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Floquet theory for Majorana qubit. Here we show that the quantum oscillation of
the Majorana qubit due to the Landau-Zener-Stiickelberg (LZS) interference can be derived
analytically in the lowest-order approximation. Under a constant bias voltage, the super-
conducting phase difference across the junction between two 1D topological superconductors
(see Fig. 1 in the main text) evolves with time linearly. In this case the time-dependent

Schrodinger equation for the Majorana qubit states reads

—F., wt )
iﬁi Yo — €053 Yo (S1)
dt (0% ) E,, cos N

2

as given in the main text. Because the Hamiltonian is time periodic, Eq. (S1) can be
tackled in terms of the Floquet theory. A previous study' shows that, up to the lowest-order
perturbation the time evolution of the quantum state is governed by the following effective

Floquet Hamiltonian,

where z = 2E,,/wh and J; is the Bessel function. The evolution operator for this effective

Floquet Hamiltonian is,
U(t) _ e—quFt/h _ e—idJO(Qz)azt/h, (S3)
which gives an oscillation of the form,
o) = cos*(wmt), |1 (t)]* = sin®(wint). (54)
starting from an initial state ¢; = 0 with,
wm = 0Jo(22)/h. (Sh)
This is the LZS interference in the Majorana qubit addressed in the main text.
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Hamiltonian for Two Qubits. In this section we derive the Hamiltonian for the quantum
mechanical dynamics of two Majorana qubits in a matrix form. The system consists of two
tunneling junctions between three 1D topological superconductors as illustrated in Fig. 6(a)
in the main text. The Hamiltonian is given as,

0 0
Hm: Z'/VQ/VZSEIH,L COS ?L + i7475E111,R COSs 7R

+i017172 + 1027374 + 1037576, (56)

where 0r, = ¢2 — ¢1 and Or = @3 — ¢ is the phase difference, E,, 1, and E,, g is the coupling
energy of MQs at the left and right junction respectively, and d; 2 3 are the coupling energies
due to the wavefunction overlappings of MQs in the three topological superconductors. In

terms of the six MQs one can define three complex fermions,

£ (72-;iﬁs), £l (Wn-giﬁs)7 /i __(76-;i71) (S7)

Then Hamiltonian (S6) can be transformed into the fermionic form,

Hy =(1 = 2f] 1) En 1 cos %L + (1= 2f1 f2) Emg cos %R
+01(fLfr+ S = fafo = fa D)
+o(flfa+ 11— fifo— F113)
+03(f3fs+ J3 1S = fofs — fofd). (S8)

Because the total parity of the system is conserved, one can concentrate on the even-parity
subspace without losing generality. In this subspace, we can take basis states, |00) = |0),
110y = f1£110), [01) = fI£110), and |11) = f]f1]0), with |0) the vacuum state. Then the

Hamiltonian is rewritten in a matrix form

E,+ FEr —01 J3 02
-0 b+ F 0. 0
Hm _ 1 L R 2 3 : (89)
63 (52 EL - ER 51
P 3 01 —E; — Eg

with B, = Ey, 1, cos %L and Er = Ly, g cos %R.
The superconducting phase differences of the two junctions 6, and g are controlled by

the two bias voltages. The coupling energies I, 1, and Ey, g can be tuned by gate voltages.
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Solving the Schrodinger equation with the matrix Hamiltonian presuming the linear time-
dependence of 0y, and g and 6; = d3 = 93 = § we obtain the results displayed in Fig. 6 in

the main text.

RCSJ phase dynamics. The LZS interferometry for Majorana qubit can also be achieved
under current bias. In order to show this explicitly, we analyze the resistively-and-

capacitively-shunted dynamics of superconducting phase difference at the junction™

_hCO  ho , ) o . 0
[ext = % + %R +ISSH10+[IH<|w0‘ - W1| )Slnza (810)

where C' and R are the effective capacitance and resistance of the junction [see Fig. 1(a) in
the main text], and /5 and Iy, are the threshold currents for the channels of Cooper pairs and
MQs respectively, with the last term proportional to (i727y3) . This semi-classical treatment
on superconducting phase difference is possible since it evolves with time much faster than
the Majorana qubit [see Eq. (7) in the main text].

