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S1 Most Closely Related Work
We describe related work revolving around Empirical Game Theory analysis (EGTA), discrete-time dynamics models and
multi-agent interactions in evolution of cooperation research, and precursors to our new solution concept of MCC.

The purpose of the first applications of EGTA was to reduce the complexity of large economic problems in electronic
commerce, such as continuous double auctions, supply chain management, market games, and automated trading [21, 46, 49,
50, 52]. While these complex economic problems continue to be a primary application area of these methods [7, 47, 48, 51], the
general techniques have been applied in many different settings. These include analysis of interactions among heuristic meta-
strategies in poker [32], network protocol compliance [53], collision avoidance in robotics [15], and security games [25, 33, 54].

Evolutionary dynamics have often been presented as a practical tool for analyzing interactions among meta-strategies
found in EGTA [6, 15, 49], and for studying the change in policies of multiple learning agents [6], as the EGTA approach is
largely based on the same assumptions as evolutionary game-theory, viz. repeated interactions among sub-groups sampled
independently at random from an arbitrarily-large population of agents.

From the theoretical biology perspective, researchers have additionally deployed discrete-time evolutionary dynamics
models [26]. These models typically provide insights in the macro-dynamics of the overall behavior of agents in strategy space,
corresponding to flow rates at the edges of a manifold [27, 35, 36, 42, 43]. These studies usually focus on biological games, the
evolution of cooperation and fairness in social dilemma’s like the iterated prisoner’s dilemma or signalling games, deploying,
amongst others, imitation dynamics with low mutation rates [11, 45]. Similar efforts investigating evolutionary dynamics
inspired by statistical physics models have been taken as well [22, 39].

In the framework of the evolution of conventions [55], a repeated game is played by one-time players who learn from
past plays and are subject to noise and mistakes. Essentially algorithmic, and in the same line of thought as our formalism, it
solves the equilibrium selection problem of weakly acyclic games (in our terminology explained in Section 2.4.3: games whose
sink strongly connected components happen to be singletons), and in this special case it aligns very well with our proposed
solution concept. Another equilibrium selection concept related to MCC is the concept of closed under rational behavior
(CURB) set of strategies [5]. The notion of a sink equilibrium, defined by [13] for the purpose of exploring new variants of
the price of anarchy, is also similar to our MCC — despite differences in mathematical detail, style, and use. Conley’s index
theory has also been studied in detail in dynamical systems research, e.g. see [1]. A method for decomposing games was
introduced in [8], based on properties of game dynamics on the graph of pure strategy profiles by exploiting conceptually
similarities to the structure of continuous vector fields. Researchers have also carried out studies of evaluation metrics in the
fields of computer science, machine learning, and artificial intelligence [16, 17, 20]. PageRank [28], an algorithm used for
ranking webpages, uses a Markov chain where states are webpages and transitions capture links between these pages; though
the Markov chain foundations are related to those used in our work, they are not rooted in an evolutionary dynamical system
nor in a game-theoretic solution concept, and as such are quite different to the method presented here which also generalizes
across several dimensions. The Elo rating system has ubiquitously been used for ranking and predicting outcomes in board
games [9], sports [2, 10, 19, 23, 38], and artificial intelligence [24, 37]. This rating system, however, comes with two key
limitations [4]: first, it has no predictive power in games with intransitive (cyclic) relations in the set of evaluated agents (e.g.,
in Rock-Paper-Scissors); second, the rating of a given agent can be artificially inflated by including duplicate copies of weaker
agents in the set.

S2 Background in Dynamical Systems
This section introduces the technical background necessary for understanding the paper contribution. Parts of this section
involve mathematical preliminaries discussed in more detail in [29].

Definition S2.0.1 (Map). Let X be a set. A map is a function f : X → X .

Definition S2.0.2 (Flow). A flow φ : R×X → X on a topological space X is a continuous map that satisfies the following
properties:

(i) For all x ∈ X , φ(0,x) = x.

(ii) For each t ∈ R, φ(t, ·) : X → X is a homeomorphism.

(iii) For all s, t ∈ R and all x ∈ X . φ(s+ t,x) = φ(s,φ(t,x)).



