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In this Supplemental Information, we show the details
of our calculation, especially the solution process of the
Boltzmann equation in response to the electric field. We
here employ the perturbative expansion by Bs and ne-
glect the terms beyond O(B2) in all the equations shown
below.

Appendix A: Fourier decomposition of the
Boltzmann equation

In order to estimate the response to the alternating

electric field E(t) = Eg(e™!+e~*?"), we here decompose
the single-particle equations of motions
= Vit (k) — k x Qg (K) (A1)
k= —¢E, —eir x B, (A2)

and the Boltzmann equation
[7.' . Vr + k : Vk + at fsn("'v k:, t) = (dfsn/dt)coll (A3)

into the Fourier components with the frequencies
0, fw, F2w,---. _
By solving Egs. (Al) and (A2) for 7 and k, we obtain
Dy = Vs + eEy x Qg + €(Vsy - Qo) By
Dok = —¢E, — e¢bg, x B, — ¢*(E, - B,))Q

(A4)
(A5)

s1

where ¥g,(k) = Viés,(k) denotes the group velocity
modified by the orbital magnetization. The momentum-
space Berry curvature Q,,(k) and the orbital magnetic
moment my, (k) for the eigenstate us, (k) are defined by

Qs (k) = —Im (Vius, (k)] X [Vius, (k) (A6)
My (k) = =3 Im (Vi |  [Hay (k) = (k)] [Victtsy)
(A7)
respectively. As the electromagnetic fields here read
E,(t) = Eo(c™' +e7™"),

Bn :77357 (A8)

the right-hand sides of Egs. (A4) and (A5) can be de-

composed into Fourier components as

Do = Y ™R (A9)
v=0,%1
> et KW, (A10)
v=0,£1

with
RY) =0, + e(v - Q) By (A11)
R = eEBy x Q) (A12)
K = —ev,, x B, (A13)
K% = —cEy — ¢*(Eo - B,)Qy,. (A14)

Here the superscript in () on each physical quantity de-
notes its oscillation frequency.

Similarly, we also apply the Fourier decomposition to
the time-dependent distribution function f, (k,t), which
is given by

fsn(k,t) =

Z eznwtf(nw

ne”z

(A15)

By using these Fourier components, the Boltzmann equa-
tion
e+ Vit 01| fon(R,1) = -

~ [fanlet) = [ (R)]

(A16)

which is reduced from Eq. (A3) by the homogeneous and
relaxation-time approximations, can be decomposed as

{(Kg%ka) +Dsn7-;1} J0) Dy 95,0 (AL7)

+(KGD Vi) £G + (K- Vi) 1) =0,
with 7,1 = 77! +inw and n* = n+1, for each frequency
nw. Each equation correlates three neighboring Fourier
components of the distribution function; by solving these
equations iteratively, we can estimate the distribution
function at any frequency. Since K g%) is independent of
Ey and K gf][”) is linear in E\, we can easily see from
Eq. (A17) that £ is of O(ELM) for small Ej.

Once we obtain the solution for those equations, we

can evaluate the Fourier components of the current for
each spin and valley as

d*k
s(nw) _ R(O) R(iw
Jsn e / o [ +Z

(A18)
which is based on the relation
. d*k .
Jsn(t) = —e WDsn(k’)Tfsn(kat)- (A19)



In particular, the stationary (DC) current can be given

as
o __, [ &%k
Tom (2m)?

which we shall use later to estimate the rectified current.

l RO f +ZR<iw> ¢w>]7

(A20)

Appendix B: Useful formulae in polar coordinate

Before solving the Boltzmann equation iteratively, we
first list up some formula useful in solving the Boltzmann
equation under the Dirac Hamiltonian. Here we take the
terms up to the second order in FEy and the linear order
in B5.

