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SI 1. Wave-packet reversal complexity

Let a charged particle have one dimensional wave function ¥)(z) = \/p(x)e*?®). Consider
a fluctuating electromagnetic field potential V' (z,t) of the electromagnetic field which is ap-
proximated by the N-cell stepwise function V' (z,t) = 22;1 I,(x)V(zn,t), where I,,(x) is an
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indicator function of the cell with the index n. Let us assume that during the short time in-
terval a relatively strong non-homogenous fluctuation has emerged and the wave packet 1)(x)
acquires the coordinate dependent phase shift ¢(x) — 1) (x) = 1(2) exp(i 3, I,(2)¢n), where
¢ = [dteV(xp,t)/h. Consider then the specific fluctuation with ¢, (z) = —2¢(x,,) which
drives the original wave packet ¢ () into its approximate complex conjugated form ¢*(x). The
accuracy of such a conjugation procedure is defined through the overlap of the exact conjugated
state 1»* () with the approximate conjugated state 1*(z), S = (¢*(z)[¢*(x)),

S = Z/da: L,(z)p(z) 2 p@—e@n) (1)
n=1

Then the probability of the correct reversion is given by |S|?. Assuming that the particle density
p(z) changes slowly on the scale of large fluctuations of the particle phase ¢(x) one arrives at

1 N
’S|2 ~1-— g Zp(xn)(;xn [Qol(xn)él’n}27 (2)
n=1

for the sufficiently small dx,, of the cells defined through the condition g(x,,) = ¢'(z,)dz, < 1.
Then the error probability € of the incorrect conjugation of the wavepacket is given by |S|> =
1 — € and in the continuous limit one has

1

€= g/dxp(x) g*(z). 3)

Let us now find the number of cells N needed to approximate the electromagnetic field com-
plex conjugation procedure with a given error probability level . From the definition g(z) =
¢'(x)dx one has

/
N:/da: ()] )
g(x)
Minimizing the functional N[g(z)] under the constraint Eq. (3) one finds
A3 () 1/2
N = (5w = [ (P @p) 0
Generalization of the above result to a d-dimensional case is straightforward
A()\ /2 - 1220 o \d/(d+2
M= 2@ (D) aw) = [t (w@pee )1 ©

Applying these results to the wave packet given by the Eq. (1) of the main text, one obtains
AW) ~ (hr/m)?? [ dx(f*(x)2?)"/3. We assume that initially at 7 = 0 the wave packet has
the size L, so that f2(k) ~ L for |[k| < 1/Ly and, therefore, A(¥) ~ (L,/Ly)*? where
L, = hr/mLy is the size of the wave packet after the free evolution during the time 7. There-
fore, the number of the elementary cells needed to arrange the electromagnetic potential fluc-
tuation which reverses the dynamics of a one dimensional wave packet is linear in 7 since
N ~ 121, /Lo, see also (S1). For a d-dimensional wave packet the number of cells grows
polynomially with 7 as N ~ e~ %2 (L. /Lg)".



SI 2. Reversal of the qubit register dynamics

Let the forward time dynamics of the n-qubit register state |¢(t)) = Zij\gl Y;(t)|7) be governed
by the Hamiltonian H, ihd,|(t)) = H|t(t)). The time-reversal symmetry of the Schrodinger
equation implies that if there is a forward time solution [¢/(t)) then the backward time solution
() o

— th|y(t)) = H|y(#)) (7
also exists and is uniquely defined through the forward time solution via the time-reversal oper-
ation R such that [¢(t)) = R[4 (t)). The time-reversal operation R is an anti-unitary operation:
(Ripy|Rbs) = (11 |15)* and can be presented as a product R = Uz K of some unitary operator
Up, and the complex conjugation operation K which we define with respect to the computational

basis |7) of the qubit register as
K(Xwiliy) =Y wili). ®)

Substituting |¢)(t)) = UK |1(t)) into Eq. (7) one finds

ind (1)) = (URHUR)"[0(1)). ©)
and therefore the unitary operation Up has to satisfy a relation,
H= (U HUR)". (10)

