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Derivation of Equation (3) in the manuscript 

As illustrated in Figure S1, the proposed structure is a substrate integrated waveguide (SIW) which is 

comprised of three different layers (1, 2, 3) filled with nonmagnetic, isotropic, and homogeneous 

dielectric materials with relative permittivity εr1, εr2, and εr3, respectively. 

 

Figure S1: Layout of the proposed filters. 

The substrate integrated waveguide supports the transverse electric (TE) modes propagating along the z 

direction and they are characterized by effective dielectric constant due to structural dispersion of SIW. 

The effective dielectric constant of the dominant TE10 mode in each layer can be defined as:  

 
𝜀𝑒𝑖 = 𝜀𝑟𝑖 − (
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 (S1) 

where f is the frequency, a is the width of the waveguide, c is the speed of light, and εri and εei are relative 

and effective dielectric constants of each layer (i = 1, 2, 3), respectively. To derive the dispersion relation, 

we set the electric field component along the z direction in each layer as1-2 

 

  𝐸𝑧 = (𝐴+𝑒𝑘𝑦3𝑦 + 𝐴−𝑒−𝑘𝑦3𝑦)𝑒−𝑗𝛽𝑧 for 0 <y< d  

  
𝐸𝑧 = (𝐵+𝑒

𝑘𝑦2(𝑦−𝑑−
𝜏
2

) 
+ 𝐵−𝑒

−𝑘𝑦2(𝑦−𝑑−
𝜏
2

)
) 𝑒−𝑗𝛽𝑧 

for d <y< d+τ (S2) 

  𝐸𝑧 = (𝐶+𝑒𝑘𝑦1(𝑏−𝑦)+𝐶−𝑒−𝑘𝑦1(𝑏−𝑦))𝑒−𝑗𝛽𝑧 for d+τ <y< b  

where A+, A−, B+, B−, C+, and C− are the amplitudes of the decaying fields, and d, τ, and b are the geometrical 

parameters of the structure as shown in Figure S1, β is the propagation constant along z direction and kiy 

is the wave-vector component along y direction in each layer (i = 1, 2, 3) defined as: 

 𝑘𝑦𝑖 = √𝛽2 − 𝑘0
2𝜀𝑒𝑖  (S3) 

where k0 is the wave-vector in vacuum. The corresponding electric field in y direction Ey and magnetic 

field Hx can be calculated from the electric field Ez and written as: 
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for d <y< d+τ 
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where ε0 is the dielectric constant of the vacuum. Due to boundary conditions, the tangential component 

of the electric field Ez has to be zero on metallic walls of the waveguide (y = 0 and y = b). Using hyperbolic 

function identities, the electric field in the layers 1 and 3 can be rewritten as: 

  𝐸𝑧 = 𝐴𝑠𝑖𝑛ℎ(𝑘𝑦3𝑦)𝑒−𝑗𝛽𝑧 for 0 <y< d 
(S6) 

  𝐸𝑧 = 𝐶𝑠𝑖𝑛ℎ[𝑘𝑦1(𝑏 − 𝑦)]𝑒−𝑗𝛽𝑧 for d+τ <y< b 

where due to boundary conditions A = 2A+ = −2A− and C = 2C+ = −2C−. Using the same identities in the 

expression (S5), the magnetic field Hx in the layers 1 and 3 can be expressed as: 
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According to the boundary conditions at the interfaces of different regions (y = d and y = d+τ), where the 

tangential electric field component Ez and the tangential magnetic field component Hx are continuous, the 

following system of equations has to be satisfied: 
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If the equations (S8) and (S10) are divided by the equations (S9) and (S11), the amplitudes A and C can be 

eliminated, and the system of equations reduces to: 
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Using the identities 𝑒𝜌 = 𝑐𝑜𝑠ℎ 𝜌 + 𝑠𝑖𝑛ℎ 𝜌 and 𝑒−𝜌 = 𝑐𝑜𝑠ℎ 𝜌 − 𝑠𝑖𝑛ℎ 𝜌 the right side of the previous 

equations can be expressed as:  
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where α = B++B− and β = B− −B+. Since the amplitudes are always non-negatives it implies that α>β, and 

consequently the dispersion relation can be reduced to: 
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where Ψ is a parameter3 expressed as 𝜓 = 𝑎𝑡𝑎𝑛ℎ(𝛽/𝛼). 

  



Photographs of the individual layers of the fabricated filters 

 

 
Figure S2. Fabricated filters. (a) First proposed filter - top side of the top sub-SIW. (b) First proposed filter - bottom 
side of the top sub-SIW. (c) First proposed filter - top side of the middle sub-SIW. (d) First proposed filter - bottom 
side of the middle sub-SIW. (e) First proposed filter - top side of the bottom sub-SIW. (f) First proposed filter – overall 
structure. (g) Second proposed filter - top side of the top sub-SIW. (h) Second proposed filter - bottom side of the 
top sub-SIW. (i) Second proposed filter - top side of the middle sub-SIW. (j) Second proposed filter - bottom side of 
the middle sub-SIW. (k) Second proposed filter - top side of the bottom sub-SIW. (l) Second proposed filter – overall 
structure. 
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