We mainly use the polar coordinate (k, 6, ¢) in the mo-
mentum space, defined by

k=Fk(é;sinfcos¢p+ é,sinfsing +é,cosd). (Bl)
The basis vectors in this coordinate are defined by

k=eé, sin @ cos ¢ + é, sinfsin ¢ + &, cos (B2)
€9 = €&, cos b cos ¢+ &, costlsing — &, sinf (B3)
éy = —€,sin ¢ + &, cos ¢, (B4)
and the gradient operator is given by

1
ksin 6

. 1
Vi = ko, + éggag + ey 0. (B5)

We should note the following formulae for gradient,

Vik = (B6)

Vk.a” = (B7)

i
1
k
with a independent of k. Here a and a are decomposi-
tion of a into the components parallel and perpendicular
to k, respectively, which are explicitly defined by

aj=a-k, aJ_Ea—aHlAc. (B8)

We also list up several formulae for the angular integral

[dQ = [d6 sing do,

/dQI%:O (BY)

/dQ CLHI% = 4%0, (BlO)
/dQ atbk = % [3(a-b)a— (bxa)xal. (B12)

The radial integral of the delta functions can be evaluated
as

/ dk k"5(k — k) = k& (B13)

/ dk k6! (k — kp) = / dk nk™ 6 (k — ky)

(B14)

= —nkpt. (B15)

Appendix C: Explicit forms for Dirac/Weyl
dispersion

For a Weyl electron in the electron band, the Berry
curvature and the orbital magnetic moment, defined by
Eqgs. (A6) and (A7), are given by

EVF »
kak mgy(k) = sn—kk
Thus the phase space volume Dy, and the modified

single-particle energy €, reduce to n-independent forms,

Qs (k) = (C1)

Dop(k) =1+ eB,  Qu(k) =1+ s 62%2” (C2)
Eun(k) = e(k) — msn(k) .B, (C3)
= ’UFk — S 2/€ B5H (04)

The modified group velocity o, also becomes 7-
independent, given as

Von (k) = Viéon(k ) (C5)
= ’UFk + S k‘ B5”k k‘z B;, (CG)
_ 51
= <1—|—s 2 ) vpk—s@B5 (Cn)

The equilibrium distribution under the axial magnetic
field By is given as

o (k) =0 (1 — Esn(k)) (C8)
—Q(kp—k—FSiBw) (C9)
~ O(kp — k) + S%Bwé(lﬂ — k),  (C10)

with the Fermi momentum kg = p/vp, which is not per-
fectly symmetric around the DP due to the orbital mag-
netization.

R/ and K" defined by Eqgs. (A12) and (A14) read

635 ~
Rg‘;’]) - (1 + 8k2|> vpk (C11)
1 .
RS]E“’) = sne%Eo x k (C12)
Kg?,) = —nevpk x Bj (C13)
w E,-Bs
ng‘; ) = —eEy — se® 572 k, (C14)

up to O(B?).



Appendix D: Solution of Boltzmann equation
1. Linear response

We first derive the linear response to the electric field,
which is represented by f(iw). It can be obtained by
solving Eq. (A17) for n = +£1, which can be explicitly

written as

— +w tw
|:< 2(7];) Vk) +D"7Ti1:| fb("r/ ) =— (KgT] ) -V ) 57/’
(D1)
up to the linear order in FEy. Moving the first term on

the left-hand side to the right-hand side, this equation
can be rewritten as

FG) = Fi + FGP (D2)

with
F(* = —Dg /e (Kgyw) : Vk) o0 (D3)
Pl — Dl (KO- w) 6. (D4)

which can be evaluated iteratively by substituting fs(;t w)
obtained on the left-hand side of Eq. (D2) to the right-

hand side of Eq. (D4
iteration yields a term higher by Bi. We should make a

). Since Kg%) is linear in Bj, each

single iteration to reach £ up to O(BL).
The first term Fs(77 “)2 can be given by evaluating

2k?2 35“)

|:@E0 +—

Pl 7 (1- (D5)