The relation (10) defines the unitary Ug. Indeed, the hermitian operator H can be represented
in a form H = U ! EUy, where F is a real diagonal operator and Uy is unitary. Then it follows
from the Eq. (10)

Up = ULU;,. (11)
The forward time evolution operator U () = exp(—iH /k) applied to the time reversed state
[4(7)) drives it into the new state

0()l(r)) = Rl (0)). (12)
Indeed,
OEI) = exp(—1 7 )Oak exp(—1 A7) [0(0) (13
_ exp(_%m) exp(+%z73ﬁ*0;7)é\w<o>>.

Making use of the explicit form of the U r operator, see Eq.(11), one has U Rﬁ tf]; — H that
proves Eq. (12). Therefore, in order to restore the original state |¢/(0)) from the time-evolved
state |¢)(7)) one has to apply the following sequence of operations

[0(0)) = R U(r)RIW(7)). (14)



SI 3. Optimal phase shifts arrangement

Here we outline an optimal arrangement of the state selective phase shift operations (i%(gp) =
|4) (i|e"? entering the complex conjugation operation (% = H?igl ®;(—2¢;) for the qubit state
) = S22 hiletii). Let us consider 282 operations ®; with index k having the same
values of two highest bits by = b, = 1: k(K') = 2" '+ 2" 2 + K, K/ = 0,...,2"%2 — 1.
Then in the product Hizg_l i)k(—Zgak) one needs to check the values of the bits b, and b; only
once, and this reduces the number of Toffoli gates. This recipe can be recursively repeated for
the next lower bits by, b3 and so on, see Fig. 1B. Then the resulting quantum circuit comprises
the sequence of nested blocks or subroutines A5, 5, , O Ait1bs. b, 2 -+ O Al 16, ,
where each subroutine A; 1, 5, _, performs the controlled phase shift on all components |k)
with first m highest bits equal to 1. As follows from the Fig. 1B, the subroutine A1 4, 4, _,
involves two subroutines of the next lower level A1 1s,.,,..6,, and A1 b, 1.6, > and two
additional Toffoli gates that are needed to check the value of the bit b,,,1. Therefore, the
number of Toffoli gates V,, [Anmlbmmbn_l} needed for the implementation of the subroutine
Ai1.1b,,..6,_, Obeys the relation Ny, [»All...lbm.“bn,l} = 2+ 2Ny, [A11...1bm+1...bn,1] with the
boundary condition Ny, [All...lbn,l} = 2, that gives N,, [Anbg...bn,l] = 2" — 2. The full n-
qubit complex conjugation procedure U 15}2) involves four different qubit subroutines Agop,.. b, ;>

Ao1by..b,_, and so on. This, finally, yields Ny, [[A]f)} = 4(2" — 2) and hence Ng [Uf)] —
24(2" — 2) ~ 24N

SI 4. Boolean function time-reversal algorithm

Here we describe the time-reversal procedure of a qubit register based on the arithmetic repre-
sentation of a n-qubit Boolean function,

L bo=b1=-=b1=1
0, overwise '

bn_l/\bn_g/\"'/\b():{ (15)

We find the minimal number of CNOT gates needed for the implementation of this procedure.
Let us start with the two-qubit situation where one wishes to reverse the general two-qubit state
1hg) = €"90|00) + €™1|01) + ?°|10) + e***1|11). This requires to implement the complex
conjugation procedure, which for a given state can be realized by the two-qubit unitary operation

Ky, = Z e~ 290100 |by by ) (bybo| = 6721'}%(61,170)’ 16)

bo,b1=0,1
where F'(by, b) is the two-qubit Boolean function of the form
F(b1,by) = oo b1 Abo + @10 b1 Abo + o1 b Abg + 11 by A by, (17)
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and b; denotes the logical negation of the bit b;, b; = NOT(b;). Making use of the arithmetic
representation of b; A by, see Eq. (4) of the main text, one finds

