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Lieb lattice ferromagnets. Although topological magnon insulators can exist in different lattice geometries
[5-13], their experimental observation in real magnetic materials has been elusive [14] due to some of the following
factors:

1. In realistic physical magnetic materials, the DM interaction which is necessary for topological magnon insulators
to exist can be very weak or even negligible.

2. Magnon excitations in realistic physical magnetic materials are not always clearly resolved in the inelastic neutron
scattering experiments. Therefore distinctive magnon bands might not be very visible in the experimental data.

3. In many cases, realistic physical magnetic materials may have inversion symmetry which forbids an intrinsic
DM interaction.

Unlike kagomé ferromagnets, the Lieb lattice insulating ferromagnets fall within the third factor. They can also be
considered as the 2D version of the perovskite lattice for which magnon Hall measurement (which is due to topological
magnon bands) shows vanishing behaviour in some materials [15], possibly due to cubic or inversion symmetry and,/or
very weak DM interaction. They also exist in the planes of weakly-coupled cuprate superconductors [16, 17]. The
magnon bands of the 2D Lieb lattice have two dispersive bands and one flat band, and they linearly touch at isolated
point in the Brillouin zone and form a pseudospin-1 Dirac magnon point. The flat band on the Lieb lattice has been
the focus of many theoretical and experimental studies in optical lattices [18-23].

In the following, we apply the approach in the previous work [24] to insulating ferromagnets on the Lieb lattice.
The goal is to induce a synthetic DM interaction on the Lieb lattice, and subsequently study its topological features.

Pseudospin-1 Dirac magnon on the Lieb lattice. First, we consider the Heisenberg ferromagnetic
spin model on a 2D Lieb lattice

H=-JY S-Sy -BY_ S, (1)
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where ¢ and ¢’ denote the sites on the Lieb lattice and the first summation is taken over the nearest-neighbour (NN)
sites. The second term is an external magnetic field applied along the z direction with B = gupH where pup is
the Bohr magneton, g the spin g-factor, and H is the strength of the magnetic field. As we are interested in the
underlying magnetic excitations of Eq. (1), it is advantageous to introduce the Holstein-Primakoff transformation:
S;p=58- aZag, S}~ v28a, = (S;)f, where a}(ag) are the bosonic creation (annihilation) operators, and Si* = S¥ +
S} denote the spin creation and annihilation operators which correspond to the hopping terms. The corresponding
noninteracting magnon Hamiltonian is given by

H = —ty Z (aZag/ + H.c) +t, an, (2)
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where n, = aZag is the number operator, to = JS and t, = 4JS + B with t, > tg. In Fourier space the Hamiltonian

is given by H = ¢ 1/)]%7-[(1;:')1/},;, with ¢ = (a,;)l, a,g’2,a,;73)T, where

B t. —2tg cos(ky) —2to cos(ky)
H(k) = | —2to cos(ky) ts 0 , (3)
—2tg cos(ky) 0 t.

with k; , € (—m, ) in the first Brillouin zone. The eigenvalues of Eq. (3) are given by co(K) = t. and

ex(F) = t. % 10y/4 + 2cos(2k,) + 2 cos(2k, ). (4)



FIG. 1: (a) Schematic of the Lieb lattice. The unit cell consists of three sites labeled by numbers, and the arrows indicate
laser-induced next-nearest neighbour interactions. (b) The corresponding Brillouin zone of the lattice with indicated paths.

The three magnon bands touch linearly at the M point (k; = k, = 7/2) in the Brillouin zone (see Fig. (1)) and form
a pseudospin-1 Dirac magnon cone or three-component boson beyond that of honeycomb lattice [25].

