

2
α (ω) z

=

∫ z

0

∞∑
k=0

1

k!
(ω − ω0)

k
β

(eq)(k)
mi,ω0

(ξ; t)dξ − j 1

2
α (ω) z, (26)

with β
(eq)(k)
mi,ω0

(z; t) := ∂kωβ
(eq)
mi (z, ω = ω0; t). Second, we should approximate2:

(
β

(eq)
mi

)2

−
(
β

(eq)
mi,ω0

)2

=
(
β

(eq)
mi + β

(eq)
mi,ω0

)(
β

(eq)
mi − β

(eq)
mi,ω0

)
' 2β

(eq)
mi,ω0

(
β

(eq)
mi − β

(eq)
mi,ω0

)
' 2β

(eq)
mi,ω0

∞∑
k=1

1

k!
(ω − ω0)

k
β

(eq)(k)
mi,ω0

. (27)

Thus, assuming that ∂zFmi ' ∂2
zFmi ' 0 in δz ∼ λ0, where λ0 is the wavelength of the optical carrier at the

vacuum3, we directly obtain from Eq. (25):

(
4T +

ω2

c20
ε̃r,i

)
Fai =

[
ω2

c20
∆ε̃r,bi +

(
β

(eq)
ai,ω0

)2

+ 2β
(eq)
ai,ω0

∞∑
k=1

1

k!
(ω − ω0)

k
β

(eq)(k)
ai,ω0

+ j (∂z − α)β
(eq)
ai

]
Fai;

(28)(
4T +

ω2

c20
ε̃r,i

)
Fbi =

[
ω2

c20
∆ε̃r,ai +

(
β

(eq)
bi,ω0

)2

+ 2β
(eq)
bi,ω0

∞∑
k=1

1

k!
(ω − ω0)

k
β

(eq)(k)
bi,ω0

+ j (∂z − α)β
(eq)
bi

]
Fbi, (29)

with 4T = ∂2
x + ∂2

y the transversal Laplacian operator.
Now, at this point we can start with the derivation of the coupled local-mode equations by combining

Eqs. (7) and Eqs. (21) and (22). After some algebraic work, retaining the second derivatives of the complex

envelopes considering that ∂2
z Ãmi 6= 0 in δz ∼ λ0 for ultra-short optical pulses [2] and using Eqs. (5), we

obtain for the x-polarization axis (i = x):

2From now on, the subindex ω0 is used to indicate explicitly the value of the functions at ω = ω0.
3In fact, the omission of the �rst and second derivative of Fmi only requires to consider longitudinal distances of the order of

λmi = λ0/nmi, where nmi is the refractive index of the PCM mi at the centre of the pulse bandwidth. As we have considered
longitudinal changes of Fmi slowly-varying in comparison with the spatial and temporal duration of the pulse envelope, the
condition ∂zFmi ' ∂2zFmi ' 0 is ful�lled not only in δz ∼ λmi, but also in δz ∼ λ0.
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[
ω2

c20
∆ε̃r,bx −

(
j2β(eq)

ax,ω0
+ α− ∂z

)
D(eq)
ax

]
Fax exp (−jφax,ω0) Ãax + Fax exp (−jφax,ω0) ∂2

z Ãax

+

[
ω2

c20
∆ε̃r,ax −

(
j2β

(eq)
bx,ω0

+ α− ∂z
)
D

(eq)
bx

]
Fbx exp (−jφbx,ω0) Ãbx + Fbx exp (−jφbx,ω0) ∂2

z Ãbx

−
(
j2β(eq)

ax,ω0
+ α

)
Fax exp (−jφax,ω0

) ∂zÃax −
(
j2β

(eq)
bx,ω0

+ α
)
Fbx exp (−jφbx,ω0

) ∂zÃbx

+
ω2

c20
σ̃
[
ÃayFay exp (−jφay,ω0) + ÃbyFby exp (−jφby,ω0)

]
= −ω2µ0P̃

(3)
x,ω0

exp

(
1

2
αz

)
, (30)

where D
(eq)
mi is the complex function de�ned as:

D
(eq)
mi :=

∞∑
k=1

j

k!
(ω − ω0)

k
β

(eq)(k)
mi,ω0

. (31)

A similar expression as Eq. (30) is obtained for the y-polarization axis by exchanging the subindexes x and y.
As can be seen, the left-hand side (LHS) of Eq. (30) describes the linear propagation and the right-hand side
(RHS) accounts for the nonlinear e�ects. Thus, the derivation of the coupled-local mode equations requires
to investigate the constitutive relation between the complex amplitudes of the nonlinear polarization and the
electric �eld strength in the frequency domain.

To this end, we should start from the constitutive relation in the time domain. Therefore, at this point
let us remember the expressions of the nonlinear polarization vector in the time and frequency domain as a
function of the corresponding complex amplitudes:

P(3) (r, t) = Re

∑
i=x,y

P
(3)
i,ω0

(r, t) exp (jω0t) ûi

 ; (32)

P (3) (r, ω; t) = F
[
P(3) (r, t)

]
= Re

∑
i=x,y

P̃
(k)
i,ω0

(r, ω − ω0; t) ûi

 , (33)

with:

P̃
(k)
i,ω0

(r, ω − ω0; t) = F
[
P

(3)
i,ω0

(r, t) exp (jω0t)
]
, (34)

and omitting the nonlinear polarization in 3ω0, as was pointed out previously in Eq. (12). Hence, the nonlinear
terms of Eq. (30) can be found analyzing the constitutive relation P -E in the time domain and performing
the Fourier transform of the complex amplitudes, as indicated in Eq. (34).

In ultra-short optical pulses, the constitutive relation between the nonlinear polarization and the electric
�eld strength should include the delay response of the electronic and nuclei structure of silica atoms when
an electric �eld stimulates the optical medium. The most general expression is given by [3],[4],[7] (Einstein
summation convention):

P(3)
i (r, t) = ε0

∫∫∫
χ

(3)
ijkl (t, τ1, τ2, τ3) Ej (r, τ1) Ek (r, τ2) El (r, τ3)dτ1dτ2dτ3. (35)

For optical frequencies well below the electronic transitions, the electronic contribution to the nonlinear po-
larization can be considered instantaneous. However, since nucleons (protons and neutrons) are considerably
heavier than electrons, the nuclei motions have resonant frequencies much lower than the electronic transitions
and, consequently, they should be retained in the constitutive relation. Speci�cally, Raman scattering is a
well-known e�ect arising from the nuclear contribution to the nonlinear polarization. Therefore, considering
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ultra-short optical pulses wider than 1 fs, the electronic response can be assumed instantaneous and Eq. (35)
can be approximated to [3]:

P(3)
i (r, t) ' P(3I)

i (r, t) + P(3R)
i (r, t)

= ε0χ
(3I)
ijkl (t) Ej (r, t) Ek (r, t) El (r, t) + ε0Ej (r, t)

∫ +∞

−∞
χ

(3R)
ijkl (t− τ) Ek (r, τ) El (r, τ) dτ, (36)

where the �rst term of the RHS describes the instantaneous response (3I) accounting for the electronic
resonances, and the second term describes the nuclei motions inducing the intrapulse stimulated Raman
scattering e�ect (3R). The third-order electrical susceptibility tensors of Eq. (36), which are assumed spatial
invariant due to the low nonlinear nature of silica MCFs, can be expressed as [20]:

χ
(3I)
ijkl (t) = χNL

(
1− fR

3

)
(δijδkl + δikδjl + δilδjk) δ (t) ; (37)

χ
(3R)
ijkl (t) = χNLfR

[
h (t) δijδkl +

1

2
u (t) (δikδjl + δilδjk)

]
, (38)

where δij is the Kronecker delta function; χNL = 1.33·10=19m2/W at the wavelength of 1550 nm; fR = 0.245
represents the fractional contribution of the delayed Raman response to the nonlinear polarization; and h
and u functions describe the isotropic and anisotropic Raman response, respectively [20]:

h (t) = f1τ1
(
τ−2
1 + τ−2

2

)
exp (−t/τ2) sin (t/τ1) ; (39)

u (t) = f2

(
2τ3 − t
τ2
3

)
exp (−t/τ3) +

f3

f1
h (t) , (40)

with f1, f2, f3, τ1, τ2 and τ3 constants of the nonlinear medium satisfying the following relations:

χNL (1− fR) = 8
3nNLnMCF;

∑3
i=1 fi = 1;

∫ +∞
−∞

(
χ

(3I)
ijkl (t) + χ

(3R)
ijkl (t)

)
dt = χNL, (41)

with nMCF ' 1.45 the average value of the material refractive index of the MCF; and nNL = 2.6 ·10−20 m2/W
the nonlinear refractive index modelling the changes induced in nMCF by the nonlinear polarization. From
Eq. (41) and Ref. [20] we found: f1 = 0.75, f2 = 0.21, f3 = 0.04, τ1 = 12.2 fs, τ2 = 32 fs,τ3 = 96 fs. Figure S1
depicts the isotropous and anisotropous Raman response functions considering i = j = k = l = x in the
third-order susceptibility tensor. As can be seen, the delay of the nonlinear polarization induced by the nuclei
motions (Raman e�ect) should be included in the constitutive relation P-E for optical pulses shorter than
200 fs, in line with Eq. (36). In addition, we can note that the isotropous Raman response predominates over
the anisotropous response due to the molecular symmetry of the SiO2.

