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We define the bias term for the estimator for the gradient at
the k−th iteration of CSPSA as

bk(µ̂k) = E(ĝk(µ̂k)−g(µ̂k)|µ̂k), (1)

and the error term for the k-th iteration of CSPSA as

ek(µ̂k) = ĝk(µ̂k)−E(ĝk(µ̂k)|µ̂k). (2)

We also define the set Fk = σ ({µ̂1, µ̂2, · · · , µ̂k}). Because
the ∆k are independent of Fk, we have that

E(ĝk(µ̂k)|Fk) = E(ĝk(µ̂k)|µ̂k). (3)

Let us now consider the real vector x = (Re(z), Im(z)).
There is an isomorphism between the space of vectors x and
the space of vectors µ= (z,z∗). Indeed, the matrix

J =

[
In iIn
In −iIn

]
(4)

satisfies µ = Jx and is invertible. Therefore, we can regard
any function of µ as a function of x [1].

Lemma 1. Let W be a vector space on R, and U ⊆Cn an open
subset. Let f : U→W such that f ∈C K , K ≥ 1. Let us choose
µ0 ∈U and r > 0 such that Br(µ0)⊂U. Let us choose h∈ Cn

such that ‖h‖ < r. For positive integers j < K, we define the
differential operator D

( j)
h over f as

(D
( j)
h f )(µ0) = ∑

i1,...,i j

h1 · ... ·h j
∂ j f

∂ µi1 ...∂ µi j

(µ0). (5)

Then,

f (µ0 +h) =
2

∑
j=0

1
j!
(D

( j)
h f )(µ0)+R2,h(µ0), (6)

where

R2,h(µ0) =
∫ 1

0
(1− t)[(D (2)

h f )(µ0 + th)− (D
(2)
h f )(µ0)]dt,

(7)

Proof. Because we can regard a function of µ as a function of
x, we have f (µ0 +h) = f (x0 +k). From theorem 5.8 in [2],
we have that

f (x0 +k) =
2

∑
j=0

1
j!
(D( j)

k f )(x0)+P2,k(x0) (8)

with

P2,k(x0) =
∫ 1

0
(1− t)[(D(2)

k f )(x0 + tk)− (D(2)
k f )(x0)] (9)

where x0 = J−1µ0, k = J−1h and the real differential opera-
tor D( j)

k onto function f is

(D( j)
k f )(x) =

2n

∑
i1,··· ,i j

ki1 · · ·ki j(∂xi1
· · ·∂xi j

f )(x). (10)

Then,

f (x0 +k) = f (x0)+∑
i=1

ki
∂ f
∂xi

(x0)+
1
2 ∑

i=1
k2

i
∂ 2 f
∂xi2

(x0)

+∑
i< j

kik j
∂ 2 f

∂xi∂x j
(x0)+P2,k(x0)

= f (x0)+k
T ∂ f

∂x
(x0)

+
1
2
kT ∂ 2 f

∂x∂xT (a)k+P2,k(x0).

Because we have f (x0) = f (µ0):

f (x0 +k) = f (µ0)+h
T (J−1)T JT ∂ f

∂µ
(µ0)

+
1
2
hT (J−1)T JT ∂ 2 f

∂µ∂µT (µ0)JJ−1h+P2,k(x0)

= f (µ0)+h
T ∂ f

∂µ
(µ0)

+
1
2
hT ∂ 2 f

∂µ∂µT (µ0)h+P2,k(x0)

=
2

∑
j=0

1
j!
(D j

h f )(µ0)+P2,k(x0).

Also,
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P2,k(x0) =
∫ 1

0
(1− t)((D2

k f )(x0 + tk)− (D2
k f )(x0))dt

= 2
∫ 1

0
(1− t)

[
1
2 ∑

i=0
k2

i

(
∂ 2 f
∂x2

i
(x0 + tk)− ∂ 2 f

∂x2
i
(x0)

)
+ ∑

i< j
h[R] jh[R] j

(
∂ 2 f

∂xi∂x j
(x0 + tk)− ∂ 2 f

∂xi∂x j
(x0)

)]
dt

=
∫ 1

0
(1− t)kT

(
∂ 2 f

∂x∂xT (x0 + tk)− ∂ 2 f
∂x∂xT (x0)

)
kdt

=
∫ 1

0
(1− t)hT

(
∂ 2 f

∂µ∂µT (µ0 + th)− ∂ 2 f
∂µ∂µT (µ0)

)
hdt

=
∫ 1

0
(1− t)((D2

h f )(µ0 + th)− (D2
h f )(µ0))dt

= R2,h(µ0).

