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In the Supplementary Information, we provide how to calculate expected payoffs in a finite size and
well-mixed population, evolutionary dynamics and the definition of stochastic stable equilibrium,
and the Gauss-Seidel iterative algorithm to calculate the limit distribution of the multi-dimensional
Markov process in details. Some more results are also presented in this text, including four-
dimensional simplex to illustrate stochastic stable equilibriums with exclusion-type strategies and
their limit probabilities, and the effect of S and population size M on the equilibrium results.

Expected Payoffs in a finite size and well-mixed population

Suppose a finite population of size M . Let variables X,Y,Z and W denote the numbers of

cooperators, defectors, loners and excluders in the population, respectively. Each time, N
individuals are sampled randomly from the population to participate in the PGG. Let variables
I, j,kandl denote the number of cooperators, defectors, loners and excluders, respectively, in a
sampled group.

We initially analyze the situation of synchronous exclusion. Let £ denote the probability of
success for an excluder expelling a defector. Owing to independence, the probability of a defector
escaping from all excluders in the game is p, = (1—3)". In addition, let s (0<s< j) denote
the number of defectors who escape from all excluders in the group. Thereafter, S obeys the
binomial distribution with parameters (], p,), thatis S~ B(j, p,).

When | =0, the probability that S defectors escape from all excluders in the group is
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The probability that all other N —1 individuals are loners is N1 N_1)° In this
situation, we assume that the collective investment behaviour cannot occur; thus, the payoff of any
strategy (C,D,E)is o regardless of its type.

Thus, when the numbers of cooperators, defectors, loners and excluders in the group are
X,Y,Zand W, respectively, the expected payoff of a cooperation strategy is as follows:
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Similarly, we can obtain the expected payoffs of other strategies as follows.
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In the asynchronous exclusion situation, the expected payoffs of cooperators, defectors and
loners remain the same, but the expected payoff of exclusion strategy becomes
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C, is the expected unit expulsion cost in the asynchronous exclusion situation, where
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When X,Y,Z and W take zero, respectively, the corresponding 7r<°Y 2 , ﬁI(DX'O’Z’W) ,
ﬂix Y0 and ﬂéx Y20 make no sense. In this situation, the payoff of each type strategy is

defined as the average payoff of the population.



Evolutionary dynamics and stochastic stable equilibrium

A stochastic process z(t) can be introduced to describe the evolutionary process of the
strategies. Let z(t)=(X(t),Y(t),Z(t),M —X({t)-Y(t)—Z(t)) denote the number of
cooperators, defectors, loners and excluders in the population at timet, respectively, and define
z(t) as the system state. For convenience, we abbreviate itas (X (t),Y (t), Z(t)) . The state space
of the system is S={(X,Y,Z)|0<X+Y+Z<M;X,Y,ZeN}, and the number of
(M +D)(M +2)(M +3)
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population adjusts its strategy according to its expected payoff, and the adjustment of the
individual’s strategy leads to the change of the system state. The three assumptions, namely, inertia,
myopic and mutation, in the literature! on the bounded rationality of individuals in the population
are utilised in our model. Owing to inertia, having more than two individuals to adjust their strategies
simultaneously at one time is assumed to be impossible. Myopic refers to the individual when
choosing its strategy; it will only consider the current payoff, regardless of the payoff in the future.
Mutation refers to the possibility that individuals may choose a non-optimal strategy with a small
probability because of the complex decision-making environment and the limited nature of
individual cognitive ability.

According to the above assumptions, when the system state is (X,Y,Z) € S, the transfer rate

. At each time, the individual in the

elements in the state space is |S|=

of the strategy S, towards strategy S, can be described as follows:
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where f"=max(f,0) , >0 is a small positive number, x>0 . For instance, when

ﬂ;X’Y'Z) >7rs(2X'Y’Z) , individuals in the (X,Y,Z) state have a more incentive to move from

strategy S, to strategy S,.However, owing to mutation, the transfer rate of strategy S, to strategy

S, is péﬁz’z) = & . Thus, parameter & can be considered as the noise intensity in the environment,
2

and K can be understood as the speed at which the individual responds to the environment.
According to the system evolutionary rules and the transition rate between different strategies,

after an adequately small time 1, the probabilities of the system transfer from state (X Y, Z) to

states (X -L1Y,Z+1) , (X-LY,Z) and (X-LY+LZ) are p&i9t+o(t) ,

C-L

XDt vo(t) and  plLPt+o(t) , respectively; to states (X,Y -LZ+1),(X,Y-12)
and (X +1Y =1Z) are pl:t2t+o(t), ple?t+o(t)and pl-L?t+o(t), respectively; to
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states  (X,Y+LZ-1) , (X,Y,Z-1) and (X+LY,Z-1) are &YD*Z)Ho(t) ,

