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Supplementary Materials and Methods

Image Formation Model

This section introduces an observation model for imaging with single photon avalanche diodes
(SPADs). For this purpose, we assume that a single SPAD, operating in free-running mode,
and a pulsed laser are co-axially mounted and focused on a surface patch at some distance
z. Additional collection optics may be mounted on the detector. The imaged surface patch
is assumed to exhibit Lambertian re�ectance properties.

Illumination and Response We illuminate the scene with N laser pulses, which de�nes
the measurement acquisition time for a given laser repetition rate. Each laser pulse is char-
acterized by the continuous temporal impulse response function g(t) ∈ R+, which describes
the source intensity as a function of time. The temporally resolved irradiance at the detector
can be modeled as

r(t) = α g(t− 2z/c) + s, (1)

with α̃ ∈ [0, 1] as the re�ectance of the scene patch at distance z and c the speed of light.
The additive component s models ambient illumination present in the scene. The intensity
α = α̃

πz2
ρAcAp cos](n,o) combines all intensity loss in the light transport from the source

to camera via the single scene patch, consisting of the following components: distance fallo�,
absorption in the detector optics ρ, perspective foreshortening due to the orientation of the
patch with normal n to the optical axis o, patch size Ap and aperture size Ac. As estimating
these parameters is not central to the proposed method, we combine these terms in the factor
α ∈ [0, 1].

Detector Model Photons impinging on the active area of the SPAD detector generate an
electron avalanche. The time of occurrence of the resulting rise in voltage is digitized using
a time-to-digital converter (TDC), which is synchronized with the laser. After each electron
avalanche, the detector must be reset or quenched. As a consequence, no new photon arrival
event can be detected for a certain amount of time known as the deadtime. The full width
at half maximum (FWHM) of the laser pulse g(t) is commonly orders of magnitude smaller
than this deadtime, while the time between pulses 1/f is usually larger than the deadtime.
We therefore assume that each emitted laser pulse results in at most one detected photon
event. Moreover, we assume that the SPAD is fully quenched between successive laser pulses.

Oftentimes, the timing logic quantizes detected photon arrival events into a histogram
with T discrete bins. The laser and timing logic are synchronized so that each bin i cor-
responds to a consistent uniform time interval Ii = [ti, ti+1) relative to the beginning of the
emitted pulse. Throughout an acquisition, N pulses are emitted and all detected photon
arrival events are combined into a single histogram h ∈ ZT .

We model the probability of detecting a histogram h given a response r(t) and N laser
pulses as follows. Photon detections in the SPAD are either due to the incident response r
or dark count d (false photon detections), with the latter modeled as a constant rate over
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time, following Kirmani et al. [1] and Shin et al. [2]. Fluctuation in the delay between the
actual time of arrival of a photon and the resulting timestamp are modeled as jitter using
the probability density function (PDF) w(t). With these de�nitions, the number of photon
detections in the SPAD during each interval Ii can be modeled as an inhomogeneous Poisson
process, with mean

λi =

∫ ti+1

ti

µ
(
r(z, α) w(t)

)
+ d(t) dt

= µ
(
α g̃(ti − 2z/c) + s

)
+ d,

(2)

where µ > 0 is the quantum e�ciency and d is the dark count rate per interval. The system
impulse response g̃(τ) =

∫ τ+I

τ
(g ?w)(t)dt absorbs both the detector jitter as well as the laser

impulse response.

Parametric Impulse Response Model We represent the impulse response of the meas-
urement system using a parametric continuous model that is compact and allows for fast
statistical estimation. Speci�cally, we model g̃ as a Gaussian mixture model

g̃(τ) =
K∑
k=1

ak exp

(
−(τ − bk)2

c2
k

)
(3)

with K mixture components. The model coe�cients {ak, bk, ck|k ∈ 1, . . . , K} are estimated
in a precalibration step using measurements acquired over long acquisition periods to reduce
the e�ect of noise. Speci�cally, we �nd the optimal least-squares �t of the parameterized
model in Eq. 3 to the measured histogram.

Probabilistic Measurement Model Let λ denote the arrival rate for all histogram bins.
We can express the probability P (n, i|λ) of n photon detections in bin i as a Poisson random
variable with mean λi that is

P (n, i|λ) = exp(−λi)
λni
n!
. (4)

The probability P (no detections) of detecting no photons during a pulse is then

P (no detections) =
T∏
i=1

P (n = 0, i|λ)

=
T∏
i=1

exp(−λi)
λ0
i

0!

= exp(−1Tλ),

(5)

where 1 denotes a vector with all entries equal to one.
Upon a photon detection, the detector-timing module increments the histogram bin in

which the earliest photon detection occurred or does nothing if no photons were detected.
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This means that photon arrivals are more likely to be recorded in earlier bins than later bins,
a histogram distortion known as pile-up [3]. Speci�cally, the probability P (i|λ) of recording
a photon arrival event in bin i is

P (i|λ) =
i−1∏
k=1

P (n = 0, k|λ)P (n > 0, i|λ)

=
i−1∏
k=1

exp(−λk)
∞∑
n=1

exp(−λi)
λni
n!

=
i−1∏
k=1

exp(−λk) exp(−λi)(exp(λi)− 1)

= exp

(
−

i−1∑
k=1

λk

)
− exp

(
−

i∑
k=1

λk

)
.

(6)

In the third row, we use the Taylor series
∑∞

n=1
xn

n!
= exp(x) − 1. Due to the fact that the

dead time of the detector is less than the time between successive pulses, we assume that
each of the N laser pulses is an independent trial. The probability P (h|λ) of detecting the
full histogram h is the multinomial distribution

P (h|λ) =
N !

h1! · · ·hT !(N − 1Th)!
P (no detections)N−1

Th

T∏
i=1

P (i|λ)hi (7)

=
N !

h1! · · ·hT !(N − 1Th)!
exp(−1Tλ)N−1

Th

T∏
i=1

(
exp

(
−

i−1∑
k=1

λk

)
− exp

(
−

i∑
k=1

λk

))hi

,

which follows from Eqs. (5) and (6).

Low-Flux Regime In a low-�ux regime, where the probability of observing multiple
photons re�ected back to the detector from a single emitted pulse is small, the e�ect of
pile-up is negligible and can be ignored [1]. In this scenario, where the average number
of photons per pulse is smaller than or equal to one, the detection probability becomes
independent of previously detected events, and Eq. (6) becomes

Plow-�ux(i|λ) ≈ P (n > 0, i|λi)
= 1− P (n = 0, i|λi)
= 1− exp(−λi),

(8)

4



The probability P (h|λ) of detecting the full histogram h then simpli�es to

Plow-�ux(h|λ) =
T∏
i=1

(
N

hi

)
Plow-�ux(i|λ)hiP (no detections)N−1

Th

=
T∏
i=1

(
N

hi

)
(1− exp(−λi))hi exp(−λi)(N−hi)

≈
T∏
i=1

exp(−λiN)
(λiN)hi

hi!
=

T∏
i=1

Poisson(λiN),

(9)

where the binomial is approximated as a Poisson distribution in the low-�ux regime following
the Poisson limit theorem (cf. [1, 2, 4]). As the count in each histogram bin reduces to a
Poisson-distributed random variable, independent of other histogram bins, low-�ux photon
e�cient imaging solves an estimation problem to recover the latent counts λ, which are
subsequently used to estimate re�ectivity α and depth z.

Model Assumptions The image formation model from Eq. 7 relies on the common as-
sumption that SPAD measurements between laser pulses are independent. This assumption
neglects afterpulsing, where an electron avalanche may be triggered by charge carriers gen-
erated in the device by previous laser pulses. In our experimental setup, the afterpulsing
probability is around 1% and is therefore ignored.

