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====== [1] Ohmic dissipator for a two site system

Consider a two site system with Hamiltonian H0 and an Ohmic bath of temperature T that induces a fluctuating
force f(t) of intensity ν, and system-bath interaction term −W f(t). The master equation acquire a dissipation term

L(ohmic)ρ = −ν
2

[W , [W , ρ]]− iη
2

[W , {V , ρ}] (S-1)

where V = i[H0,W ], and η = ν/(2T ). An extra noise source f̃(t)V can be added in order to make the right hand
side “positive” in the Lindblad sense:

L(ν̃)ρ = −νη
2

[V , [V , ρ]] (S-2)

The “minimal correction” that is needed is to set νη = ν/(4T )2, and then the expression can be written in the
Lindblad form

L(ohmic)ρ = ν

(
F ρF † − 1

2

{
F †F , ρ

})
− i[HLS , ρ] (S-3)

F = W + i
η

2ν
V (S-4)

HLS =
η

4
[WV + VW ] (S-5)

where the Lamb-shift term HLS can be absorbed into the system Hamiltonian. For two site system with

H0 = −(E/2)σz − (c/2)σx (S-6)

and coupling W = σx/2, one has V = Eσy, and the Lamb-shift is zero. The Lindblad generator is

F =

(
1 +
E
T

)
σ+ +

(
1− E

T

)
σ− (S-7)

The transition rates between the sites are:

w± =

(
1± ηE

2ν

)2

ν ≈ (ν ± ηE) (S-8)

w−

w+
≈ e−E/T (S-9)

A secular-like (Pauli) version of the dissipator is obtained by expanding F ρF † and keeping only the Lindblad terms
with F+ = σ+ and F− = σ−. Namely,

L(Pauli)ρ = w+

(
σ+ρσ− − 1

2
{σ−σ+, ρ}

)
+ w−

(
σ−ρσ+ − 1

2
{σ+σ−, ρ}

)
− γ

4
[σz, [σz, ρ]] (S-10)

where the last term represents excess noise due to noisy detuning (see below). The mixed terms that have been omitted
affect only the decoherence of the off-diagonal terms, and not the rate of transitions between sites. In the Bloch-
vector representation the precessing component of the “spin” decays only in the y direction in the Ohmic version, and
isotropically in the Pauli version. In some sense the dissipation in the Pauli version assumes two independent baths at
each bond. If we assume that the detuning E is fluctuating with intensity νγ = (γ/2), so that (E/2)→ (E/2) + f(t),
then an additional L term appears, that has the form of Eq.(S-1) with the substitution W := σz, and V := −cσy.



====== [2] Ohmic dissipator for a chain

The Hamiltonian of the chain is

H(c) = U(x)− c

2
(D +D†) = −Ex− c cos(p) (S-11)

where D =
∑
xDx is the displacement operator, and Dx = |x+ 1〉〈x|. In general the field Ex = − (U(x+1)− U(x)),

as well as the hopping frequencies (c), and temperatures might be non-uniform. The interaction with a bath-source
that induces non-coherent transitions at a given bond is obtained by the replacement (c/2) 7→ (c/2) + f(t). The baths
of different bonds are uncorrelated. Accordingly the dissipation term in the Master equation takes the form

L(ohmic)ρ = −
∑
x

(ν
2

[Wx, [Wx, ρ]] +
η

2
i[Wx, {Vx, ρ}]

)
(S-12)

where the coupling to the baths is via the operators

Wx =
(
Dx +D†x

)
(S-13)

Vx = i[H(c),Wx] = iEx
(
D†x −Dx

)
− i c

2
[(Dx+1Dx −DxDx−1)− h.c] (S-14)

And the Lindblad correction term:

L(ν̃)ρ = −νη
2

∑
x

[Vx, [Vx, ρ]] (S-15)

with intensity νη = ν/(4T )2. Such term has negligible effect in the high temperature regime (η < 1). Optionally we can

add terms that reflect fluctuations of the field. At a given bond it is obtained by the replacement U(x) 7→ U(x) + f̃(t),
where f̃(t) represents fluctuations of intensity γ. The implied coupling operators are

W (S)
x = Qx (S-16)

V (S)
x = i[H(c),W (D)

x ] = i(c/2)
[
D†x−1 −Dx−1 −

(
D†x −Dx

)]
(S-17)

====== [3] Expression for the current

For generality of the treatment we allow the temperature to be bond dependent, then η → ηx so that the Lindblad
generators are Fx = Wx + i(ηx/2ν)Vx, and

H = H(c) +
∑
x

ηx
4
{Wx,Vx} (S-18)