Therefore,

f (µ0 +h) =
2

∑
j=0

1
j!
(D( j)

h f )(µ0)+R2,h(µ0). (11)

Theorem 1. For α0, α1 and α2 positive real constants and
Ω = {ω} the sample space that generates the sequence
ẑ1, ẑ2, ..., consider all k ≥ K for some K < ∞, and suppose
that for each such k the ∆k,i are independent and identically
distributed and such that E(∆k,i) = 0, with |∆k,i| ≤ α0 a.s.,
E(|∆−1

k,i |) ≤ α1 and E[e2iφk,i ] = 0, where φk,i is the phase of

∆k,i in its polar decomposition. For example, ∆k,i can be taken
as symmetrically distributed about 0. For almost all µ̂k (at
each k ≥ K) suppose that for all µ in an open neighborhood
of µ̂k, that is not an function of k or ω , f ∈ C 2(Cn) with
|∂µi∂µ j f (µ)| ≤ α2. Then for almost all ω ∈Ω

bk(µ̂k) = O(ck). (12)

Proof. We apply lemma 1 to f (µ). Besides, because
|∂i∂ j f (µ)| is bounded, by hypothesis, E(|∂i∂ j f (µ)|) is well
defined. For all l ∈ {1, · · · , p}:

bk,l(µ̂k) = E
(
ĝk,l (µ̂k)−gl (µ̂k) |µ̂k

)
= E

([
f (ẑk + ckΛk)− f (ẑk− ckΛk)

2ck∆∗k,l
− ∂ f

∂ z∗l
(µ̂k)

]∣∣∣∣∣ µ̂k

)
(13)

where Λ = (∆,∆∗).
When we expand f (µ̂k±ckΛk), the terms with even powers

of Λk will cancel each other.

bk,l(µ̂k) = E

([
2

2n

∑
i=1

ckΛk,i

2ck∆∗k,l

∂ f
∂ µi

(µ̂k))

+
R2,ckΛk(µ̂k)−R2,−ckΛk(µ̂k)

2ck∆∗k,l
− ∂ f

∂ z∗l
(µ̂k)

]∣∣∣∣∣ µ̂k

)

= E

([
n

∑
i=1

∆k,i

∆∗k,l

∂ f
∂ zi

(µ̂k)+
n

∑
i 6=l

∆∗k,i
∆∗k,l

∂ f
∂ z∗i

(µ̂k)

+
R2,ckΛk(µ̂k)−R2,−ckΛk(µ̂k)

2ck∆∗k,l

]∣∣∣∣∣ µ̂k

)
.

Because ∂i f (µ̂k) is completely determined by µ̂k,

E

(
n

∑
i 6=l

∆∗k,i
∆∗k,l

∂ f
∂ z∗i

(µ̂k)

∣∣∣∣∣ µ̂k

)
= E

(
n

∑
i 6=l

∆∗k,i
∆∗k,l

∣∣∣∣∣ µ̂k

)
∂ f
∂ z∗i

(µ̂k).

(14)
Besides, the {∆k,i} are independently distributed,

and are independent of µ̂k, so E

(
∑

n
i 6=l

∆∗k,i
∆∗k,l

∣∣∣∣∣ µ̂k

)
=

E((∆∗k,l)−1)∑
n
i6=l E(∆∗k,i). Then
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|bk,l(µ̂k)| ≤

∣∣∣∣∣E
(

∆k,l

∆∗k,l

)
∂ f
∂z∗l

(µ̂k)

∣∣∣∣∣+
∣∣∣∣∣E((∆∗k,l)−1)

n

∑
i 6=l

(
E(∆k,i)

∂ f
∂ zi

(µ̂k)+E(∆∗k,i)
∂ f
∂ z∗i

(µ̂k)

)∣∣∣∣∣
+

∣∣∣∣∣E
(

R2,ckΛk(µ̂k)−R2,−ckΛk(µ̂k)

2ck∆∗k,l

∣∣∣∣∣ µ̂k

)∣∣∣∣∣ .

Because E(∆ik) = E(∆∗ik) = 0,

|bk,l(µ̂k)| ≤
∣∣∣∣E(e2iφkl )

∂ f
∂z∗l

(µ̂k)

∣∣∣∣
+E

 ∣∣R2,ck∆k(µ̂k)−R2,−ckΛk(µ̂k)
∣∣∣∣∣2ckΛ∗k,l

∣∣∣
∣∣∣∣∣∣ µ̂k

 .

