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This document provides supplementary information to “Noise and spectral stability of deep-UV gas-filled fiber-based supercontinuum 

sources driven by ultrafast mid-IR pulses”. Here we provide the details of the phase-matching conditions between the soliton and 

dispersive waves, and compare our expression to other expressions in the literature. Additionally, we provide the figures for filtered DUV 

used for the RIN measurements as well as the histograms of the RINs for the pump laser, the Ti:sapphire laser, and the DUV spectrum at 

360 nm and 280 nm. We further compared the coherence and RINs when the pump laser noise is not considered and when considered.  

 

I. PHASE-MATCHING CONDITION BETWEEN SOLITON AND DW  
 
In the numerical studies of UV SC and DW generation in gas-filled 
HCPFs the most used model is the unidirectional pulse propagation 
equation (1) for the full electric field, defined over the effective 
mode area Aeff, which includes the higher harmonics. The model (1) 
accounts for the full dispersion, the Kerr nonlinearity, and the 
plasma effect. However, in most theoretical considerations of, e.g., 
soliton and DW interaction, and also in some general modelling 1, 
the more standard GNLS envelope equation is used, which in the 
time domain is given by 2 
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Here self-steepening is present through the parameter s=1/ω0, 
where ω0 is the pump frequency, the Kerr effect is present through 
the nonlinear parameter γ=n2ω0/(cAeff), where n2 is the material 
nonlinearity, and linear fiber loss is present through the parameter 

α, but the Raman effect is absent, because only noble gasses are 
considered. Second- and third order dispersion have been included 
through the parameters βn= dnβ/dωn|ω=ω0, where β(ω) is the 
linear propagation constant of the fundamental guided mode. The 
application of two different models has lead to more than one 
version of the important phase-matching condition for soliton-DW 
interaction, which we would like to discuss here. The phase-
mismatch Δβ is generally defined as the difference between the 
propagation constant βDW of the DW at frequency ω and the 
nonlinear propagation constant βNL of the soliton at frequency ωs. 
Assuming that the soliton is the pump, ωs=ω0, the phase-mismatch 
becomes 
            ∆𝛽(𝜔) = 𝛽𝐷𝑊(𝜔) − 𝛽𝑁𝐿(𝜔0) = 0                       (𝑺𝟐) 

 
In both models people agree on that the DW propagation constant 
is given by  

          𝛽𝐷𝑊(𝜔) = 𝛽(𝜔) − 𝛽0 − (𝜔 − 𝜔0)𝛽1                     (𝐒𝟑) 
 
where β0 = β(ω0) and β1= dβ/dω|ω=ω0 = 1/vg(ω0)  is the inverse group 
velocity, both evaluated at the soliton frequency ω0. At present, in 
the literature there exists two different versions of βNL. If one wants 
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to study DW generation as resonant energy transfer from a soliton, 
then one needs a soliton solution, which is generally found as the 
fundamental NLS soliton solution to Eq. (S1) with α=β3=s=0, i.e., 
ignoring loss and all higher order dispersion and nonlinear effects. 
The NLS soliton solution has peak power P0, pulse length T0, and 
propagation constant βs=γP0/2, and is given by  
 

𝐴(𝑧, 𝑡) = √𝑃0 sech(𝑡/𝑇0)exp(𝑖𝛽𝑠1𝑧)                (𝐒𝟒) 

 
Thus, considering phase-matching to the fundamental NLS soliton, 
one would get βNL= βs1=1/(2LD) and since the dispersion length 
LD=T0

2/|β2| is equal to the nonlinear length LNL= 1/(γP0)  for the 
fundamental soliton then βNL=γP0/2 3,4. It is important that this 
expression is only valid for a fundamental soliton with soliton 
number N=1, disregarding that the pump pulse typically is stronger 
and has a higher soliton number N>1, where the soliton number is 
defined by the relation N2=LD/LNL. Travers et al. realized that this 
definition of βNL would give too weak a nonlinear contribution to the 
mismatch and replaced it with PC, defined as the peak power at the 
point of maximum compression 5,6, which was then estimated to be 
PC=4.6NP0 from numerical modelling based on Eq. (S1)6. This gives 
the following expression for the phase-mismatch 

 ∆𝛽(𝜔) = 𝛽(𝜔) − 𝛽0 − (𝜔 − 𝜔0)𝛽1 − 
𝛾𝑃𝐶

2
= 0,   

 
  𝑃𝐶  = 4.6𝑁𝑃0                                  (𝐒𝟓) 