Periodically driven pseudospin-1 Dirac magnon on the Lieb lattice. As we mentioned in the
main text, the best way to construct Floquet topological magnons, e.g. on the honeycomb lattice [24] or magnonic
Landau levels [26] is to take advantage of the magnetic dipole moment carried by magnons, i.e. f = gupz. Following
the procedure in the main text, we obtain the periodically driven magnon Hamiltonian

rH(t) = 1o Z (eiAee/(T,¢)azag/ -+ H.C) +t, an. (5)
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The main observation in Eq. (5) is that an uncharged particle with a magnetic dipole moment p, couples to an
electromagnetic vector potential via the Aharonov-Casher phase in the same way a charged particle couples via the
Aharonov-Bohm phase. In momentum space, the time-periodic Hamiltonian 7—[(/_5, 7,¢) corresponds to making the
transformation k — k + A(7, ¢) in Eq. (3).

Floquet magnon Chern insulator on the Lieb lattice. The Floquet formalism enables us to
transform the periodically driven magnon Hamiltonian in Eq. (5) to a static one. This can be done by considering the
high frequency limit Aw > J in our case. The corresponding effective Floquet-Bloch magnon Hamiltonian is given by

HoalF.0) = ol )+ 3 LB H B o (1) )

where the last term denotes a commutation relation. We start from the time-dependent momentum space Hamiltonian
H(k,T,) as given by Eq. (3) with k = k + A(7, ¢). Next, we use the standard relation

explizsin(x)] = Z Tn(2)e™, (7)

n=—oo

where J,(z) is the Bessel function of order n € Z and J_,(z) = (—)"J.(z). We can approximate the periodically
driven magnon Hamiltonian as H(k, T, ¢) ~ Ho(k, ¢) + Hi(k, ¢)e™™ + H_1(k,$)e 7 and assume that higher order
terms with |n| > 2 are negligible. The zeroth order Fourier coefficient of the time-dependent magnon Hamiltonian is
given by 7—[0(/;, @) and it is the same as 7—[(1_57 ¢) in Eq. (3) with tg = A, where Ag = toJo(Ao) with Ag = A, = A,.
Therefore the zeroth order term simply renormalizes the NN interaction with no breaking of time-reversal symmetry.
The first order term is given by
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FIG. 2: (a) Floquet Dirac magnon bands with pseudospin-1 Dirac point (red circle) in the zeroth order approximation (i.e
A1 = 0). (b) Floquet topological magnon bands and the corresponding Chern numbers in the first order approximation (i.e
A1 # 0) with the parameters set to Ag = 1.7, hw = 10J, ¢ = 7/2, B=10, and S =1/2.

B 0 sin(k;) e~ sin(k,)
HiF,0)=ip | sm(k) 0 o, (8)
e “sin(k,) 0 0

with H_1(k,¢) = H}(k,¢) and p = 2t0.J1(Ag). We find that the commutator €(¢) = [Hl(];, 0), H_1(k, ¢)] yields

0 0 0
e(8) = ir(®) |0 0 sin(lk)sin(k,) | | (9)
0 —sin(kg)sin(ky) 0

where p/(¢) = 8[toJ1(Ao)]? sin(¢). In the spin space, the commutator is equivalent to a next-nearest neighbour (NNN)
DM interaction,

€(¢) = p'() Z vew? - Sg x Sy, (10)
((eery)

where vy = 1 for magnon hopping clockwise or counterclockwise on the Lieb lattice. This term obviously breaks
time-reversal symmetry. In this way, we have generated a synthetic next-nearest neighbour DM interaction on the
Lieb lattice using circularly-polarized laser light as shown in Fig. (1)(a). The effective Hamiltonian is given by

Hest(k, ¢) ~ t.lgus +d- X, (11)

where I3y3 is an identity matrix, d = (dy,dy,d,) with d = —2Agcos(ky), dz = —2Agcos(ky), d, =

Aq () sin(k,) sin(k,), where Ag = toJo(Ao), A1(¢) = 8[toT1(Ao)]? sin(¢)/w, and J, is the Bessel function of or-

der n. In the limit Ay < 1 we have Ay & to and A;(¢) ~ 262A2sin(¢)/w. A = (A, Ay, Xz) are the Gell-Mann
matrices which form the pseudospin-1 representation of the SU(2) Lie algebra.
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FIG. 3: Floquet tunable thermal Hall conductivity of magnons on the Lieb-lattice ferromagnets. (a) Kazy (T, Ao, @) vs. Ao for
several values of T at ¢ = w/2. (b) kay(T, Ao, @) vs. ¢ for various T at Ag = 1.7. Here hw = 10J in both plots.

