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S.1. Invariance properties
Let

Ω = {(Sh(t), Eh(t), Ih(t), Rh(t), G(t), Ss(t), Is(t), C(t), Sf (t), If (t)) ∈ R10
+ |

0 ≤ Sh(t) + Eh(t) + Ih(t) +Rh(t) ≤ Λh
µh
, 0 ≤ Ss(t) + Is(t) ≤

Λs
µs
, 0 ≤ Sf (t) + If (t) ≤

Λf
p+ µf

,

0 ≤ G(t) ≤ θgPgΛh
µgµh

, 0 ≤ C(t) ≤ θcPcΛs
µcµs

},

then, we can show that Ω is positively invariant for system (1).

Lemma S.1. Ω is a positively invariant set of system (1).
Proof. From the first four equations in model (1) we have

N
′
h(t) = Λh − µhNh(t).

This implies that Nh(t) → Λh
µh

as t → +∞, so the limiting set of system (1) is on the plane

Sh(t) + Eh(t) + Ih(t) +Rh(t) = Λh
µh
. Similarly, we can obtain

N
′
s(t) = Λs − µsNs(t),

N
′
f (t) = Λf − (p+ µf )Nf (t),

which means that the limiting set of system (1) is on the planes Ss(t)+Is(t) = Λs
µs

and Sf (t)+If (t) =
Λf

p+µf
. These lead to

G
′
(t) ≤ θgPg Λh

µh
− µgG(t),

C
′
(t) ≤ θcPcΛs

µs
− µcC(t),

from this we obtain that G(t) ≤ θgPgΛh

µgµh
and C(t) ≤ θcPcΛs

µcµs
. This proves the lemma.

S.2. Disease-free equilibrium and the basic reproduction number
Model (1) has a disease-free equilibrium given by

E0 = (
Λh
µh
, 0, 0, 0, 0,

Λs
µs
, 0, 0,

Λf
p+ µf

, 0).

Next, we calculate the basic reproduction number R0 and discuss the locally stability of the
disease-free equilibrium in terms of R0.

We order the infected variables first by disease state, only need to consider the vector x =
(Eh, Ih, Is, If , G,C)T . Considering the following auxiliary system:

E
′
h(t) =

βhSh(t)If (t)
Nh(t) − rEh(t)− µhEh(t),

I
′
h(t) = rEh(t)− γIh(t)− µhIh(t),

I
′
s(t) = βsSs(t)G(t)

Ns(t) − µsIs(t),

I
′
f (t) =

βfSf (t)C(t)
Nf (t) − (p+ µf )If (t),

G
′
(t) = θgPgIh(t)− µgG(t),

C
′
(t) = θcPcIs(t)− µcC(t).

(S1)
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Model (S1) has a disease-free equilibrium given by x0 = (0, 0, 0, 0, 0, 0). All solutions of system
(S1) remain nonnegative and

Ω0 = {(Eh(t), Ih(t), Is(t), If (t), G(t), C(t)) ∈ R6
+ | 0 ≤ Eh(t) ≤ Λh

µh
, 0 ≤ Ih(t) ≤ Λh

µh
, 0 ≤ Is(t) ≤

Λs
µs
,

0 ≤ If (t) ≤
Λf

p+ µf
, 0 ≤ G(t) ≤ θgPgΛh

µgµh
, 0 ≤ C(t) ≤ θcPcΛs

µcµs
}

is positively invariant for system (S1).
We follow the recipe from van den Driessche and Watmough [1] to obtain

F(x) =



βhSh(t)If (t)

Nh(t)
rEh(t)

βsSs(t)G(t)
Ns(t)

βfSf (t)C(t)
Nf (t)

0
0


,V−(x) =



(r + µh)Eh(t)
(µh + γ)Ih(t)

µsIs(t)
(p+ µf )If (t)

µgG(t)
µcC(t)

 ,V+(x) =



0
0
0
0

θgPgIh(t)
θcPcIs(t)

 .

Therefore, system (S1) is equivalent to the following form

x
′

= F(x)− V(x), (S2)

where V(x) = V−(x) − V+(x), which denotes the transfer rate of individuals into or out of each
population set, and F(x) denotes the rate of occurrence of new infections. The next generation
matrix is defined as FV −1, F, V and V −1 are 6× 6 Jacobian matrices given by

F =



0 0 0 βh 0 0
r 0 0 0 0 0
0 0 0 0 βs 0
0 0 0 0 0 βf
0 0 0 0 0 0
0 0 0 0 0 0

 ,

V =



µh + r 0 0 0 0 0
0 µh + γ 0 0 0 0
0 0 µs 0 0 0
0 0 0 (p+ µf ) 0 0
0 −θgPg 0 0 µg 0
0 0 −θcPc 0 0 µc

 .