- _ po1ten Y10t+®Yooz | ProtPn Yo1t+¥io7

F(by,by) = 5 by + 5 bo+ 5 b1 + 5 b1
+ + P01
— PR b @ by — H L G, (18)

where by & by denotes a bit summation by modulo 2,

O, bozbl
]-7 bo#bl

The first four terms in the Eq. (18) correspond to the one-qubit state dependent phase shifts
and can be realized only via the single-qubit gates

T(a)z(ée?a>, X=($é> 20)

available on the public IBM quantum computer. The last two-qubit terms in Eq. (18) will
require two-qubit CNOT gates. The overall quantum circuit which realizes the unitary operation
exp [—QiF(bl, bo)] is described by the following sequence of unitary operations

by @ by = { (19)

exp[—2iF(b1, by)] = CNOTy; - [TXTxl (oo t+@11, Pro+po1) ® 10] -CNOTy; (21)
: [TXTX1 (—p10—11, ~Po0—o1) ® TXTXo(—po1 — 11, ~p10— 9000)} ;

where TXTX; (¢, @) = Ti(¢)X:Ti(p)X; is a single-qubit unitary operation which adds spec-
ified phase shifts to the state components of the ith qubit: TXTX;(p, @) (a|0i> + b|1i)) =
ae®|0;) + be?|1;). The corresponding quantum circuit is shown in the Fig. 1D and involves
only two CNOT); gates, where |by) qubit serves as control bit and |b;) as a target.

The above two-qubit complex conjugation procedure can be further extended onto a general
n-qubit state. As follows from the Eq. (4) of the main text, the quantum circuit performing
complex conjugation of a given n-qubit state requires (g) two-qubit operations,

_ j—; 5 bil EB biQ - 1 . .
CTXTX, 5, (0, 0) = { T Eg; b @b, —0 I <4y <ip <n, (22)
() three-qubit operations,
_ T (@), by @by, @by =1 .
CTXTX,,ipis (0, 0) = JANT 2 3 , 1<y <ig <3 <, 23
2is (5 P) {Ti(@% bi, @ by, © by, — 0 1 <1z < i3 (23)

and so on. The general n-qubit operation CTXTX;, ; (v, @), 1 < i1 < iy < -+ < iy i8S
implemented with the help of 2(n — 1) CNOT gates as shown on the Fig. S1. Therefore, one
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TXTX

Figure S 1: The quantum circuit which implements the four-qubit quantum gate CTXTXg;23.
One can check that for any computational basis state |b3bob1bg) the state of the elder bit by is
given by by & by & by @ bs right after the first ladder CNOT gates. The remaining symmetric half
of CNOT gates is required in order to restore the original quantum state of the qubit register.

might conclude that in total 2> _,(k — 1)(}) = 2"(n — 2) + 2 CNOT gates are required in
order to implement a n-qubit time-reversal procedure.

However, the number of the CNOT gates can be reduced as far as some of operators CTXTX;,;,...
can be grouped together. Consider, for example, the unitary operation CTXTX;5 - CTXTX23.
Its straightforward implementation requires 4 + 2 CNOT gates. A more savvy arrangement is
shown in the Fig. 1F of the main text. There the computational state of the second qubit b; right
after the first CNOT); gate is given by b; @ b,. This enables one to implement the controlled
phase shift CXTXT; right after the first CNOT ; operation. At this moment, one need not to
restore the original bit values by and b; but rather to add the second CNOT », set the third qubit
bs into the state by & by @ by, and to implement the controlled phase shift CTXTXj ;2. Hence the
unitary operation CTXTXy; - CTXTXg;2 will require the same number of CNOT gates as the
operation CTXTX;, alone. As a result, the complex conjugation operation of a given 3-qubit
state can be implemented using only 8 CNOT gates as shown in Fig. 1F.