The Floquet magnon bands in the zeroth and first order approximation are shown in Fig. (2)(a) and (b) respectively.
Expanding the effective Floquet-Bloch magnon Hamiltonian (11) around the M-point yields a topologically gapped
pseudospin-1 Dirac magnon with the gap ~ 2A;(¢). Hence, the system becomes a Floquet magnon Chern insulator.

In the vicinity of the M-point the effective Floquet-Bloch magnon Hamiltonian yields
HeH(M + i) ¢) =~ tz13><3 + v (qz)\x + Qy)\y) + Uz(d))Aza (]-3)

where v ~ 2t; and v,(¢) ~ 2t3A%sin(¢)/w in the limit Ay < 1. We define the Floquet-Bloch Berry curvature for

the magnon band « as

Qa(];v ¢) = _2Im[ <8kzga(lg)|aky€a(];)> :Iu

CZ~ (6kIJX 6;%0?)
= |:07 + d3 :| ) (14)
with O representing the flat band and d = /d2 + d2 + d2. The associated Chern number is given by
1
oy (15)

Ca(0) d*k Qu (K, ¢).

- 2 BZ
The Chern number can be calculated analytically [27] and we find Cqo(¢p) = 0, Fsgn(A;(¢)) for the flat and dispersive

bands respectively.

Floquet thermal Hall effect on the Lieb lattice. Charge-neutral bosonic quasiparticles such as
magnons show a thermal Hall effect when a transverse heat current flows under the influence of a longitudinal
temperature gradient, in the presence of a magnetization and an intrinsic DM interaction, as reported experimentally
in ferromagnetic insulators [15, 28, 29]. In the current study, circularly-polarized light induces a synthetic tunable
DM interaction. However, the distribution of magnons in the system will also be out of equilibrium. Nonetheless, in
the high frequency limit, the Bose distribution function is close to equilibrium, hence we can apply linear response
theory and obtain the heat current J2 = — Y 5 kap VT, where kqp is the thermal conductivity. The transverse



component kg, is associated with the thermal Hall conductivity given explicitly as [30]

2 N .
(T d0, ) = T [ 055 3 a(n0) 0B, (16)
a=1

z (27

where n, = n[ea(lz)] = 1/[@60(’;)/’“BT - 1] is the Bose distribution function close to thermal equilibrium, kg is the

Boltzmann constant, T is the temperature, and cz(z) = (1 + z) (In %)2 — (Inz)? — 2Liy(—2), with Liz(z) being the
dilogarithm.

In Fig. (3) we have shown the trends of the Floquet thermal Hall conductivity as a function of the tunable parame-
ters. The plot of kay (T, Ao, @) vs. Ag is shown in Fig. (3)(a) for several values of 7. We see that the Floquet thermal
Hall conductivity is oscillating due to the Bessel functions. Therefore, rqy (T, Ag, ¢) can be turned off at the zeros of
the Bessel functions and tuned back on away from the zeros. In this way, one can manipulate magnon spin currents in
magnetic insulators using circularly-polarized laser light. This is a special feature of breaking time-reversal symmetry
by photo-irradiation as opposed to magnetic insulators with intrinsic symmetry breaking perturbations that cannot
be tuned. Fig. (3)(b) shows the trend k4, (T, Ao, ¢) vs. ¢ for several values of T. Here, the sign of the Floquet thermal
Hall conductivity is changed by varying the phase difference ¢. The sign change is consistent with the sign change
of the lowest band Chern number as ¢ is varied. We note that a sign change is not possible in the NN Lieb lattice
ferromagnet with a static NNN DM interaction [9].
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