2

Sz (Eo Bok| - gt

where we drop the terms higher than O(B2). The gradi-
ent of f{l reads

(&
Vi fol = [9(kF — k) + 53 By d(k - kF)} (D6)
~ Se Se ~ se ~
- [fk: o Bs — 2o Bk + %Bg)nké)k} Se,

where we employ shorthand notations

5F E(s(kko), 6{; Eak(s(k*kp),

By collecting the terms up to O(B2), we obtain

F(:tw)a

sn = _eTiEOH(SF -

Se“Ty,
5z BsllEoj (Op — kdp) (D8)

. Since K;O) is of O(B}), s‘?f“’) at O(BY?) can be simply
given as

fE) = —ery Eg 6(k — kp) + O(BY) (DY)

3

arising from FF)*. Therefore, F™'° up to O(B1) can
be obtained from Eq. (D4) as
+w)b -1 0 tw
P = —pilry (KG) - Wi ) B

~ fT]GQUFTi (’;3 X B5) . Vk, [E()H(;F]

By (D10)

(D11)

. 1 .
= —ne*vpTi (k’ X Bs) : l:kEOJ_(sF + Eo|0pk

(D12)
A 1
= —ne“vpTy <k X B5> EOE(SF (D13)
1
= —7’]6 VF i% (B5 X Eo)” (SF, (D14)

where one should note that k x Bj is perpendicular to
k.

By collecting Egs. (D8) and (D14), éiw)(k) reads

62'UF’7—:|:

k

fi ) (k) =

sn _eTﬂ:EOHaF -

(B5 X EO)H(S

(D15)
T g By (6 — o}

ETERll 51 (OF — koR),
up to O(E{, BE). The first term in [-- -] represents the
shift of the distribution from the drift by E(t), while the
second term gives the shift from the regular Hall effect
by the axial magnetic field Bs and the normal electric
field E(t). The third term has a complicated structure:
it gives a quadrupolar distribution in k-space unless E
and By are exactly parallel. It arises as the modification
to the first (drift) term from the Berry curvature and the
orbital magnetic moment. This term represents the effect
of the chiral anomaly: it modifies the electron density,

whose deviation from equilibrium is given by

d3k +iwt (iw
Opan(t) = Z G (D16)
se? 2T .
— 4TTQWEO - B5(coswt + wrsinwt), (D17)
where we have used
>k w Ty
/(%) (k)G (k) = —s— FBo- Bs.  (DI18)

We can see that the induced electron density dpsy(t) for
each valley/spin satisfies the continuity equation

2

[at + } Spsn(t) = 34%35 CE(t), (D19)

modified by the chiral anomaly, noting that E(t) =
2Eqcoswt. Although there is no spin flip term in
the original Hamiltonian (except for the k® terms), the
anomaly violates spin conservation if Bs-Eq # 0, leading
to the spin polarization oscillating with the frequency w.



2. Quadratic response

Next we solve Eq. (A17) for n = 0 to evaluate the

stationary distribution f§2> up to the second order in Ey.
The equation can be explicitly written as

(K Vi) + Doy ] 6519 = - zi: (k9. v
(D20)

where 5f§2) = fs(g) - [

equation can be rewritten as

Similarly to Eq. (D2), this

5fQ) = FD» + FOP (D21)

with
FO* = D, TZ (KG - vi) sl (D22)
FO» = _p_ir (K<0> v )5 £ (D23)

which can again be evaluated iteratively.

Evaluation of F{y*

The gradient of f. Sf “)

is lengthy but straightforward.
is given as
1 o
ka(iw) = —€Tp (kEOJ_éF + k(ﬁ?) (D24)

2 - R ]{)2

k
se?m, /
_ 2k3 (BSJ_EOH + B5HEOJ_) (6F — k(sF)
2
e2vpT2
-1 kzF [<B5 x Eg)dp + (Bs X Eo)||(—25p + k(Sf;)} .