The above CNOT optimization technique can be easily generalized to a n-qubit case. Con-
sider a product CTXTX;, ;, - CTXTX, i - CTXTX;, igigiy - - - CTXTX;, i0isi4...5, Where a sequence
of nested strings of the qubit indices 2179 C 19923 C - -+ C 91821304 . . . i, are formed by adding
an additional index to the right hand side of a previous string. Then the implementation of this
product requires the same number of CNOT gates as the largest CTXTX;, ;,i4:,...i,, factor of the
product. This observation lets us find a number of CNOT gates Ng [Rn} needed to implement
the complex conjugation unitary operation K, ofa given n-qubit state.

Let us assume that N [Kn,l] for an — 1 qubit register by . .. b, is known. Let us add an
additional qubit line by and find how many additional operations CTXTX(15 . . . ) one needs in
order to complete the complex conjugation task for n-qubit register b . . . b,_;. Obviously any
such additional operation CTXTX; has its parameter string s = ; . . . 7; starting from the index
0, i.e. 71 = 0. Consider for example n = 4 case. Then there are seven additional operations,

CTXTX103 - CTXTXg15 - CTXTo13 - CTXTX g - CTXTX; - CTXTXg - CTXTX 3. (24)



Making an optimization procedure one can group these operations as
(CTXTX01 CTXTXo1s- CTXTXmgg) : (CTXTX02 -CTXTX023> .CTXTX15-CTXTXy3, (25)

and hence

Ng [K4] = Na [CTXTX 193] + N [CTXTXo23] + N [CTXTXo15] (26)

+Ng [CTXTXg3] + Na[K3],
where Ng [CTXTXS} is the number of CNOT gates needed for the operation CTXTX,. One
can note, that only generalized operations CTXTX with the inputs strings s = iy . .. %, where

first and last indices are equal to 0 and 3, respectively are counted for the total number of the
CNOT gates. Therefore, for a general case, the following relation holds

Ns[K,) = No[Ko1] + No [CTXTXy, ] + > No[CTXTXy, ] (27)
1<ki<n
+ Y Ne[CTXTXikkpn] + -+ + No[CTXTX |
1<ki<ko<n
. n—2 _9 R
= Ng|[Kna] +) 2(k+1) (" L ) = Ng [K,—1] +n2"72, (28)
k=0

and, therefore,

~

Ng (K] =(n—-12"" n>1 (29)

SI 5. Simulation of scattering on a two-level impurity

Here we discuss a spinless particle which scatters on a two-level impurity (TLI). The free dy-
namics of the TLI is governed by a Hamiltonian

A~

H; = hw (cos() 6, + sin(a) 6,). (30)

The scattering process is described by the 2 X 2 scattering matrix S;, i = 0,1 whose form de-
pends on the impurity state. The quantum state of the particle-impurity system can be described
as the two-bit state [1)) = >, o Appy|b1) @ [bo) where the first qubit describes the TLI and
the second one describes the propagation direction of an incoming/scattered particle. Let the
system start in the state |1/(0)) = |0) ® |L) with the particle coming from the left. Let after
the time 7 > 0 the particle be scattered on the TLI. The resulting state |¢)(7)) is generated by
the sequence of unitary operations [¢)(7)) = S, - [Ui(T) ®1][4(0)), where the unitary operator

Ui(t) = exp (—zf]iT /1) describes the free evolution of TLI and
Sy =10)(0] @ So + [1){1] ® Sy 31)
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describes the state dependent scattering process of the incoming particle. The unitary operator
Ui(T) = exp [—in(&m cosa + 0, sin oz)} is symmetric. In the absence of the magnetic field,
the scattering operator .5, is symmetric as well. Let the state freely evolve after the scattering at

the t = 7 during the same time period 7. Then the resulting state |1/(27)) = [Ui(7) ® 1][)(7))
can be generated from the initial state |1/(0)) by the symmetric 2-qubit unitary operator

UQbit = [UI(T) X 1} . g¢ . [UI(T) X 1} . (32)

