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Supplementary Figure 1: Calculated propagation mode parameters by solving the Pochhammer-Chree wave equation. (a) Selection of the 1st mode of the Pochhammer-Chree wave and (b) axial displacement distribution at the cross section of the thin waveguide under different frequencies (equivalent to different , where  is the wavelength of the propagating wave). Each calculated curve in b is normalized so that the maximum is 1. The axial displacement is uneven especially under high frequencies.


Supplementary Note 1: Amplification ratio by double parabolic reflectors
[bookmark: _GoBack]We divided the ultrasound propagation in the waveguides into three regions as shown in Supplementary Figure 6c. Region  is between two parabolic reflectors where ultrasound is focused and guided, region  is the cylindrical portion of the waveguide where ultrasound with specific propagation modes is propagating through, region  is from the waveguide tip to the water medium where ultrasound is emitted from the waveguide tip. To analyze the amplification ratio by double parabolic reflectors, we focused on region .
In region, two parabolic reflectors are the key structures to focus and guide ultrasound. The 1st and 2nd parabolic reflectors are written as:
	
	
	(1)

	
	
	(2)


where n and m are the focal length of the 1st and 2nd parabolic reflector,  is the radius of the thin waveguide. It is worthwhile to mention that plane incidence will be uniquely focused to the focal point at the same time for parabolic reflectors, and vice versa. Since the incident ultrasound  can be regarded as a plane-wavefront incident ultrasound,  can be expressed by Supplementary Equation (3). And after reflections by two parabolic reflectors, a plane-wavefront ultrasound  with enhanced vibration amplitude is generated, which can be formulated by Supplementary Equation (4).
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In Supplementary Equations (3) and (4),  and  are the vibration displacement amplitudes of  and ,  is the angular frequency, and  is the wavenumber of the propagating wave in region. During reflections by parabolic reflectors, energy carried by longitudinal waves will be partially transferred to the energy carried by transverse waves due to mode conversion, energy loss of longitudinal wave needs to be considered:
	
	
	(5)


where  and  are the energy carried by longitudinal waves before and after reflections. The carried energy  of a plane-wavefront ultrasound averaged over a wavelength is related to , where ,  is the material density of the waveguide,  and  represent the area of the wavefront of  and . Therefore, by replacing  and  in Supplementary Equation (5), we can obtain: 
	
	
	(6)


From Supplementary Equation (6), it can be found that enhancement of the vibration displacement amplitude of the resulted wave depends on .  can be formulated by:
	
	
	(7)


where  and  represent the inner and outer radius of the PZT ring. It is obvious that enhancement of the ultrasound can be adjusted by the dimension of PZT ring and the 2nd parabolic reflector. In the current optimized design, outer radius of PZT ring  is designed to be equal to .
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Supplementary Figure 2: Measured lateral vibration velocities. Lateral vibrations under 1 Vpp in (a) x and (b) y directions. Results showed the velocity peaks at low frequencies (95, 187.3, and 427.4 kHz) and high frequencies (2.118 MHz) with very small vibration between 0.5 to 2 MHz.
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Supplementary Figure 3: Measured admittance curve of PZT ring. The PZT ring is polarized in the thickness direction with 1.1 mm in thickness. The largest admittance peak corresponds to the thickness mode of PZT ring.
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Supplementary Figure 4: Detailed admittance curves comparison. Admittance curves by (a)-(c) experiments and (d)-(f) simulation. First, similar tendency of admittance can be observed between experiments and simulation. Second, when the waveguide tip is immersed into water, large admittance changes can be observed at certain frequencies. At these frequencies, large mechanical vibration can be obtained. 
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Supplementary Figure 5: Circuit design for impedance matching. Designed inductor is modelled as an inductor Lp and a resistor Rp, Lw and Rw are the inductance and resistance of lead wire that directly connected to DPLUS for power supply, R0 is the output impedance of power amplifier, DPLUS is modelled by the equivalent circuit. The design purpose was to supply enough power to DPLUS. Supplementary Note 2 shows the detailed calculation of the designed inductor.


Supplementary Note 2: Design of inductors for impedance matching
If directly connect DPLUS to the power amplifier, maximum power supply is not possible due to the impedance mismatch. In other words, low impedance of DPLUS results in high current so that can exceed the threshold of power amplifier without reaching the maximum power output. Therefore, impedance matching circuit design is an important process to drive DPLUS. Here, we designed an inductor parallelly connected to DPLUS which shows good matching performance. The design purpose is to reduce the current I2 shown in Supplementary Fig.5 and supply enough power to DPLUS for the selected frequencies (0.811, 1.346, 1.53, 1.706 MHz). To this objective, we calculate the impedance Z of the whole device (the LCR branches of DPLUS are neglected):
	
	

	
	(8)

	
	(9)


we define B to indicate the imaginary part of Z, then, when B equals to 0, we can realize minimum value of I2 and maximum voltage supply. In our measurements, the impedances of DPLUS before adding the inductor at 0.811, 1.346, 1.53, 1.706 MHz are around 20, 12, 10, 8 Ω, Lw and Rw are around 77 nH and 30 mΩ, Rp is around 65 mΩ, C0 is around 9, 8.65, 8.3, and 9.7 nF at 0.811, 1.346, 1.53, 1.706 MHz, respectively. By using Supplementary Equation (9), we designed two inductors, one with 1.475 µH for 1.346, 1.53, 1.706 MHz and the other with 3.44 µH for 0.811 MHz. The impedance with designed inductor at these frequencies are 53, 28, 18, 13 Ω, respectively.
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Supplementary Figure 6: Models of the waveguide. Simulation models (a) without water tank and (b) with water tank in PZFlex to obtain the vibration velocity at the waveguide tip and acoustic pressure in water. (c) Modelling of the waveguide. The wave propagation in the waveguide is divided into three regions.
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Supplementary Figure 7: Vibration velocity comparison with conventional high-power transducers for tissue destruction. (36), (38), (39) refer to [36], [38], [39] in the paper, s1 to s7 refer to Supplementary references [1]-[7].
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Supplementary Figure 8: Acoustic pressure comparison with conventional HIFU transducers. s12 to s22 refer to Supplementary references [8]-[18]. Black circles represent the peak positive pressure, black squares indicate the peak negative pressure. For our waveguide, the measured acoustic pressure was at 10 Vpp but the compared normalized pressure was calculated to the maximum applied voltage according to the vibration velocity values. The calculation formula is v2/v1=p2/p1, where v2 and v1 are the vibration velocities under voltage V1, V2, V1 is 10 Vpp and V2 is the maximum applied voltage, p2 and p1are the corresponding peak positive acoustic pressure.
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