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The supplementary information describes the computational model of a peritrichous bacterium in detail.
The schematic diagram of the model is shown in Fig. 2A of the main article. It consists of IV, flagella attached
to a spheroidal cell body whose long axis is orientated in the z direction. We first derive the equations relevant
for a bacterium with a single flagellum in Supplementary Notes 1, 2 and 3 and then extend them to a bacterium
with multiple flagella in Supplementary Note 4. The full numerical algorithm for a peritrichous bacterium
is detailed in Supplementary Note 5 while the final Supplementary Note 6 gives additional details about the
theoretical model.

Supplementary Note 1: Reference frames

To describe the dynamics of the model bacterium, vectors need to be converted between four different frames
namely, the lab (X —Y —Z), cell body (X —y —2), cell surface (T() —T(? —N) and flagellar filament (i—j—k)
frames as shown in Supplementary Fig. 1 [1].

Lab to cell body frame. To compute the trajectory of the bacterium in the lab frame, we need to express
the translational velocity of the bacterium, denoted as Ujqp, in terms of the translational and angular velocity
in the cell body frame, denoted as U, and £, respectively,

Uap = Uy - By, (1)

where the individual columns of the rotation matrix B; consists of the vectors x, y and z. As the bacterium
rotates, the cell body frame rotates with the angular velocity €2y,

dx dy
— = X x — = xy. 2
dt b ) dt b y ( )
The unit vectors in the cell body frame X and y are numerically advanced in time, normalised to make them
unit magnitude and their cross product is computed to find the unit vector in the z-direction,
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Supplementary Figure 1: Reference Frames. Rotation matrices required to convert vectors between the
four reference frames.
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Supplementary Figure 2: Euler Angles. The rotation matrix from the helix frame to the cell surface frame
is described using three successive rotations matrices E, D and C.

Cell body to cell surface frame. We model the cell body as a prolate spheroid with z-direction as the
symmetry axis,
2 2 2
r°+y Z
b2 + 072 = 17 (4)
where b and ¢ are the minor and major semi-axes length respectively (b < ¢), and use the parametric represen-
tation,

x =bsinvcosu, y=bsinvsinu, z=ccosv, (5)

where u = [0,27), v = [0, 7]. The rotation matrix required to convert a vector from the cell body to the cell
surface frame is,

T 1 bcosucosv bsinucosv —csinw
A=(T® | ==| —dsinu dcosu 0 ) (6)
N ccosusinv csinusinv  bcosv

where d = \/b2 cos?v + ¢2sin’v and TW, T®? and N are the two unit tangents and normal vector to the
surface, respectively.

Cell surface to helix frame. The rotation matrix required to rotate a vector from the flagellum to the
cell surface frame, denoted as B, is described with the help of Euler angles and 3 successive rotations as shown
in Supplementary Fig. 2. The matrices E, D and C describe rotation about the N axis by the precession angle
¢, T axis by the tilt angle § and the helix axis k (or the rotated N” axis) by the roll angle 1 respectively.
The dashes superscript signify the change in the unit vectors due to these rotations. Formally E, D and C are
written as,

cos¢ sing 0 1 0 0 cosy siny 0
E=|—-sing cos¢ 0], D=0 cosf sinf|, C=|-—sine cosyp 0]. (7)
0 0 1 0 —sinf cosf 0 0 1

The final Euler matrix that transforms vectors from the cell surface frame to the flagellum frame is B = C-D-E.
Hence, the rotation matrix needed to convert a vector from the helix to the cell body frame is M = (B - A)~1.

This concludes the description of the different frames of reference and the rotation matrices required to
convert vectors between them. As a final calculation, a relation between the angular velocity of the helix and
the Euler angles is needed. The rotation rate of each of the Euler angles form a non-orthogonal basis ((;57 9, 1/)),
that is written in the orthogonal i —j — k helix frame as,

o N ¢;sin981n1/)+9:cosw
W" = N+ 0T + ¢k = | dsinfcosy — Osine) |, (8)
1 + ¢ cos

where the relations N = (sin @ sin ¢, sin 0 cos 1, cos 6), T = (costp, —sin,0) and k = (0,0,1) have been
used.