Sometimes it is convenient to write φ t(x) for φ(t,x) and denote a flow φ : R×X → X by φ t : X → X . We also use the
notation φ t at times to denote map φ(t, ·) for a fixed t. The map φ 1 is used to relate the behavior of a flow to the behavior of a
(discrete-time) map.

Definition S2.0.3 (Time-one map). Given flow φ(t, ·) the function φ 1 defines the time-one map of φ .

The dynamical systems that we consider are well behaved. For example, the state space of replicator dynamics is compact
and its vector field is Lipschitz-continuous, so we we can represent its unique solution by a flow. Given an initial condition
x ∈ X , this defines a function of time that expresses the system’s orbit or trajectory for that starting position. If the starting
point is not a fixed point (i.e. equilibrium) then we wish to understand its long-term behavior. (informally the limit of φ(t,x)
when t goes to infinity). Since in many cases such functions do not exhibit a unique limit point we need to understand the limit
behavior of all possible convergent subsequences. Concretely, given an initial condition x ∈ X , we call point y ∈ X an ω-limit
point of the trajectory through x if there exists a sequence (ti)i∈N ∈ R such that limi→∞ ti = ∞, limi→∞ φ(ti,x) = y.

Definition S2.0.4 (Homeomorphism). A function g between two topological spaces is called a homeomorphism if it is a
continuous bijection, and has a continuous inverse.

Liouville’s Theorem Let g = g(x), g : Rd → Rd be a vector field. The divergence of g is is defined as the trace of the
corresponding Jacobian at x, i.e., div[g(x)] = ∑

d
i=1

∂gi
∂xi

(x). A ‘divergence free’ vector field has zero divergence everywhere. A
key property of divergence-free vector fields is that their associated flow maps are volume preserving.

Theorem S2.0.5 (Liouville’s Theorem). Let f be a divergence free vector field. Then its flow map φ t is volume preserving (for
all t).

S2.1 Multi-population Replicator Dynamics
For a K-player NFG, one may use a set of K populations with Sk denoting the finite set of pure strategies available to each
agent in population k ∈ {1, . . . ,K}. The mass of players in a given population k that use strategy i ∈ Sk is denoted xk

i , where
∑i∈Sk xk

i = 1. Let S denote the set of all populations’ pure strategy profiles, and x represent the joint population state. Let the
payoff matrix for a given population k be denoted Mk : S→ R. The fitness of an agent in population k playing pure strategy i
given state x is then,

f k
i (x) = ∑

s−k∈S−k

Mk(i,s−k)∏
c6=k

xc
sc . (1)

Namely, the fitness is the expected payoff the agent playing strategy i receives given every competitor population’s state xc. The
k-th population’s average fitness given state x is then,

f̄ k(x) = ∑
i

f k
i (x)x

k
i , (2)

with the corresponding K-population replicator dynamics,

ẋk
i = xk

i ( f k
i (x)− f̄ k(x)) ∀k ∈ {1, . . . ,K} ∀i ∈ sk. (3)

S2.2 Single-population discrete-time model
We have a set of strategies (or agents under evaluation) S = {s1, ..,sn}, with |S|= n, which we would like to evaluate for their
evolutionary strength. We also have a population of individuals A = {a1, ..,am}, with |A|= m, that are programmed to play a
strategy from the set S. Individuals interact pairwise through empirical games.

We start from a finite well-mixed population of m individuals, in which p individuals are playing τ . At each timestep t we
randomly choose two individuals τ and σ , with respective strategies sτ and sσ . The strategy of individual τ is then updated by
either probabilistically copying the strategy sσ of individual σ it is interacting with, mutating with a very small probability into
another strategy, or sticking with its own strategy sτ . The idea is that strong individuals will replicate and spread throughout the
population. The probability with which individual τ (playing sτ ) will copy strategy sσ from individual σ can be described by a
selection function P(τ → σ), which governs the dynamics of the finite-population model.

Individual τ will thus copy the behavior of individual σ with probability pτ→σ and stick to its own strategy with probability
1−P(τ → σ). We denote the probability for a strategy to mutate randomly into another strategy s ∈ S by µ and we will
assume it to be infinitesimally small, (i.e., we consider a small-mutation limit µ → 0). If we neglected mutations, the end state
of this evolutionary process would be monomorphic. If we introduce a very small mutation rate this means that either the
mutant fixates and takes over the current population, or the current population is capable of wiping out the mutant strategy [11].
Therefore, given a small mutation rate, the mutant either fixates or disappears before a new mutant appears. This means that the
population will never contain more than two strategies at any point in time.