From Eqs. (32), (36) and (37), it is straightforward to obtain the complex amplitude of the instantaneous
nonlinear polarization in the time domain for each polarization axis:

P (3I)
x,ω0

= ε0γI

[(
|Ex,ω0

|2 +
2

3
|Ey,ω0

|2
)
Ex,ω0

+
1

3
E2
y,ω0

Ex,−ω0

]
; (42)

P (3I)
y,ω0

= ε0γI

[(
|Ey,ω0 |

2
+

2

3
|Ex,ω0 |

2

)
Ey,ω0 +

1

3
E2
x,ω0

Ey,−ω0

]
, (43)

where γI := (3/4)χNL (1− fR) = 7.5 · 10−20 m2/W at the wavelength of 1550 nm.
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Supplementary Figure S1. Normalized impulse response of the stimulated Raman scattering e�ect.

Dashed line: isotropous response. Dotted line: anisotropous response. Solid line: total Raman response.

Furthermore, the complex amplitude of the nonlinear polarization modelling the nuclei motions (Raman
response) can also be found using Eqs. (32), (36) and (38). As an example, the complex amplitude for the
x -polarization is derived from these equations as:

P (3R)
x,ω0

(r, t) =
1

4
ε0χNLfR

{
2Ex,ω0 (r, t)

∫ +∞

−∞
(h+ u) (t− τ) |Ex,ω0 (r, τ)|2 dτ

+2Ex,ω0 (r, t)

∫ +∞

−∞
h (t− τ) |Ey,ω0 (r, τ)|2 dτ

+2Ey,ω0 (r, t)

∫ +∞

−∞
u (t− τ)Re [Ex,ω0 (r, τ)Ey,−ω0 (r, τ)]dτ

+Ex,−ω0
(r, t) exp (−j2ω0t)

∫ +∞

−∞
(h+ u) (t− τ)E2

x,ω0
(r, τ) exp (j2ω0τ) dτ

+Ex,−ω0
(r, t) exp (−j2ω0t)

∫ +∞

−∞
h (t− τ)E2

y,ω0
(r, τ) exp (j2ω0τ)dτ

+Ey,−ω0
(r, t) exp (−j2ω0t)

∫ +∞

−∞
u (t− τ)Ex,ω0

(r, τ)Ey,ω0
(r, τ) exp (j2ω0τ)dτ

}
, (44)

including in this case the independent variables to clarify the mathematical discussion. In order to simplify
Eq. (44), note that the last three terms of the RHS can be expressed in the general form:

Ej,−ω0
(r, t) exp (−j2ω0t)

∫ +∞

−∞
p (t− τ)Ek,ω0

(r, τ)El,ω0
(r, τ) exp (j2ω0τ) dτ, (45)

with j, k, l = x, y and the p function accounting for the h, u and h+ u functions. Now, performing a simple
algebraic transformation of the convolution integral, Eq. (45) becomes:

Ej,−ω0
(r, t) exp (−j2ω0t)

∫ +∞

−∞
p (t− τ)Ek,ω0

(r, τ)El,ω0
(r, τ) exp (j2ω0τ) dτ

= Ej,−ω0
(r, t) exp (−j2ω0t)

∫ +∞

−∞
p (τ)Ek,ω0

(r, t− τ)El,ω0
(r, t− τ) exp (j2ω0 (t− τ)) dτ

= Ej,−ω0
(r, t)

∫ +∞

−∞
p (τ) exp (−j2ω0τ)Ek,ω0

(r, t− τ)El,ω0
(r, t− τ) dτ

= Ej,−ω0
(r, t) [(p (t) exp (−j2ω0t)) ∗ (Ek,ω0

(r, t)El,ω0
(r, t))] . (46)

10



As can be noted, Eq. (46) involves a convolution of the modulated Raman response with the complex amp-
litudes of the electric �eld strength. Considering that the bandwidth of the Raman response (given by p = h,
u or h + u) is around 15 THz [20], centred at −2ω0 ≈ −380 THz, and the bandwidth of the complex amp-
litudes is lower than 100 THz for ultra-short pulses wider than 10 fs (centred at ω = 0), the Fourier transform
of the convolution is found to be null:

F [(p (t) exp (−j2ω0t)) ∗ (Ek,ω0
(r, t)El,ω0

(r, t))] =
1

2π
P̃ (ω + 2ω0)

[
Ẽk,ω0

(r, ω; t) ∗ Ẽl,ω0
(r, ω; t)

]
= 0, (47)

and therefore, the last three terms of the RHS of Eq. (44) can be neglected. Finally, de�ning the f function
as f := h + u and the nonlinear constant γR := 0.5χNLfR = 1.63 · 10−20 m2/W at the wavelength of 1550
nm, the complex amplitude of the nonlinear polarization modelling both electronic and nuclei responses is
found at the x -polarization axis as:

P (3)
x,ω0

(r, t) = ε0γI

{[
|Ex,ω0 (r, t)|2 +

2

3
|Ey,ω0 (r, t)|2

]
Ex,ω0 (r, t) +

1

3
E2
y,ω0

(r, t)Ex,−ω0 (r, t)

}

+ ε0γR

Ex,ω0
(r, t)

[
f (t) ∗ |Ex,ω0

(r, t)|2 + h (t) ∗ |Ey,ω0
(r, t)|2

]
+Ey,ω0

(r, t) [u (t) ∗ Re (Ex,ω0
(r, τ)Ey,−ω0

(r, τ))]

 ;

(48)

and similar for the y-polarization.
Once we know the complex amplitude of the nonlinear polarization in the time domain, Eq. (30) can

be completed using Eqs. (34) and (48). To this end, note that the nonlinear constants γI and γR are also
frequency dependent when operating with ultra-short optical pulses in the femtosecond regime. However,
we assume that the frequency variation of these parameters is much lower than their average value in the
pulse bandwidth, as same as the frequency changes of Fmi and φmi. Hence, Eq. (30) becomes (for the sake of
simplicity, the independent variables are only included in the convolution operations of the nonlinear terms):

∑
m=a,b

[
ω2

c20
(ε̃r,x − ε̃r,mx)−

(
j2β(eq)

mx,ω0
+ α− ∂z

)
D(eq)
mx

]
Fmx exp (−jφmx,ω0

) Ãmx

+Fmx exp (−jφmx,ω0) ∂2
z Ãmx −

(
j2β(eq)

mx,ω0
+ α

)
Fmx exp (−jφmx,ω0) ∂zÃmx

+
ω2

c20
σ̃Fmy exp (−jφmy,ω0) Ãmy

+
ω2

c20
γI exp (−αz)


F 3
mx exp (−jφmx,ω0

)F
(
Amx |Amx|2 exp (jω0t)

)
+

2

3
FmxF

2
my exp (−jφmx,ω0)F

(
Amx |Amy|2 exp (jω0t)

)
+

1

3
FmxF

2
my exp (−j (2φmy,ω0 − φmx,ω0))F

(
A∗mxA

2
my exp (jω0t)

)
+ ...



+
ω2

c20
γR exp (−αz)



F 3
mx exp (−jφmx,ω0)F

(
Amx

[
f (t) ∗ |Amx (z, t)|2

]
exp (jω0t)

)
+FmxF

2
my exp (−jφmx,ω0)F

(
Amx

[
h (t) ∗ |Amy (z, t)|2

]
exp (jω0t)

)
+

1

2
FmxF

2
my exp (−jφmx,ω0)

×F
(
Amy

[
u (t) ∗

(
Amx (z, t)A∗my (z, t)

)]
exp (jω0t)

)
+

1

2
FmxF

2
my exp (−j (2φmy,ω0

− φmx,ω0
))

×F (Amy [u (t) ∗ (A∗mx (z, t)Amy (z, t))] exp (jω0t)) + ...


= 0,

(49)
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and a similar expression is found for the y-polarization axis by exchanging the subindexes x and y in Eq. (49).
It should be noted that the nonlinear terms involving cross-coupling e�ect among the PCMs of di�erent cores
have been omitted assuming a MCF with a core-to-core distance higher than three times the core radius
with dab > 3R0 [21]. From Eq. (49), the coupled local-mode equation of each PCM mi in the frequency
domain can be found multiplying by Fmi exp(+jφmi,ω0

) and integrating in an in�nite cross-sectional area of
the MCF. As an example, the coupled local-mode equation of the PCM ax is found to be:

j
(
∂z + D(eq)

ax

)
Ãax = exp

(
−j∆φ(0)

ay,ax

)
m̃ax,ayÃay + exp

(
−j∆φ(0)

bx,ax

)
k̃ax,bxÃbx

+ exp (−αz)
{
q̃(I)
axF

(
Aax |Aax|2 exp (jω0t)

)
+

2

3
g̃(I)
ax,ayF

(
Aax |Aay|2 exp (jω0t)

)
+

1

3
exp

(
−j2∆φ(0)

ay,ax

)
g̃(I)
ax,ayF

(
A∗axA

2
ay exp (jω0t)

)
+ q̃(R)

ax F
(
Aax

[
f (t) ∗ |Aax (z, t)|2

]
exp (jω0t)

)
+ g̃(R)

ax,ayF
(
Aax

[
h (t) ∗ |Aay (z, t)|2

]
exp (jω0t)