 
We note that PC actually has been estimated analytically to be 
PC=NP0√2, which has been shown to accurately represent the 
maximum power of a higher-order soliton for large soliton orders, 
i.e., the peak power at the point of maximum compression 7. We 
have verified this with the N=8 soliton and found PC=NP0√2 to be 
very accurate, whereas PC=4.6NP0 provides a too high estimate. 
However, we take a more accurate approach and consider the 
exact analytical N-soliton solution to the NLS equation 4, which is a 
bound state of N fundamental 1-solitons with propagation 
constants βsn=(2n-1)2βs1, where n=1,2,…,N. The n=N soliton with 
the largest propagation constant βsN=(2N-1)2βs1 is also the one with 
the largest amplitude and smallest pulse length4, which means that 
it has the broadest spectrum and is thus the one that spectrally 
overlaps the most with the DW. We therefore naturally use this 
propagation constant as βNL, which gives our phase-mismatch 
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The definition of βNL as the propagation constant of a soliton means 
that effects, such as the ionization and self-steepening cannot be 
taken into account, since no expression for the soliton solutions 
exists when these higher order terms are taken into account. Using 
instead a simple plane-wave ansatz to find the nonlinear 
propagation constant directly from the field equation (1) and then 
afterwards adjusting the Kerr term to include the nonlinear 
parameter γ Novoa et al. derived the following expression for the 
phase-mismatch 8 
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where c is the speed of light in vacuum, n0 is the linear refractive 
index of the gas at the pump wavelength, 𝜌 is the free-electron 
density, ρcr is the critical free-electron density at which the plasma 
is opaque. The Kerr term takes into account shock formation and 
self-steepening through the factor ω/ω0 and does not have the 
factor ½ since it is not found as a soliton solution, but through a 
plane-wave ansatz. The last term is the ionization term, which also 
takes into account the factor ω/ω0 . Novoa et al. showed that the 
ionization term competes with the Kerr term and allows to explain 
the generation of mid-IR DWs, but is not very important for the UV 
DWs 8. This is also seen in Fig. S1, in which we plot the different 
phase-mismatch curves (S5), (S6), and (S7). The full and dashed blue 
curves are thus very close at short wavelengths but not a longer 
wavelengths. It can also be seen from Fig. S1, that the plane-wave 
derived expression (S7) does not accurately predict the DW 
wavelength at which that the mismatch is zero, whereas Eqs. (S5) 
and (S6) both provide good predictions of the 275 nm DW 
wavelength observed experimentally, the expression (S6) being 
slightly better. In fact, due to the relatively weak contribution from 
the nonlinearity, the phase-mismatch curve when the nonlinear 
part is ignored (dashed black curve) looks very similar to the phase-
mismatch curve we derived in Eq. (S6).  
 

 
Fig. S1: Phase-mismatch curves as defined in Novoa et. al. 8 with 
both the Kerr and ionization effects (solid blue) and with only the 
Kerr effect (dashed blue). The solid green is the phase-mismatch 
curve described in Eq. (S5) as reported in9. The solid red curve is 
from the phase-matching condition (S6) used in this manuscript. 
The black dashed curve is (S6) when the nonlinear part is ignored. 
 
The experimental parameters and laser specifications used to 
calculate the phase-mismatch and used in the dynamical modelling 
of the SC generation given below are: 100 fs pulse width (FWHM 
intensity), 2450 nm pump central wavelength and a pump pulse 
energy of 7.5 x 10-6 Joules. The effective area is Aeff ≈ 1.65α2 , where 
α=22 µm is the core radius of the HC-ARF9,10. The dispersion is 
empirically calculated using 10 for Argon gas in a silica AR-HCF of 22 
µm core radius, a tube diameter of 25 µm, with 7 non-touching 
tubes and a tube wall thickness of 640 nm. The pressure is 27 bar 



and the temperature is 298 K. The free electron density is ρ = 3.87 
x 1023 m-3 and the critical plasma density is ρcr = 1.8167 x 1026 m-3 . 
The nonlinear parameter is γ = 6.6447 x 10-7 W-1m-1. 
 
II. SC generation and noise measurements  
 
The experiment was carried out at ambient room temperature 
using a custom made gas-cells equipped with CaFl2 windows at one 
end for passage of incoming coupled light and another for output 
of SC light before collimation. Prior to taking measurements, the gas 
cells (interconnected with the hollow core fiber) are purged with 
99.99% purity Argon gas to remove any impurity and ambient air 
from the chamber. To generate the multi-octave SC generation, the 
argon pressure was tuned to 27 bar by manually adjusting the 
compressed gas regulator and a fixed pressure is maintained 
throughout the stability measurements in Fig. 2(c) and Fig. 3.  