The time dependence of an expectation value is given by the adjoint equation:

d

dt
〈Q〉 = trace

[
Q
d

dt
ρ

]
= trace [QLρ] = trace

[
(L†Q)ρ

]
=
〈
L†Q

〉
(S-19)

where

L†Q = i[H,Q] + ν
∑
x

(
F †xQFx −

1

2
{F †xFx,Q}

)
(S-20)

Partitioning the system at the n-th bond, the current flowing from left to right is defined by I = ˙〈Q〉, with

Q =
∑
x>n

|x〉〈x| (S-21)

We note that although the original Hamiltonian allows only near-neighbor hopping, the master equation allows also
“double hopping” due to the V terms. Accordingly the expression for the current operator has several non-trivial



terms. Applying Eq.(S-19) the current is:

I = ~I − ~I − c Im[ρn(1)] + I
(0)
η2 + I

(1)
η2 (S-22)

~I = w+
n pn −

cηn
2

Re[ρn−1(1)] (S-23)

~I = w−n pn+1 −
cηn
2

Re[ρn+1(1)] (S-24)

I
(0)
η2 =

E2η2
n

4ν
[pn − pn+1] +

∑
i=0,1

c2

16ν

(
η2
n−i + η2

n+1−i
)

(pn−i − pn+2−i) (S-25)

I
(1)
η2 = −cE

8ν
Re
[
2η2
n (ρn−1(1) + ρn+1(1))−

(
η2
n−1 + η2

n+1

)
ρn(1)

]
(S-26)

where the extra Iη2 terms are of order η2, and are negligible for the NESS current. If the field E is non-uniform, then
one needs to make the replacement ηnE → ηnEn. Disregarding Iη2 the distinct elements of the current are coherent
hopping, stochastic hopping and stochastic-assisted coherent hopping. These are pictured in Fig.S1.

Current in disordered system.– In Fig.S2 we display results for the NESS current, calculated for a disordered
sample. If the spatial correlation scale of the disorder is large, the ring can be regarded as composed of several
segments connected in series. Then the analytical estimate for the current would be

I =

[∑
x

1

v(Ex)

]−1

(S-27)

which reduce to I = (1/L)v(E) for a uniform field. The function v(E) is provided by Eq.(17), and the above analytical
estimate implies what we call convex property. Using this formula we can explain why disorder can lead to increase of
the current as in Fig.2. The accuracy of this formula, that assumes a large spatial correlation scale, is tested against
the correlation scale in Fig.S2.

FIG. S1. Diagrammatic representation of the terms that contributes to the total current that flows via a section that is
indicated by a vertical dashed line, here via the bond that connects sites x=1 and x=2. Straight lines denotes the role played
by the stochastic transitions, while semi-circle segments are related to coherent hopping. The latter are of the form cηxρx(1).

0 10 20 30 40 50

Correlation length

0.275

0.280

0.285

0.290

0.295

0.300

I

Theory Numerics

0 100 200 300 400

L

0.15

0.20

0.25

0.30

0.35

I

c = 1 c = 5 c = 10

FIG. S2. The NESS current as a function of the correlation length of the disorder. The parameters are E=8, σE=6, η=0.01
and c=10. The correlated disorder is obtained by a convolution of the uncorrelated disorder (correlation length equals unity)
with a box-shaped kernel. For each sample the numerical result for an L=500 ring is compared with the theoretical estimate
Eq.(S-27). The two are expected to coincide for large correlation length. The small difference that remains is a finite size effect
due to our treatment of the boundary conditions (see main text). On the right panel we demonstrate the L-dependence of this
difference for a clean system (E and η are the same). The gray dashed lines are the theoretical values provided by Eq.(17).



====== [4] Spreading

Without coherent hopping (c=0) the Ohmic/Pauli dynamics of the on-site probabilities px decouple from the decay
of the off-diagonal terms. We get two distinct sets of modes: the stochastic-like relaxation modes and the off-diagonal
decoherence modes. In the Pauli approximation the latter decay with the same rate γ0 = γ + w+ + w−. The stochastic
transitions affect only the stochastic-like relaxation modes. Starting with a wavepacket of variance Var(R) = σ2

0 , and
momentum centered around k0, we get in the Wigner representation

ρw(R,P ) = e−γ0t
[
Gc(R,P )−G0(R,P )

]
+ Gt(R,P ) (S-28)

where

Gc(R,P ) =
2

L
exp

(
−1

2

R2

σ2
0

− (P − k0(t))2σ2

)
, k0(t) = k0 + Et (S-29)