Probabilistic Reconstruction Method

In this section, we describe statistical estimation methods for recovering depth and albedo
from SPAD measurements. The proposed model is independent of the illumination level
and generalizes beyond the low-�ux regime. First, we introduce a Bayesian maximum-a-
posteriori (MAP) estimation approach with spatial priors on depth and re�ectivity images.
The resulting optimization problem is solved using a proximal optimization algorithm, which
decomposes the challenging joint estimation problem into a sequence of separable problems,
one with an objective involving the per-pixel likelihood, the others involving the prior terms.
Next, we describe per-pixel likelihood of the latent intensity vector λ using the model in-
troduced in Eq. (7). Following this, a direct estimation of the depth and albedo (equivalent
to re�ectance α in our notation) is described under the same model. Finally, we review
the relationship of the proposed method to traditional approaches such as Coates pileup
correction [3].

Bayesian MAP Estimation

Thus far, we have only considered a single SPAD detector. In the following, we generalize our
model to SPAD arrays or scenes scanned by sequentially scanning di�erent scene points with
a single SPAD. Assume that a scene is recorded at discrete points (m, j) ∀m ∈ {1, . . . , X}, j ∈
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{1, . . . , Y }, acquiring a SPAD image consisting of X×Y histograms h(m,j). Next, we describe
how to recover a vectorized depth image z ∈ RXY and vectorized re�ectivity image α ∈ RXY

from such histogram measurements. To stream-line notation in the following, we do not
include the ambient term as an unknown. This unregularized o�set term is incorporated
into the solver method analogously to the the re�ectivity image, as described in the main
manuscript. Given histogram measurements, we adopt a Bayesian approach and solve a
maximum-a-posteriori (MAP) estimation problem to recover depth z and re�ectivity α as

zMAP,αMAP = argmax
z,α

P (z,α|h(0,0), . . . ,h(Z,Y ))

= argmax
z,α

P (h(0,0), . . . ,h(Z,Y )|z,α)P (z,α)

≈ argmax
z,α

∏
m,j

P (h(m,j)|z(m,j),α(m,j))P (z)P (α)

= argmin
z,α

∑
m,j

− logP
(
h(m,j)|λ(z(m,j),α(m,j))

)
− logP (z)− logP (α)

= argmin
z,α

∑
m,j

Λ
(
h(m,j), z(m,j),α(m,j)

)
+ Γz(z) + Γα(α),

(10)

which maximizes the posterior over all measured histograms h(m,j). The third row in the
above equation makes the simplifying assumptions that the scene depth and re�ectance priors
are independent and that the likelihood of the histogram for each pixel is independent. The
former assumption is a useful simpli�cation for our reconstruction method, while the latter
assumption is reasonable for the static scenes we capture.

Although the speci�c prior distributions for depth Γz(z) and re�ectivity Γα(α) have not
been de�ned yet, the objective in the last row of Eq. (10) exposes structure that can be
leveraged in the optimization algorithm. The objective is a sum of three components. The
�rst is a data �delity term originating from the likelihood, which is separable in the pixels,
and there are two separate regularizer terms for depth and re�ectance, which result from the
respective prior distributions. In the following, we will describe all of these three components
in detail, starting with the prior terms.

Priors on Depth and Re�ectance We assume Laplacian priors on the gradients of the
depth and re�ectivity images, which leads to Total Variation regularization terms Γz,Γα in
Eq. (10)

P (z) ∝ exp ( −γ1‖∇z‖1 ) , Γz(z) = γ1‖∇z‖1, (11)

P (α) ∝ exp ( −γ2‖∇α‖1 ) , Γα(α) = γ2‖∇α‖1, (12)

where γ1, γ2 are prior weights that are estimated empirically from a representative dataset
of depth and albedo images, respectively.
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Likelihood The log-likelihood term in Eq. (10) is separable in the measurements (m, j).
With the arrival rate vector λ from Eq. (2) a function of α, z, we can expand Λ(h, z, α) as
follows

Λ(h, z, α) = − logP (h|λ(z, a)) with λi(z, a) = µ (α g̃(ti−2z/c)+s)+d

= 1Tλ(z, a)(N − 1Th)−
T∑
i=1

hi log
(
e−

∑i−1
k=1 λk(z,a) − e−

∑i
k=1 λk(z,a)

)
= 1Tλ(z, a)(N − 1Th) +

T∑
i=1

hi

i−1∑
k=1

λk(z, a)−
T∑
i=1

hi log
(
1− e−λi(z,a)

)
,

(13)

where we use the logarithmic identity log(a− b) = log(a) + log(1− b/a) in the last row.

Proximal Optimization

Having de�ned the objective function from Eq. (10), we now describe the algorithm to
solve this minimization problem. We propose an e�cient proximal optimization method
that leverages the separable structure of the objective from Eq. (10) in the measurements
(m, j). Following [5, 6] we reformulate the objective by splitting the unknowns in the three
components while enforcing consensus in the constraints

minimize
∑
m,j

Λ
(
h(m,j), z(m,j),α(m,j)

)
+ γ1‖∇z‖1 + γ2‖∇α‖1

= minimize
∑
m,j

Λ
(
h(m,j),x(m,j)

)
︸ ︷︷ ︸

g(x)

+ γ1‖y1‖1︸ ︷︷ ︸
f1(y1)

+ γ2‖y2‖1︸ ︷︷ ︸
f2(y2)

subject to

[
∇
∇

]
︸ ︷︷ ︸

K

[
z
α

]
︸ ︷︷ ︸

x

=

[
y1

y2

]
︸ ︷︷ ︸

y

= minimize g(x) + f1(y1) + f2(y2)

subject to Kx = y,

where we stack the unknowns z,α in the vector x = [zT ,αT ]T . We have introduced two
slack variables y1,2 ∈ R2XY for the gradients of the depth and albedo images ∇z,∇α ∈
R2XY , and enforce consensus between the gradients and the slack variables in the constraint.
Furthermore, we have introduced functions g and f1,2 for the individual objective components
in Eq. (14).

We solve this objective using a linearized variant of the Alternating Method of Multipliers
(ADMM) [5, 6]. To this end, we �rst formulate the augmented Lagrangian of Eq. (14) as

Lρ(x,y,u) = g(x) +
2∑
i=1

fi(yi) +
ρ

2
‖Kx− y + u‖2

2, (14)
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which introduces here a scaled Lagrange variable u. The ADMM algorithm solves the saddle-
point problem of minimizing Lρ w.r.t. each primal variable x,y, while maximizing the Lρ
w.r.t. u. In block-coordinate descent fashion, a single ADMM iteration minimizes x and y
in two separate sub-steps, and performs a dual ascent with the step size ρ as the last step.

Linearized ADMM is a variant of the standard ADMM algorithm, where we replace the
term

(ρ/2)‖Kx− yk + uk‖2
2 (15)

in the augmented Lagrangian Eq. (14) with its linearization plus quadratic regularization:

ρKT (Kx− yk + uk) + (µ/2)‖x− xk‖2
2. (16)

Performing dual ascent on the linearized augmented Lagrangian results in Algorithm 1.

Algorithm 1 Linearized ADMM to solve Problem (14)

1: Initialization: µ > ρ‖K‖2
2, (x0,y0,u0).

