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We define the bias term for the estimator for the gradient at
the k—th iteration of CSPSA as

bi () = E(Ge () — g (fu) | fuc), )]
and the error term for the k-th iteration of CSPSA as
— E(gr ()| fux)- ()

We also define the set %, = o ({11, 12, -
the Ay are independent of %, we have that

E(gr ()| Fi) = E(Gr(fuc) | fux)- 3)

ex () = gi(fu)

, Ak }). Because

Let us now consider the real vector x = (Re(z),Im(z)).
There is an isomorphism between the space of vectors  and
the space of vectors p = (z,z*). Indeed, the matrix

I, mn]

T=1, _i,

“)

satisfies 4 = J and is invertible. Therefore, we can regard
any function of p as a function of x [1].

Lemma 1. Let W be a vector space on R, and U C €" an open
subset. Let f:U — W such that f € €K, K > 1. Let us choose
o € U and r > 0 such that B,(po) C U. Let us choose h € €"
such that ||h|| < r. For positive integers j < K, we define the

differential operator @}(L/ ) over fas

V) _ R
(Qh f)(u())_i];ijhl h]a”il...a“ij (HU) (5)
Then,
2 1 i
Fmo+h) = Y (7 1) (o) + Ro(po), ()
j=07"
where

Ran(ho) = [ (10 7)o +1h) — (742 1) o),
(7

Proof. Because we can regard a function of p as a function of
x, we have f(uo+h) = f(xo+ k). From theorem 5.8 in [2],
we have that

2 1 X
flao+k)=Y ;(D;”f)(wo) +Pg(xo)  (8)
L
with !

Poalao) = [ (1-0I(DR 1) (a0 + 1K) — (D) o) ©

where x¢ = J ' o, k = J~'h and the real differential opera-

tor Dg) onto function f is

. 2n
DL @)=Y kiyo ki, (3, -
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Ay @. (10)

Then,
20 f
f(w()-l-k w() +Zk 130 + = Zkl& 5
(92
+Zkk/a af (x0) + P2 1o (0)
1<Jj
= flao) + K 2L (@)
lkT o1 k+P
+ a 8w (a) + Z,k(w())'
Because we have f(xo) = f(po):

Flo k) = (o) +hT<r1>Tﬂ§£<uo>

Lor nror *f
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(10)h + Py g (x0)
DLf o) + Po g (o).

Also,



Poa(ao) = [ (1= 0)((DR1) o + 1K) — (DY) (o)
:2/()1(1# Zk2< f

(o +1k) — o 2

>+Zh

i<j
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Therefore,
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flpo+h) =Y F(D(;f)f)(uo)+R2,h(No)- (1)
=0/
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Theorem 1. For oy, o and oy positive real constants and
Q = {w} the sample space that generates the sequence
21,22,..., consider all k > K for some K < o, and suppose
that for each such k the Ay; are independent and identically
distributed and such that E(A;) = 0, with |Ar;] < & a.s.,
E(\Ak_ll ) < a; and E[e*%i] = 0, where @y, is the phase of

J

biet () = E (St (fe) — g1 () | ) = E <

where A = (A,A*).
When we expand f(fi; ¢ Ay), the terms with even powers
of A, will cancel each other.
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iZl
ﬂk) :

Ry A (k) — R —c, A, (fir)

+ ZCkAZ 1

f(Zr+ i)

(u0)> hdt

Ay ; in its polar decomposition. For example, Ay ; can be taken
as symmetrically distributed about 0. For almost all i (at
each k > K) suppose that for all p in an open neighborhood
of fu, that is not an function of k or ®, f € €*(¢€") with
|00, f ()| < 2. Then for almost all @ € Q

bi(f) = O(cy). (12)

Proof. We apply lemma 1 to f(u). Besides, because
|0idj f(p)| is bounded, by hypothesis, E(|d;d;f(p)|) is well
defined. Forall/ € {1,---,p}:

—fGr—caAy)  Of

Hk) (13)

Because 0;f(f1;) is completely determined by fi,

LA af
fu | =E | | 57 ()
(14)
independently  distributed,

)

20, "o ()

AL Of

Besides, the {A;} are

Akl

and are independent of fi, so E( o A*

E((Af,)"") X% E(A],). Then



b (fur)| <

af
E
(A,’;l> 2z} (A1)

+

)Y (E(Ak,»&zl_(u )+

]E RZ,CkAk (ﬂk) _Rz,*CkAk (ﬂk)
20k

Because E(Ay) = E(A}) =0,

d
i) < B 37 )
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R, (Fk) — R —on, (£ |

+E P
2exn,

Therefore E(e%%) = 0,

o] _
bua(p) <8 (| [ ez [ ) 1cu)
- (-@kakf)(ﬂk) - (ggckAkf)(ﬂk —tepAg)
(P a ) )] ).