Gt(R,P ) =
1√
2π

1√
σ2

0 + 2Dt
exp

(
−1

2

(R− vt)2

σ2
0 + 2Dt

)
(S-30)

with drift velocity v = (w+ − w−) and diffusion coefficient D = (w+ + w−)/2.
Let us add coherent hopping in a very naive way: we use the Pauli dissipator, and merely set c 6= 0 in the Hamil-

tonian. It is a naive procedure because the use of the Pauli dissipator cannot be justified anymore (we have to use
the Ohmic dissipator). With this simplification the explicit form of the Lindblad operator of the q block is:

L(q) = −γ0 + γq|0〉〈0| − iE
∑
r

|r〉 r 〈r| − c sin(q/2)
[
eiq/2D⊥ − e−iq/2D†⊥

]
(S-31)

with γq = γ + w+e−iq + w−eiq. This can be regarded as simplified version of Eq.(S-33) below. The diagonalization
of L is straightforward for zero bias. The phases exp(±iq/2) can be gauged to some distant r, and L becomes like
the Hamiltonian of a tight-binding model with a barrier at the origin. The lowest eigenmodes are decaying exponents
ψ(r) ∼ exp(−α|r|), with Re(α) > 0. These modes correspond to the stochastic-like relaxation modes. Matching the
boundary conditions at r = 0, one finds the eigenvalues

λq,0 = γ0 −
√
γ2
q − 4c2 sin2 (q/2) ≡ ivq +Dq2 +O(q3) (S-32)

From which expressions for v and D can be derived. The result for D is similar (but not identical) to the correct
result in the main text. Namely, up to a prefactor it reproduces the E=0 Drude term.

====== [5] Bloch representation of the Ohmic master equation

For a clean system, and neglecting the η2 contribution, the generator of the master equation is written as a sum of
several terms. Here we shall provide explicit expressions of the q block of the super-matrix in the Bloch representation:

L(q) = cL(c) + EL(E) + νL(ν) + ηcL(c̃) + ηEL(Ẽ) + νηL(ν̃) (S-33)

We define operators

R =
∑
r

|r〉 r 〈r| (S-34)

D⊥ =
∑
r

|r + 1〉 〈r| (S-35)

After gauge transformation |r〉 → e−iqr/2 |r〉 we obtain

L(c) = sin(q/2)[D†⊥ −D⊥] (S-36)

L(E) = −iR (S-37)

L(ν) = −2 + 2 cos(q)|0〉〈0|+ (|1〉〈−1|+ |−1〉〈1|) (S-38)

L(c̃) =
1

2
cos (q/2)[D⊥ +D†⊥] +

1

2
cos(3q/2) [| ± 1〉〈0| − |0〉〈±1|] +

1

2
cos(q/2) [|∓2〉〈±1| − | ± 1〉〈∓2|] (S-39)

L(Ẽ) = −2i sin (q)|0〉〈0| (S-40)

Note that this expression is not 2π periodic, since we ignore the accumulated phase which arise in the gauge procedure.
The gauge in the above procedure is equivalent to redefinition of the r coordinate such that x and r become orthogonal
(skewing the r axis in Fig.4 by 45 degrees).



====== [6] Eigenmodes of the Ohmic master equation

Infinite temperature eigen-modes.– For infinite temperature (η = 0), the eigenvalues of the q = 0 block are:

λq=0,0 = 0 (NESS) (S-41)

λq=0,± = 2ν ±
√
ν2 − E2 (S-42)

λq=0,s = 2ν + iEs, (s = ±2,±3, ...) (S-43)

Considering the q dependence of the eigenvalues we get several bands. Our interest below is in the lowest band
(λq,s=0), which determines the long time spreading. For this calculation one needs the eigen-modes corresponding to
the above eigenvalues. These are given by:

|λq=0,s〉 = |r = s〉 , (s = 0,±2,±3, ...) (S-44)

|λq=0,±〉 ≡ |±〉 = α± |1〉+ |−1〉 (unnormalized) (S-45)

α± = −i
(
E
ν

)
∓

√
1−

(
E
ν

)2

(S-46)

NESS at finite temperature.– We can find the NESS, which is the zero mode |λ0,0 = 0〉, and calculate from it
both the momentum distribution and the current.