The tunneling junction has both conventional Cooper-pair and MQ channels, and the

total supercurrent depends on the superconducting phase difference in a way given by
. 2 2y o O
1(9) :ISSIHQ+Im<|2/)0| — "Lp1| )Sln§. (Sll)

We observe that, in a static state, the Majorana parity state with [¢9| = 1 and [¢;| = 0
bypasses a supercurrent larger than other cases, presuming I, > 0. It is easy to derive the

phase difference for the critical supercurrent

o1(0) Iy O
— T — = = 12
50 0 — Iscosf. + 5 €085 0, (S12)
which gives
I.N\2 1 I,
90 = 2arccos [ (4_Is> + 5 - 4_IS] . (813)

With ¢ = \/(I/415)% + 1/2 — I,, /4, one obtains the critical current

L= (2L + I)y/1 = 2 (S14)

In the present scheme, when the current injected through the junction is larger than the
critical current /., a voltage drop is induced at the junction and drives the time evolution

of superconducting phase difference according to the ac Josephson effect” . Conventionally
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FIG. S1. (Color online). LZS interference between the two parity states upon current bias obtained
by solving simultaneously Eqgs. (6) in the main text and (S10) with R = 5h/2¢2, C' = 8¢3 /R,
Im = 0.5I for which I, ~ 1.3751, lext = 315, and (a) §/Ey, = 0.04 and (b) 6/Ey, = 0.1.

the RCSJ dynamics of the superconducting phase difference mimics a Newtonian particle
moving in a tilted washboard potential~’. In the present case, the phase particle acquires
an additional pseudo-spin degree of freedom associated with the Majorana parity states as

described by Eq. (S10).

The LZS oscillation of the Majorana qubit changes the supercurrent through the last
term in Eq. (S10), and then recoils to influence the time evolution of superconducting phase
difference. Therefore, the full dynamics of the system obey simultaneously the Schrédinger
equation (6) in the main text and the RCSJ dynamics (S10). As shown in Fig. S1, for a
bias current I.y, = 315 corresponding to w ~ 30E,, /A, the time evolutions of Majorana qubit
derived with the RCSJ dynamics and those obtained under constant bias voltages shown in
Fig. 4 in the main text agree well with each other. Therefore, one can conclude that the
LZS interferometry for the Majorana qubit can be implemented in terms of moderate bias
current through a junction with a small critical supercurrent. Here we note that, despite the
injected current is larger than the critical current, the induced voltage can still be reduced

to a value below the superconducting gap for appropriate device parameters.

In the RCSJ model, the injected current into the system is fixed, which then induces a
voltage drop at the junction. The voltage oscillations with time can be obtained by solving
numerically the Schrédinger equation (6) in the main text and the RCSJ dynamics (S10).

As shown in Figs. S2(a) and (b), in contrary to the slow rotation of the Majorana qubit due
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to the LZS interference, the voltage at the junction, which is nothing but the time derivative
of the superconducting phase difference according to the ac Josephson relation™, oscillates
with time quickly. Two typical patterns in the voltage oscillation in Fig. S2(b) are displayed
in Figs. S2(c) and (d), one associated with polarized qubit states (i.e. [¢g] > |11] or vice
versa) and the other with superposition states (i.e. |¢g| =~ |[¢1]), both described well by
the potential function I cos® + I, (|1o]? — 1|?) cos(8/2) as expected for an underdamped

Josephson junction.

The full dynamics can be understood as follows. Taking into account the LZS oscillation
of the Majorana qubit given in Eq. (7) in the main text, the RCSJ equation (S10) is reduced

to

RCO RO . .0
Ty = 5o + %R + I;sin @ + I, cos(2wy,t) sin 3 (S15)

As an ansatz solution capturing the fundamental modes we presume

0(t) ~ wt + Asin(wt + ¢1) + Bsin (% + me)t + (bg] + B'sin [(% — me)t + &1,
(S16)

where A, B, B, w, ¢1, ¢ and ¢}, are parameters to be determined. Plugging it into the

RCSJ equation (S15), we encounter double-sine functions such as

sin # = sin (wt + Asin(wt + ¢1) + Bsin (g + wy)t + gbz} + B'sin [(g —wy)t + gb;} ) .
(S17)

With the Jacobi-Anger expansion and checking the static term and those depending on time

w o

2

w o

war)t, cos(%

sinwt, coswt, sin( war)t, sin(% + war)t and cos(§ + way)t, we obtain the
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parameters in the ansatz solution”,

w=2eRI/h (S18)

01 = arctan[—Q< L ]

w/wp)
B 1
(W/wp)\/(w/wp)2 +1/Q?
1
w/2+ 2wm)/wp]

g = arctan[Q(
I /21
[(w/2 + 2wr) Jwp)/[(W/2 + 2w Jwp)? + 1/Q3
1
w/2— 2wm)/wp]

by = arctan[Q(
o Im/ZIS
(/2 = 2wi) fwp]/[(W/2 = 2wm) fwp? + 1/Q%

where w, = /2el;/hC is the plasma frequency and @ = +/2el,R>C/h is the quality factor”.