Supplementary Note 2: Kinematic and dynamic condition
The axial component of the angular velocity of the flagellum in the helix frame, w', acts as a forcing for the

model. Hence, we need to express the cell body velocities and the forces and torques acting on the bacterium
in terms of w”. The kinematic condition stipulates that the flagellum remains attached to the cell body at all



times requiring them to have the same translational velocity. However, the flagellum is able to rotate relatively
to the cell body about its point of attachment. Denoting the vector pointing from the cell centroid to the point
of attachment as r, = (bsinv cosu, bsinvsinu, ccosv), we define a matrix R, to represent cross product of r,
with a vector p, such that r, x p =R - p,

0 —Tv,3 Tv,2
l:{E = Tv,3 0 —Tv,1 . (9)
—Ty,2 Tv,1 0

The angular velocity of the flagellum in the cell body frame, applied at the point of attachment r,,, is w’ = M-w".
Using rigid body dynamics equations, Q; = @ + ', Uy = Uy + R, - ', the kinematic boundary condition
can be formally written as,

. - (1
(g?) — GZD +M <M F)w”) ,  where M = (0 I}€> , (10)

and I is a 3 x 3 identity matrix.
The bacterium as a whole is force-free and torque-free. Denoting the forces acting on the cell body and
flagellum as F;, and F; and torques as L, and Ly respectively, the dynamic boundary condition in the cell body

frame reads,
F, F;\ [0
() (£) - () an

Since the Reynolds number relevant for bacteria locomotion is small, we can apply Stokes drag law for both cell

body and flagella,
Fy\ U, Fr\ _ Uy
()= la) (1) == (a) @

w () () )

where the expressions for the resistance matrices of the cell body and the flagellum denoted as R, and Ry,
respectively are computed in the following notes. Finally, substituting for Uy and € (using equation 13) in
equation (10), we can express the angular velocities of the body linearly in terms of w”),

() = mpm () - (B B9 (). )

so that U, = P53 - w” and Q, = P, - w”. The analytical expressions for P are cumbersome and computed
numerically.

Resistance matrix of cell body in cell body frame. For a spheroidal cell body, the 6 x 6 resistance
matrix is [2]

and rewrite equation (11) as

Ry(1,1) 0 0 0 0 0
0 Ry(2,2) 0 0 0 0
o 0 0 Ry(3,3) 0 0 0
Ry, = 0 0 0 Ry(4,4) 0 0 ’ (15)
0 0 0 0 Ry(5,5) 0
0 0 0 0 0 Ry (6,6)
with diagonal elements given by
67 pc(16e3)
Ry(1,1) = Ry(2,2) = 16
o(L1) = R (2,2) 3(2e + (3¢2 — 1)L)’ (16)
67r,uc(863)
Ry(3,3) = , 17
87ruc3(4e (2 —e ))
Ry(4,4) = Ry(5,5) = , 18
4 2
Ry (6,6) = Smpc’(de ( —° >) (19)

32e—(1—€?)L) "’

where L=In{(1+e¢€)/(1 —e)} and e = y/1 — b?/c? is the eccentricity of the spheroid.



Resistance matrix of flagellum in cell body frame. The resistance matrix of a helix in an infinite fluid
medium denoted as R; can be computed either using resistive force theory [2] or slender body theory [3]. The
force and torque balance equations in the flagellum frame (denoted with double dashes superscript) are

T u” D.” D
F)=R/( L)), where R} = ( 2 b ) ) 20
(L;ﬁ) f (ﬂ}) Db//T Dc// ( )

In order to find the resistance matrix of the flagellum in the cell body frame, we need to convert equation (20)
from the helix to the cell surface and subsequently to cell body frame. Denoting the vectors in the cell surface
frame with a single dash and recalling that we need to multiple a vector with M = (BA)~! to convert it from
the helix to the cell surface frame, the force-torque balance equation in the latter frame reads

F; M 0)/D,” D,\ /M o U
2 nT 1" _ A (21)
L 0 M/\D D 0 M-! Q
f b c f
Using rigid body dynamics equations, we have relations between velocities @ = @', U = U’ 4+ R, - Q' and forces
and torques F = F/| L = L' + R, - F’ in the cell body and cell surface frame (denoted by single dashes), written

compactly as,
Fp\ _ (1 0 F} Us) _ (T R« U’f . (22)
L, R, I L} ’ Qf 0 I Q’f

Combining equations (21) and (22), the desired force and torque balance equation for the flagellum in the cell

body frame is,
Fr\ _ Uy
<Lf> — R (ﬂf) ’ 29)

(I o\/M o0\/D!/ D;\/M' o0 \(I -R.
v (n D0 ) (o ) (5 )6 1) o

Supplementary Note 3: Torque balance on a single flagellum

where

Viscous torque. Using equation (23), we can obtain a relation between the force and torque acting on the
flagellum in the helix frame and the cell body and flagellum velocities,

F/ _ (D, Dy M~ (Up — RQy) (25)
LY D" D! M+

Substituting for the cell body velocities using equation (14), the torque acting on the flagellum can be linearly
expressed in terms of w”,

L7 =[Dy" M- {P,—Rc-Py}+D!-M " - Py +D/] - " (26)

Note that from equation (26), the operators I';; A; and A; used in the main text may be deduced (for simplicity
we have dropped the ” and the subscript f in the main text).