Therefore E(e2iφkl ) = 0,

|bk,l(µ̂k)| ≤ E
(∣∣∣∣∫ 1

0

1− t
2ck∆k,l

[
(D2

ckΛk
f )(µ̂k + tckΛk)

− (D2
ckΛk

f )(µ̂k)− (D2
−ckΛk

f )(µ̂k− tckΛk)

+ (D2
−ckΛk

f )(µ̂k)
]

dt
∣∣∣ |µ̂k

)
.

When we expand the differential operators, we can see that
(D2

ckΛk
f )(µ̂k) = (D2

−ckΛk
f )(µ̂k) and that (D2

−ckΛk
f )(µ̂k −

tckΛk) = (D2
ckΛk

f )(µ̂k− tckΛk). Therefore,

|bk,l(µ̂k)| ≤ E
(∣∣∣∣∫ 1

0

1− t
2ck∆k,l

[
(D2

ckΛk
f )(µ̂k + tckΛk)

+(D2
ckΛk

f )(µ̂k− tckΛk)
]

dt
∣∣∣ |µ̂k

)
≤ E

(∫ 1

0

1− t
2ck|∆k,l |

[
|(D2

ckΛk
f )(µ̂k + tckΛk)|

+|(D2
ckΛk

f )(µ̂k− tckΛk)|
]

dt
∣∣∣ µ̂k

)
.

Each differential operator consists of a sum over 4n2 terms,
each the product of two components of ckΛk and a second or-
der derivative. From hypothesis, we have that those quantities
are bounded by |∆k,i| ≤ α0 y |∂i∂ j f (z)| ≤ α2, so

|bk,l(µ̂k)| ≤
∫ 1

0

1− t
2ck

E|∆−1
k,l |[8n2c2

kα
2
0 α2]dt. (15)

Considering that E|∆−1
k,i | ≤ α1,

|bk,l(µ̂k)| ≤ 2ckn2
α

2
0 α1α2. (16)

Theorem 2. Let the conditions of theorem 1 and the following
assumptions hold:

(i): ak,ck > 0 ∀k; limk→∞(|ak|+ |ck|) = 0; ∑
∞
k=1 ak = ∞;

∑
∞
k=1(ak/ck)

2 < ∞,
(ii): For some β0,β1,β2 > 0, ∀k, E(ε2

k,±) ≤ β0, E([ f (µ̂k ±
ckΛk)]

2)≤ β1, and E(∆−2
k,i )≤ β2,

(iii): ‖µ̂k‖< ∞ for almost all k,

(iv): z(t) = z̃ is an asymptotically stable solution of the dif-
ferential equation dz(t)/dt =−g(µ),

(v): Consider the domain of attraction D(z̃) = {z0 :
limt→∞z(t|z0) = z̃} where z(t|z0) denotes the solu-
tions to the differential equation of Å4 based on initial
conditions z(0)= z0. There exists a closed set S⊆D(z̃)
such that ẑk ∈ S infinitely often for almost all sample
points,

Then

lim
k→∞

ẑk = z̃ (17)

for almost all ω ∈Ω.

Proof. According to [3], SPSA converges to the solution of
the optimisation problem if

1. ‖bk(x̂k)‖< ∞ and limk→∞ bk(x̂k) = 0 almost surely

2. limk→∞ P
(
supm≥k ‖∑m

i=k aiei(x̂i)‖ ≥ η
)
= 0

for all η > 0

Here, x̂k is the estimate at the kth iteration of the vector
x̃ which minimises the function f (x), just like µ̂k and µ̃
for f (µ), only for real numbers. The functions bk(x̂k) and
ek(x̂k) are definied in a similar way, and assumptions similar
to those in theorem 2 are made.

We will show that similar statements for complex numbers
imply the above, and thus the convergence of SPSA, and that
in turn implies the convergence of CSPSA.

Firstly, we will prove that the following hold:

1. ‖bk(µ̂k)‖< ∞ and limk→∞ bk(µ̂k) = 0 almost surely

2. limk→∞ P
(
supm≥k ‖∑m

i=k aiei(µ̂i)‖ ≥ η
)
= 0

for all η > 0

It is shown in theorem 1 that |bk(µ̂k,l)| has an upper
bound directly proportional to ck. Due to condition (i),
limk→∞ ck = 0. This proves condition 1.

To prove condition 2, we notice that the sequence
{∑m

i=k aiei(µ̂i)}m≥k is a martingale. Indeed,
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E

(
m+1

∑
i=k

aiei(µ̂i)−
m

∑
i=k

aiei(µ̂i)

∣∣∣∣∣ µ̂m

)
=E(am+1em+1(µ̂m+1)|µ̂m)= am+1(E(ĝm+1(µ̂m+1)|µ̂m)−E(E(ĝm+1(µ̂m+1)|µ̂m+1)|µ̂m)).