)
+

1

2
g̃(R)
ax,ayF

(
Aay

[
u (t) ∗

(
Aax (z, t)A∗ay (z, t)

)]
exp (jω0t)

)
+

1

2
exp

(
−j2∆φ(0)

ay,ax

)
g̃(R)
ax,ayF (Aay [u (t) ∗ (A∗ax (z, t)Aay (z, t))] exp (jω0t))

}
,

(50)

where ∆φ
(0)
mi,nj := φmi,ω0 − φnj,ω0 , ∀ (mi, nj) ∈ {ax, ay, bx, by}2; and the linear and nonlinear coupling

coe�cients are de�ned in the frequency domain as:

m̃ax,ay (z, ω; t) :=
ω2

2c20β
(eq)
ax,ω0Nax

∫∫
σ̃FayFaxdxdy; (51)

k̃ax,bx (z, ω; t) :=
ω2

2c20β
(eq)
ax,ω0Nax

∫∫
∆ε̃r,axFbxFaxdxdy; (52)

q̃(S)
ax (z, ω; t) :=

ω2γS (ω)

2c20β
(eq)
ax,ω0Nax

∫∫
F 4
axdxdy; (53)

g̃(S)
ax,ay (z, ω; t) :=

ω2γS (ω)

2c20β
(eq)
ax,ω0Nax

∫∫
F 2
ayF

2
axdxdy; S ∈ {I,R} . (54)

with Nax (z, ω; t) :=
∫∫

F 2
axdxdy. Note that the frequency dependence of the nonlinear coupling coe�cients

also involves the nonlinear dispersion of γI and γR, induced by the frequency dependence of nNL. Speci�cally,
the nonlinear refractive index can be approximated by a �rst-order Taylor series expansion as nNL (ω) '
n

(0)
NL + (ω − ω0)n

(1)
NL, where n

(0)
NL = 2.6 · 10−20 m2/W and n

(1)
NL = 8.3 · 10−24 ps·m2/W in silica �bers [22].

In general, additional coupling coe�cients appear in Eq. (50) modelling linear coupling between the PCMs.
Nevertheless, these coupling coe�cients can be neglected, as investigated in [1],[21] for the monochromatic

case. Now, rede�ning the complex envelopes in the frequency domain as Ãmi := Ãmi exp (αz/2), assuming the
attenuation coe�cient α with low frequency dependence satisfying α (ω0) � dα (ω = ω0) /dω, and de�ning
the equivalent intra- and inter-core mode-coupling functions as:

M̃ (eq)
ax,ay (z, ω; t) := exp (−j∆φay,ax (z, ω0; t)) m̃ax,ay (z, ω; t) ; (55)

K̃
(eq)
ax,bx (z, ω; t) := exp (−j∆φbx,ax (z, ω0; t)) k̃ax,bx (z, ω; t) , (56)
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comprising the frequency dependence of the coupling coe�cients and the phase-mismatching functions written
at ω = ω0, Eq. (50) is reduced to:

j
(
∂z + D(eq)

ax +
α

2

)
Ãax = M̃ (eq)

ax,ayÃay + K̃
(eq)
ax,bxÃbx + q̃(I)

axF
(
Aax |Aax|2 exp (jω0t)

)
+

2

3
g̃(I)
ax,ayF

(
Aax |Aay|2 exp (jω0t)

)
+

1

3
exp(−j2∆φ(0)

ay,ax)g̃(I)
ax,ayF

(
A∗axA2

ay exp (jω0t)
)

+ q̃(R)
ax F

(
Aax

[
f (t) ∗ |Aax (z, t)|2

]
exp (jω0t)

)
+ g̃(R)

ax,ayF
(
Aax

[
h (t) ∗ |Aay (z, t)|2

]
exp (jω0t)

)
+

1

2
g̃(R)
ax,ayF

(
Aay

[
u (t) ∗

(
Aax (z, t)A∗ay (z, t)

)]
exp (jω0t)

)
+

1

2
exp(−j2∆φ(0)

ay,ax)g̃(R)
ax,ayF (Aay [u (t) ∗ (A∗ax (z, t)Aay (z, t))] exp (jω0t)) .

(57)
In order to derive the �nal expression of the coupled-local mode equation for the PCM ax in the time

domain, we should perform the following Taylor series expansion at ω = ω0 of the holomorphic functions:

M̃ (eq)
ax,ay (z, ω; t) =

∞∑
n=0

1

n!
(ω − ω0)

n
∂nωM̃

(eq)
ax,ay (z, ω0; t) =

∞∑
n=0

1

n!
(ω − ω0)

n
M̃ (eq)(n)
ax,ay ; (58)

K̃
(eq)
ax,bx (z, ω; t) =

∞∑
n=0

1

n!
(ω − ω0)

n
∂nωK̃

(eq)
ax,bx (z, ω0; t) =

∞∑
n=0

1

n!
(ω − ω0)

n
K̃

(eq)(n)
ax,bx ; (59)

q̃(S)
ax (z, ω; t) =

∞∑
n=0

1

n!
(ω − ω0)

n
∂nω q̃

(S)
ax (z, ω0; t) =

∞∑
n=0

1

n!
(ω − ω0)

n
q̃(S)(n)
ax ; (60)

g̃(S)
ax,ay (z, ω; t) =

∞∑
n=0

1

n!
(ω − ω0)

n
∂nω g̃

(S)
ax,ay (z, ω0; t) =

∞∑
n=0

1

n!
(ω − ω0)

n
g̃(S)(n)
ax,ay ; S ∈ {I,R} ; (61)

α (ω) ' α (ω0) + (ω − ω0)
dα (ω)

dω

⌋
ω0

= α(0) + (ω − ω0)α(1), (62)

which can be expressed in the time domain by the next linear operators:

M̂
(eq)

ax,ay :=

∞∑
n=0

(−j)n

n!
M̃ (eq)(n)
ax,ay ∂nt ; K̂

(eq)

ax,bx :=

∞∑
n=0

(−j)n

n!
K̃

(eq)(n)
ax,bx ∂nt ;

q̂(S)
ax :=

∞∑
n=0

(−j)n

n!
q̃(S)(n)
ax ∂nt ; ĝ(S)

ax,ay :=

∞∑
n=0

(−j)n

n!
g̃(S)(n)
ax,ay ∂

n
t ; α̂ := α(0) − jα(1)∂t,

(63)

and the complex function D
(eq)
mi of the PCM mi is expressed in the time domain by the equivalent dispersion

operator, which accounts for the frequency dependence of the ideal phase constant βmi (ω) and the MCF

perturbations β
(B+S)
mi (z, ω; t):

D̂
(eq)

mi :=

∞∑
n=1

(−j)n−1

n!
β

(eq)(n)
mi,ω0

∂nt . (64)
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Furthermore, in order to reduce the computational complexity of the nonlinear terms in the time domain when
using the split-step Fourier method (see Section 4), we can approximate the nonlinear coupling coe�cients by
a �rst-order Taylor series expansion. In this way we omit the higher-order e�ects of the nonlinear polarization-
mode dispersion (PMD) in Eq. (57). However, the �rst-order nonlinear PMD seems to be su�ciently accurate
in very-high data rate transmission systems and particularly in those that employ solitons [23]. Finally,
applying the inverse Fourier transform to Eq. (57) and considering a MCF comprising N cores, the �nal
expression of the coupled local-mode equation for the PCM ax is found to be in the time domain:

j

(
∂z + D̂

(eq)

ax +
1

2
α̂

)
Aax (z, t) = M̂

(eq)

ax,ayAay (z, t) +

N∑
m=b

K̂
(eq)

ax,mxAmx (z, t)

+ q̂(I)
ax

(
|Aax (z, t)|2Aax (z, t)

)
+

2

3
ĝ(I)
ax,ay

(
|Aay (z, t)|2Aax (z, t)

)
+

1

3
exp

(
−j2∆φ(0)

ay,ax (z; t)
)
ĝ(I)
ax,ay

(
A∗ax (z, t)A2

ay (z, t)
)

+ q̂(R)
ax

[(
f (t) ∗ |Aax (z, t)|2

)
Aax (z, t)

]
+ ĝ(R)

ax,ay

[(
h (t) ∗ |Aay (z, t)|2

)
Aax (z, t)

]
+

1

2
ĝ(R)
ax,ay

{[
u (t) ∗

(
Aax (z, t)A∗ay (z, t)

)]
Aay (z, t)

}
+

1

2
exp

(
−j2∆φ(0)

ay,ax (z; t)
)
ĝ(R)
ax,ay {[u (t) ∗ (A∗ax (z, t)Aay (z, t))]Aay (z, t)} .

(65)

The theoretical model is completed by 2N − 1 additional coupled equations for the PCMs mi 6= ax,
which can be obtained just by exchanging the corresponding subindexes in the last equation. Remarkably,
the coupled local-mode equations allow us to describe accurately the linear and nonlinear propagation of
each PCM and the linear and nonlinear mode-coupling dispersion (MCD), i.e. the intermodal dispersion
between di�erent LP01,mi modes, including the longitudinal and temporal MCF birefringent e�ects. A
detailed discussion of Eq. (65) can be found in the main text. Now, in the next section, we will take a closer
look at the behaviour of the inter-core mode-coupling dispersion (IMCD) in ideal and real MCFs.