YDt 1 o(t) and pUEPt+o(t) , respectively; to states (X +1Y,Z), (X,Y,Z+1) and
(X,Y+LZ) are plL®t+o(t), pl Pt +o(t)and plL»t+o(t), respectively; and the

probability to keep the same state is 1— > pl0“t—o(t), where o(t)is a high-order
s,5,¢{C,D,L,E}
575,

infinitesimal of twhen tis adequately small.
Let 1=(X,Y,Z), I'=(X,Y,Z'). Owing to time homogeneity, let p, .(t) denote the

probability of the system that transfers from state | to state | “after timet . That is,
P, O=pz(s+)=(,j k)| z(s)=( j k)3} Vs>0. (S2)
Whilst & > 0, this process is ergodic, according to the properties of the stochastic process,
when t — +oo, the limit of p”‘ (t) exists, and it is independent from the initial state | . Let
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lim p”‘(t):vf.. (S3)

t—+o0

Thereafter, Vf , Which is the limit distribution of the stochastic process, reaches an arbitrary state

I (I' € S) when the system noise is & . According to the limit distribution, determining the

evolutionary stable state of the system under arbitrary noise intensity is possible. Furthermore, when

the noise parameters are slowly reduced to zero, let
limvi =v
e—0"

According to vV, , we can determine the limit state of the system and its probability distribution

($4)

when the system noise is vanishing. According to Young's description in reference? , state | €S
is stochastically stable if and only if v . >0.

The Gauss-Seidel iterative algorithm

The Gauss-Seidel iterative algorithm proposed in the literature® can be utilised to calculate the
limit probabilities of the multi-dimensional Markov process. The algorithm can be summarized as
follows.

Input: infinitesimal generator matrix Q:(qij)
Output: the limit distribution of each state X = (X;)

Choose an initial guessx=¢, =(1,0,...,0) to the solution
repeat until convergence
for i from 1tondo
o<«0
for jfrom 1tondo
if j=i then
O < otQX;
end if
end (j-loop)

1
X, «———0O
end (i-loop)
check if convergence is reached
end (repeat)

The infinitesimal generator matrix Q=(q;) is as follows (the blank of each matrix equals zero ).

A G
Bl Ai Cl
Q= , Where
BM—l AM—l CM—l
Bu  Au
Di,O l:i,O
Ei,l Di,l Fi,l
A= ) ) , Where
Ei,M—i—l Di,M—i—l Fi,M—i—l
Ei,M—l Di,M—i
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Thed; ;, (I,j,k=01..,Mand i+ j+k <M) of Q=(q; ) can be obtained by equations Q1=0,

wherelis the column vector with all components equal to one, and 0 is the column vector with all
components equal to zero.

Results in details

In the finite size and well-mixed population, only the states of (0,M,0,0), (0,0,M,0),
(0,1, M -1,0), (0,0,M —1,1) and (i,0,0,M —i) (0O<i<M) may be stochastically stable. States
(0,0,M,0),(0,,M -1,0)and (0,0,M —1,1) denote ‘All L’; State (0,M,0,0) denotes ‘All D’ ;
States (i,0,0,M —i) (0<i < M) denote ‘C+E’. We initially use the four-dimensional simplex (S4)

method to illustrate the stochastic stable states and their probabilities. Figures S1 and S2 show the
results in the asynchronous exclusion situation for six different parameter combinations. In addition,

Figure S1 elucidates that when parameters (r, £) are fixed at (3.5,0.1) , the increase in o can
effectively prevent the replication of defection in the population. The probability of the system
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choosing the ‘All D’ state is reduced from 0.878 (when o =0.1) to 0.159 (when o = 0.5) and then
to zero (when o =1). However, at this time, given that the probability of successful exclusion is
small ( =0.1), the probability of the system selecting the “All L” state will slowly increase with
the increase in o , increasing from zero (when o =0.1) t0 0.078 (when o = 0.5) and then to 0.185
(when o =1). Figure S2 shows another scenario when parameters (', o) are fixed at (2.5,0.5) , in
which case the increase in £ can effectively promote the replication of cooperation in the population.
Furthermore, the probability of the system selecting the ‘All D’ state is zero for any values of 7 ;
the probability of selecting the ‘All L’ state decreases with the increase ino, from 0.879 (when
£ =0.1)100.073 (when £ =0.5) and then to 0.038 (when £ =1); the probability of selecting the
‘C+E’ states increases with the increase in o, from 0.121 (when £ =0.1) t0 0.927 (when  =0.5)
and then to 0.962 (when 3 =1).
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Figure S1. All stochastic stable states and their limit probabilities for fixed r=3.5and f=0.1in
the asynchronous exclusion. (a) 0=0.1;(b) =0.5;(c)5=1. In this situation, the increase in o can
effectively prevent the replication of defection in the population. The probability of the system
choosing the ‘All D’ state is reduced from 0.878 (when o =0.1) to 0.159 (when o =0.5) and then
to zero (when o =1). However, at this time, given that the probability of successful exclusion is
small (5 =0.1), the probability of the system choosing the ‘All L’ state will slowly increase with
the increase in o, increasing from zero (wheno =0.1) to 0.078 (when o =0.5) and then to 0.185
(wheno =1).