The basic reproduction number R0 is defined as the spectral radius of the nonnegative matrix
FV −1, so we obtain that

R0 = ρ(FV −1) = 3

√
βhβsβfθcPcθgPgr

µs(p+ µf )µcµg(µh + γ)(µh + r)
.

To discuss the properties of the disease free equilibrium E0, we make an elementary row-
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transformation for the Jacobian matrix at E0 and obtain the following matrix:

J =



−µh −(r + µh) 0 0 0 0 0 0 0 0
0 −(r + µh) 0 0 0 0 0 0 0 βh
0 0 −(γ + µh) 0 0 0 0 0 0 H1

0 0 0 −µh 0 0 0 0 0 H2

0 0 0 0 −µg 0 0 0 0 H3

0 0 0 0 0 −µs 0 0 0 H4

0 0 0 0 0 0 −1 0 0 H5

0 0 0 0 0 0 0 −µc 0 H6

0 0 0 0 0 0 0 0 −(p+ µf ) H7

0 0 0 0 0 0 0 0 0 H8


,

where

H1 =
βhr

r + µh
, H2 =

βhrγ

(r + µh)(γ + µh)
, H3 =

βhθgPgr

(r + µh)(γ + µh)
, H4 = − βhθgPgr

(r + µh)(γ + µh)

βs
µg
,

H5 =
βhθgPgr

(r + µh)(γ + µh)

βs
µg

1

µs
, H6 =

βhθgPgr

(r + µh)(γ + µh)

βs
µg

θcPc
µs

, H7 = − βhθgPgr

(r + µh)(γ + µh)

βs
µg

θcPc
µs

βf
µc
,

H8 =
βhβsβfθcPcθgPgr

(r + µh)µs(p+ µf )µcµg(µh + γ)
− 1 = R3

0 − 1.

The eigenvalues are λ1 = λ4 = −µh < 0, λ2 = −(r + µh) < 0, λ3 = −(γ + µh) < 0, λ5 = −µg <
0, λ6 = −µs < 0, λ7 = −1 < 0, λ8 = −µc < 0, λ9 = −(p+ µf ) < 0, λ10 = H8.

Then, λ10 < 0 if and only if
R0 < 1.

Therefore, we obtain the following theorem.

Theorem S.2. The disease-free equilibrium E0 of system (1) is locally asymptotically stable if
R0 < 1, and E0 is unstable if R0 ≥ 1 in the region Ω.

S.3. Endemic equilibrium
Let E∗ = (S∗

h, E
∗
h, I

∗
h, R

∗
h, G

∗, S∗
s , I

∗
s , C

∗, S∗
f , I

∗
f ) denotes the endemic equilibrium. Here S∗

h, E
∗
h,
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I∗h, R
∗
h, G

∗, S∗
s , I

∗
s , C

∗, S∗
f , I

∗
f satisfy the following algebraic equations:

Λh =
βhS

∗
hI

∗
f

N∗
h

+ µhS
∗
h,

βhS
∗
hI

∗
f

N∗
h

= rE∗
h + µhE

∗
h,

rE∗
h = γI∗h + µhI

∗
h,

µhR
∗
h = γI∗h,

µgG
∗ = θgPgI

∗
h,

Λs =
βsS

∗
sG

∗

N∗
s

+ µsS
∗
s ,

µsI
∗
s =

βsS
∗
sM

∗

N∗
s

,

µcC
∗ = θcPcI

∗
s ,

Λf =
βfS

∗
fC

∗

N∗
f

+ (p+ µf )S∗
f ,

(p+ µf )I∗f =
βfS

∗
fC

∗

N∗
f

.