2 Theoretical analysis of the IMCD in ideal and real MCFs

In order to gain physical insight, let us describe in more detail the behaviour of the IMCD when operating
in the linear regime. Speci�cally, we perform a theoretical discussion of the IMCD induced by the coupling-
coe�cient dispersion (CCD) and the phase-mismatching dispersion (PhMD) from Eq. (50) by omitting the
optical power attenuation, the PMD (intra-core MCD) and the nonlinear e�ects. First, we investigate the
IMCD in ideal homogeneous MCFs without �ber perturbations, and later, we analyse the e�ects of the IMCD
in real MCFs comprising both homogeneous and heterogeneous cores with random birefringent e�ects.

2.1 Ideal homogeneous MCFs

As a �rst example, consider an ideal homogeneous 2-core MCF (cores a and b) without longitudinal and tem-
poral birefringent e�ects. In this scenario, if we omit the power attenuation, the PMD, the nonlinear e�ects
and perform the transformation4 Ãmi(z, ω−ω0; t) = Ãmi(z, ω−ω0; t) exp[−j (φmi (z, ω; t)− φmi (z, ω0; t))] in
the coupled local-mode equations of the PCMs ax and bx in the frequency domain [i.e. Eq. (50) for the PCM
ax and the equivalent equation for the PCM bx], the following expressions are found:

4The aforementioned transformation allows us to discuss the IMCD from the complex Eq. (50) with a simple and intuitive
physical interpretation in ideal and real MCFs.
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j∂zÃax (z, ω − ω0) = exp (−j∆βbx,ax (ω) z) k̃ax,bx (ω) Ãbx (z, ω − ω0) ; (66)

j∂zÃbx (z, ω − ω0) = exp (+j∆βbx,ax (ω) z) k̃bx,ax (ω) Ãax (z, ω − ω0) . (67)

It should be noted from the above equations that, in ideal homogeneous MCFs, the phase-mismatching
∆βbx,ax(ω) between both PCMs becomes null considering that βax = βbx, and the coupling coe�cients are

found to be identical with k̃ax,bx = k̃bx,ax. In this way, Eqs. (66) and (67) indicate that an ideal homogeneous
MCF is analogous to a symmetric optical coupler. Hence, assuming that only the PCM ax is excited at the
MCF input, the solution of the previous equations is given by the expressions (Ω = ω − ω0):

Ãax (z,Ω) = cos
(
k̃ (Ω) z

)
Ãax (0,Ω) ; Ãbx (z,Ω) = −j sin

(
k̃ (Ω) z

)
Ãax (0,Ω) , (68)

where the coupling coe�cient k̃ is de�ned as k̃ (Ω) := k̃ax,bx (Ω + ω0). The previous equations de�ne two
di�erent linear and time-invariant (LTI) systems with the transfer functions Hax and Hbx modelling the
propagation of the complex envelopes Ãmi in the PCMs ax and bx:

Hax (z,Ω) :=
Ãax (z,Ω)

Ãax (0,Ω)
= cos

(
k̃ (Ω) z

)
; Hbx (z,Ω) :=

Ãbx (z,Ω)

Ãax (0,Ω)
= −j sin

(
k̃ (Ω) z

)
. (69)

Now, in order to analyse the �rst-order CCD, let us perform a �rst-order Taylor series expansion of the
coupling coe�cient:

k̃ (Ω) ' k̃ (Ω = 0) + Ω
dk̃ (Ω)

dΩ

⌋
Ω=0

= k̃(0) + Ωk̃(1). (70)

From Eqs. (69) and (70) it is straightforward to calculate the impulse response of each LTI system:

hax (z, t) = F−1 [Hax (z,Ω)] =
1

2
δ
(
t− k̃(1)z

)
exp

(
−jk̃(0)z

)
+

1

2
δ
(
t+ k̃(1)z

)
exp

(
+jk̃(0)z

)
; (71)

hbx (z, t) = F−1 [Hbx (z,Ω)] =
1

2
δ
(
t− k̃(1)z

)
exp

(
−jk̃(0)z

)
− 1

2
δ
(
t+ k̃(1)z

)
exp

(
+jk̃(0)z

)
. (72)

Consequently, we can note that the linear frequency dependence of the coupling coe�cient (�rst-order CCD)
induces the temporal splitting of the optical pulse in each PCM, according to the observations reported in
[9]-[17]. Therefore, the �rst-order CCD can be observed in optical pulses with a temporal width TP satisfying

the condition 2k̃(1)z ≥ TP. More speci�cally, the longitudinal evolution of an optical pulse launched into the
PCM ax in z = 0 can be easily calculated using Eqs. (71) and (72):

Aax (z, t) = Aax (0, t) ∗ hax (z, t) =
1

2
Aax

(
0, t− k̃(1)z

)
exp

(
−jk̃(0)z

)
+

1

2
Aax

(
0, t+ k̃(1)z

)
exp

(
+jk̃(0)z

)
≡ 1

2
A−ax exp (−jθ) +

1

2
A+
ax exp (+jθ) ; (73)

Abx (z, t) = Aax (0, t) ∗ hbx (z, t) =
1

2
Aax

(
0, t− k̃(1)z

)
exp

(
−jk̃(0)z

)
− 1

2
Aax

(
0, t+ k̃(1)z

)
exp

(
+jk̃(0)z

)
≡ 1

2
A−ax exp (−jθ)− 1

2
A+
ax exp (+jθ) , (74)

and in terms of optical intensity (with Pmi = |Ami|2):

Pax (z, t) =
1

4

∣∣A−ax∣∣2 +
1

4

∣∣A+
ax

∣∣2 +
1

4
A−ax

(
A+
ax

)∗
exp (−j2θ) +

1

4

(
A−ax
)∗

A+
ax exp (+j2θ) ; (75)

Pbx (z, t) =
1

4

∣∣A−ax∣∣2 +
1

4

∣∣A+
ax

∣∣2 − 1

4
A−ax

(
A+
ax

)∗
exp (−j2θ)− 1

4

(
A−ax
)∗

A+
ax exp (+j2θ) . (76)
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If we assume MCF distances satisfying that z ≥ TP/2k̃
(1), thus A−axA

+
ax = 0 and the third and fourth terms

of Eqs. (75) and (76) become null obtaining a similar solution in each PCM ax and bx. The original pulse
splits in four identical pulses with the 25% of the initial peak power:

Pax (z, t) = Pbx (z, t) =
1

4
Pax

(
0, t− k̃(1)z

)
+

1

4
Pax

(
0, t+ k̃(1)z

)
. (77)

Higher-order e�ects of the CCD induce an additional chirp in the complex envelope of the original pulse,
as veri�ed in the next section by performing numerical calculations of Eq. (65) [see Fig. S2(c)]. The CCD
was previously investigated in symmetric optical couplers and ideal MCFs in [9]-[16]. Therefore, our model
is in line with previous works when considering ideal conditions in homogeneous MCFs without including
longitudinal and temporal birefringence perturbations or heterogeneous cores. In [17] the heterogeneous case
was analysed with a similar approach as in [9]-[16], modelling a two-core �ber as an ideal optical coupler, i.e.,
omitting the realistic perturbations of the medium. The power of our model and the original contribution of
this work reveals itself when these realistic �ber conditions are considered.

On the other hand, an additional consideration should be remarked from the above equations. Note that
the same analysis can be performed to investigate the mode-coupling between two orthogonal PCMs of a
given core (e.g. core a) assuming constant twisting conditions and omitting the intrinsic linear birefringence
of the �ber. Speci�cally, the mode-coupling between the PCMs ax-ay can also be modelled by Eqs. (66) and

(67) replacing the subindex bx by ay and the coupling coe�cients k̃ax,bx and k̃bx,ax by m̃ax,ay and m̃ay,ax,
respectively. Therefore, as can be deduced from the above considerations, the pulse splitting should also be
observed between orthogonal PCMs of a given core. However, it is straightforward to verify using Eq. (51) and

the equivalent refractive index model detailed in Section 4 that ∂ωm̃ax,ay � k̃(1). Consequently, it is di�cult
to observe the CCD and the pulse splitting e�ect between orthogonal PCMs of a given core. The intra-core
MCD is mainly induced in the linear �ber regime by the frequency dependence of the phase-mismatching
∆φay,ax (z, ω; t), termed in the literature as the linear PMD.