Setting q = 0, and considering linear order in η, the NESS is obtained by first order perturbation for the |λq=0,0〉 =
|r = 0〉 state. See Fig.S3. Putting V ≡ ηcL(c̄) as the perturbation, one get:

|NESS〉 = |0〉+

〈
+̃
∣∣V ∣∣0〉
λ+

|+〉+

〈
−̃
∣∣V ∣∣0〉
λ−

|−〉 = |0〉+ α0 |1〉+ α∗0 |−1〉 (S-47)

α0 =
3ν − iE
3ν2 + E2

ηc (S-48)

where the left eigenvectors are given by:

〈
±̃
∣∣ =

(
α±
α∓
− 1

)−1 [
〈1| 1

α∓
− 〈−1|

]
, (S-49)

Reverting back from the Bloch basis of ρ(r; q) to the position basis, namely |r; q〉 := L−
1
2

∑
x |x〉〈x+ r|eiqx, the

normalized steady state matrix ρ is:

ρ(NESS) =
1

L

(
11 +

∑
x

α0|x〉〈x+1|+ h.c.

)
=

1

L

(
11 + α0e

+ip + α∗0e
−ip) (S-50)

The momentum distribution.– Using Eq.(S-50) we obtain the steady state momentum distribution:

p(k) = ρkk =
1

L

(
1 + 2Re(α0e

+ik)
)

=
1

L
+

1

L

2ηc

3ν2 + E2
(3ν cos (k) + E sin (k)) (S-51)

For E = 0, the momentum distribution is canonical, see Fig.S4. The above result is indeed consistent with the
canonical distribution to linear order in β = 1/T . The drift velocity can be deduced by calculating the NESS current
using Eq.(S-22). The current over the bond n, to first order in η is:

In =
1

L

(
(w+

n − w−n )− c Im(α0)
)

=
1

L

[
1 +

c2

6ν2 + 2E2

]
2ηE (S-52)

We note that although the expression for the current Eq.(S-22) is complicated, the final NESS current is composed
of the usual stochastic-current, and the usual coherent-current.



====== [7] Diffusion at finite temperature

Here we provide the calculation of D to second order in η. We have to expand λq,0 to second order in q. Inspecting
the gauged Lindblad operator in Eq.(S-33), one observes (see diagram of Fig.S3) that up to order q2 and η2 it is
enough to diagonalize the five sites |r| ≤ 2, keeping the q2 and the η2 corrections. This can be done using perturbation
theory, or optionally using Mathematica for a direct diagonlization and then expand the result in powers of q and η.
Either way one get:

λq,0 = ivq +Dq2 (S-53)

v =

[
1 +

c2

6ν2 + 2E2

]
2ηE (S-54)

D =

[
1 +

c2

6ν2 + 2E2

]
ν −

[(
9ν2 + 11E2

)
(E2 + 3ν2)2

+

(
15E2 + 13ν2

)
(cE)2

4(E2 + ν2)(E2 + 3ν2)3

]
(ηc)2ν (S-55)

Setting E = 0 in the expression for D, we find that the η2 correction in Eq.(S-55) can be absorbed into the first
term via the replacement c2 7→ [1− 6η2]c2. Note that this correction is based on the Ohmic dissipator without the
additional Lindblad term that is added for the purpose of positivity.

FIG. S3. Diagrammatic representation of the couplings in the reduced tight binding model (in r), that is used in order to
determine the eigenvalues λq,s for a given Bloch momentum q. Different orders of q and η are indicated by the different arrows.
The formation of the |λq=0,±〉 eigenmodes is due to the dashed ν coupling. Up to order q2 and η it is enough to consider second
order perturbation theory involving r = −1, 0, 1. For η2 corrections one needs to include also r = ±2.
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FIG. S4. The steady state and the diffusion coefficient at zero bias. The parameters are ν = 1 and η = 0.01. (a) Nu-
merically determined momentum distribution (without the Lindblad correction) compared with the Boltzmann distribution
p(k) ∝ exp

[
θ−1 cos (k)

]
. The distribution is plotted for a few values of θ. For small θ the distribution is no longer Boltzmann-

like and its tails become negative. The Ohmic master equation is no longer valid in this regime. The calculation is for L = 40,
and for clarity only 20 data points are presented. (b) Numerical verification of the η2 correction to D. The analytically
predicted correction factor [1− 6η2] is plotted as a solid line. The numerical data points are [6ν/c2](D − ν).