Therefore, as we have already discussed in SI 2, the time reversal procedure of the 2-qubit
state [¢)(27)) requires only the unitary implementation of the complex conjugation operation
[(2r)) = | (2r)). A

Our goal is to implement the unitary operation Usy,;; via the set of quantum gates available
on the IBM public quantum computer. The only available two-qubit gate is the CNOT,,_;, gate,
where b, the qubit serves as a control and b; qubit serves a target. Among the standard 1-qubit
gates we will need two available generalized 1-qubit gates: the relative phase shift gate T(a),
introduced in the SI 4 and the full 1-qubit unitary rotation

A

Us(0,a,8) = T(a) - R(9) - T(B), (33)
where , o
- coss —sin?

R(0) = ( sing cos Q2 > ' (34)

Any 2 X 2 unitary matrix U can be represented in the form (33) up to some phase factor:
U = ¢Us(0, v, B). In particular, any symmetric 2 x 2 unitary matrix U = U has the form

e¥Us(0, o, a+7). Therefore, a given set of matrices U (1), Sy and S; entering into the definition
of the model can be presented as

Ui(r) = °Us(&,m,n + ), (35)
S; = 15’U3(9i, i, i +m), i=0,1. (36)

The phase exponent ¢® gives only a trivial common phase factor for the system state and will
be omitted in what follows. Without any loss of generality we assume dy = 0 as well.

Next, let us construct the 2-qubit operation S’¢ using as less CNOT gates as possible. It turns
out that S‘¢ can be constructed with the help of only two CNOT gates. Indeed,

3, = (|1><1| ® S50+ 10)(0] ® 1) 1@ 8] = M (918)) - 1@ 5], 3D

where A, ,, (W) is a controlled TV -gate,

5 by @ Wb by =1
Ao (W)([be) @ [01)) ={ }bciglbﬁ‘ g =0 (38)



The unitary matrix W = 5;.5) = ¢ U;(6

(0, «, B) can be represented as,
~ e a o ) . 0 - R _
W= e“ﬂ%ﬁ)T(a)R(? Gy R(—é)T(—a ; By 6.7 > 4. (39)

The advantage of the latter representation is that if one replaces in the Eq. (39) two Pauli matri-
ces g, by the identity operator, one gets a phase shift exp[i(d + QTJ“B)] only. Therefore,

- . a -+ ~ 0
Mougn) =[76+ 25 2) 01055, 0,0)] (o)
~ (9 o+ ~ —Q
‘ONOT, o° [1 ® U3(—§a 0, ——ﬂ)] - CNOTy, p, - [1 ® T(BT)],

and the whole evolution operator, see Eq. (32) can be presented as,
UQbit = [03(§7 n,n+ W) ® 1} ’ Abhbo(glg(];) ’ [03(57 n,1m + 7T) ® 03(007 Yo, Po + Wﬂ .41

The corresponding 2-qubit quantum circuit is shown on a Fig. 1C.
Similarly, we consider a 3-qubit model describing the scattering of two particles on a TLI.
We assume that particles arrive to the TLI with the time separation 7,

U = [Oi(r) @ 1@1] - [J0)(0] @ 1@ Sy + [1)(1] © 1 @ 1] (42)
Oin@1e1]-[|0)0@SHel+|1)1esSel] [Ur)ele1l],

where the first (eldest) bit describes the state of the TLI and the second and third qubits describe
the scattering state of the first and second particles correspondingly. The quantum circuit which
implements the evolution operator Usy,;; is shown in the Fig. 1E of the main text.

SI 6. Time-reversal experiment

In the simulation experiment we choose fixed scattering matrices of the two-level impurity

(TLI),
. 1 V3 . V3 1,im/3
So = iﬁ _zl , S = lez‘Qw/?) _\2/_562m/3 ) (43)
2 2 2 2

for the |0) and |1) impurity states correspondingly. Then the state dependent scattering operator
Sy, see Egs. (37) and (40), is given by the following sequence of quantum gates,

Sy~ [1® Us(0.723,—~1.27)] - CNOT} 5 - [T(1.047) @ Us(—0.723,0, —0.523)] (44)
CNOT»[1® T(1.761)] - [1® Ug(%ﬁ, 0,7)],



where the first (control) qubit describes a state of TLI and the second (target) qubit describes a
scattering state of the particle, Ug(Oé, ©, A) and T () are generalized one-qubit gates available
on the IBM quantum computer.

