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Factoring N =15 =5 x 3

Define p = (211)2 = 21 2+ 1,q = (vow31) = 22 % 22 + 23 2+ 1,1; € {0,1}), p and ¢ are prime numbers.
The cost function is

[z, 22, 23)
= (N —pg)?
= [15— (g %2+ 1)(z3 %22 + 29 %2+ 1)]?
= 128x1x9x3 — 56129 — 481123 + 162923 — 5221 — 5229 — 9623 + 196.

Use the replacement in Eq[T]} we got

[ (@1, w2, 23, 4)
= 128(xz4x3 + 2(x122 — 22124 — 2x2x4 + 324)) — H6x1T2 — 487123 + 162223
—52x1 — 52x9 — 9623 + 196
= 200x1x9 — 48x123 — 512x124 + 162923 — 5122924 + 1281374
—52x1 — 5229 — 9623 + 76814 + 196.
with

min f(zl,x2,$37x4) = minf/('rlvx27x37x4)
T1X2=T4

because the coefficient of x1x2x3 term is positive.

Then we do variable replacement using x; = 1_25"' ,0=1,2,3,4
f’(fl,IEQ,SC?,,M)
1—-511—s 1—s511—s: 1—s511-—35 1—521—s
= 200 21 22—48 21 23—512 21 24 16 22 23
—5121_2‘921_284+1281_2‘931_254—521_281—521_282
9618 4 76815 4 196

= 11651 + 100s9 + 24s3 — 16054 + 508159 — 125153 — 1285154 + 45983 — 1285954 + 325354 + 298

= 2g(s1,52,53,54)
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9(s1, $2, 83, 84) is the energy function of

Hp(oM, 0,0, 0lV)
= 580N 4500 + 120 — 800 +250(V6P — 60(V6®) — 640V 4 2063 — 645D 51
+160P M) 4+ 1497

Factoring N = 143 =13 x 11

We get the following equations for each blocks from multiplication table for factoring 143.

(p2+pigr+q—(caxd4+c1 x2)x2+(p1+q) = (11)2=3
(g1 +p2ga+p1+cea—(caxd+e3x2)x24+ (1+pegi+p1ga+1+c¢1) = (01)2=1
(I4c4) x2+ (g2 +p2+c3) = (100)2 =4

They could be further simplified as

2py +2p1q1 +2q2 —8co —4e1+p1+q1—3 = 0
2q1 + 2pago + 2p1 + 2¢p — 8cq — 4c3 +paqi +p1g2+c1+1 = 0
qQ2+p2s+cz+2ca—2 = 0

We define the cost function to be squares of the left of equations. That is

f(p1,p2, 91,42, ¢1, €2, €3, C4)
= (2p2 +2p1q1 +2q2 — 8¢y —4c1 +p1 + @1 — 3)2 + (2q1 + 2page + 2py + 2¢0 — 8¢y — des + poqy + prge + ¢ +1)2
+(g2 + p2 + c3 + 2c4 — 2)?

Expand and simplify the function using the property 22 = z for x = 0, 1. Then reduce the higher order terms to two
order terms according to the following rule noticing that there will be negative high order terms:

{xlxgxg = x4x3 + 2(z120 — 22174 — 2004 + 3x4) if T4 = T129

T1T2x3 < T4X3 + 2(3715(}2 — 22124 — 22074 + 33?4) if 4 # 2122

d —XT1T2x3 = —T4T3 + 2(3?15(}2 — 21124 — 22074 + 33?4) ifzy = 129
an
—X1T2T3 < —T4T3 + 2(3’31.132 — 2.13133‘4 — 2.132])4 + 333‘4) if Tq 7’5 X1To

So the negative term —x1zsx3 could be transformed to quadratic term in the same way as the positive term xqx2x3.

The cost function could be minimized as long as the transformed one is minimized

min(xi1zow3) = min(xgzs + 2(x120 — 20124 — 2224 + 324) (1)

min(—z12223) = min(—z4xs + 2(z122 — 20124 — 20224 + 324) 2)

Replace p1q; with t1,p1 g2 with to, page with t3, p2q1 with t4, using the variable replacement rule if the coefficient of
the term is positive or negative respectively. The cost function becomes

f(p1,p2,q1,q2, c1,C2, €3, Ca, L1, to, t3, 1)