====== [8] Effective disorder

For c=0 the off-diagonal terms of ρ decouple from the diagonal, and the relaxation spectrum is the same as that
of the stochastic model. For small c, we keep only the three-central diagonals (r ≤ 1), thus ignoring the couplings
to higher bands. We also ignore transitions of the order cη. The r = ±1 space can be eliminated, in the price of
getting a λ-dependent transition rate matrix Heff(λ) = H0 +W ′G(λ)W , where H0 includes the transitions along r=0,
and G(λ) is a resolvent operator that describes the dynamics within the excluded diagonal, while the W -s include
the couplings between the r=0 elements and the excluded r = ±1 elements. See diagram of the couplings in Fig.S5.
The effective matrix Heff(λ) is non-hermitian due to the asymmetry of the transitions. It is a probability conserving
tight-binding operator, but with rates that can be negative. For the forward and backward hopping rates in the n-th
bond we get w±n = ν + νn ± ηEn, where

νn =
( c

2

)2

(G11 +G22 −G12 −G21) =
c2

2

ν − λ
(2ν − λ)2 + E2

n − ν2
(S-56)

where G = −(λ+ Ln)−1 is a 2× 2 matrix which is defined in terms of Ln = −2ν − iEnσz + νσx within the subspace
that is spanned by the super-vectors |n〉〈n+1| and |n+1〉〈n|. The eigenvectors of this matrix are the |±〉 of Eq.(S-46)
with E → En.

In order to estimate the effective disorder, we proceed as outlined in the main text. For high-temperatures
one obtains from Eq. (22) approximations for the wn and for the stochastic field, namely, wn ≈ (ν + νn), and
Ẽn ≈ ηE(ν + νn)−1. We define an associated hermitian matrix H̃, that has the same matrix elements as Heff(λ),
but with Ẽn = 0 in the off diagonal elements. The eigenvalues of H̃ are real, with some inverse localization length
κ(λ). Ignoring the diagonal disorder that arises due to non-uniform field Ẽn, the localization length of eigenvalues
near λ are roughly given by [Weinberg, de Leeuw, Kottos, Cohen, Phys. Rev. E 93, 062138 (2016)]:

κ(λ) ≈ 1

4

(σ⊥
ν

)2 λ

ν
(S-57)

with σ2
⊥ = Var(wn). This, as explained in the main text, determines whether the eigenvalues of Heff(λ) will turn

complex. We focus on representative region around λ = 2ν in the center of the spectrum. Around this point, for
small disorder, one obtains:

wn ≈ ν
c2

2(ν2 − E2)

(
1 +Bδn + Cδ2

n

)
(S-58)

B =
2E

(ν2 − E2)
, C =

ν2 + 3E2

(ν2 − E2)2
(S-59)

with δn ≡ En − E that are randomly distributed within [−σE , σE ]. Consequently we get the estimate

σ2
⊥ = Var(wn) ≈

(
c2ν

2(ν2 − E2)

)2 (
B2 Var(δ) + C2 Var(δ2)

)
=

(
c2ν

2(ν2 − E2)

)2 (
B2(σ2/3) + C2(4σ4/45)

)

FIG. S5. Diagrammatic representation of the couplings in the 3 band approximation. Along the main diagonal (filled circles)
we have asymmetric stochastic transitions (not indicated). Those are coupled to the coherences (empty circles) due to the
c-related terms that are packed into W and W ′ matrices. The non-Pauli ν coupling and the on-site “energies” at the |r| = 1
sites constitute the Ln operator, which determines the resolvent G(λ).

http://dx.doi.org/%2010.1103/PhysRevE.93.062138
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[R1] Optimal transport in one-dimensional infinite chains has been studied in [5–7, 9, 18, 19].
[R2] Optimal transport in one-dimensional chains with “exit site” has been studied in [12–14]
[R3] The term quantum Goldilocks effect has been suggested in [10], for the idea that natural selection tends to drive quantum

systems to the degree of optimal quantum coherence for transport.
[S1] See SM sections 1 and 2 for pedagogical presentation of the procedure for the construction of an Ohmic master equation

for 2 a site system and for a chain.
[S2] See SM section 3 for an explicit expression for the current operator.
[S3] See SM section 4 for pedagogical summary regarding spreading, following [27].
[S4] See SM section 4 for technical summary of the procedure for finding the eigenvalues of a master equation with a Pauli-type

dissipator. It follows [28], but here we include additional stochastic transitions in “parallel” to the coherent hopping, and
incorporate also the bias within a first order treatment.

[S5] See SM sections 5-7 for technical details regarding the procedure for finding the eigenmodes of the Ohmic master equation,
including explicit expressions for the η related terms in the Fourier representation, numerical verification for momentum
thermalization, and derivation of the associated η-related correction for the diffusion coefficient.

[S6] See SM section 3 for extra numerics that concerns the calculation of the current for a disordered chain, and the manifestation
of the convex property.

[S7] See SM section 8 for technical details regarding the derivation of the effective disorder that emerges in the reduced rate
equation due to virtual coherent transitions.
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