2: for k = 1 to V do
3: xk+1 = prox g

µ
(xk − (ρ/µ)KT (Kxk − yk + uk)) Likelihood Update (17)

4: yk+1
j = prox fj

ρ

(Kjx
k+1
j + ukj ) ∀j ∈ {1, 2} Prior Updates (18)

5: uk+1
j = ukj + (Kjx

k+1 − yk+1
j ) ∀j ∈ {1, 2}

6: end for

This algorithm contains two minimization steps, one w.r.t x in step (17), and another for y
in step (18). Both minimization steps are expressed using proximal operators as a common
notational shorthand [5], which is de�ned as

proxφf (v) = argmin
x

(
f(x) +

1

2φ
‖x− v‖2

2

)
,

where φ > 0 and v ∈ RXY . Proximal operators are alternatives to classical gradient and
Hessian oracles used by �rst and second order optimization methods. Algorithm 1 applies
separate proximal operators for each f1,2 as the objective Eq. (14) is separable in the two
components of y. Note that for convex objectives the algorithm is identical to the Pock-
Chambolle algorithm [7], which is in fact linearized ADMM applied to the dual problem. For
nonconvex objectives, such as Eq. 13, the two algorithms may give di�erent results. Next,
we specify and describe all relevant algorithm parameter choices and termination criteria.

Algorithm Parameters and Termination Criteria For Algorithm 1 we use the para-
meter choices ρ = 1/‖K‖2, µ = ‖K‖2, x

0 = 0, y0 = 0, and u0 = 0. We use the termination
the criteria from [6], which stops the algorithm when the norms of the primal residual
rk+1 = Kxk+1 − yk+1 and dual residual sk+1 = ρKT (yk+1 − yk) fall below given thresholds.
The threshold for the primal residual is

εpri =
√
mεabs + εrel max{‖Kxk‖2, ‖yk‖2},
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where we use εabs = εrel = 10−4. The dual threshold is

εpri =
√
nεabs + εrel‖KTuk‖2.

Proximal Prior Update in Eq. (18) Evaluating the two proximal operator updates
from step (18) reduces to the well-known shrinkage operator [5], that is

prox fj
ν

(v) = prox γj
ν
‖·‖1(v) = max

(
1− γj

ν|v|
, 0

)
� v, Shrinkage (19)

which is a point-wise function that can be e�ciently evaluated in parallel for each vector
component (i.e., each pixel (m, j)).

Likelihood Proximal Update in Eq. (17) The proximal operator update in Eq. 17 is
given by

prox g
µ
(v) = argmin

x
g(x) +

µ

2
‖x− v‖2

2

= argmin
x

∑
m,j

Λ
(
h(m,j),x(m,j)

)
+
µ

2
‖x− v‖2

2 (20)

⇔
(
prox g

µ
(v)
)

(m,j)
= argmin

z,α
Λ
(
h(m,j), z, α

)
+
µ

2

(
z − vz(m,j)

)2
+
µ

2

(
α− vα(m,j)

)2 ∀(m, j),

where vz(m,j),v
α
(m,j) ∈ R extract the depth and re�ectivity of pixel (m, j) and z, α ∈ R are

the optimization variables. The form of the update reveals why we linearized the augmented
Lagrangian in the proposed optimization method: the minimization for depth and re�ectance
is separable in the pixels (m, j). Unlike Eq. 18, the proximal update cannot be expressed in
closed form. Instead we compute the joint optimization over all histograms as a sequence
of bi-variate non-linear optimization problems that can be solved in parallel for all pixels
(m, j). In the following, we describe how each of these non-linear problems is solved.

Bivariate Per-Pixel Likelihood Optimization Given pixel (m, j), we denote the cor-
responding histogram h and proximal slack terms vz,vα for notational simplicity below.
Recalling Eq. (13), we solve the following minimization problem jointly for z, α:

minimize Λ(h, z, α) +
µ

2
(z − vz)2 +

µ

2
(α− vα)2︸ ︷︷ ︸

Υ(z,α)

(21)

= minimize 1Tλ(z, α)(N − 1Th) +
T∑
i=1

hi

i−1∑
k=1

λk(z, α)−
T∑
i=1

hi log
(
1− e−λi(z,α)

)
︸ ︷︷ ︸

Λ̃(λ(z,α))

+
µ

2
(z − vz)

2 +
µ

2
(α− vα)2

, (22)
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which introduces a bivariate function Υ that is the sum of the composite function Λ̃ (λ(z, α))
and quadratic proximal closeness terms. We solve the non-linear bivariate minimization
problem with the Newton Method given in Algorithm 2. We terminate this iteration once

Algorithm 2 Bivariate Newton Method to solve Problem (21)

1: Initialization: z0 = vz, α
0 = vα.

2: for k = 1 to V do

3:

[
zk+1

αk+1

]
=

[
zk

αk

]
−
[
HΥ(zk, αk)

]−1

[
∂Υ(zk,αk)

∂z
∂Υ(zk,αk)

∂α

]
Newton Update (23)

4: end for

optimality is achieved and the gradient norm
∥∥[∂Υ/∂z, ∂Υ/∂α]T

∥∥
2
< εnewton falls below the

threshold εnewton = 10−4. The Newton update step (23) requires evaluation of the gradient
∇Υ and Hessian HΥ. Both are derived in the following.

Gradient of Proximal Likelihood in Eq. (23) We use the chain rule to derive the
gradient of the composite part of Υ as[

∂Υ(z,α)
∂z

∂Υ(z,α)
∂α

]
= ∇

(
Λ̃ ◦ λ

)
(z, α) + µ

[
z − vz
α− vα

]
= (Jλ (z, α))T ∇Λ̃(λ (z, α)) + µ

[
z − vz
α− vα

]
=

[
∂λ(z, α)

∂z

∂λ(z, α)

∂α

]T
∇Λ̃(λ (z, α)) + µ

[
z − vz
α− vα

]
,

(24)

where J denotes here the Jacobian matrix. The gradient of Λ̃ can be derived directly from
Eq. (22) and de�ned in terms of its partials as

∂Λ̃

∂λi
= (N −

i∑
k=1

hk)−
hie
−λi

1− e−λi
∀i ∈ {1, . . . , T}. (25)

The Jacobian of the arrival rates can be derived using Eqs. (2) and (3), de�ned in terms of
its partials as

∂λi
∂z

=
2µα

c

K∑
k=1

ake
− (ti−2z/c−bk)

2

c2
k ·

(
2

(ti − 2z/c− bk)
c2
k

)
∀i ∈ {1, . . . , T}, (26)

∂λi
∂α

= µ

K∑
k=1

ake
− (ti−2z/c−bk)

2

c2
k ∀i ∈ {1, . . . , T}. (27)

Hessian of Proximal Likelihood in Eq. (23) In similar fashion to the gradient deriv-
ations above, we apply the chain rule to estimate the 2× 2 Hessian matrices for each pixel.
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Speci�cally, it is

HΥ(z, α) = (Jλ (z, α))T HΛ̃ (Jλ (z, α)) + (∇Λ̃)T ⊗Hλ(z, α), (28)

where the Jacobian matrices have already been de�ned in Eq. (26). The Hessian matrix HΛ̃
is a diagonal matrix with

∂2Λ̃

∂2λi
=

hie
−λi

(1− e−λi)2
∀i ∈ {1, . . . , T}, (29)

∂2Λ̃

λiλj
= 0 ∀i 6= j. (30)

Finally, the Hessian Hλ(z, α) can be derived immediately from Eqs.(2) and (3) as

Hλ(z, α) =

∂2λ(z,α)
∂2z

∂2λ(z,α)
∂z∂α

∂2λ(z,α)
∂z∂α

∂2λ(z,α)
∂2α

 with

∂2λi(z, α)

∂2z
=

4µα2

c2

K∑
k=1

ake
− (ti−2z/c−bk)

2

c2
k ·

(
4(ti − 2z/c− bk)2

c4
k

− 2

c2
k

)
∀i ∈ {1, . . . , T},

∂λi(z, α)

∂α
=

2µ

c

K∑
k=1

ake
− (ti−2z/c−bk)

2

c2
k ·

(
2(ti − 2z/c− bk)

c2
k

)
∀i ∈ {1, . . . , T},

∂2λi(z, α)

∂2α
= 0.

