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Stability analysis of the model

There are two biologically meaningful equilibria of the PWD model: the disease-free equi-
librium (DFE) and the endemic equilibrium (EE). The former is given by
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Using the next-generation method [1], we find the repoduction number is

B (Py-Ty — mKwAy Agn(Babfa + B1y)) '
0= p( \/71722(771—0—71)(,“"‘71)(77"_72)

Note that this value is a threshold for disease emergence, not necessarily the average
number of secondary infections [2].



Global stability of the DFE

Here, we prove the global stability of the DFE Ej using the approach from Castillo-Chavez
and Huang [3]. We rewrite our model as follows:
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where Y = (Sg, Sy) € RZ, represent the number of uninfected compartments and Z =

(Eg, Ag, Iy, By, Iy) € RS, represent the infected tree and vector classes. The DFE
s (Y9 0), where Y° = (%, %) For global stability of the DFE, the following two
conditions need to be satisfied:

Y
(C1) For Cil_t = F(Y,0) =0, Y is globally asymptotically stable

(Co) M(Y,Z) = AZ — G(Y, Z), where G(Y, Z) >0, for (Y, Z) € Q,
and where A = D, M(Y?,0) is an M-matrix and (2 is the biological feasible region.

Lemma 1. If Ry < 1, then the fived point denoted by (Y°,0) of system (1) is globally
asymptotically stable if (C1) and (Cy) are satisfied.

For the proof of Lemma 1 where the conditions are proved in general, see [3], but in
particular case, these conditions are proven in below theorem.

Theorem 1. If Ry < 1 and assumptions (C1) and (Cy) are satisfied, then the DFE Ey is
gobally asymptotically stable.

Proof. Let
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Ast —o0,and Y —» Y V =Y? = (5%, 5Y) is globally asymptotically stable. To ensure
condition (Cy), let
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where 74 = af20+ 1. Then M (Y, Z) can be written as M (Y, Z) = AZ—@(Y, 7). Clearly,

~

G(Y,Z) > 0 and A is an M-matrix with negative diagonals. Hence conditions (C}) and
(Cy) are fulfilled. Thus, by Lemma 1, Ej is globally asymptotically stable. O]

Note that the global stability of the DFE implies local stability and also that no back-
ward bifurcation is possible.

Global stability of the endemic equilibrium

Next, we will prove global stability of EE* [4, 5, 6]. At the EE, the PWD model at steady
state satisfies

Ap = 1Syl + 7155, By = 1Sy ly
m(l —w)Ey =AYy mEy = 1ol
%1}3 = Sy Ay = KS3 I + 155
KS§ I = B, nky = yly,
KSyT; = 737513

Theorem 2. If Ry > 1 and
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then the endemic equilibrium EE* is globally asymptotically stable
Proof. Consider the Lyapunov function
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We have
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Simplifying, we get the following results:
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and
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It follows from the above equations that
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then the largest invariant subset for which L' = 0is EE*. By LaSalle’s Invariance Principle
[7], EE* is globally asymptotically stable whenever Ry > 1. H
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