Elastic torque. The hook is modelled as an elastic spring of stiffness K and owing to its small size, its
hydrodynamics is neglected. The neutral position of the hook is when the helix axis is aligned with the cell
surface normal, i.e., 8 = 0. We assume that only deviations of the tilt angle 6 from the surface normal N
generates an elastic torque. The hook is assumed to be stiff to torsion and to act as a perfect torque transmitter
from the motor embedded in the cell body to the flagellar filament, valid for steady motor rotation [4]. As a
consequence, the elastic torque is only dependent on # and independent of the precession ¢ and roll angle 1),

~ ~ lA( X Nijf(
L.=KO0H, where H= ————,
i Niggl

(27)

describes the direction in which the torque acts. The helix axis and the normal to the cell surface written in the
helix frame are k = (0,0, 1) and Ny =B - (0,0, 1), respectively that gives H = (—cos4),sin¢,0). The desired
expression for the elastic torque in terms of the Euler angles and hook stiffness K is,

L. = K6(— cos,sin, 0). (28)

As there is no hydrodynamic interaction between the cell body and the flagellum, it is possible for the flagellum
to enter the cell body. In order to prevent such overlap, we add a steric repulsive torque between the cell body



and the flagellum by increasing the stiffness of the spring with a smooth step function as @ increases beyond a
certain value,
1
0) = 1—— ], 29

10 = oo (1= 1507075 (20)
where 6 is the value at which f — fi.. and ks is the steepness. The value of 6 is taken to be 7/2 and fiax
and kg are chosen such that the critical value of hook stiffness, K., remains unaffected. Increasing the value of
fmaz or ks has negligible effects on the observed dynamics but imposes a stricter restriction on the time step.
The modified expression for the elastic torque is,

L, = (K@ +100 <1 - H(lw)m» H, (30)

that prevents the flagellum from entering the body without changing the physics of the elastohydrodynamic
instability.

Final torque balance. In order to balance torques on the flagellum with a fixed rotation w' along the
helix axis, we form an orthonormal basis H — k — J, where J = H x k = (sint), cos1),0). The torque along
the k axis is fixed as the helix rotates with a constant angular velocity in this direction. The torque balance
equations in the J and H direction are,

J-Lf=0, H-(Lj+L,)=0. (31)

Equation (31) gives rise to a linear system of equations that can be solved for w” (1) and w’(2) for a prescribed
dimensional angular velocity, w” (3) = 27 for a pusher and w”(3) = —27 for a puller. As a final calculation, the
cell body velocities can be computed using equation (14) and the temporal derivatives of the Euler angles can
be computed by inverting equation (8)

—1

b sinfsiny cosyp 0 w’ (1)
0| =|sinfcosyy —siny 0 w’(2) |, (32)
" cos 6 0 1 w’(3)

from which the Euler angles can be advanced in time using a fourth-order Runge-Kutta scheme.

Supplementary Note 4: Extension to peritrichous bacteria

It is straightforward to extend the monoflagellar bacterium model described above to a multiflagellar one,
applicable to E. coliusing the parameters listed in Supplementary Table 1. Following previous work on bacterium
models [7], we use a tapered left-handed helix to represent a flagellum such that its radius at the attachment
point is zero,

h=Ry, (1 - e*(kes)z) sin(27s)i + Ry, (1 - e*(k55)2> cos(2ms)j + sk, s = [0, L], (33)
Parameters Symbols Values  Dimensionless values
Cell Body (Major Axis Radius) c 1.25 pm 0.56
Cell Body (Minor Axis Radius) b 0.44 pm 0.2
Number of Flagella Ny 1-7 [5] -
Helix Rotation Frequency v 110 Hz 1
Helix Radius Ry 0.2 pm 0.09
Helix Wavelength A 2.22 um 1
Helix Pitch Angle B =tan"1(2n Ry /) 30° -
Helix Contour Length L. 7.1 pm 3.20
Helix Axis Length Ly 6.18 pm 2.78
Helix Filament Radius Ty 0.012 pm 0.0054
Bacteria Hook Length Iy, 0.055 pm 0.025
Number of Turns n=1Ly/\ 2.8 -

Supplementary Table 1: Typical wild type E. coli parameters obtained from reference [6] and used in this
study.



where k., = 37 /2. The resistance matrix of the helix computed using slender body theory [3] with the dimen-
sionless parameters from Supplementary Table 1 is,

—-4.9843 —0.0278 -0.0277  0.0224  —10.9573 —0.0318
—0.0278 —5.8073  0.0244 11.4012 0.0188  —0.0388
—0.0277  0.0244 —-3.6158  0.0026 —0.1732  —0.0855

R¢" = (34)

0.0224 11.4012  0.0026 —27.1636  0.0500  —0.0020

—10.9573 0.0188 —0.1732  0.0500 —26.9677 —0.1007

—0.0318 —0.0388 —0.0855 —0.0020 —0.1007 —0.0633

We revisit the kinematic relationship,
L (U Uy | & 0
f7i — b \/ .

