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ABSTRACT

Supplementary information.

1 Supplementary Figures

2 Chemical rate equations for system of interacting protein species

We adopt this calculation of the derivation of the chemical rate equations from1. For simplicity, let us consider a two-component
system consisting of one species of activators (e.g. kinases), denoted by letter A, and one species of deactivators (e.g.
phosphatases), denoted by letter D, which can be in active or inactive states. Activators (in their active state) act only on inactive
targets and deactivators (in their active state) act only on active targets. The chemical kinetic equations governing the system
are given by

A∗+Tl
k f

1l−⇀↽−
kr

1l

A∗Tl
r1l−→ A∗+T∗l (S1)
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1l

D∗T∗l
r̃1l−→ D∗+Tl (S2)

where A/A∗, D/D∗ and T/T∗ denote activators, deactivators, and targets respectively ( ∗ denotes active state). The target
molecules can be either activators or deactivators, and we will adopt the notation that for the two-component system, T1
corresponds to activator A and T2 corresponds to deactivator D. The rate of change of concentrations of the active fraction of
the target T1, an activator, is given by

d[T∗1]
dt

=
(
2r11 + kr

11
)
[A∗T1]− k f

11[A
∗][T1]− k̃ f

11[D
∗][T∗1]+ k̃r

11[D
∗T∗1] (S3)

and for the active fraction of target T2, a deactivator, is given by

d[T∗2]
dt

= r12[A∗T2]+
(
r̃12 + k̃r

12
)
[D∗T∗2]−2k̃ f

12[D
∗][T∗2] (S4)

Note that in these equations, although [A∗] = [T∗1] and [D∗] = [T∗2], we have written them separately to distinguish between the
roles of the proteins as enzymes or targets. For each intermediate complex, the rate of change of concentration is given by

d[A∗Tl ]

dt
= k f

1l [A
∗][Tl ]− (kr

1l + r1l)[A∗Tl ] (S5)

d[D∗T∗l ]
dt

= k̃ f
1l [D

∗][T∗l ]− (k̃r
1l + r̃1l)[D∗T∗l ].. (S6)
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Figure S1. Autocorrelation plots of rate constants for (a) kA1,A1 , (b) kD1,D1 , (c) kA1,D1 , (d) kD1,D1 . ‘ACF’ stands for
autocorrelation function. Autocorrelations between rate constants tend to 0 after a few thousand accepted mutations.

Under the assumption that the intermediate complex concentrations are at steady state (quasi-static approximation), we
obtain

k f
1l [A

∗][Tl ]− (kr
1l + r1l)[A∗Tl ] = 0

[A∗Tl ] =
k f

1l
kr

1l + r1l
[A∗][Tl ] (S7)

k̃ f
1l [D

∗][T∗l ]− (k̃r
1l + r̃1l)[D∗T∗l ] = 0

[D∗T∗l ] =
k̃ f

1l

(k̃r
1l + r̃1l)

[D∗1][T
∗
l ]. (S8)

Substituting Eqs. (S7) and (S8) in Eq. (S3) yields

d[A∗]
dt

= kA,A[A∗][A]− kD,A[D∗][A∗] (S9)

where

kA,A =
k f

11
1+ kr

11/r11
,

kD,A =
k̃ f

11

1+ k̃r
11/r̃11

. (S10)
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Figure S2. (a) Autoactivation and Activator phase. In red, 1 indicates Activator-1 phase and 0 indicates Activator-2 phase. (b)
Auto-deactivation and Deactivator phase. In blue, 1 indicates Deactivator-1 phase and 0 indicates Deactivator-2 phase. The
dominant activator has a higher autoactivation rate, whereas a subdominant deactivator has a higher auto-deactivation rate.

Similarly, we can obtain the second equation

d[D∗]
dt

= kA,D[A∗][D]− kD,D[D∗]
2 (11)

with similar relations for kA,D and kD,D. Moreover, we assume a quasi-static approximation where ratios k f
il/(k

r
il + ril) and

k̃ f
il/(k̃

r
il + r̃il) are much smaller than one, corresponding to relatively short-lived intermediate complexes. Without loss of

generality, we assume k f
il (= k̃ f

il), and ril (= r̃il) are the same constants for all enzyme-target pairs, so that the only rate constants
that depend on binding energies are kr

il and k̃r
il . For these rates, we assume an Arrhenius-type form, e.g. kr

il = Ae−Eil/kBT where
A is a constant and Eil is the binding energy between enzyme represented by label i and target represented by label l. If energy
Eil is measured in units of kBT where T is room temperature, we obtain

ki j = k
′
0

(
1

1+ e−(Ei j−E0)

)
, (S12)

where k
′
0 and E0 are constants, and the indices i and j stand for A or D. Similarly, k̃ jl = k

′
0/(1+ e−(Ẽ jl−E0)). We have so far

ignored background (enzyme-independent) activation and deactivation of target; we can incorporate this by adding a term of
the form α[Tl ]−β [T∗l ] to the right-hand side of Eqs. (S9) and (S11).

We next incorporate cooperativity within our minimal model. For simplicity of the discussion, we once again consider a
two-component system (1 activator, 1 deactivator species), and assume target molecules can be in three states: inactive (T),
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active (T∗), and partially phosphorylated (T′). The chemical kinetic equations governing the system are then of the form:

A∗+T k′−→ A∗+T′

T′
k′−−→ T

A∗+T′ k′′−→ A∗+T∗. (S13)

Within the assumption of short-lived complexes, the rates of change of T′ and T∗ are given by

d[T′]
dt

= k′[A∗][T]− k′−[T
′]− k′′[A∗][T′]

d[T∗]
dt

= k′′[A∗][T′]− k̃[D∗][T∗]+α[T]−β [T∗]. (S14)

Applying the quasi-static approximation for T′ (valid for low concentrations of [T′]), we obtain [T′] = k′[A∗][T]/(k′−+ k′′[A∗]).
If k′′[A∗]� k′−, we can further approximate [T′]≈ k′[A∗][T]/k′−. We thus obtain

d[T∗]
dt

= k[A∗]2[T]− k̃[D∗][T∗]+α[T]−β [T∗], (S15)

where k = k′k′′/k−. Both k′ and k′′ can be expected to be of the form in Eq. (S15), while k− as a spontaneous decay rate can be
treated as a constant. For simplicity, we assume that the enzyme binding energies for both steps of phosphorylation are the
same, and obtain

k = k0

(
1

1+ e−(E−E0)

)2

, (S16)

where k0 is now a new constant. Cooperativity in deactivation is introduced along similar lines. We then generalize this to
multiple activator/deactivator species, with the simplifying assumption that activators/deactivators involved in both stages
belong to the same species, giving us Eqs. (2) in the main text.
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