We now proceed as follows. At any moment in time when two strategies (sτ and ss) are present in the population, we can
calculate the fitness of an individual τ playing strategy sτ in a population of p individuals playing sτ and m− p individuals
playing ss. Fitnesses may be calculated using either knowledge of the global population state (i.e., where every individual is
aware of the number of other individuals playing each strategy, which may be a strong assumption) or local knowledge (i.e., only
the current opponent’s strategy) [41]. The corresponding fitness for the local case, which we focus on here, is f (τ,σ) = Mτ,σ ,
where Mτ,σ is obtained from the meta-game payoff matrix. Analogously, the simultaneous payoff of an individual σ playing sσ

against sτ is f (σ ,τ) = Mσ ,τ , For the remainder of the paper, we focus on the logistic selection function (aka Fermi distribution),

P(τ → σ) =
eα f (σ ,τ)

eα f (τ,σ)+ eα f (σ ,τ)
= (1+ eα( f (τ,σ)− f (σ ,τ)))−1, (4)

with α determining the selection intensity. While the subsequent empirical methodology extends to general selection functions,
the choice of Fermi selection function enables closed-form characterization of certain properties of the discrete-time model.

Based on this setup, we define a Markov chain over the set of strategies S with n states. Each state represents a monomorphic
population end-state, corresponding to one of the strategies sτ with τ ∈ {1, ..,n}. The transitions between these states are
defined by the corresponding fixation probabilities when a mutant strategy is introduced in a monomorphic population. The
stationary distribution over this Markov chain will tell us how much time on average the dynamics will spend in each of the
monomorphic states.

Considering our set S of n strategies, we define the Markov chain with n2 transition probabilities over the monomorphic
states. Let η = 1

n−1 and denote by ρσ ,τ the probability of mutant strategy sτ fixating (taking over) in a resident population of
individuals playing sσ . So ηρσ ,τ is the probability that a population which finds itself in state sσ will end up in state sτ after
the occurrence of a single mutation. This yields the following Markov transition matrix,

C =


1−η(ρ1,2 +ρ1,3 + ...+ρ1,n) ηρ1,2 ... ηρ1,n

ηρ2,1 1−η(ρ2,1 +ρ2,3 + ...+ρ2,n) ... ηρ2,n
... ... ... ...

ηρn,1 ... ... 1−η(ρn,1 +ρn,2 + ...+ρn,n−1)

 (5)

The fixation probabilities ρσ ,τ can be calculated as follows. Assume we have a population of p individuals playing sτ and
m− p individuals playing sσ . The probability that the number of type sτ individuals decreases/increases by one is given by,

T (∓1)(p,τ,σ) =
p(m− p)
m(m−1)

(
1+ e±α( f (τ,σ)− f (σ ,τ))

)−1
. (6)

Now we can compute the fixation probability ρσ ,τ of a mutant with strategy sτ in a population of m−1 individuals programmed
to playing sσ . Specifically, let u = f (τ,σ)− f (σ ,τ). Then,

ρσ ,τ =

(
1+

m−1

∑
l=1

l

∏
p=1

T (−1)(p,τ,σ)

T (+1)(p,τ,σ)

)−1

(7)

=

(
1+

m−1

∑
l=1

l

∏
p=1

(1+ eαu)−1

(1+ e−αu)−1

)−1

(8)

=

(
1+

m−1

∑
l=1

l

∏
p=1

1+ e−αu

1+ eαu

)−1

(9)

=

(
1+

m−1

∑
l=1

l

∏
p=1

eαu+1
eαu

1+ eαu

)−1

(10)

=

(
1+

m−1

∑
l=1

l

∏
p=1

e−αu

)−1

(11)

=

(
1+

m−1

∑
l=1

l

∏
p=1

e−α( f (τ,σ)− f (σ ,τ))

)−1

(12)

This corresponds to the computation of an m-step transition in the Markov chain [40].The quotient T (−1)(p,τ,σ)

T (+1)(p,τ,σ)
expresses

the likelihood (odds) that the mutation process continues in either direction: if it is close to zero then it is very likely that the



number of mutants sτ increases; if it is very large it is very likely that the number of mutants will decrease; and if it close to one
then the probabilities of increase and decrease of the number of mutants are equally likely.