(31)
By reusing the partials and function evaluations for the gradients, the Hessian can be com-
puted e�ciently along with the gradient evaluations in the Newton update step. We run
Newton iterations in parallel for each pixel, which can be implemented very e�ciently using
modern graphics processing units (GPUs).

Algorithm Run Time In practice, warm-starting with the log-matched �lter or Coates'
estimate reduces the iterations needed to converge. With the termination criteria detailed
above, the algorithm run time with unoptimized Matlab code averages around 100 s on a
Intel i7 2.6GHz notebook computer for the 150 × 150 measurement spots in the proposed
setup con�guration. The proximal prior update from Eq. (18) and the proximal likelihood
update Eq. (17) capture the full computational cost of the proposed optimization method,
except for negligible gradient �ltering and point-wise operations from the consensus update
in line 5 of Algorithm 1. Note that both problems are separable per measurement pixel,
translating to a parallelization of 150 ·150 = 22500 pixels in the proposed setup. As a result,
these dominating computational steps could be implemented very e�ciently using modern
graphics processing units (GPUs). For example, the Nvidia Volta 100 architecture contains
80 multiprocessors with a maximum of 2048 independent threads per multiprocessor. With
a total of 163840 parallel threads available on this compute platform, the proposed algorithm
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could be fully parallelized, in contrast to partial acceleration in Matlab for some intermediate
arrays via vectorized CPU or GPU code in the Supplemental Code, promising instead �ve
orders of magnitude in speed up and an expected computation time on the order of 5 ms.

Empirical Veri�cation
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Supplementary Figure 1: Veri�cation of the proposed forward model and re-
construction method. The three plots show measurements for the 670 nm Alphalas
LD-670-50 laser (FWHM of 50 ps), 450 nm Alphalas LD-450-50 laser (FWHM of
90 ps), and pulse-broadened 450 nm Alphalas LD-450-50 laser (broadened to 200 ps).
Each plot displays raw histogram counts in blue, acquired without an ND �lter, and
a corresponding low-�ux measurement captured with a 1% ND �lter with negli-
gible pileup. We show the model g̃ with coe�cients recovered from the distorted raw
counts using the proposed method. For all impulse response functions, the estimated
model �ts the unseen reference measurement with low residual error.

We validate the proposed probabilistic image formation model and reconstruction method
by acquiring raw histogram measurements at di�erent incident intensities. We use a scene
consisting of a single di�use re�ector at a distance of 1 m from the detector and laser.
To control the incident intensity, and thus the magnitude of the pileup e�ect, we place
neutral-density (ND) �lters of various optical densities in front of the detector. Using a
low-transmission (1%) ND �lter allows us to enforce a low-�ux regime where pileup can
be eliminated, though at the cost of a 100× increased acquisition time. Even when the
measurements are distorted by pileup, the proposed reconstruction method is able to �t a
model which closely matches a low-�ux reference measurement (see Fig. 1). The individual
plots in the �gure validate that the proposed image formation model and the probabilistic
reconstruction generalize across di�erent impulse response functions. In all cases, the pro-
posed method estimates a model that matches the unseen reference measurement with high
accuracy.
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Supplementary Figure 2: Calibration of the laser impulse response function. The
left plot shows the impulse response of the red Alphalas LD-670-50 laser (FWHM
of 50 ps in magenta) and the right plot shows the impulse response of the blue
Alphalas LD-450-50 laser (FWHM of 90 ps). The blue plot shows the respective raw
histogram counts captured with a 1% transmission ND �lter to eliminate pileup.
The respective FWHM is indicated by a magenta line. The red line shows the �t
of the model g̃(τ) from the Image Formation Model section with K = 8 Gaussian
components which exhibits only low residual error.

Relation to Coates Method

Coates method is a classical approach to pile-up correction [3]. It is a special case of our
framework where we solve for λ rather than z and α with the prior

P (λ) =

{
1, if λi ≥ 0, for all i

0, otherwise.

The log-likelihood in Eq.10 is convex in λ with the above prior, so we �nd the optimum by
setting the gradient in Eq. 25 to zero, yielding

λi = − log

(
1− hi

N −
∑i−1

k=1 hk

)
. (32)

After applying Coates method to recover λ, we can estimate depth z and re�ectivity α
using a variety of methods, including those used in the low-�ux regime [2, 4].

Additional Calibration Details

This section provides additional detail on the calibration procedure used to estimate para-
meters in the image formation model, described in the corresponding section. The calibration
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of these parameters is performed once for a given laser, i.e., pulse shape, and detector con-
�guration. We assume that the detector's photon detection probability µ and dark count
rate d have been calibrated independently of the setup discussed in this work, using estab-
lished calibration methods for single photon detectors (see, for example, Polyakov [8]). The
remaining unknowns of the proposed model are the coe�cients {ak, bk, ck|k ∈ 1, . . . , K} of
the Gaussian mixture model for the overall system impulse response g̃ from Eq. (3).

To estimate these parameters, we acquire measurements of a scene consisting of a single
di�use re�ector placed at 1 m distance, similar to the validation of the proposed forward
model described at the end of the Image Formation Model section. We place an ND �lter
with 1% transmission in front of the laser illumination and capture a low-noise histogram
of a single re�ector point by accumulating N = 109 pulses, which requires approximately 17
minutes at a 1 MHz laser repetition rate.

The high-absorption ND �lter ensures a low-�ux regime where pileup can be ignored and
where the histogram counts are Poisson distributed, as described in the Image Formation
Model section. Moreover, for the extremely high numbers of shots, the Poisson distributed
histogram counts become Gaussian distributed (the limiting form of the Poisson distribution
is the Gaussian distribution). This allows us to rely on e�cient conventional expectation-
maximization algorithms for normal mixture models in the proposed calibration procedure.
For further details on this algorithms, we refer the interested reader to Murphy [9]. Finally,
Figure 2 shows calibration results for two di�erent short-pulsed lasers used in this work. In
both cases, �tting K = 8 mixtures allows for a high-�delity impulse response model.
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Supplementary Results

Evaluation in Simulation

In the following, we evaluate the proposed method using simulated measurements with known
ground-truth depth and re�ectivity. Moreover, in addition to quantifying reconstruction
error on a wide variety of scenes, synthesizing observations allows us also to analyze the
e�ect of acquisition parameters on the accuracy of the proposed and of previously proposed
reconstruction methods.

Depth and Re�ectivity Error Evaluation

To evaluate the performance of the proposed method in representative real-world scenarios,
we use ground-truth depth and intensity images from the Middlebury Stereo dataset [10]
which includes scenes of highly varying shape and relative distances. However, the intensity
images in this data set are captured under the respective scene illumination, not under active
illumination comparable to the proposed setup. To account for this, we estimate scene albedo
value for the scene using the approach from Chen and Koltun [11].

Given a ground-truth depth/re�ectance map pair, we simulate histogram measurements
using the full probabilistic image formation model for every pixel with N = 10, 000 shots.
In the following, we show depth and albedo reconstruction error results for three di�erent
laser impulse response functions: the calibrated blue Alphalas LD-450-50 and red Alphalas
LD-670-50 lasers from Fig. 2, and a synthetic, idealized Gaussian impulse response (FWHM
of 50 ps). Figs. 3-8 show the depth and albedo error per scene for all impulse response
functions. Here, we compare the proposed method against the conventional log-matched
�lter estimate [2], Gaussian �t [12], �rst-photon imaging [4, 1], and Coates method [3]
followed by a Gaussian �t.