> (ar2) = (o) 2w () )

and dynamic conditions for the bacterium with N flagella attached on its surface
L (F F
Ii b)) _
() )= .

where summation is used to imply adding the contributions of each individual flagellum. Similar to the single
flagellum case in Supplementary Note 2, using equations (35) and (36), we can substitute for Uy ; and Qy; to
obtain a linear relation between the cell body velocities and the angular velocities of all the flagella w?,

1
N N N . .
U, 4 J - 0 L(Pi Pi\ /0
Q, =—|Ry+ Z Ry, Z Ry - M; M, - w! = Z Pé P ) \w’ )" (37)
i=1 i=1 v i=1 ¢

Ny Ny
so that Uy = > Ph-w? and @, = > P’ -w!. Note that from equation (37), we can read off what the operators

i=1 =1
Y; are for each flagellum in Eq. 1 of the main text.
Following a similar procedure as in Supplementary Note 3, we can express the viscous torque acting on each
flagellum j in terms of w?,

Ny
fi=> Dy M {P;—R.-Py} + D M -Py+ D] -, j=1,....N; (38)
i=1
Finally, torque balance equation (31) is applied to each flagellum j,
Ji L), =0, H;- (L}, +L)=0, j=1,... Ny (39)

giving rise to 2Ny linear equations for the 2N; unknowns w’/(1) and w’f(2) while w’/(3) = +27 is prescribed
for each flagellum. Having computed the angular velocities of each flagellum, we can evaluate the cell body
velocities and the temporal derivatives of the Euler angles of each flagellum j using equation (37) and (32),
respectively.

Supplementary Note 5: Numerical implementation

1. The geometry of the model bacterium is specified in terms of dimensionless parameters as shown in
Supplementary Table 1 and the elastic spring stiffness K.

2. The resistance of the cell body, Ry, and the flagella, Ry, are calculated in the cell body frame using
slender body theory.

3. The point of attachment on the cell surface for each flagellum is specified and the corresponding matrices
A’ are calculated.

4. The initial Euler angles for each flagellum at time ¢ = 0 are specified, ¢;, ¥; and 6; # 0, so as to avoid
singularity when using equation (32). In practice, 6; never attains a value of zero exactly in our simulations
but may get close to it.

5. The matrix M’ required to convert a vector from helix frame to cell surface frame is computed and the
matrices P4 and P} are computed.



6. The linear system of equations (39) is solved to obtain the angular velocities of the flagella w/ (1) and
w!(2) by prescribing w/(3) = +27.

7. The body Velocities U, and €, and the lab velocity U,,;, are computed. The position of the bacterium is
then advanced as X = Uy, and its trajectory is recorded in time.

8. The temporal derivatives of the Euler angles are computed and advanced in time using the fourth order
Runge-Kutta scheme.

9. The body velocities and Euler angles have small periodic oscillations due to the helical geometry of the
flagella [8]. We use the filter command in MATLAB [9] to compute the average values of these quantities.
Steps 5-8 are repeated with the new Euler angles obtained for each flagellum until a steady state is
reached.

Supplementary Note 6: Theoretical Model

As detailed in the main article, the straight filament model is able to capture the elastohydrodynamic instability
and provides an analytical expression for the critical hook stiffness K, = —fc, £3/(2c, £ + 6mua) (note that a =
0.5 pm is the radius of the sphere used in theoretical and computational model in Fig. 4 of the main text). In
order to allow comparison between the active filament and helical model, we use the maximum swimming speed
Upmaz = 0.0815 that occurs at 6,4, = 1.4686 from the computational model to compute the corresponding
constant active force strength, f = —0.1425, using the force balance Eq. (1) in the main text of the paper with
6 = 0. The filament is modelled as a slender prolate spheroid having minor and major axes length as 2r; and
I, respectively and its resistance coefficients are [10],

_ 2mp
N log(1/rp) — 172
_ AT
L log(i/r¢) + 1/2.
Using the required values from Supplementary Table 1 and non-dimensionalising lengths with A, so that [ =

L. =3.20, ry = 0.0054 and a = 0.225, these drag coefficients are found to be ¢ = 1.068 and ¢, = 1.826 which
gives the critical hook stiffness K. = 0.53 reported in the main text of the paper.

(40)

(41)
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