Property S2.2.1. Given finite payoffs, fixation probabilities ρσ ,τ under the Fermi imitative protocol (4) are positive for all σ

and τ ; i.e., any single mutation can cause a transition from any state to another. Markov chain C is, therefore, irreducible, and a
unique stationary distribution π (where πTC = πT and ∑i πi = 1) exists.

This unique π provides the evolutionary ranking, or strength of each strategy in the set S, expressed as the time the population
spends in each state in distribution π . This single population model has been widely studied (see, e.g., [27, 35, 36, 42, 43]),
both theoretically and empirically, but is limited to both pairwise interactions and symmetric games.

A note on the correctness of the small-mutation assumption: We have noted that in a stochastic system, such as the one
we consider here, in the limit of mutation rate µ = 0 one always fixates in a monomorphic population through drift (even if it
may take some time for this fixation to occur). The assumption of a small enough mutation rate to make the monomorphic state
analysis reasonably accurate is a practical one, necessary for enabling the tractible analysis of finite-population interactions.
This assumption has been made in numerous related works [12, 14, 18, 35]. Indeed, to include the time the system spends in
co-existence states (e.g., in games where the evolutionarily stable strategy involves the population spending a non-negligible
amount of time in a non-monomorphic state), one would need to add a correction in the model; this holds even in the case of a
single population playing a symmetric game, e.g., as considered in recent works such as [44]. However, this line of analysis is
considered beyond the scope of this paper and is left as future work.

S3 Proofs
S3.1 Proof of Theorem 2.1.2
Theorem 2.1.2. Given finite payoffs, the Markov chain with transition matrix C is irreducible (i.e., it is possible to get to any
state starting from any state). Thus a unique stationary distribution π (where πTC = πT and ∑i πi = 1) exists.

Proof. Consider any two states (i.e., strategy profiles) si and s j of the K-population Markov chain with transition matrix
(14). Under finite payoffs f k(τ, p) and f k(σ , p), fixation probabilities ρk

σ ,τ under the Fermi imitative protocol (4) are positive.
Let R(s,k,sx) denote the operation of replacing the k-th strategy in a strategy profile s with a different pure strategy sx.
Thus, state s j is accessible from any state si (namely, consider the chain {s0 = si,s1 = R(s0,1,s1

j),s2 = R(s1,2,s2
j) . . . ,sK−1 =

R(sK−2,K−1,sK−1
j ),sK = R(sK−1,K,sK

j ) = s j} connecting strategies si to s j with non-zero probability). The Markov chain is,
therefore, irreducible and a unique stationary distribution exists.

S3.2 Proof for Theorem 2.1.4
Theorem 2.1.4 (Discrete-Continuous Edge Dynamics Correspondence). In the large-population limit, the macro-dynamics
model is equivalent to the micro-dynamics model over the edges of the strategy simplex. Specifically, the limiting model is a
variant of the replicator dynamics with the caveat that the Fermi revision function takes the place of the usual fitness terms.

Proof. To simplify notation, we prove the theorem for the single-population case without loss of generality. Let xi(t) represent
the fraction of individuals in the population that are playing strategy si at timestep t. Rather than consider the underlying
stochastic evolutionary equations directly, we consider the mean dynamics. An alternative proof path for the single population
case is presented in [41] and may be applied here as well. The mean dynamics constitute a deterministic process governing the
expected evolution of state xi(t), and provide a close approximation of the underlying system over finite time spans under a
large-population limit [34, Chapters 4 and 10]. For a general finite population game, the mean dynamics correspond to the
difference of the expected influx and outflux of individuals playing a strategy i against individuals playing any strategy j ∈ S
given the underlying selection function P(i→ j)(x),

ẋi(t) = ∑
j∈S

x jxiP( j→ i)(x)− xi ∑
j∈S

x jP(i→ j)(x). (13)

Under the low-mutation rate assumption, the finite population model considers only the transitions between pairs of monomor-
phic states sτ and sσ , where xτ + xσ = 1. This yields simplified mean dynamics,