(a) 4=0.1 (b) 3=05 (© 8=1 .

Figure S2. All stochastic stable states and their limit probabilities for fixed r=2.5and o =0.5in the
asynchronous exclusion. (a) #=0.1;(b) £=0.5;(c) =1. In this situation, the increase in £ can
effectively promote the replication of cooperation in the population. The probability of the system
choosing the ‘All D’ state is zero for any values of /3 ; the probability of selecting the ‘All L’ state
decreases with the increase in o from 0.879 (when £ =0.1) to 0.073 (when £ =0.5) and then to
0.038 (when B =1); the probability of choosing the ‘C+E’ states increases with the increase in &
from 0.121 (when £ =0.1) to 0.927 (when # =0.5) and then to 0.962 (when g =1).

To observe the relationship between the probability of the system reaching each stable
equilibrium and the values of parameters £, I, o, we fix parameter § to some different values, and

calculate the corresponding limit probability under any combinations of (r, o). Figures S3 to S5
show the additional results.
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Figure S3. Limit probability of the system selecting each stochastic stable state under any parameter
combinations of (r,o) andfixed £=0.2 inthe asynchronous exclusion. The increasein S has

caused all three regions to shrink rapidly, and the probability of the system selecting the ‘All D’
state also drop rapidly when parameters (r,o) are in the D3 region.
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Figure S4. Limit probability of the system selecting each stochastic stable state under any parameter
combinations of (r,o) and fixed £=0.5 in the asynchronous exclusion. The increase in S

further narrows the three regions.
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Figure S5. Limit probability of the system selecting each stochastic stable state under any parameter
combinations of (r,o) andfixed A=1 inthe asynchronous exclusion. Since the cost of exclusion

increases as S increases, the increase in f to 1 cannot make the three regions disappear.

To verify that our conclusions are also valid in relatively large size populations, we compare
the equilibrium results across three populations of different sizes, namely, M = 20,50 and 100. The
corresponding comparison results are displayed in Figures S6 to S8. As shown in figure S6, when
p issmall (£=0.1), if r isalsosmall, the increase in M has little effect on the probability of
the equilibrium selection; if r is relatively large, the increase in M has a great impact on the
equilibrium selection. In particular, there is an interval in the middle in which large M will
suppress cooperation, but if ris large, large M is conducive to cooperation. When g is large
(=0.8), large M is conducive to cooperation for small r, and there is no difference when r

increases to a certain value (r>2.7in the figure). The probability that the system selects some
stable states will change significantly when M increases to 100, but for the main conclusions we
present in the text, there is no essential difference between M =100 and M =20. Figures S7
and S8 further corroborate this judgment.
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Figure S6. Relationship between the limit probability of the system selecting each type of stable
states and parameter I' for fixed o=01 and three different population size M in the
asynchronous exclusion. (a) #=0.1; (b) #=0.8. When g is small (£=0.1), if r is also small,
the increase in M has little effect on the probability of the equilibrium selection; if r is
relatively large, the increase in M has a great impact on the equilibrium selection. In particular,
there is an interval in the middle in which large M will suppress cooperation, but if ris large,
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large M is conducive to cooperation. When g is large (£=0.8), large M is conducive to

cooperation for small r, and there is no difference when r increases to a certain value (r > 2.7in
the figure).
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Figure S7. Relationship between the limit probability of the system selecting each type of stable
states and parameter I' for fixed =01 and M =50 under the two exclusion mechanisms. (a)
$=0.1; (b) #=0.8. There is no essential difference between the situation with M =20 and it also

verifies that only when I is small and 5 is large will the asynchronous exclusion mechanism
have a relatively large advantage in promoting cooperation.
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Figure S8. Relationship between the limit probability of the system selecting each type of stable
states and parameter I' for fixed =01 and M =100 under the two exclusion mechanisms. (a)
$=0.1; (b) #=0.8. There is no essential difference between the situation with M =20 and it also
verifies that only when I is small and # is large will the asynchronous exclusion mechanism

have a relatively large advantage in promoting cooperation.
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