The voltage drop at the junction is given by the time derivative of the phase difference

V(t) = %%(f). Accordingly, the time averaged voltage is given by V = wh/2e, and the
oscillating part of the voltage is characterized by a spectrum function which is the Fourier

transformation

1 (7 _ift B w , w
V(f)—f/0 e f[V(t)—V]dth5(f—w)+Bé(f—E—Zwm)—l—Bé(f—§+2wm).
(519)

The power spectrum of the voltage oscillation evaluated by the Fourier transformation on
data in Fig. S2(b) is displayed in Fig. S2(e), which agrees with our analytical results quite
well. The following two features are noticed here: (1) there are spectrum weights around
f = eV /h, corresponding to 4r-period oscillations, due to the contribution from MQs [see
Eq. (S10)], in addition to the peak at f = 2eV /A according to the conventional ac Josephson
relation; (2) there is a beat in the voltage oscillation and correspondingly a splitting in the
spectrum peaks shown in the inset of Fig. S2(e) associated with the rotation of Majorana
qubit given in Eq. (7) in the main text, with the typical frequency difference proportional
to the MQ interaction 0. Because the oscillation of voltage at the junction under current
bias is accompanied by a microwave radiation™’, the spectrum in Fig. S2(e) can be used
for monitoring the quantum mechanical rotation of the Majorana qubit associated with the

LZS interference.
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FIG. S2. (a) Time evolution of the Majorana qubit state, (b) that of the voltage across the
tunneling junction, (¢) and (d) typical patterns of voltage oscillations at the time windows marked
in (b), and (e) spectrum of the voltage; inset: the fine structure around f = eV /h. Parameters are

the same as Fig. S1(a).

There are two time scales in Eq. (S10), the Josephson oscillation time 73 = ¢o/27I3R,
and the damping time Tq¢ = RC, yielding the Steward-McCumber number ¢ = Tre/7s
related to the quality factor of the Josephson oscillation in the junction”. For the parameters
in Fig. S1, one has 8¢ = 100 > 1, corresponding to a highly underdamped junction. In
this case, decoherence of the LZS interference cannot be found over sufficiently long time as
shown in Fig. S3. In a highly underdamped Josephson junction there is a hysteresis loop
in the I-V characteristics, and a phase dynamic state with a finite voltage drop across the
junction is possible even though the current injection is below the critical current’, which

may also be used for achieving the LZS interferometry for Majorana qubit.

In the above discussions, we have presumed a pure Majorana qubit state (even- or odd-

parity state) as the initial condition of quantum mechanical evolutions. As read from E-
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FIG. S3. LZS oscillations of the Majorana qubit over a long time. Parameters are the same as

Fig. S1(a).

q. (S10), the maximal supercurrent in the parallel circuit of Cooper-pair channel and MQ
channel is achieved by a pure state. This feature can be exploited to initialize the qubit into

a pure state by increasing gradually the current injection up to the maximal supercurrent.

In a very recent experiment, rf radiations were detected from a Josephson junction in the
heterostructure of the topological insulator HgTe and an s-wave superconductor, a candidate
system for realizing topological superconductivity”. A half-frequency component with broad
line width was observed in addition to the conventional Josephson one, which may be relevant
to the physics discussed in the present work. It is anticipated that experiments with finer
frequency resolution based on our protocol will reveal the quantum mechanical dynamics of

MQ), and pave the way for building a universal gate for Majorana qubit.

To finish this section we notice that the current injected into the system beyond the
critical current triggers a large voltage drop across the junction, which then may induce
undesired coupling between the MQs and quasiparticles in the continuum spectrum. In
this sense, the voltage bias is a better implementation of the LZS interferometry for the

Majorana qubit.

Typical values of physical quantities. Finally we give typical numbers for relevant
physical quantities. The topological superconducting gap is in the order of 200 eV according

),10

to the state-of-art experiments”'’, whereas the coupling of MQs at the junction should be
smaller by one order or so, say E,, = 10 ueV. The coupling between MQs in individual 1D

topological superconductors, the smallest energy scale of the present system, is 6 = 5 ueV.
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Typical critical current is of Iy = 10 nA according to experimental results in nanowire

junctions’, which gives the order of bias current. Typical shunted resistance and capacitance

are of R = 5h/2e¢? = 10.3 k2 and C = 8e3/hAl, = 0.03 pF. LZS frequency in a system with

the above parameter is w,, = 1.3 GHz according to our theory, when a current I = 3I; is

biased which raises a Josephson frequency w = 76 GHz. The Josephson oscillation time is

T3 = ¢o/2mIsR = 3 ps, and the damping time is 7rc = RC' = 0.3 ns. The Joule heating is

approximately V2/R = 25fW for a voltage bias of V = 50uV/, which is small enough and

will not damage the function of the device.
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