(S3)

Direct calculation of system (S3) shows that system (1) admits a unique endemic equilibrium E∗

in the interior of the feasible region Ω if R0 > 1, where

I∗f =
µsµgµcΛhΛsΛf (γ + µh)(r + µh)(R3

0 − 1)

µsµgµcβhΛsΛf (γ + µh)(r + µh) + θgPgΛhrβhβs(βfΛsθcPc + µsµcΛf )
, C∗ =

(p+ µf )ΛfI
∗
f

βf (Λf − (p+ µf )I∗f )
,

S∗
h =

Λ2
h

µhΛh + µhβhI
∗
f

, E∗
h =

µhβhI
∗
fS

∗
h

Λh(r + µh)
, I∗s =

µc(p+ µf )ΛfI
∗
f

θcPcβf (Λf − (p+ µf )I∗f )
, N∗

f =
Λf

(p+ µf )
, N∗

h =
Λh
µh
,

I∗h = N∗
h−(S∗

h+R∗
h+E∗

h), R∗
h =

γ

µh
I∗h, G

∗ =
µsΛsI

∗
s

βs(Λs − µsI∗s )
, S∗

f = N∗
f−I∗f , N∗

s =
Λs
µs
, S∗

s = N∗
s−I∗s .

To discuss the properties of the endemic equilibrium E∗, we make an elementary row-transformation
for the Jacobian matrix at E∗ and obtain the following matrix:

J =



−µh −(r + µh) 0 0 0 0 0 0 0 0

0 J0 0 0 0 0 0 0 0
βhS

∗
h

N∗h
0 0 −(γ + µh) 0 0 0 0 0 0 J1

0 0 0 −µh 0 0 0 0 0 J2

0 0 0 0 −µg 0 0 0 0 J3

0 0 0 0 0 −(βsG
∗

N∗s
+ µs) 0 0 0 J4

0 0 0 0 0 0 −1 0 0 J5

0 0 0 0 0 0 0 −µc 0 J6

0 0 0 0 0 0 0 0 −(
βfC

∗

N∗f
+ p+ µf ) J7

0 0 0 0 0 0 0 0 0 J8


,

where

J0 = −(r + µh)(
βhI

∗
f

µhN
∗
h

+ 1),
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J1 =
βhS

∗
h

N∗
h

r

(r + µh)(
βhI
∗
f

µhN
∗
h

+ 1)
,

J2 =
βhS

∗
h

N∗
h

rγ

(r + µh)(γ + µh)(
βhI
∗
f

µhN
∗
h

+ 1)
,

J3 =
βhS

∗
h

N∗
h

r

r + µh

θgPg

(γ + µh)(
βhI
∗
f

µhN
∗
h

+ 1)
,

J4 = −
βhS

∗
h

N∗
h

r

r + µh

θgPg

(γ + µh)(
βhI
∗
f

µhN
∗
h

+ 1)

βsS
∗
s

µgN∗
s

,

J5 =
βhS

∗
h

N∗
h

r

r + µh

θgPg

(γ + µh)(
βhI
∗
f

µhN
∗
h

+ 1)

βsS
∗
s

µgN∗
s

1

(βsG
∗

N∗s
+ µs)

,

J6 =
βhS

∗
h

N∗
h

r

r + µh

θgPg

(γ + µh)(
βhI
∗
f

µhN
∗
h

+ 1)

βsS
∗
s

µgN∗
s

θcPc

(βsG
∗

N∗s
+ µs)

,

J7 = −
βhS

∗
h

N∗
h

r

r + µh

θgPg

(γ + µh)(
βhI
∗
f

µhN
∗
h

+ 1)

βsS
∗
s

µgN∗
s

θcPc

(βsG
∗

N∗s
+ µs)

βfS
∗
f

µcN∗
f

,

J8 =
βhS

∗
h

N∗
h

r

r + µh

θgPg

(γ + µh)(
βhI
∗
f

µhN
∗
h

+ 1)

βsS
∗
s

µgN∗
s

θcPc

(βsG
∗

N∗s
+ µs)

βfS
∗
f

µcN∗
f

1
βfC∗

N∗f
+ µf + p

− 1 =
1

R3
0

− 1.

The eigenvalues are λ1 = λ4 = −µh < 0, λ2 = −(r + µh)(
βhI
∗
f

µhN
∗
h

+ 1) < 0, λ3 = −(γ + µh) < 0,

λ5 = −µg < 0, λ6 = −(βsG
∗

N∗s
+ µs) < 0, λ7 = −1 < 0, λ8 = −µc < 0, λ9 = −(

βfC
∗

N∗f
+ p+ µf ) < 0,

λ10 = J8.
Then, λ10 < 0 if and only if

R0 > 1.

Theorem S.3. If R0 > 1, there exits an unique endemic equilibrium E∗ of system (1) and E∗ is
locally asymptotically stable in the region Ω when R0 > 1.
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