 
Fig. S2. The spectra of filtered DUV parts at 360 nm (purple) and 280 
nm (blue), together with the full spectrum. Note: the intensity of 
the three spectra are not normalized. The FWHM of the filters is 10 
nm. 
 
After the broad SC is generated, we filter the 275 nm dispersive 
waves using a 280 nm central wavelength bandpass filter with 
>12% transmission in the bandpass window and a blocking 
wavelength range of 200 nm to 10,000 nm. Another filter with 360 
nm central wavelength is used to filter the relatively low energy 
peak at 360 nm. The filtered light is shown in purple and blue in Fig. 
S2.  The filtered light is then focused on a fast photodiode with 1 ns 
rise time, connected to an oscilloscope, where a Matlab script is 
used to acquire the peak of each individual pulse and its associated 
background noise level. A train of 10,000 pulses was captured for 
the RIN measurements, and the RIN was computed through the 
Matlab script. Histograms are shown in Fig. S3 with 3 different fits. 
For all measurements we do not use fits, but take the statistical 
values for the RIN, as some of the distributions are skewed and 
doesn’t necessarily fit a Gaussian, normal, or gamma distribution.  
 

 
 
Fig. S3. Histograms of filtered pulse energy. (i) Ti:Sapphire laser at 
800 nm with 0.43 % RIN. (ii) Pump at 2.45 μm after the TOPAS, with 
5.5% RIN. (iii) 10 nm filtered 360 nm DUV SC part with 8.84 % RIN. 
(iv) 10 nm filtered 280 nm DUV SC part with 33.3 % measured RIN. 
Red, green and blue are gamma, Gaussian and lognormal fits. Note 
that the RINs used are the statistical values not fits. 
 
III. CALCULATION OF SC COHERENCE AND RIN 
 
The modulus of the complex degree of first order spectral 
coherence of the generated SC was calculated using the following 
expression11:  
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The angle brackets in Eq. (S8) represent an ensemble average over 

the independent simulations m and n. The value of |𝑔12
(1)

| indicates 

the quality of the spectral coherence of the SC and is primarily a 
measure of the phase stability12. The spectral coherence would be 

perfect if |𝑔12
(1)

| = 1, whereas |𝑔𝑚𝑛
(1)

| = 0 indicates that the SC 

spectrum has a random phase fluctuation from shot to shot. The 
modulus of the complex degree of first order spectral coherence as 
a function of the propagation distance is shown in Fig. S4, for the 
case when only one-photon-per-mode (OPPM) noise is considered. 
It can be seen from Fig. S4 that the whole output spectrum is fully 
coherent in this case. However, when we add the pump laser noise 
of 5.5% (measured from the experiment), the spectral coherence 
of the generated SC drops drastically, which is shown in Fig. S5. 
From the numerical simulations, it is therefore clear that the 
spectral coherence of the SC is very sensitive to the pump power 
fluctuation, which must be included to get a realistic value of the SC 
spectral coherence.  

 
 



 
Fig. S4. (i) Power spectral density (PSD) at fiber length z = 26 cm. (ii) 
Modulus of the complex first order degree of spectral coherence of 

the generated SC, |𝑔12
(1)

|, at z = 26 cm. (iii) Evolution of |𝑔12
(1)

| along 

the fiber. The coherence properties were found by averaging over 
100 simulations with only OPPM noise, i.e., ignoring pump laser 
noise. 
 
The relative intensity noise (RIN) was calculated as the ratio 
between the standard deviation σ(ω) and the mean µ(ω) 13 
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where μ(ω)= <|Am(ω)|2> The calculated RIN is shown in Fig. S6. It 
can be seen from Fig. S6 that the RIN is very low in the full spectrum 
when pump noise fluctuation is ignored, whereas it increases 
drastically when pump noise fluctuation in added.  

 
 
Fig. S5. (i) PSD at fiber length z = 26 cm. (ii) Modulus of the complex 

first order degree of spectral coherence of the generated SC, |𝑔12
(1)

|, 

at z = 26 cm. (iii) Evolution of |𝑔12
(1)

| along the fiber. The coherence 

properties were found by averaging over 100 simulations with both 
OPPM noise and a pump laser noise of 5.5%. The strongly reduced 
spectral coherence clearly demonstrates the significant effect of 
the pump noise on the RIN of the SC.  
 
 

 
 
Fig. S6. Calculated RIN with 100 realizations for fiber length z = 26 
cm. (i) Without pump noise fluctuations, and (ii) with 5.5% pump 
laser fluctuations.  
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