The logarithmic scale in the depth errors reveals that the proposed method outperforms
all competing methods by two orders of magnitude in depth accuracy. Similarly, the re-
�ectance estimates show an order of magnitude in improvement over all existing methods.
Hence, the proposed method opens the space of sub-picosecond accurate imaging which has
not been possible with previous approaches. Tables 1, 2, and 3 show the average depth
error and re�ectance PSNR per scene for all three laser impulse response functions, the calib-
rated blue and red laser responses from Fig. 2, and the synthetic Gaussian impulse response.
For compactness, we only include the conventional log-matched �lter method, Coates [3]
pileup correction followed by a Gaussian �t, and the �rst-photon imaging method [4, 1]. All
error tables consistently verify that, independent of the scene and laser impulse response, we
achieve two orders of magnitude improved depth accuracy and an order of magnitude lower
re�ectance error compared with the best existing method.
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Supplementary Figure 3: Depth Error Maps for the Alphalas LD-670-50 laser
(FWHM of 50 ps). We compare the conventional log-matched �lter estimate [2],
Gaussian �t [12], �rst-photon imaging [4, 1], and Coates [3] followed by Gaussian �t.
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Supplementary Figure 4: Re�ectance Error Maps for the Alphalas LD-670-50
laser. Scenes from the Middlebury Stereo dataset [10] are shown.
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Supplementary Figure 5: Depth Error Maps for the Alphalas LD-450-50 laser
(FWHM of 90 ps). Scenes from the Middlebury Stereo dataset [10] are shown.
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Supplementary Figure 6: Re�ectance Error Maps for the Alphalas LD-450-50
laser. Scenes from the Middlebury Stereo dataset [10] are shown.
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Supplementary Figure 7: Depth Error Maps for an ideal Gaussian laser impulse
response (FWHM of 50 ps). Scenes from the Middlebury Stereo dataset [10].
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Supplementary Figure 8: Re�ectance Error Maps an ideal Gaussian laser impulse
response. Scenes from the Middlebury Stereo dataset [10] are shown.
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Supplementary Table 1: Errors in depth and re�ectance estimation for blue Al-
phalas LD-450-50 laser PSF (FWHM of 90 ps) are shown. Ground-truth depth and
re�ectance from each scene are taken from the Middlebury Stereo dataset [10]. The
best depth and albedo result for each scene is highlighted. We compare here re-
constructions for the conventional log-matched �lter estimate [2], Coates method [3]
followed by a Gaussian �t, �rst photon imaging [4]m and the proposed method

Dataset Scene Motorcycle Adirondack Jadeplant Piano Pipes Playroom Playtable Recycle Shelves Vintage Bicycle1 Average

Log-matched Filter Avg. Depth Error [mm] 13.29 15.44 15.08 12.81 10.56 14.07 14.40 14.57 14.66 10.90 17.61 13.95 mm

Coates [3] Avg. Depth Error [mm] 2.96 3.73 3.83 2.58 1.85 3.27 3.50 3.43 4.16 1.71 5.45 3.32 mm

First Photon [4] Avg. Depth Error [mm] 12.47 21.94 4.87 16.39 6.28 7.92 19.69 17.38 10.06 11.27 22.57 13.71 mm

Proposed Avg. Depth Error [mm] 0.04 0.04 0.04 0.04 0.03 0.04 0.04 0.04 0.03 0.04 0.04 0.04 mm

Log-matched Filter Re�ectance PSNR [dB] 11.28 9.73 9.53 13.06 15.24 10.33 10.43 11.13 9.35 16.10 7.42 11.24 dB

Coates [3] Re�ectance PSNR [dB] 17.08 15.59 15.21 18.55 19.94 15.79 16.41 17.02 15.04 20.53 13.40 16.78 dB

First Photon [4] Re�ectance PSNR [dB] 12.21 8.25 19.33 12.80 23.59 11.78 8.71 9.66 10.33 18.13 8.07 12.99 dB

Proposed Re�ectance PSNR [dB] 36.04 41.09 37.73 29.02 33.22 27.88 30.59 32.47 23.63 30.64 32.42 32.29 dB

Supplementary Table 2: Errors in depth and re�ectance estimation for red Al-
phalas LD-670-50 laser PSF (FWHM of 50 ps) are shown. Ground-truth depth and
re�ectance from each scene are taken from the Middlebury Stereo dataset [10]. The
best depth and albedo result for each scene is highlighted.

Dataset Scene Motorcycle Adirondack Jadeplant Piano Pipes Playroom Playtable Recycle Shelves Vintage Bicycle1 Average

Log-matched Filter Avg. Depth Error [mm] 5.34 6.31 6.16 5.21 4.14 5.74 5.87 6.00 6.08 4.28 7.26 5.67 mm

Coates [3] Avg. Depth Error [mm] 2.35 2.82 2.76 2.05 1.28 2.50 2.68 2.70 3.19 1.48 4.01 2.53 mm

First Photon [4] Avg. Depth Error [mm] 8.52 13.38 3.20 4.99 10.27 6.27 12.45 9.68 4.60 8.11 9.47 8.27 mm

Proposed Avg. Depth Error [mm] 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 mm

Log-matched Filter Re�ectance PSNR [dB] 12.22 12.80 12.00 15.45 11.70 12.92 12.88 15.20 12.97 12.72 10.53 12.85 dB

Coates [3] Re�ectance PSNR [dB] 8.41 6.48 7.50 6.70 9.73 6.81 7.06 5.87 6.25 9.74 6.86 7.40 dB

First Photon [4] Re�ectance PSNR [dB] 11.07 8.28 18.75 12.06 21.67 9.01 8.55 9.47 10.32 18.01 8.16 12.30 dB

Proposed Re�ectance PSNR [dB] 36.02 41.11 37.70 29.00 33.23 27.87 30.58 32.45 23.62 30.64 32.43 32.24 dB

Supplementary Table 3: Errors in depth and re�ectance estimation for an ideal
Gaussian impulse response (FWHM of 50 ps) are shown. Ground-truth depth and
re�ectance from each scene are taken from the Middlebury Stereo dataset [10]. The
best depth and albedo result for each scene is highlighted.

Dataset Scene Motorcycle Adirondack Jadeplant Piano Pipes Playroom Playtable Recycle Shelves Vintage Bicycle1 Average

Log-matched Filter Avg. Depth Error [mm] 6.63 7.50 7.28 6.65 5.62 6.93 7.08 7.31 6.99 5.86 7.91 6.89 mm

Coates [3] Avg. Depth Error [mm] 1.52 2.08 2.17 1.22 0.66 1.77 1.90 1.81 2.40 0.58 3.37 1.77 mm

First Photon [4] Avg. Depth Error [mm] 2.59 7.28 2.94 2.79 3.58 5.58 5.10 6.16 4.27 2.67 7.03 4.54 mm

Proposed Avg. Depth Error [mm] 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 mm

Log-matched Filter Re�ectance PSNR [dB] 16.02 17.99 16.85 17.37 14.40 16.92 17.56 19.24 19.39 14.65 19.08 17.22 dB

Coates [3] Re�ectance PSNR [dB] 17.22 17.27 16.17 18.90 17.71 17.40 17.11 17.53 15.56 18.54 14.52 17.08 dB

First Photon [4] Re�ectance PSNR [dB] 12.56 8.66 19.38 15.22 23.80 9.43 9.42 10.46 10.48 19.52 8.59 13.41 dB

Proposed Re�ectance PSNR [dB] 35.82 40.49 37.29 28.99 33.19 27.85 30.52 32.35 23.61 30.62 32.24 32.09 dB

Low-Flux Evaluation The �rst-photon imaging method [4, 1] assumes a low-�ux regime
with negligible pileup and therefore performs only on-par with the conventional log-matched
�lter results in the quantitative evaluations from Tables 1-3. In addition to the pileup
experiments from above, we have evaluated the proposed method in a low-�ux regime at
average photons 10−4 per-pulse and N = 10, 000 shots. Table 4 shows depth and re�ectance
reconstruction performance in this scenario. Here, the �rst-photon imaging method achieves
substantial improvements over the conventional log-matched �lter method and Coates [3]
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Supplementary Table 4: Low-Flux Evaluation. Errors in depth and re�ectance
estimation for red Alphalas LD-670-50 laser PSF (FWHM of 50 ps) are shown.
Ground-truth depth and re�ectance from each scene are taken from the Middlebury
Stereo dataset [10]. The best depth and albedo result for each scene is highlighted.