ẋτ = xσ xτP(σ → τ)− xτ xσ P(τ → σ)(xτ) (14)
= (1− xτ)xτ [P(σ → τ)−P(τ → σ)] (15)
= xτ [P(σ → τ)− (xτP(σ → τ)+(1− xτ)P(τ → σ))] (16)
= xτ [P(σ → τ)− p̄] (17)



where,

P(τ → σ) = (1+ eα( f (τ,σ)− f (σ ,τ)))−1 (18)

P(σ → τ) = (1+ e−α( f (τ,σ)− f (σ ,τ)))−1 (19)
p̄ = xτP(σ → τ)+(1− xτ)P(τ → σ) (20)

We, therefore, observe that the discrete large-population mean dynamics (17) correspond to the replicator equations (with the
caveat that Fermi revision protocol takes the place of the usual fitness terms).

Moreover, one can branch off after (15) to yield,

ẋτ = (1− xτ)xτ [P(σ → τ)−P(τ → σ)] (21)

= xτ(1− xτ)

[(
1+ e−α( f (τ,σ)− f (σ ,τ))

)−1
−
(

1+ eα( f (τ,σ)− f (σ ,τ))
)−1

]
(22)

= xτ(1− xτ) tanh
α( f (τ,σ)− f (σ ,τ))

2
(23)

which matches the Itô calculus based derivation of [42] under the large-population limit.

S3.3 Proof for Theorem 2.4.12
We start by introducing the notion of chain transitivity, which will be useful in the proof of the theorem.

Definition S3.3.1 (Chain transitive). Let φ be a flow on a metric space (X ,d). A set A⊂ X is chain transitive with respect to φ

if for any x,y ∈ A and any ε > 0 and T > 0 there exists an (ε,T )-chain from x to y.

Next we state the following properties of chain components,

Property S3.3.2 ([3]). Each chain component of a flow on a compact metric space is closed, connected, and invariant with
respect to the flow. Also,

• Each chain component of a flow on a metric space is chain transitive with respect to the flow.

• Every chain transitive set with respect to a flow on a metric space is a subset of a unique chain component of the flow.

• If A and B are chain transitive with respect to a flow on a metric space, A⊂ B and C is the unique chain component containing
A, then B⊂C.

Theorem 2.4.12 (Partial order on chain components). Let φ be a flow on a metric space and A1,A2 be chain components of the
flow. Then the relation defined by A1 ≤C A2 is a partial order.

Proof. We will show that the binary relation ≤C is reflective, antisymmetric and transitive.

• A1 ≤C A1. Since any chain component is chain transitive then we have that for any x,y ∈ A1: x∼ y.

• If A1 ≤C A2 and A2 ≤C A1 then A1 = A2. By chain transitivity of A1, A2 we have that for any x,x′ ∈ A1, x ∼ x′ and for any
y,y′ ∈ A2, y∼ y′. Hence if x∼ y then x′ ∼ y′ for any x′ ∈ A1 and any y′ ∈ A2. Hence, A1∪A2 is a chain transitive set and thus
by Theorem S3.3.2 must be a subset of a unique chain component of the flow C such that A1∪A2 ⊂C. However, we assumed
that A1,A2 are chain components themselves. Thus, A1 = A1∪A2 = A2.

• If A1 ≤C A2 and A2 ≤C A3 then A1 ≤C A3. If there exist x ∈ A1 and y ∈ A2 such that x ∈Ω+(φ ,y), as well as y′ ∈ A2 and z ∈ A3
such that y′ ∈Ω+(φ ,z) then by chain transitivity of A2 we have that y ∈Ω+(φ ,y′) and thus x ∈Ω+(φ ,z), implying A1 ≤C A3.

S3.4 Proof for Theorem 2.4.23
We first present several results necessary for the proof.

Lemma S3.4.1. A chain recurrent (CR) point x is a sink CR point if and only if for any CR point y if y ∈ Ω+(φ ,x) then
x ∈Ω+(φ ,y), i.e., the two points are chain equivalent.

Proof. We will argue the forward direction by contradiction. Suppose not. That is, suppose that x is a sink CR point and there
exists a CR point y such that y ∈Ω+(φ ,x) and x /∈Ω+(φ ,y), then if Cx,Cy are the equivalence classes/chain components of x,y
respectively we have that Cy ≤C Cx and Cy,Cx are clearly distinct chain components since x /∈Ω+(φ ,y). Thus, Cx is not a sink
chain component and x is not a sink chain recurrent point, contradiction.