When we expand the differential operators, we can see that
(72 D)) = (7%, ) and hat (72, )i~
texAy) = (2 kAkf)( « — tceAy). Therefore,

Ibes ()| <E (

+(@3kAkf><ﬂk —1ciAy) } 1)

L ((Za ) e+ 1)

(i + ek A,
( ch‘Akl| CkAk )(l’l‘k—i_ Ck k)|

(22 A ) (P —ter )| } df‘ ﬂk) :

Each differential operator consists of a sum over 4n? terms,
each the product of two components of ¢, Ay and a second or-
der derivative. From hypothesis, we have that those quantities
are bounded by [Ay;| < 0 y [;d;f(z)| < 0, 50

1] —
b ()| < b 201 E‘Akl 8r’ctagan)dr.  (15)
Considering that ]E\A,:il | < a,
b ()| < 2cn* oG o 0. (16)
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Theorem 2. Let the conditions of theorem I and the following
assumptions hold:

(i): ag,cp > 0 Vk; limk%w(‘aﬂ =+ |Ck|) =0 Z/T:lak = oo;

Yoo (ax/ck)? <o,
(ii): For some By, B1,B> > 0, Vk, (e,?i) < Bo,

cxAi)]?) < Br, and E(A7) < P,

E([f (£

ﬂk) .

n

of of

B8 32 () |

1

il

(

(iii): || fig|| < oo for almost all k,

(iv): z(t) = Z is an asymptotically stable solution of the dif-
ferential equation dz(t)/dt = —g(p),

(v): Consider the domain of attraction D(Z) = {zg :
lim;_e z(t|20) = Z} where z(t|z0) denotes the solu-
tions to the differential equation of A4 based on initial
conditions z(0) = zq. There exists a closed set S C D(%)
such that 2 € S infinitely often for almost all sample
points,

Then
(17)

lim 2, =2
k—yo0

for almost all ® € Q.

Proof. According to [3], SPSA converges to the solution of
the optimisation problem if

L. ||br(&)|| < oo and limy_,e by (&) = O almost surely
2. im0 P (SUp, | L7 g aiei(@0) | = 1) =0
foralln >0

Here, & is the estimate at the kth iteration of the vector
& which minimises the function f(x), just like fi; and i
for f(u), only for real numbers. The functions by (&) and
ex (&) are definied in a similar way, and assumptions similar
to those in theorem 2 are made.

We will show that similar statements for complex numbers
imply the above, and thus the convergence of SPSA, and that
in turn implies the convergence of CSPSA.

Firstly, we will prove that the following hold:

L. ||bg(fur)|| < oo and limy_e0 by (f1x) = O almost surely
2. limyesoo P (SUp, | L7 g aii(f11)]| = M) =0
foralln >0

It is shown in theorem 1 that |bi(fix;)| has an upper
bound directly proportional to c¢;. Due to condition (i),
limj_,. ¢y = 0. This proves condition 1.

To prove condition 2, we notice that the sequence
{X"  aiei(fu;) }m>k is a martingale. Indeed,



m+-1 m
E| Y aei()— ) aei(p)
i=k i=k

But E(E(Gn-1(fmr1)|Ams1)m)) = E(@mr1 (Boms1)|Bmr1)
because %, C Fp11, SO
m) 0. (18)

m+1
E( Y aei(fu)
i=k

Therefore, {|| X7 ai€i(fti)]|}m>k is a submartingale. By
Doob’s inequality, if we have a submartingale {X,}, for all
n >0and p > 1 we have

Z ae; IJ't

> <nP p
P(lrgfl;X n>_n E(1Xa["). (19)
Then,
m 2
P<SUP Y aiei( ) ZTI) <n?
m>k || i=k
(20)

Because E(ele;) =E(e!E(e;|2:)) =

(sup
m>k

We can see that

0 when i < j we have

§ae

i=

>n> <n Zzaﬂa(|el<ul>n )

21

E(|gri(f)]*) = i]E[E(‘(CkAZJ)_l(f(HkJFCkAk)
— f (k= cihi) + &, — &)1 1, Ak
= ElIeRAL B+ exAd)
— f (e = i) + &t — €| 1t Ar)]
SEerdi | B f (e + )
— f (k= kAP + |+ — &Pl Ag)]-

From condition (ii), E(g)* < Bo and Ef (px £ cxAx)? < B1,
s0

E(|2ks(f)?) < 2E (|| > (Bo+B1))- (22)
We also have that E(|Ax;|72) < B,, thus

E(|8ks(fu)]*) < 2(Bo+ B1)Bacyc > (23)

ﬂm> =E(am+1€mr1(Bmr1)|fom) = am1 (E(Gm+1 (Bom+1) | m) —EE(Gm-+1 (Bom+1) | Boms1) | fom))-

(

On the other hand, we have that

E(llex(e)?)

E(/1gx(Ae) —E(Gr (R | ) 11*)
<E(llg(n )||+||E( k(A ) )2
< 2E (/1 () %) + 2E(E(Gr (A 1) 1)

n
= ZE |81 (fe)|

< 8n(ﬁo +B1)Bacy .
Substituting in (21), we obtain

P | sup
m>k

2
Condition (i) says that Y=, (a,) < oo, SO
Ci

1

m
Y aei(fu)|| >

i=k

><(l30+l31)ﬁzz<c>2

i=k
(24)

. 0o ai
limye0 Y77 (C
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2
) = 0. Statement 2 follows.

We will show that statements 1 and 2 for CSPSA satisfy the
conditions for Theorem 2.3.1 in [4]. Because we can regard
any function of p as a function of & [1], we have that by (f1;) =
bi(2;) and e (fir) = ex(&y). According to [4], this implies
that the algorithm

R = B — [V (@) +bi(B1) +e(@r)]  (25)
satisfies

lim & =& (26)

k—yo0
with & = (Re(2),Im(2)).
CSPSA algorithm as

Using (2), we can rewrite the

Zi1 = 2k — ag [0z f (i) + br () + ex ()] (27

Because d.+« = dx + idy, we can identify algorithm (25) with
(27), so & = (Re(2;),Im(2;)). Therefore,

lim % = 2. (28)

k—>o0

O
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