Dataset Scene Motorcycle Adirondack Jadeplant Piano Pipes Playroom Playtable Recycle Shelves Vintage Bicycle1 Average

Log-matched Filter Avg. Depth Error [mm] 18.28 20.25 20.08 17.81 12.94 18.50 19.20 19.72 19.17 16.51 21.81 18.57 mm

Coates [3] Avg. Depth Error [mm] 18.28 20.21 20.07 17.78 12.94 18.53 19.22 19.65 19.21 16.49 21.81 18.56 mm

First Photon [4] Depth Error [mm] 6.87 5.57 8.63 8.16 11.51 4.34 3.16 8.09 9.01 1.89 12.55 7.25 mm

Proposed Avg. Depth Error [mm] 0.89 0.65 0.67 0.73 1.11 0.65 0.71 0.65 0.54 1.12 0.55 0.75 mm

Log-matched Filter Re�ectance PSNR [dB] 10.04 10.27 9.91 11.83 8.79 10.51 10.42 11.40 10.33 10.40 8.72 10.24 dB

Coates [3] Re�ectance PSNR [dB] 10.04 10.27 9.91 11.83 8.79 10.51 10.42 11.40 10.33 10.40 8.72 10.24 dB

First Photon [4] Re�ectance PSNR [dB] 18.09 18.75 18.67 20.65 19.99 18.67 19.61 19.55 19.68 23.54 17.90 19.55 dB

Proposed Re�ectance PSNR [dB] 26.89 31.25 26.99 25.86 28.35 23.98 27.05 29.39 21.32 27.88 26.36 26.85 dB

pileup correction method. The latter performs on-par with the log-matched �lter approach
as measurement distortions due to pileup are minimal. The proposed method outperforms
all competing approaches even in this low-�ux scenario, however, it does not achieve sub-
picosecond accuracy for such noisy measurement. Existing imaging methods tailored to this
scenario, such as [2, 4, 1], perform denoising, deconvolution, peak-�tting, and histogram
correction, as separate stages of a pipeline, for both re�ectance and depth. In contrast, the
proposed method performs these tasks jointly as part of the probabilistic inference framework
from Supplementary Materials and Methods section, leading to the substantially improved
performance even in this low-�ux imaging scenario.

Analysis

In this section, we analyze the e�ects of acquisition parameters on the reconstruction per-
formance. To evaluate the probabilistic reconstruction method independent of the spatial
priors, we consider a single-pixel histogram. Fig. 9 shows plots of the logarithmic depth
estimation error with varying incident intensity, which is determined by the laser intensity,
scene re�ectance, and distance fallo�. The e�ect of varying the number of shots N per his-
togram acquisition is shown in individual plots for each of the two calibrated laser impulse
response functions (cf. Fig. 2). The accuracy follows a similar trend across all plots. The
conventional log-matched reconstruction reaches an optimum for a relatively low number of
counts that is dropping quickly as the number of incident detections becomes larger than 1
expected photon detection per pulse, creating substantial histogram pileup. Existing sequen-
tial pileup correction methods, such as Coates [3], alleviate pileup and e�ectively extend the
range where optimal performance can be reached beyond 1 expected photon detection per
pulse. In this experiment, the proposed probabilistic reconstruction accuracy is identical to
previous methods for the low-�ux regime for a low number of shots since we only consider a
single pixel and no spatial priors can be exploited. As the intensity increases the proposed ap-
proach substantially improves on all existing methods with the optimal performance by two
orders of magnitudes for a higher number of shots. Note that even in low-�ux regimes, the
discussed method improves on competing approaches when pileup becomes negligible for a
large number of shots. Also note that the optimal performance in each setting is achieved, in
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Supplementary Figure 9: We show the depth reconstruction accuracy for a vary-
ing number of shots N at varying incident intensities which depend on distance of the
re�ector, re�ectance and laser intensity. The �rst row depth accuracy results for the
blue Alphalas LD-450-50 laser (FWHM of 90 ps) , and the second row shows the red
Alphalas LD-670-50 laser (FWHM of 50 ps). Results are shown for the conventional
log-matched �lter method, Coates [3], and the proposed methods.

fact, in a di�erent intensity region around 1 photon detection per pulse, in contrast to exist-
ing methods which perform best between 10−2 to 10−1 average photons detections per pulse.
Hence, the proposed approach argues not only for a joint probabilistic reconstruction but
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Supplementary Figure 10: E�ect of Histogram Bin Width on Estimation Error.
The left plot shows the depth reconstruction error of the proposed method for varying
histogram bin sizes and incident intensities. We can see that the optimal intensity
region stays around an average of 1 photon per pulse independent of the bin-size.
The right plot shows reconstruction quality versus bin width for a �xed intensity of
1 photon per pulse. The proposed method achieves low depth reconstruction error
across a broad range of bin widths, and only fails for bin widths larger than 80 ps.
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also for a di�erent operating mode far outside of the conventional range. We have analyzed
optimal intensity regimes in simulation above as the pulse amplitude of our experimental
Alphalas LD-450-50 and red Alphalas LD-670-50 lasers was only manually adjustable in a
non-reproducible way. Accurate amplitude modulation for pulsed laser systems, however,
can be enabled through appropriate driver electronics that allow for direct modulation, or
via external modulation [13]. In the future, we envision dynamic exposure control for Lidar
systems, much like exposure control in conventional passive imagers, adaptively steering the
incident intensity into the optimal regime derived above.

Fig. 10 analyzes the e�ect of the histogram bin width on depth estimation accuracy in
the same single-pixel scenario as considered above for Fig. 9. The accuracy of the proposed
approach is consistent across a broad range of histogram bin-width from sub-2 picoseconds up
to 80 picoseconds, as shown in the right plot of Fig. 10. This result veri�es that the proposed
method exploits the large temporal support of the laser impulse response. Only for very large
bin-widths above 80 picoseconds, reconstruction accuracy begins to drop substantially. This
means that the proposed approach, besides improving state-of-the-art accuracy by orders of
magnitude, also reduces the required timing accuracy on the detector side. Moreover, the
left plot in Fig. 10 veri�es that the optimal intensity region lies around 1 photon per pulse
independent of the histogram bin widths, demonstrating that the proposed method enables
this unconventional operating regime across detectors with di�erent temporal resolutions.

Experimental Evaluation

In the following, we evaluate the proposed method on measurements experimentally ac-
quired with the setup illustrated in Fig. 1 of the main manuscript. First, we validate the
sub-picosecond accuracy of the proposed approach without using spatial priors, i.e. rely-
ing solely on the probabilistic pileup model for individual histogram measurements. Next,
we assess the depth and albedo reconstruction quality on a variety of scenes with varying
object shape and albedo. Both the per-histogram evaluations and the full spatio-temporal
results demonstrate an order of magnitude improvement in accuracy compared to existing
reconstruction methods.