For the reverse direction, once again by contradiction we have that for any CR point y with y ∈Ω+(φ ,x), x ∈Ω+(φ ,y) and
x is a non-sink CR point. Then there exists another chain component A with A≤C Cx where Cx is the equivalence class/chain
component of x. Hence, there exists y ∈ A such that y ∈Ω+(φ ,x). Since y is a CR point which does not belong to Cx, we have
x /∈Ω+(φ ,y), contradiction.

Lemma S3.4.2. If a sink chain component contains a single vertex si then it contains any vertex s j which is reachable from si
via (weakly)-better response moves. Specifically, it contains an MCC.

Proof. Any state/vertex s j is a chain recurrent (CR) point because it is a fixed point of the replicator dynamics. If s j is
reachable by si via a weakly-better response path, then s j ∈ Ω+(φ ,si) for the replicator flow. In the case of edges that are
strictly improving it suffices to use the ε correction to introduce the improving strategy and replicator will converge to the better
outcome. In the case of edges between outcomes of equal payoff all convex combinations of these strategies are fixed points for
the replicator and we can traverse this edge with d1/εe hops of size ε .

But if s j ∈Ω+(φ ,si) and si is a sink CR point (since it belongs to a CR component) then by Lemma S3.4.1 si ∈Ω+(φ ,s j).
Therefore, state/vertex s j also belongs to the same sink chain component. The set of reachable vertices includes a strongly
connected component with no outgoing edges and thus a MCC.

Theorem 2.4.23. Let φ be the replicator flow when applied to a K-player game. The number of asymptotically stable sink chain
components is finite. Specifically, every asymptotically stable sink chain component contains at least one MCC; each MCC is
contained in exactly one chain component.

Proof. Since solutions in the neighborhood of an asymptotically stable set, all approach the set, volume is contracted in this
neighborhood, however, replicator dynamics is volume preserving in the interior of the state space [30, 31, 34]; the formal
argument, presented in detail in these references, works by transforming the system induces by the replicator dynamics over the
interior of the state space into a conjugate dynamical system that is divergence-free.

Any asymptotically stable set cannot lie in the interior of the simplex, i.e., it cannot consist only of fully mixed strategies.
Hence, there must exist some product of subsimplices with a non-empty intersection with this set. The intersection of the
original asymptotically stable set with this subspace is still asymptotically stable for this invariant subspace and thus we
can continue the argument inductively. The intersection of the attracting neighborhood with this subspace is an attracting
neighborhood for the dynamics on this invariant subspace. We deduce that any asymptotically stable chain component must
contain at least one vertex of the simplex (pure strategy profile). Let si be this vertex. By Lemma S3.4.2, this sink chain
component must also include all other vertices reachable from si via weakly-better replies. Specifically, it must include at least
one MCC. Finally, a MCC is a chain transitive set for the replicator flow via the same argument of the ε hops as in Lemma
S3.4.2. By Theorem S3.3.2, it is a subset of a unique chain component of the flow.

S3.5 Proof for Theorem 2.5.1
Theorem 2.5.1. In the limit of infinite ranking-intensity α , the Markov chain associated with the generalized multi-population
model introduced in Section 2.1.4 coincides with the MCC.

Proof. Recall from the MCC definition that the probability of strictly improving responses for all players are set equal to each
other, and transitions between strategies of equal payoff happen with a smaller probability also equal to each other for all
players. Let the ratio of the two probabilities be denoted ε for all players. The transition probabilities of the Markov chain of
the macro-model when taking taking the limit of α → ∞ are equal to the transitions probabilities of the Markov chain of the
Markov-Conley chains when setting ε equal to 1

m , where m is the size of the population in the macro-model. Let Asi(k) be the
number of strictly improving moves for player k in state/vertex si. Similarly, let Bsi(k) be the number of deviating moves for
player k in state/vertex si that do not affect her payoff. It suffices to set the probability of a node si self-transitioning equal to
1− ∑k Asi (k)+ε ∑k Bsi (k)

∑k(|Sk|−1) .
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16. José Hernández-Orallo. Evaluation in artificial intelligence: from task-oriented to ability-oriented measurement. Artificial
Intelligence Review, 48(3):397–447, 2017.
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