2.2 Real homogeneous and heterogeneous MCFs

Now, consider a short MCF segment in a time interval where the longitudinal and temporal �ber perturbations
can be assumed to be constant5. In addition, in order to gain physical interpretation into the IMCD e�ects
when the �ber birefringence is involved, let us assume once again only two PCMs ax and bx and perform the
transformation Ãmi(z, ω−ω0; t) = Ãmi(z, ω−ω0; t) exp[−j (φmi (z, ω; t)− φmi (z, ω0; t))] in the corresponding
coupled local-mode equations of the PCMs ax and bx in the frequency domain, that is Eq. (50) for the PCM
ax and the equivalent equation for the PCM bx. As a result, the following expressions are found:

j∂z Ãax (z, ω − ω0) = exp (−j∆φbx,ax (z, ω)) k̃ax,bx (ω) Ãbx (z, ω − ω0) ; (78)

j∂z Ãbx (z, ω − ω0) = exp (+j∆φbx,ax (z, ω)) k̃bx,ax (ω) Ãax (z, ω − ω0) , (79)

where the frequency dependence of D
(eq)
ax and D

(eq)
bx is now described by the exponential terms, and the

time dependence of the complex envelopes and the coupling coe�cients disappears in the frequency domain
when assuming time-invariant birefringent e�ects. Furthermore, the phase-mismatching function can be

approximated in the short MCF segment to ∆φbx,ax (z, ω) ' ∆β
(eq)
bx,ax (ω) z if we assume that fT · Lseg → 0,

where fT is the twist rate and Lseg is the segment length. Hence, solving Eqs. (78) and (79) assuming that only
the PCM ax is excited at the MCF input, we conclude that a real MCF with longitudinal birefringent e�ects
can be modelled as two di�erent LTI systems with the following transfer functions in baseband (Ω = ω−ω0):

5These initial assumptions allow us to investigate theoretically the IMCD in real MCFs comprising cores of di�erent types:
heterogeneous, homogeneous, coupled, uncoupled, lowly or highly-birefringent, trench- or hole-assisted, and with step- or gradual-
index pro�le.
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Hax (z,Ω) :=
Ãax (z,Ω)

Ãax (0,Ω)
= exp

(
−j

∆β
(eq)
bx,ax (Ω + ω0)

2
z

)[
cos (η̃ (Ω) z) + j

∆β
(eq)
bx,ax (Ω + ω0)

2η̃ (Ω)
sin (η̃ (Ω) z)

]
;

(80)

Hbx (z,Ω) :=
Ãbx (z,Ω)

Ãax (0,Ω)
= −j k̃bx,ax (Ω + ω0)

η̃ (Ω)
exp

(
+j

∆β
(eq)
bx,ax (Ω + ω0)

2
z

)
sin (η̃ (Ω) z) , (81)

where ∆β
(eq)
bx,ax is the mismatching of the equivalent phase constants between the PCMs ax and bx in the

MCF segment, which includes the �ber perturbations and the intrinsic index-mismatching when the MCF
comprises heterogeneous cores; and η̃ (Ω) is the complex function de�ned as:

η̃ (Ω) :=

[
k̃ax,bx (Ω + ω0) k̃bx,ax (Ω + ω0) +

(
∆β

(eq)
bx,ax (Ω + ω0)

)2

/4

]1/2

. (82)

In the same way as in ideal homogeneous MCFs, performing the following �rst-order Taylor series approx-

imation ∆β
(eq)
bx,ax ' ∆β

(eq)(0)
bx,ax +∆β

(eq)(1)
bx,ax Ω and η̃ (Ω) ' η̃(0)+η̃(1)Ω (with ∆β

(eq)(n)
bx,ax := dn∆β

(eq)
bx,ax (Ω = 0) /dΩn

and η̃(n) := dnη̃ (Ω = 0) /dΩn), the transfer functions of the LTI systems are found to be proportional to:

Hax (z,Ω) ∝ exp

(
−j

∆β
(eq)(1)
bx,ax

2
zΩ

)[
cos
(
η̃(0)z + η̃(1)zΩ

)
+ j

∆β
(eq)
bx,ax (Ω + ω0)

2η̃ (Ω)
sin
(
η̃(0)z + η̃(1)zΩ

)]
;

(83)

Hbx (z,Ω) ∝ −j k̃bx,ax (Ω + ω0)

η̃ (Ω)
exp

(
+j

∆β
(eq)(1)
bx,ax

2
zΩ

)
sin
(
η̃(0)z + η̃(1)zΩ

)
. (84)

Equations (83) and (84) allow us to discuss the main implications of the IMCD without performing numerical
simulations of the coupled local-mode equations. These conclusions are detailed in the main text and veri�ed
via numerical calculations of the coupled local-mode equations.

3 Numerical examples

In this section we present some numerical examples of the IMCD e�ects. In order to achieve a better
comprehension of the IMCD, we omit the optical power attenuation and the nonlinear e�ects. However, the
chromatic dispersion [also known as the group-velocity dispersion (GVD)] and the PMD (induced by the
circular birefringence along with the intrinsic linear birefringence of the �ber) will only be considered when
is speci�ed. In all the analysed cases, theMCF comprises a �ber length of L = 40 m and two cores a and
b distributed in a square lattice with a core-to-core distance dab = 26 µm and a core radius R0 = 4 µm, as
depicted in Fig. 1 of the manuscript. Moreover, the wavelength of the optical carrier (λ0) was selected in the
third transmission window at λ0 = 1550 nm, the peak power of the optical pulses was taken to be 0 dBm, and

the time domain was normalized using the group delay of the PCM ax as a reference with tN = (t−β(1)
ax z)/TP,

where TP is the full-width at 1/2e (∼ 18%) of the peak power. The speci�c parameters of each simulation
are detailed in Tables S1 and S2 at the end of this document (see Section 4).

3.1 Ideal homogeneous multi-core �ber: �rst- and higher-order CCD

As a �rst investigation of the IMCD, let us now analyse numerically the e�ects of the CCD when considering
an ideal homogeneous MCF without �ber perturbations. The refractive index in the cores and the cladding
were �xed to 1.452 and 1.444, respectively. We compare the propagation of an optical pulse with three
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di�erent temporal pulse widths omitting the longitudinal and temporal �ber perturbations. Figure S2 shows
the simulation results.

Figure S2(a) depicts the longitudinal evolution in the time domain of a 350-fs Gaussian optical pulse
along the MCF length in the PCMs ax and bx. It can be noted that the initial pulse launched into the
PCM ax splits in four identical optical pulses (25% of the initial peak power) propagated by the PCMs ax
and bx of the �ber. These results are in line with Eq. (77) and the observations reported in [9]-[17]. Moreover,
Fig. S2(b) shows the longitudinal evolution of the optical spectrum as a function of the normalized frequency.
From these results, we conclude that each spectral component presents a di�erent coupling length induced
by the �rst-order CCD (as a direct consequence of the frequency dependence of the power con�nement ratio
of the LP01 mode in each core). Finally, we compare in Fig. S2(c) the pulse splitting in the PCM ax after the
MCF propagation of three di�erent Gaussian optical pulses of TP = 2 ps, 350 fs and 200 fs. Note that the
pulse splitting increases when the temporal pulse width is reduced, and remarkably, the complex envelope of
the 200-fs optical pulse is additionally distorted by the second and higher-order CCD (inducing a linear and
nonlinear chirp, respectively).

Supplementary Figure S2. Coupling-coe�cient dispersion in ideal homogeneous MCFs. Simulation
results of ultra-short optical pulses through a 40-m ideal homogeneous 2-core MCF. Longitudinal evolution of a 350-fs
Gaussian optical pulse propagated through the polarized core modes (PCMs) ax and bx in: (a) time domain, and
(b) frequency domain. (c) Pulse splitting comparison at the MCF output in the PCM ax considering three di�erent
pulse widths of 2 ps, 350 fs and 200 fs. (Colorbar: normalized intensity).
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3.2 Linear and circular random birefringence perturbations: �rst-order IMCD

A very interesting example is to evaluate a real MCF perturbed by random linear and circular birefringence
�uctuations. As discussed in the paper, we know that the random �ber perturbations induce a stochastic
group delay in the optical pulse due to the �rst-order IMCD. In this case, the e�ect of the �rst-order PhMD
along with the CCD can also be observed when considering a high number of MCF birefringent segments,
where the bending radius and the twist rate �uctuate between adjacent segments with a Normal distribution
of RB = N(µ = 100, σ2 = 40) cm and fT = N(µ = 0.1, σ2 = 0.01) turns/m. We simulate the homogeneous
MCF of the �rst example considering a 250-fs Gaussian optical pulse and 50 birefringent segments.

It should be noted from Fig. S3(a) that the pulse splitting induced by the CCD is reduced in both
PCMs as a direct consequence of the average value of RB = 100 cm reducing the mode-coupling between
the cores a and b. Now, the group delay and the pulse width present a random evolution in each PCM
due to the random nature of the MCF perturbations inducing a stochastic group velocity. Therefore, the
e�ects of the IMCD when considering multiple random MCF segments can be observed as a distortion of
the complex envelope. Moreover, the circular birefringence only induces power exchange between orthogonal
polarizations. Remarkably, we cannot observe an additional pulse distortion induced by the PMD considering
that the di�erential group delay between orthogonal polarizations can be neglected in both cores when the
intrinsic linear birefringence is omitted in the numerical simulation. Here, the linear birefringence is only
induced by the �ber bending conditions, which modify the equivalent refractive index of each PCM (see
Section 4 for more details) without signi�cantly changing the di�erential group delay between the PCMs
ax-ay and bx-by in this case.

Supplementary Figure S3. First-order IMCD with random bending and twisting conditions. Simulation

results of a 250-fs Gaussian optical pulse considering a homogeneous 2-core MCF with a random twist rate (fT)

and a random bending radius (RB) which �uctuate along the MCF length comprising 50 birefringent segments with

Normal distributions fT = N(µ = 0.1, σ2 = 0.01) turns/m and: (a) RB = N(µ = 100, σ2 = 40) cm, and (b)

RB = N(µ = 10, σ2 = 2) cm. (Colorbar: normalized intensity).