Temporal Resolution Evaluation without Spatial Priors

To validate the sub-picosecond accuracy of the described approach, we acquire a horizontal
scanlines of histogram measurements. Three scene objects with di�erent vertical depth
pro�les are used in the following experiments. Photographs of these scenes are shown in
the left column of Fig. 11 along with an overlay illustration of the respective laser scanline
path. All targets have been placed at a distance of 1 m to the detector. The �rst scene is a
planar foam board target placed perpendicularly to the optical axis of the detector's objective
lens. The second scene is a 3D-printed step target which was covered with a thin layer of
white primer to eliminate severe subsurface scattering in the acrylic plastic printing material.
With the third scene, shown in the bottom left of Fig. 11, we evaluate the performance of
the proposed reconstruction method in the absence of spatial priors. Speci�cally, we acquire
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a sequence of single-spot measurements of a planar foam board target which is moved back
and forth along the optical axis of the detector optics.

For all scenes, we acquire ground truth measurements by placing a 5% Neutral Density
�lter in the laser path which eliminates pileup distortion but leads to substantial increase
in noise for a �xed number of shots. To eliminate these �uctuations in the ground truth
reference, we acquire long sequences of 10 s length per spot at 5 MHz laser repetition rate. For
these reference measurements, we use a histogram bin size of 4 ps. We calibrate the temporal
impulse response from measurements of a planar target with the identical capture settings.
The ground truth depth is then extracted from the clean, long-exposure measurements by log-
matched �ltering [2]. We acquire histogram measurements for each scene from N = 100, 000
trials without additional �ltering in the optical path, resulting in 0.02 s acquisition time per
measurement point at the 5 MHz laser repetition rate. Comparing the best approaches from
Depth and Re�ectivity Error Evaluation section, we compare the proposed method against
the conventional log-matched �lter estimate [2], and Coates pileup correction method [3]
followed by a Gaussian �t.

Figs. 11 and 12 show the ground truth and reconstructions for all scenes and for di�erent
laser impulse responses from the 450 nm Alphalas LD-450-50 laser and the 670 nm Alphalas
LD-670-50 laser, see the Additional Calibration Details section for a comparison of the two
temporal impulse response functions. We have removed the calibration o�set due to the
baseline between camera and sensor for the planar target for better visualization of the
reconstruction error. The measurements show varying pileup based on laser spot position
and response function due to the change in incident intensity based on distance-fallo� and
laser pulse energy. To illustrate the depth dependency, we have acquired the linear stage
measurements at two di�erent distances in Fig. 11. The measurement at 0.5 m distance
su�ers here from signi�cantly more pileup distortion than the measurement at 1 m distance.

Table 5 shows the average absolute error in depth and round-trip time for all of these
measurements. The proposed method outperforms all methods by more than an order of
magnitude in improvement. In addition to the conventional log-matched �lter estimate [2]
and Coates method [3], we also show here Shin [4] applied on the pileup-corrected histogram
data output by Coates method, which adds censoring and background signal suppression
to the basic Coates method. The results validate that the proposed method achieves sub-
picosecond accuracy with relatively long laser pulses larger than 50 ps independent of the
laser pulse shape and independent of the scene shape. Note that the motion stage recon-
structions have a higher average error than the planar target measurements due to the lack
of spatial priors. This validates the performance independent of the scene (sub-picosecond
accuracy is achieved for all scenes), but also demonstrates the performance of the spatial
prior even in this high-intensity scenario, leading to an 2× reduction in average error.

The depth pro�les for the log-step in Figs. 11 and 12 reveal that the increased average
error compared to the planar target occur at two positions where the target contains sharp
edge transitions. At these positions, the depth of two surface patches at di�erent depths
are mixed in the impulse response, making this an ambiguous point with uncertainty in the
log-matched ground-truth measurement. Note that the proposed approach solves here for
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Supplementary Figure 11: Experimental depth evaluation for the 450 nm Al-
phalas LD-450-50 laser PSF (FWHM of 90 ps). Depth pro�les for three di�erent
scenes with photographs in the left are shown in the rows. The �rst two rows show
scanline measurements for a planar and step target, while the last two rows show a
sequence of spot measurements for a motion stage aligned with the optical axis at
the distance of 1 m and 0.5 m. The center column shows depth pro�le reconstruc-
tions for the conventional log-matched �lter estimate [2], Coates method [3] followed
by a Gaussian �t, and the proposed probabilistic reconstruction method. The right
column shows the corresponding absolute error for each measurement. See Table. 5
for the corresponding error analysis.
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Supplementary Table 5: Validation of sub-picosecond accuracy on experimental
data. The average depth and round-trip time error for the scenes from Figs. 11
and 12 is shown, for the 450 nm Alphalas LD-450-50 laser (FWHM of 90 ps) and
the 670 nm Alphalas LD-670-50 laser (FWHM of 50 ps), respectively. We com-
pare here reconstructions for the conventional log-matched �lter estimate [2], Coates
method [3] followed by a Gaussian �t, Shin [4] on Coates-corrected measurements,
and the proposed method.

Scene Target
Laser Wavelength

Planar
450 nm

Log-Step
450 nm

Linear Stage
450 nm

Stage at 0.5 m
450 nm

Planar
670 nm

Log-Step
670 nm

Linear Stage
670 nm

Log-matched Filter Avg. Depth Error [mm] 4.54 2.77 2.79 4.22 3.19 2.65 8.13 mm

Coates [3] Avg. Depth Error [mm] 4.40 2.69 2.65 4.01 3.00 2.49 8.09 mm

First Photon [4] on Coates [3] Avg. Depth Error [mm] 3.39 1.82 1.98 3.56 2.37 2.07 8.00 mm

Proposed Avg. Depth Error [mm] 0.14 0.16 0.24 0.27 0.16 0.22 0.23 mm

Log-matched Filter Avg. Round-time Error [ps] 15.13 9.25 9.31 14.06 10.64 8.82 27.11 ps

Coates [3] Avg. Round-time Error [ps] 14.68 8.96 8.85 13.35 9.99 8.29 26.97 ps

First Photon [4] on Coates [3] Round-time Error [mm] 11.30 6.06 6.58 11.87 7.91 6.89 26.68 ps

Proposed Avg. Round-time Error [ps] 0.46 0.55 0.80 0.91 0.52 0.75 0.76 ps

a single depth estimate consistent with spatial prior information nearby. Aside from such
corner-cases, the proposed method achieves low reconstruction error with sub-picosecond
accuracy for all scanline measurements and translation measurements.

Depth and Re�ectivity Error Evaluation

In this section, we evaluate the performance of the proposed method for a variety of chal-
lenging real-world scenes with highly varying re�ectance and depth pro�les. Photographs of
the test scenes are shown in Fig. 13. The individual scene objects contain complex geomet-
ries, varying materials and re�ectance properties, including highly specular and Lambertian
re�ectors with both spatially varying and uniform albedo. Hence, the intensity-driven pileup
distortions occur with high spatial �uctuation for the given test scenes. We have acquired
histogram measurements using the setup illustrated in Fig. 1 of the main manuscript using
the 670 nm Alphalas LD-670-50 laser. The scene objects are placed at a distance of 1 m to
the detector. For all scenes, we capture a ground truth reference measurement with a 5%
Neutral Density �lter in the laser path which suppresses pileup distortions by damping the
source intensity. To minimize shot noise �uctuations at the low count rates resulting from
the ND �lter, we acquire very long sequences of 6 s length per spot at 4 MHz laser repetition
rate. We scan every scene at a spatial resolution of 150 × 150 laser spots. Hence, a full
reference measurement is acquired in 150 · 150 · 6 s = 37.5 h per scene. The ground truth
depth is extracted from this long-exposure measurements using log-matched �ltering [2] with
the impulse response calibrated using a planar target captured under the same acquisition
settings, and hence una�ected by pileup. The target measurement, which serves as input for
the proposed method, is acquired without any ND �lter in the optical path. Similar to the
previous single-spot measurements, we acquire N = 100k trials at 5 MHz repetition rate per
measurement spot, resulting in 0.02 s acquisition per measurement point. For a full scan,
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Supplementary Figure 12: Experimental depth evaluation for the 670 nm Al-
phalas LD-670-50 laser PSF (FWHM of 50 ps). The same scene as in Fig. 11 are
shown here. See Table. 5 for the corresponding error analysis.