= 43¢y + 120¢s + 5c3 + 44eq + 3p1 — 1lps + 3qn — 11go + 444t + 252t5 + 372t3 + 252t4 + 68c1co — 8cqc3
—16¢1c4 — 16¢c3 — 32¢9¢4 + 68c3c4 — dcipr — 16¢1pa — 8copr — 32¢copa — 16¢3py + 2¢3p2 — 32¢4p1 + 4eapo
—4c1q1 — 16¢1q2 — 8caqr — 32¢2q2 — 16¢3q1 + 2¢3q2 — 32¢4q1 + 4caqa — 16c1t1 + 2¢1t9 — 32¢ot1 + 4cqts
+4coty + 2¢1t4 + 8cots — 8csto + deaty — 16¢sts — 16¢4to — 8cgty — 32¢4t3 — 16¢4ty + 4p1po + 158p1q1
+95p1q2 + 95p2q1 + 142paqe + 4q1g2 — 296p1t — 168p1ts + 12paty + 12pote — 248pats — 168paty — 29641t
+12¢got; — 168gate — 1681ty — 248qats + 12qoty + 2t1t3 + 14



P1 P2 @1 g2 €1 C c3 c4 t1  ta t3 2
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Then we do a variable transformation to make the variable in the domain {-1,1} using z; = 1_73’ if we let z; =
P1, T2 = P2,...y T12 = Uy

F'(p1,p2, 41542, €1, C2, €3, as t, ta, U3, 1)
= 2f(p17p2aQI7Q27017027037C4;t1;t27t3at4)

= (26181)/2 + (21552)/2 + (26183)/2 + (21554)/2 - 4155 — 8286 + 357 + 688 - 13789 — 81510 - 107811 - 81812

425189 + 795183 + (958184)/2 + (958283)/2 — 25185 + T1sgsy — 4518 — 88955 + 25354 — 85157 — 165986
—28385 — 1658158 + S287 — 45356 — 85455 — 1485159 + 25958 — 88357 — 165456 — 8451519 + 65289 — 165358

45457 + 345556 + 652510 — 1485359 + 25458 — 45557 — 12459511 + 65459 — 85558 — 85657 — 8459519 — 8454510

788589 - 165658 - 8453812 - 12454511 + 85810 — 168689 + 345758 + 654512 + 285511 + 256510 + 85812 + 486811

—4s7510 + 256512 — 857511 — 888510 — 487512 — 1658511 — 888512 + 89511 + 808
This corresponds to Ising Hamiltonian with local fields

Ugl) CTEQ) CTS’) 0§4) 0,(35) Jgﬁ) 0_27) 0_28) 0_29) 090) Ugll) Ung)

h' = (130.5 107.5 130.5 1075 —-41 —-82 3 6 —137r —-81 —107 —81)

and coupling terms:

ng) O_g2) 0_23) 0&4) 0'§5) 0_26) 0,(37) J/28) O_S)) Uglo) O_gll) o_ng)
ol 2 79 475 -2 -4 -8 —16 —148 -84 0 0
o? 475 71 -8 —16 1 2 6 6 —124 -84
o 2 -2 -4 -8 —16 —148 0 0 -84
o® 8§ —16 1 2 6 -84 —124 6
o 34 -4 -8 -8 1 2
5 ol® -8 —16 -16 2 4 2
ol 34 0 -4 -8 4
o® 0 -8 —16 -8
o 0 1 0
o1 0 0
0',(211)
ngz)
Range of Coefficients

Define the lengths of p and ¢ as I; and [, respectively. Let [; = % = O(log(N)) and Iy = w = O(log(N)).
Suppose each block contains 3 columns as in Table 2 for factoring 59989. Then the sum for one block is not larger than
(la+1)4+2(la+1)+4(lo+1) = Tl2+ 7, assuming all unknown bits in p and ¢ are 1’s and all carries from the block on
the right hand side are 1°s. Thus, the length of the sum for the current block is at most log(7l2 +7) = O(log(log(N))).
Therefore, the length of the carry from the sum of current block is at most log(7la+7)—3 = O(log(log(N))). Because
the length of the carry plus the width of the block (which is 3 in this case) determines the range of the coefficients



in the cost function, the maximum coefficient in the cost function corresponding to one block is (20 (09(leg(N)))2 —
O((log(N))?). This square comes from transforming the equation for each block to a square that makes the equation
hold. (See Sec.2 for examples of these equations.) There are approximately % blocks in total for this example,
such that the coefficient in the combined cost function containing all cost functions for each block is no larger than
% * O((log(N))?) = O((log(N))?). Note that for the majority of cases, this becomes O((log(IN))?) because
most of terms in different blocks are different. Since the variable replacement only effects the scale of the range of the
coefficients linearly, the coefficients of the final quadratic cost function are polynomially large with regard to the size

of N, the number to be factored.