In order to minimize the e�ects of the IMCD in homogeneous MCFs, we can reduce the average value of
the bending radius. To verify this statement, we compare the propagation of the same 250-fs optical pulse
considering a bending radius given by the Normal distribution RB = N(µ = 10, σ2 = 2) cm. We can note from
Fig. S3(b) that the lower the average value of the bending radius, the lower is the pulse distortion induced by
the IMCD as a direct consequence of the mode-coupling reduction between the PCMs. In general, we can also
reduce the mode-coupling inducing external stress in di�erent points along the MCF length or manufacturing
MCFs with: trench- or hole-assisted cladding, heterogeneous cores, higher core-to-core distances or elliptical
cores with random orientation of the ellipse. In the same way, the IMCD can also be reduced using disordered
MCFs based on the transverse Anderson localization, allowing for the absence of di�usive wave propagation
[24],[25].
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3.3 Higher-order IMCD

In this section, we analyse the higher-order e�ects of the IMCD. We also include the intrinsic linear bi-
refringence of the medium along with the linear and circular birefringence induced by the �ber bending
and twisting conditions. To this end, two di�erent 40-m 2-core MCFs are compared comprising homogen-
eous and heterogeneous cores. In the homogeneous case, higher-order PhMD e�ects are induced considering

∆β
(1)
bx,ax = 0.28 ps/km, ∆β

(2)
bx,ax = 0.2 ps2/km, ∆β

(3)
bx,ax = 0 ps3/km; and in the heterogeneous case we assume

∆n = na − nb = 0.002, ∆β
(1)
bx,ax = 6.5 ps/km, ∆β

(2)
bx,ax = 1 ps2/km and ∆β

(3)
bx,ax = 0.1 ps3/km. In order

to illustrate the e�ects of the higher-order IMCD, the GVD is compensated in each PCM along the MCF
propagation using the dispersive parameters of a given PCM as a reference, in this case the PCM ax (see Table
S2 in Section 4 for more details). Furthermore, we also consider 50 birefringent segments along the MCF
length, where the linear and circular birefringence �uctuate between adjacent segments. The circular birefrin-
gence is induced by a random twist rate fT given by the Normal distribution fT = N(µ = 0.1, σ2 = 0.01)
turns/m. The linear birefringence is induced by two di�erent e�ects: (i) the random bending conditions
with RB = N(µ = 100, σ2 = 40) cm; and (ii) the intrinsic linear birefringence of each core, �xed to 4·10=7

and 2·10=6 in the cores a and b, respectively. In this case, the intrinsic linear birefringence will induce a
di�erential group delay between the principal axes of each birefringent segment.

Figures S4 and S5 depict the numerical calculations of the coupled local-mode equations when a 200-fs
Gaussian optical pulse is launched into the PCM ax of the homogeneous and heterogeneous MCF, respectively.
In the homogeneous case (Fig. S4), we can observe the additional chirp induced in the complex envelope of
the optical pulse by the second-order PhMD along with the PMD. As expected, we can also observe a higher
pulse distortion than omitting the PMD when comparing these results with Fig. 4(a) of the paper.

Supplementary Figure S4. Higher-order IMCD in homogeneous MCF. 200-fs Gaussian optical pulse propag-

ated along a 40-m 2-core homogeneous MCF considering higher-order PhMD e�ects and a random linear and cir-

cular birefringence given by the bending radius and twist rate distributions RB = N(µ = 100, σ2 = 40) cm and

fT = N(µ = 0.1, σ2 = 0.01) turns/m along 50 birefringent segments. (Colorbar: normalized intensity).
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Nevertheless, as veri�ed in Fig. S5, the pulse distortion induced by the second-order PhMD is reduced in
the heterogeneous case given that the mode-coupling is minimized due to a higher intrinsic index-mismatching
∆n between the cores a and b. As can be noted from Eq. (83), Hax tends to 1 when the phase-mismatching
between the cores a and b is much higher than the coupling coe�cients, which veri�es that the mode-coupling
reduction allows us to minimize the e�ects of the IMCD in both cores. In the same way as in Fig. S4, note
that the additional pulse distortion observed in Fig. S5 in the PCMs bx and by when comparing these results
with Fig. 4(b) of the paper is induced by the PMD of the core b. Furthermore, it should be noticed that
the optical intensity oscillates in the core a between the PCMs ax and ay because of the external circular
birefringence induced by the twist rate.

On the other hand, in the homogeneous case, we can also induce an external perturbation (e.g. reducing
the average value of the bending radius) to increase the equivalent index-mismatching between the PCMs
reducing the higher-order e�ects of the IMCD. Additional strategies as trench-assisted MCFs or disordered
MCFs based on the transverse Anderson localization [24],[25] can also be employed to reduce the pulse
distortion induced by the �rst- and higher-order e�ects of the IMCD, as mentioned before.

Supplementary Figure S5. Higher-order IMCD in heterogeneous MCF. 200-fs Gaussian optical pulse
propagated along a 40-m 2-core heterogeneous MCF considering higher-order PhMD e�ects and a random linear and
circular birefringence given by the bending radius and twist rate distributions RB = N(µ = 100, σ2 = 40) cm and
fT = N(µ = 0.1, σ2 = 0.01) turns/m along 50 birefringent segments. (Colorbar: normalized intensity).

3.4 IMCD length

Finally, once we know in general terms the e�ects of the IMCD in ultra-short optical pulses, it is natural to
ask about the �ber length scales over which the dispersive e�ects of the IMCD should be considered in the
pulse propagation phenomena when comparing this optical dispersion with the �rst-order GVD. So far, we
have discussed that the IMCD is reduced when inducing random perturbations in the medium. Therefore,
the IMCD and the GVD should be compared in MCFs without including birefringence e�ects. To this end,
we analyse the GVD and the IMCD lengths, de�ned as the �ber length scales over which their dispersive
e�ects should be considered. The GVD length is de�ned in [7] as a function of the pulse half-width at 1/e
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of the peak power. Nonetheless, in this work we have investigated the IMCD using the full-width at 1/2e of
the peak power (TP). Thus, in order to compare the GVD with the IMCD, we de�ne the GVD length as a
function of TP:

LGVD := T 2
P/
∣∣∣β(2)
ax

∣∣∣ . (85)

In the same way, the CCD length is de�ned as the minimum �ber length over which the pulse splitting can
be observed. Hence, considering the PCMs ax and bx, it is straightforward to conclude from Eq. (77) that
the CCD length should be de�ned as:

LCCD := TP/2
∣∣∣k̃(1)
ax,bx

∣∣∣ . (86)

Furthermore, taking into account that the second-order PhMD induces a linear chirp between the PCMs ax

and bx when ∆β
(2)
bx,ax 6= 0, the PhMD length is de�ned in similar way as the GVD length:

LPhMD := T 2
P/
∣∣∣∆β(2)

bx,ax

∣∣∣ . (87)

All in all, the IMCD length should be de�ned considering the predominant physical impairment, the CCD
or the PhMD:

LIMCD := min {LCCD, LPhMD} . (88)
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4 Numerical method: local split-step Fourier method

The numerical simulations of the coupled local-mode equations have been performed in Matlab combining
the equivalent refractive index model [1] and the split-step Fourier method [7] in each local birefringent
segment. Both methods allow us to simulate the MCF perturbations and the linear and nonlinear propagation
employing a low computational time. According to the split-step Fourier method, Eq. (65) should be rewritten
as:

(
∂z + D̂

(eq)

ax +
1

2
α̂

)
Aax (z, t) + jM̂

(eq)

ax,ayAay (z, t) + j

N∑
m=b

K̂
(eq)

ax,mxAmx (z, t) = N̂
(eq)

ax Aax (z, t) , (89)

where N̂
(eq)

ax is the operator modelling the nonlinear propagation of the PCM ax:

N̂
(eq)

ax =− jq̃(I)(0)
ax |Aax (z, t)|2 − q̃

(I)(1)
ax

Aax (z, t)
∂t

(
|Aax (z, t)|2Aax (z, t)

)
− j 2

3
g̃(I)(0)
ax,ay |Aay (z, t)|2 − 2

3

g̃
(I)(1)
ax,ay

Aax (z, t)
∂t

(
|Aay (z, t)|2Aax (z, t)

)
− 1

3

exp
(
−j2∆φ

(0)
ay,ax (z; t)

)
Aax (z, t)

[
jg̃(I)(0)
ax,ayA∗ax (z, t)A2

ay (z, t) + g̃(I)(1)
ax,ay∂t

(
A∗ax (z, t)A2

ay (z, t)
)]

− jq̃(R)(0)
ax

(
f (t) ∗ |Aax (z, t)|2

)
− q̃

(R)(1)
ax

Aax (z, t)
∂t

[(
f (t) ∗ |Aax (z, t)|2

)
Aax (z, t)

]
− jg̃(R)(0)

ax,ay

(
h (t) ∗ |Aay (z, t)|2

)
− g̃

(R)(1)
ax,ay

Aax (z, t)
∂t

[(
h (t) ∗ |Aay (z, t)|2

)
Aax (z, t)

]
− j 1

2

g̃
(R)(0)
ax,ay

Aax (z, t)

{[
u (t) ∗

(
Aax (z, t)A∗ay (z, t)

)]
Aay (z, t)

}
− 1

2

g̃
(R)(1)
ax,ay

Aax (z, t)
∂t
{[
u (t) ∗

(
Aax (z, t)A∗ay (z, t)

)]
Aay (z, t)

}
− j 1

2
exp

(
−j2∆φ(0)

ay,ax (z; t)
) g̃

(R)(0)
ax,ay

Aax (z, t)
{[u (t) ∗ (A∗ax (z, t)Aay (z, t))]Aay (z, t)}

− 1

2
exp

(
−j2∆φ(0)

ay,ax (z; t)
) g̃

(R)(1)
ax,ay

Aax (z, t)
∂t {[u (t) ∗ (A∗ax (z, t)Aay (z, t))]Aay (z, t)} .