this setting translates to 7.5 min capture time in this sequential acquisition mode. Note,
that the laser power in our experimental system at an average power of 0.125 mW is an
order of magnitude below that of commercial systems, including the Velodyne HDL-64E and
HDL-32E systems at an average power of 2 mW for each channel, and also well below the
eye safety limit. Moreover, following previous approaches [1], we are sequentially acquiring
the individual measurements to facilitate the acquisition of 2D measurements with our single
detector. We note that emerging SPAD arrays are starting to be available at relatively high
resolutions [14], hence allowing for parallel acquisition in �ash Lidar systems in the future.
Finally, to validate the performance of the proposed method in the low-�ux regime as in the
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Low-Flux Evaluation section, we acquire a third low-�ux measurement using a 1% Neutral
Density �lter resulting in a very low per-spot count, e.g. less than 5 for Fig. 14.

For each scene, depth and albedo reconstructions, and the corresponding error maps in
the high-�ux and low-�ux regime are visualized in Figs. 14 - 18. Note that, in contrast to
the previous section which validates the performance of the proposed method in the absence
of spatial priors, we show here reconstructions using the proposed depth and re�ectance
priors. We show perspective renderings of the point cloud reconstructions along with error
maps for the ground truth depth measured as discussed above. These results verify that the
proposed approach achieves high-quality depth and albedo reconstructions for a wide range
of scenes despite the substantial pileup distortion present in the measurements. The e�ect
of pileup becomes apparent in the error map for the log-matched �lter estimate [2] with
more than 10 mm error depending on the scene. In contrast, the proposed method achieves
sub-picosecond accuracy independent of scene depth and re�ectance. Fig. 14 shows a scene
with varying albedo and depth, Fig. 15 contains depth variations and uniform albedo, the
scene in Fig. 16 is composed of cluttered scene geometry, Fig. 17 shows reconstructions for a
highly specular copper coin surface, and Fig. 18 demonstrates results for the back side of the
coin painted with matte primer. In all of these scenarios, the proposed approach recovers
extremely �ne features. The �ne text on the bottom of the coin in Fig. 17 has a depth of
less than 0.2 mm, measured with a coordinate measurement system, which is recovered by
the proposed method. The depth pro�le of the Lincoln bust on the matte backside of the
coin in Fig. 18 ranges between 0.05 mm and 0.3 mm and is faithfully recovered as visualized
in the color-coded depth visualization in the center column of Fig. 18.

For all scenes, we have compared the proposed method against the best approaches
identi�ed in the Depth and Re�ectivity Error Evaluation section, for both the high-�ux and
low-�ux scenario. Speci�cally, we compare the proposed method against the conventional
log-matched �lter estimate [2] and Coates pileup correction method [3] followed by a Gaussian

Bas-relief SyntheticAFlowerABouquet StatueAofADavid CopperACoinAReplica DiffuselyAPaintedACoin

ScenesAforAExperimentalAAssessment

Supplementary Figure 13: Photographs of the scenes used in the experimental
validation of the proposed approach. The scenes contain objects with complex
shapes, e.g. synthetic �ower scene, varying re�ectance properties, e.g. metallic
coin with highly specular re�ectance, and varying albedos, e.g. painted bas-relief.
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�t. The experimental error map results validate that the proposed method outperforms all
existing methods by an order of magnitude in accuracy. We achieve sub-picosecond temporal
resolution with relatively long laser pulses larger than 50 ps and independent of the scene.
Note that this is in contrast to existing methods which do not account for pileup and hence
su�er from strongly scene-dependent resolution.

In addition, we have also experimentally validated the proposed method in the low-
�ux regime in Figs. 14 - 18, previously evaluated in simulation in the Low-Flux Evaluation
section. Speci�cally, we show error maps for the low-�ux measurement for the �rst-photon
imaging method [4] and the proposed method applied to the same low-�ux measurement
data. While the average error is substantially larger than in the high-�ux range, matching
the simulation results from the Analysis Section, the proposed method reduces the error by
up to an order of magnitude for scene points, such as in Fig. 15. For areas with counts so low
that the method only relies on the spatial prior, such as a few low-albedo regions in Fig. 14,
the residual error is on par with the �rst photon imaging approach. However, across all test
scenes, temporal resolution increases by a factor between 2× and 10× in the low-�ux regime.
While existing imaging methods tailored to this scenario, including [4], perform denoising,
deconvolution, peak-�tting, and histogram correction, as separate stages of a pipeline, these
experimental results validate that jointly solving these tasks in the proposed probabilistic
inference framework improves resolution by an order of magnitude in both, the high-�ux as
well as low-�ux measurement scenario.

For a �xed target accuracy, the proposed method improves acquisition times in both
high-�ux and low-�ux scenarios. Regarding high-�ux cases, which are a�ected by pile-up,
competing approaches would need to eliminate pile-up by reducing the incident sensor illu-
mination by a factor of at least 20×. In our experiments, the reference measurements were
acquired using a 5% Neutral Density �lter, which eliminates pileup but also reduces the
signal photons by the same factor. Hence, in this scenario, the proposed method improves
acquisition time by about 20×. In low-�ux scenarios, the joint optimization approach also
improves accuracy by an order of magnitude as detailed above. In this regime, the measure-
ments are Poisson-distributed, see the Image Formation Model section above, and improving
the signal-to-noise ratio by 10× requires quadratically increasing the acquisition time, that
is by a factor of 100×.
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Supplementary Figure 14: Experimental results and error analysis for the �Bas-
relief� scene from Fig. 13. Perspective point cloud renderings of depth and albedo are
shown for two di�erent camera positions in the top two rows. While the recovered
re�ectance is shown as point-intensity in the left plots, the right plots additionally
color-code the error according to the color map in the bottom right. The bottom row
visualizes the corresponding orthographic depth error maps comparing: conventional
log-matched �lter [2], �rst-photon imaging [4, 1] on a low-�ux measurement of the
scene, the proposed method on identical low-�ux measurement, Coates method [3]
followed by Gaussian �t (on high-�ux measurement), and the proposed method.
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Supplementary Figure 15: Experimental results and error analysis for the �Statue
of David� scene from Fig. 13. Perspective point cloud renderings and orthographic
error maps are shown analogue to Fig. 14.
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Supplementary Figure 16: Experimental results and error analysis for the �Syn-
thetic Flower Bouquet� scene from Fig. 13. Perspective point cloud renderings and
orthographic error maps are shown analogue to Fig. 14.
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Supplementary Figure 17: Experimental results and error analysis for the �Cop-
per Coin Replica� scene from Fig. 13. Perspective point cloud renderings and ortho-
graphic error maps are shown analogue to Fig. 14.
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Supplementary Figure 18: Experimental results and error analysis for the �Dif-
fusely Painted Coin� scene from Fig. 13. Perspective point cloud renderings and
orthographic error maps are shown analogue to Fig. 14. In addition, point cloud
renderings with the depth color-coded are shown in the center column of the top two
rows, which highlight the �ne depth pro�le of the Lincoln bust pro�le recovered in
the center of the coin.
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