But E(E(ĝm+1(µ̂m+1)|µ̂m+1)|µ̂m)) = E(ĝm+1(µ̂m+1)|µ̂m+1)
because Fm ⊂Fm+1, so

E

(
m+1

∑
i=k

aiei(µ̂i)−
m

∑
i=k

aiei(µ̂i)

∣∣∣∣∣ µ̂m

)
= 0. (18)

Therefore, {‖∑
m
i=k aiei(µ̂i)‖}m≥k is a submartingale. By

Doob’s inequality, if we have a submartingale {Xn}, for all
η > 0 and p≥ 1 we have

P
(

max
1≤i≥n

Xi ≥ η

)
≤ η

−pE(|Xn|p). (19)

Then,

P

(
sup
m≥k

∥∥∥∥∥ m

∑
i=k

aiei(µ̂i)

∥∥∥∥∥≥ η

)
≤ η

−2E

∥∥∥∥∥ ∞

∑
i=k

aiei(µ̂i)

∥∥∥∥∥
2
 .

(20)
Because E(eT

i e j) = E(eT
i E(e j|ẑi)) = 0 when i < j we have

P

(
sup
m≥k

∥∥∥∥∥ m

∑
i=k

aiei(µ̂i)

∥∥∥∥∥≥ η

)
≤ η

−2
∞

∑
i=k

aiE
(
‖ei(µ̂i)‖2

)
.

(21)
We can see that

E(|ĝk,l(µ̂k)|2) =
1
4
E[E(|(ck∆

∗
k,l)
−1( f (µk + ckΛk)

− f (µk− ckΛk)+ εk,+− εk,−)|2|µk,Λk)]

=
1
4
E[|ck∆

∗
k,l |−2E(| f (µk + ckΛk)

− f (µk− ckΛk)+ εk,+− εk,−|2|µk,Λk)]

≤ 1
2
E[|ck∆

∗
k,l |−2E(| f (µk + ckΛk)

− f (µk− ckΛk)|2 + |εk,+− εk,−|2|µk,Λk)].

From condition (ii), E(εk±)
2 ≤ β0 and E f (µk± ckΛk)

2 ≤ β1,
so

E(|ĝk,l(µ̂k)|2)≤ 2E(|ck∆k,l |−2(β0 +β1)). (22)

We also have that E(|∆k,l |−2)≤ β2, thus

E(|ĝk,l(µ̂k)|2)≤ 2(β0 +β1)β2c−2
k . (23)

On the other hand, we have that

E(‖ek(µ̂k))‖2) = E(‖ĝk(µ̂k)−E(ĝk(µ̂k)|µ̂k))‖2)

≤ E(‖ĝk(µ̂k)‖+‖E(ĝk(µ̂k)|µ̂k)‖)2

≤ 2E(‖ĝk(µ̂k)‖2)+2E(‖E(ĝk(µ̂k)|µ̂k)‖2)

= 4
n

∑
l=1

E(|ĝk,l(µ̂k)|2)

≤ 8n(β0 +β1)β2c−2
k .

Substituting in (21), we obtain

P

(
sup
m≥k

∥∥∥∥∥ m

∑
i=k

aiei(µ̂i)

∥∥∥∥∥≥ η

)
≤ 8n

η2 (β0 +β1)β2

∞

∑
i=k

(
ai

ci

)2

(24)

Condition (i) says that ∑
∞
i=0

(
ai

ci

)2

< ∞, so

limk→∞ ∑
∞
i=k

(
ai

ci

)2

= 0. Statement 2 follows.

We will show that statements 1 and 2 for CSPSA satisfy the
conditions for Theorem 2.3.1 in [4]. Because we can regard
any function ofµ as a function ofx [1], we have that bk(µ̂k)=
bk(x̂k) and ek(µ̂k) = ek(x̂k). According to [4], this implies
that the algorithm

x̂k+1 = x̂k−ak[∇ f (x̂k)+bk(x̂k)+ek(x̂k)] (25)

satisfies

lim
k→∞

x̂k = x̃ (26)

with x̃ = (Re(z̃), Im(z̃)). Using (2), we can rewrite the
CSPSA algorithm as

ẑk+1 = ẑk−ak[∂z∗ f (µ̂k)+bk(µ̂k)+ek(µ̂k)]. (27)

Because ∂z∗ = ∂x + i∂y, we can identify algorithm (25) with
(27), so x̂k = (Re(ẑk), Im(ẑk)). Therefore,

lim
k→∞

ẑk = z̃. (28)
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