(90)

As can be seen in Fig. S6, the MCF length is assumed to be composed by di�erent birefringent segments
with a random orientation of the local principal axes. In addition, each birefringent segment is divided
in several small �ber segments where the split-step Fourier method is applied. This method obtains an
approximate solution of Eq. (89) by considering that in each small �ber segment, the linear and nonlinear
propagation can be decoupled [7]. The LHS of Eq. (89), which describes the linear propagation and the
linear mode-coupling, is simulated in the frequency domain, while the RHS, which accounts for the nonlinear
propagation and the nonlinear mode-coupling, is simulated in the time domain. A further description of the
split-step Fourier method combining both linear and nonlinear terms can be found in [7].

However, additional considerations of the coupling coe�cients and real phase functions φmi (z, ω; t) should
be indicated to complete the description of the numerical model. In order to include the longitudinal and
temporal MCF perturbations, the equivalent refractive index model of [1] is revisited to calculate the phase
functions and the linear and nonlinear coupling coe�cients in the frequency domain.
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Supplementary Figure S6. Multi-core �ber simulation model. The MCF length is divided in di�erent bi-

refringent segments (Nseg) and local modes with a di�erent time-varying retardation and random orientation of the

local principal axes. Each birefringent segment is composed by small short distances (h) where the split-step Fourier

method is applied.

Let us consider a short MCF distance h in a given l-th birefringent segment of the PCM mi, as depicted
in Fig. S6. We assume to be constant along the l-th segment length: the bending radius RB,l, the twist rate
fT,l and the intrinsic linear birefringence |nmy,l (t)− nmx,l (t)|. However, the intrinsic linear birefringence is
found to be temporal dependent when simulating time-varying �uctuations in the optical medium (see Fig. 6
of the manuscript). Therefore, the phase function φmi,l can be written in each short MCF distance h as:

φmi,l (z, ω; t) =

∫
〈h〉

β
(eq)
mi,l (z, ω; t) dz ' β(eq)

mi,l (z, ω; t)h =
[
βmi (ω) + β

(B+S)
mi,l (z, ω; t)

]
h. (91)

The ideal phase constant βmi (ω) can be approximated by a third-order Taylor series expansion as follows:

βmi (ω) ' βmi (ω0) +

3∑
k=1

1

k!
(ω − ω0)

k
β

(k)
mi,ω0

' ω0

c0
nmi +

3∑
k=1

1

k!
(ω − ω0)

k
β

(k)
mi,ω0

, (92)

with nmi the refractive index of the PCM mi at the centre of the pulse bandwidth, which includes the
intrinsic linear birefringence in highly-birefringent cores. In lowly-birefringent cores, nmi is the material
refractive index of the core m (nm) at the centre of the pulse bandwidth. In addition, the longitudinal and
temporal perturbations of the l-th segment are calculated using the equivalent refractive index model of [1]
as follows:

β
(B+S)
mi,l (z, ω; t) ' ω

c0
n

(B+S)
mi,l (z, ω0; t) =

ω

c0

(
n

(eq)
mi,l (z, ω0; t)− nmi

)
; (93)

n
(eq)
mi,l (z, ω0; t) ' nmi,l (t)

[
1 +

dm
RB,l

cos (2πfT,lz + θ0 + θm)

]
. (94)

In Eq. (94) nmi,l (t) describes the temporal birefringence �uctuation of the l-th birefringent segment, θ0 is the
o�set of the twist angle of the MCF reference axis at z = 0; θm is the o�set of the twist angle of the core m
measured from the MCF reference axis; and dm is the Euclidean distance of the core m to the MCF centre
(see Fig. S6). The temporal birefringence �uctuation |nmy,l (t)− nmx,l (t)| is modelled by a Gaussian random
process N

(
µ (t) , σ2

)
. The mean µ (t) = ∆nm (t) is the value of the intrinsic linear birefringence of the core

m at ω = ω0, and it is assumed temporal dependent. The variance σ2 = δnm,l includes the photo-elastic
e�ect in the l-th segment [26]:
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δnm,l ' ξ + 0.011n3
md

2
cl/R

2
B,l, (95)

where ξ = 10−8, dcl is the cladding diameter and nm is the material refractive index of the corem at the centre
of the pulse bandwidth. The parameter ξ is included in the equivalent refractive index model to describe the
intrinsic longitudinal �uctuations of |nmy,l (t)− nmx,l (t)| between adjacent birefringent segments, according
to usual manufacture imperfections in optical �bers [27]. Finally, the value nmi,l (t) is calculated as:

nmi,l (t) ∼ nmi ±
1

2
N
(
µ (t) = ∆nm (t) , σ2 = δnm,l

)
. (96)

It is worth mentioning that Eq. (93) allows us to describe the random birefringence of the PCM mi. In
contrast with the equivalent refractive index model reported in [1], Eq. (93) includes not only the birefringence
induced by the bending and twisting conditions, but also the local random linear birefringence nmi,l (t)−nmi
induced by manufacturing imperfections in the l-th segment, which allows us to model the PMD between
orthogonal PCMs of a given core m. On the other hand, although in the numerical simulations we have
not considered temporal changes in the bending radius and twist rate, in a real deployed MCF system the
environmental factors could induce temporal �uctuations in the bending radius and twist rate of the optical
media. In such a case, RB,l and fT,l should be regarded as time-dependent variables.

Moreover, the coupling coe�cients can be calculated numerically by using Eqs. (51)-(54). To this end, the
transversal local eigenfunction Fmi,l in the l-th segment can be calculated from the closed-form expressions
detailed in [6] for the LP01 mode in the cores and cladding regions. Considering that the local eigenfunction
depends on the longitudinal and temporal �bers perturbations, it should be calculated by using the equivalent
refractive index model. Speci�cally, the eigenfunction Fmi,l can be expressed in a local polar coordinate
system (r, ϕ, z) of a given core m as:

Fmi,l (r, ω; z, t) =

J0

(
umi,l(z,ω;t)

R0,m
r
)
/J0 (umi,l (z, ω; t)) ; r ≤ R0,m

K0

(
wmi,l(z,ω;t)

R0,m
r
)
/K0 (wmi,l (z, ω; t)) ; r > R0,m

, (97)

where R0,m is the radius of the core m (assumed identical in each core in this work), and umi,l and wmi,l are
the modal parameters of the PCM mi:

umi,l (z, ω; t) =
(

1 +
√

2
)
Vmi,l (z, ω; t) /

[
1 +

(
4 + V 4

mi,l (z, ω; t)
)1/4]

; (98)

wmi,l (z, ω; t) =
√
V 2
mi,l (z, ω; t)− u2

mi,l (z, ω; t). (99)

An alternative and more accurate expression of umi,l to estimate the crosstalk among PCMs can be found

in [28] as umi,l ' 2.405 exp ((0.5δmi,l − 1) /Vmi,l), where δmi,l = ((n
(eq)
mi,l)

2 − n2
cl)/(n

(eq)
mi,l)

2, ncl is the cladding
refractive index and Vmi,l is the normalized frequency:

Vmi,l (z, ω; t) =
ω

c0
R0,mCF,m

√(
n

(eq)
mi,l (z, ω0; t)

)2

− n2
cl, (100)

with CF,m an auxiliary parameter, referred to as the correction factor of the core m, included in Eq. (100) to
calculate the correct value of the normalized frequency when using the nominal value of R0,m. In real MCFs,
the core radius presents longitudinal variations along the �ber length due to manufacturing imperfections.
Hence, the average value of R0,m can be found to be di�erent from the nominal value indicated in the MCF
datasheet. In order to consider these core radius imperfections, the constant CF,m should be calculated by
using the cut-o� wavelength of each core (λC,m) as a reference:

CF,m =
2.405λC,m

2πR0,m

√
n2
m − n2

cl

. (101)
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In our case, the correction factor is found to be CF,m ' 0.9 when assuming λC,m = 1410 nm, R0,m = 4 µm,
nm = 1.452 and ncl = 1.444 according to the datasheet of the MCF Fibercore SM-4C1500(8.0/125). Using
Eqs. (97)-(101) it is straightforward to verify that ∂zFmi ' ∂2

zFmi ' 0 in δz ∼ λ0 for usual values of fT and
RB in real MCFs [1], in line with our initial assumptions in Eqs. (28) and (29).