Substituting this form into Eq. (D22) and collecting the
terms up to O(B2), we obtain

2e27T,
P9 = =T (B3 - (D25)

se3T T,
3 [*(Eo + Bs) Eo) dr + Eq By kdg
+ E3 By (36p — 385 + 21&5;4)]
27763’L)FT72

k2 X (B5 X Eo) \EOH(Q(SF — k‘ép)

where 7, and 7, are defined as

1 1
=5 (T4 +7-) = T2 T (D26)
1 1 — w372
2 == et D2
Tex — 2 (T-i- +72 ) T (1 T w27_2>2 ( 7)

Since K%O) is of O(B}), 5f5(2) at O(BY) is given by the
first line in Eq. (D25). Therefore, by substituting this

) £,

part to Eq. (D23), we obtain

FO = =D (K Vi) 605, (D2)

~ —2nevpr?T, (k X Bs)

. 2 2
= —2nedvpr?T.(k x Bs) - EoEo [_k?éF + k_ég}
(D29)
AnedvpT3T,
= UTE(BE) x Ey)| Eo| (0r — kdp). (D30)

Collecting Egs. (D25) and (D30), we obtain the station-
ary response 0 f§2).

Appendix E: Stationary current

Finally, we calculate the nonlinear stationary current
from the distribution functions obtained above. From
Eq. (A20), we split the stationary current jg%) into three
parts,

59 =90, (E
with
§Oea = / d*k RO (k) f<3 (k) (E2)
Q= - (zj)g [ B 0518 k) (E3)
59" = K RIS (R). (64)

Here j§?7>°q accounts for the equilibrium current that is

present even in the absence of the electric field E(t),
whereas the other two are nonequilibrium current driven
by the electric field; 7, 02 comes from the stationary dis-

tribution fs( and the drift velocity RV (b4

from the oscillating distribution fq(f,F “) and the anomalous
velocity Rg#’).

while j,

sn ’

The equilibrium current jg?)“l can be straightforwardly
evaluated as

((0)eq _ _ _CUF 3 s€
Jsn (27)3 /d k (1 + sz5H)

(E5)

x [e(kp k) + %35”5@ kp)] k
62’UF 2
= —s" 5 heBs = 7r2B5, (E6)

which accounts for the chiral axial (pseudo) magnetic

effect under the axial magnetic field Bs, given by J (0) in
the main text.



]é%)a can be obtained by evaluating the k-space inte-
gral
d°k
2(0)a _ k) E
Jsn 6/(%)3 O (k)5 £ (k) (E7)
3k se
= — "B O) (ke
evp/(%)?)k(l—i—szou)ch (k). (E8)

In the integrand function

( k2B5”> 5f O k), (E9)

the terms surviving after the angular integral can be ex-
tracted, by using the angular integral formulae Eq. (B9)-
(B12), as

8637'7'*

|~ (Bo - Bs) oo + B3 Bo) (~200 — kof)

+ B2, Bs) (565 — 5kop + 2/#‘5@} . (E10)
By evaluating the angular and radial integrals, we obtain

4
(0a _ SCURTT: | p AT 2E2 247
J sy (27 )ke {( 0 Bs)— 3 0+ 3 Ds

(E11)
5 (4;(130 . Bs)Eo —

etopTT,

T on %k

(Bs x Eg) x Ey, (E12)

where we have used the vector triple product relation

(Bs x Eo) x Eqg = (E - B5)Eq — E§Bs. (E13)

47
T5(B5 X Eo) X E0>:|

Jg%)b is given by the k-space integral
: a*k w w
35" = e [ G SRGIMGIw) e
+
A3k i
— 2 ¥w)
= —sne?Ey x / 28 %2 Zf& (E15)
In the integrand function
o 50 w10

the term surviving after the angular integral can be ex-
tracted as

_ne VFT oy k3 (Bs X EO)H OF- (E17)

By evaluating the angular and radial integrals, we obtain

. se4v T2, ar
setv ,/_*2*
= —ﬁ (Bs x Ey) x Eq. (E19)

By collecting Egs. (E12) and (E19), we obtain the final
form given in the main text.