The free evolution operator Us(7) = exp(—iH;7/h) with H, = hw(cos a &, + sinad,) is
parameterized by two parameters w7 and «. The unitary operator Uj(T) is symmetric and for a
fixed values of wT and « can be presented in the form,

Ui(r) = e°Us(&,mn +7), €= Ewra),n =n(wr,a), (45)
where ¢? some phase factor which changes only an overall phase of the qubit register; ¢ and 7
are parameters which uniquely defined by w7 and «. In the following we choose wr = 7/6 and
vary the parameter « among four values 7 /6, 7/4, 7/3 and 7/2 with the corresponding gate
parameters,

o~
Q
o
o
S

>t

3

~ —1.107, (46)
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The occurrence rates of the computational basis states for 2-qubit and 3-qubit experiments
are shown in Tables 1 and 2 for the different input parameters of the model. The 2-qubit ex-
periment used ¢; and ¢, qubit lines of the ‘ibmgx4’ five qubit quantum processor. The 3-qubit
experiment used in addition a gy qubit line. In both experiments the ¢» qubit line has modeled
a state of TLI. The calibration state of the quantum computer was the same for all experiments.
The qubit’s relaxation times 77, coherence times 75, readout errors €, and one-qubit gate errors
€1 for each qubit line are shown in the Table. 3. The errors of the CNOT gates CNOT g 40,
CNOTy2,41 and CNOT 4 used in the experiments are €00 = 1.91%, €01 = 2.68% and
€g10 = 1.70% respectively. These processor’s state parameters allows us to estimate a theoret-
ical value of a time-reversal fidelity F' = |(0...0|i) |2, where |¢),) is a final state of the qubit
register. For the used gate arrangement one has,

Fii = (1= go1)°(1 = 1) (1 — €9) ~ 79.6% (47)
F?f%)lﬂor = (1 — 6921)6(1 — 6920)6(1 — 6910)4<1 — 67.0)(1 — 67‘1)(1 — 67.2) ~ 634%, (48)

while the experimentally observed values of the time-reversal fidelity are shown in Tables. 1
and 2.
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Table 1:

wT o' |00) | [10) | |01) | |11) F
w/6 | w/6 | 6949 | 437 | 562 | 244 | 84.8 £0.4%
w/6 | /4| 6916 | 440 | 576 | 260 | 84.4 + 0.4%
w/6 | /3| 6983 | 370 | 560 | 279 | 85.2+ 0.4%
/6 | /2| 6950 | 338 | 551 | 353 | 84.8 +0.4%
Table 2:
wT a | ]000) | |001) | |010) | |011) | |100) | |101) | [110) | |111) F
/6 | w/6 | 3909 | 1380 | 1069 | 487 | 482 309 332 224 | 47.7 £ 0.5%
w/6 | m/4 | 3934 | 1157 | 981 380 618 360 407 355 | 48.0 £0.5%
/6 | w/3 | 3957 | 832 884 327 | 859 359 531 443 | 48.3 £ 0.5%
w/6 | m/2 | 3879 | 355 | 1050 | 425 964 | 418 630 471 | 47.3 £ 0.5%

Supplementary references

S1 Lesovik, G. B. On the law of increasing entropy and the cause of the dynamics irreversibil-
ity of quantum systems. JETP Lett. 98, 184—189 (2013).
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Table 3:

Gn | Ti(ps) | Ta(ps) | (%) | e(%)
Q@ | 524 | 473 | 42 | 0.077
¢ | 58.0 | 40.6 | 3.6 | 0.103
¢ | 469 | 474 | 2.8 | 0.137
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