In addition, in order to reduce the computational time of the numerical simulations in step-index MCFs,
the coupling coe�cients can also be calculated by using the closed-form expressions of [1] and [21] along with
the equivalent refractive index model. Thus, the next expressions can be applied in each l-th birefringent
segment:

m̃ax,ay,l (z, ω; t) ' π

2

ω

c0
|p11 − p12| fT,lR0,a

n4
a

n
(eq)
ax,l (z, ω0; t)

; (102)

k̃ax,bx,l (z, ω; t) ' 2
ω

c0

(
n

(eq)
ax,l (z, ω0; t)− ncl

) J0 (uax,l) J1 (uax,l)

uax,l [J2
0 (uax,l) + J2

1 (uax,l)]

K0 (wbx,ldab/R0,b)

K0 (wbx,l)
; (103)

q̃
(S)
ax,l (z, ω; t) ' g̃(S)

ax,ay (z, ω; t) ' 1

8

ω

c0

γS (ω)

n
(eq)
ax,l (z, ω0; t)

H2
ax,l

R2
0,a

[
1− exp

(
−4R2

0,a/H
2
ax,l

)]
J2

0 (uax,l) [J2
0 (uax,l) + J2

1 (uax,l)]
, (104)

where p11 and p12 are components of the photo-elastic tensor (p11 − p12 = 0.149) [22], na is the material
refractive index of the core a, Hax,l is the modal �eld radius of the PCM ax in the l-th segment given by

the expression Hax,l ' R0,a(0.65 + 1.619V
=3/2
ax,l + 2.879V =6

ax,l) [7], and γI (ω) and γR (ω) are the nonlinear
parameters de�ned in Section 1.3. Considering the low frequency dependence of the nonlinear nature of silica

�bers [22], the nonlinear �ber regime is simulated in the time domain using the operator N̂
(eq)

ax assuming a
�rst-order Taylor series approximation in the nonlinear coupling coe�cients. Moreover, note that the Kerr
e�ect could also be modelled in Eq. (93). Nevertheless, this approach could increase the computational time
of the coupled local-mode equations, since the nonlinear changes of the refractive index depend on the power
of the optical pulses. Hence, it is a less time-consuming approach to model the nonlinear e�ects only by the
nonlinear coupling coe�cients.

An additional fundamental remark should be made from Fig. S6. As mentioned before, the local orientation
of the �ber principal axes is assumed to be di�erent between adjacent segments. In particular, this ismodelled

through the longitudinal dependence of the �rst-order susceptibility χ̃(1). The diagonal terms are modi�ed

when varying n
(eq)
mi by using Eq. (94), and the o�-diagonal terms are given by Eq. (20), which is calculated us-

ing Eq. (13) of [1]. As a result, the local eigenstate of each birefringent segment is changed as a consequence of
the longitudinal �uctuations of the twist rate. For short MCF distances, a low variance of the fT distribution
seems to be su�ciently accurate to describe the MCF birefringence, as was experimentally demonstrated in
[1]. Nonetheless, when large MCF distances of several kilometres are involved, the orientation of the principal
axes should be adequately randomized by increasing the variance of the fT distribution, or combining this
approach with additional strategies such as the phase plates [29]. In this fashion, the computational time
may also be reduced by inserting phase plates between birefringent segments and reducing the variance of
the fT distribution.

Finally, we include in Tables S1 and S2 the main MCF parameters employed in the numerical calculations.
Additional �ber parameters employed in the numerical simulations are listed below6:

� Fiber length: L = 40 m

� Optical carrier wavelength: λ0 = 1550 nm

� Cut-o� wavelength of cores a and b (*): λC,a = λC,b = 1410 nm

� Core radius of cores a and b (*): R0,a = R0,b = 4 µm

6The symbol (*) indicates the �ber parameters retrieved from the Fibercore SM-4C1500(8.0/125) datasheet.
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� Core-to-core distance: dab = 26 µm

� Distance of core a and b to the MCF centre: da = db = dab/
√

2

� Cladding diameter (*): dcl = 125 µm

� Cladding refractive index (*): ncl = 1.444

� Nonlinear refractive index: nNL (ω) ' n
(0)
NL + (ω − ω0)n

(1)
NL, with n

(0)
NL = 2.6 · 10−20 m2/W and n

(1)
NL =

8.3 · 10−24 ps·m2/W

� Nonlinear parameters: γI (ω) ' γ
(0)
I + (ω − ω0) γ

(1)
I and γR (ω) ' γ

(0)
R + (ω − ω0) γ

(1)
R ; with γ

(0)
I =

7.5 ·10−20 m2/W, γ
(1)
I = 2.4 ·10−23 ps·m2/W, γ

(0)
R = 1.6 ·10−20 m2/W, and γ

(1)
R = 5.2 ·10−24 ps·m2/W

� Attenuation coe�cient (*): α(0) = 0.44 dB/km = 0.051 Np/km, α(1) = 3.7 · 10−4 ps·Np/km

� Peak Power: P0

� Pulse width (full-width at 1/2e of the peak power): TP ' 1.56 · TFWHM for Gaussian pulses and
TP ' 1.7 · TFWHM for Hyperbolic-Secant pulses (FWHM: Full Width at Half Maximum)

� Material refractive index of cores a and b: na, nb

� Intrinsic linear birefringence in the l-th birefringent segment: |nmy,l (t)− nmx,l (t)| ∼ N (∆nm (t) , δnm,l) .
Mean included in Table S1. Variance given by Eq. (95).

� Number of birefringent segments: Nseg

� Number of small �ber segments in each birefringent segment: Nsmall

� Bending radius: RB

� Twist rate: fT
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Simulation TP P0 Pulse na nb ∆na (t) ∆nb (t) Nseg Nsmall RB fT

(fs) (dBm) (cm) (turns/m)

Fig. 2(a) 350 0 Gaussian 1.452 1.452 0 0 1 200 ∞ 0

Fig. 2(b) 350 0 Gaussian 1.452 1.452 0 0 1 200 10 0

Fig. 2(c) 350 0 Gaussian 1.452 1.452 0 0 1 200 1 0

Fig. 3(a) 250 0 Gaussian 1.452 1.452 0 0 50 10 N(100,40) 0

Fig. 3(b) 250 0 Gaussian 1.452 1.452 0 0 50 10 N(10,2) 0

Fig. 4(a) 200 0 Gaussian 1.452 1.452 0 0 50 10 N(100,40) 0

Fig. 4(b) 200 0 Gaussian 1.454 1.452 0 0 50 10 N(100,40) 0

Fig. 5 600 40.7 Sech 1.452 1.452 2·10
-7

2·10
-7

50 10 N(100,40) N(0.1,0.01)

Fig. 6 150 0 Gaussian 1.452 1.452 Fig. 6(a) Fig. 6(a) 50 10 100 0

Fig. S2 350 0 Gaussian 1.452 1.452 0 0 1 200 ∞ 0

Fig. S3(a) 250 0 Gaussian 1.452 1.452 0 0 50 10 N(100,40) N(0.1,0.01)

Fig. S3(b) 250 0 Gaussian 1.452 1.452 0 0 50 10 N(10,2) N(0.1,0.01)

Fig. S4 200 0 Gaussian 1.452 1.452 4·10
-7

2·10
-6

50 10 N(100,40) N(0.1,0.01)

Fig. S5 200 0 Gaussian 1.454 1.452 4·10
-7

2·10
-6

50 10 N(100,40) N(0.1,0.01)

Supplementary Table S1. Simulation parameters employed in the numerical calculations. N(µ, σ2) is the Normal

distribution of mean µ and variance σ2.

Simulation GVD GVDcomp ∆β
(1)
bx,ax β(2)

ax β(3)
ax β

(2)
bx β

(3)
bx

(ps/km) (ps
2
/km) (ps

3
/km) (ps

2
/km) (ps

3
/km)

Fig. 2(a) OFF � 0 −21.75 0.16 −21.75 0.16

Fig. 2(b) OFF � 0 −21.75 0.16 −21.75 0.16

Fig. 2(c) OFF � 0 −21.75 0.16 −21.75 0.16

Fig. 3(a) OFF � 0 −21.75 0.16 −21.75 0.16

Fig. 3(b) OFF � 0 −21.75 0.16 −21.75 0.16

Fig. 4(a) ON ON 0.28 −21.75 0.16 −21.95 0.16

Fig. 4(b) ON ON 6.5 −21.75 0.16 −22.75 0.26

Fig. 5 ON OFF 0.2 −1 0.1 −1.1 0.1

Fig. 6 ON ON 0.28 −21.75 0.16 −21.95 0.16

Fig. S2 OFF � 0 −21.75 0.16 −21.75 0.16

Fig. S3(a) OFF � 0 −21.75 0.16 −21.75 0.16

Fig. S3(b) OFF � 0 −21.75 0.16 −21.75 0.16

Fig. S4 ON ON 0.28 −21.75 0.16 −21.95 0.16

Fig. S5 ON ON 6.5 −21.75 0.16 −22.75 0.26

Supplementary Table S2. Dispersive parameters employed in the numerical calculations. GVD: ON/OFF indicates
whether the chromatic dispersion is included in the simulation (ON) or not (OFF). GVDcomp: ON/OFF indicates
whether the chromatic dispersion is compensated (ON) or not (OFF) along the MCF propagation in each PCM

using the GVD parameters of the PCM ax as a reference. That is, assuming β
(r)
ax = 0 and β

(r)
bx ≡ ∆β

(r)
bx,ax with

r ∈ {2, 3}. Dispersive parameters are assumed similar for the y-polarization (lowly-birefringent cores). The time

domain is normalized using β
(1)
ax as a reference. Hence, the relative group delay between the PCMs bx and ax only

depends on ∆β
(1)
bx,ax but not on β

(1)
ax , i.e., β

(1)
ax is just a gauge variable in the numerical simulations.
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