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Appendix A The direction field dy/dt = G(w,y)
From (18'), (15'a), (7'a), and (14’) we start with the expression for the direction field dy/dt = G(w,y),

G(w,y) = -0+ A f)w—p—35y"73, (A1)

where f(y) is given by (8). It will simplify exposition (just for this appendix) to switch variables from (w,y) to (®,z) defined
by © = [w—p]/5. z=y'/. The map w(w) has the range ® € [~p/5, ®(Cc)] where ©(Cc) & [Ccq(Cc) — p)]/5. The points
w =7p and w = p+5 correspond to the values w = 0 and @ = 1 respectively. Under this change of variables, (A.1) can be
written

G(w,z) 0

_ = -1
Ny Als+f()[w ] (A2)

We consider the isoclines of G(®,z). Parametrizing the isoclines by the value G = BQ, where 8 is a free parameter, from
(A.2) each isocline has the form

o(z;0) = %—&- %, where a = (1+)0/(As). (A.3)

The value o =0 (i.e. B = —1) corresponds to the curve I'jy on which G = —Q. The equation for I}y in (®,z) space is
®(z,0) = 1/z. The a > 0 isoclines correspond to Q; > 0, thus they cover the region 'y ,, while the @ < 0 isoclines cover the
regions I'_; and I'"__. From (A.3) note that all isoclines have the value G < 0in I'_; and I"__. Thus the condition G =0 is
only possible in the region I'y .

We first consider the a > 0 isoclines. From (8), in T, f(z) has the form, f(z) = (1+2°/2)(1 — z3)2. It is straightforward
to show that f(z) is monotonically decreasing on z € [0, 1] with £(0) =1, (1) =0, f/(0) = f/(1) =0, f'(z) <0, and f"(z) <0
on (0,27'/3) while f”(z) > 0 on (27'/3,1]. Defining A(z) = 1/f(z), we have

o(z;a) = 1/z+ ah(z) > ©(z;0), (A4)
which satisfies d>(z; ) /dz* > 0. For o > 0, o(z; ) is a function that is “concave up” having a unique minimum @, (o) at
the point zy, (o) € (O 1) satisfying,

Zilinh/(zmin) = ail> wmin(a) = 1/Zmin + ah(zmin)- (A.5)

In physical space @ is bounded above by the value @ (C
range of ® values comprising the o’th islocline to @(z; &) €
exists some isocline value Omax > 0 such that O (Omax)
from (A.4) and (A.5) we conclude there exist values z;, (o) a

c). However, viewed as a function of z, (A.3) implicitly extends the

[@min (@), 0] with lim,_,o+ @(z; &) = lim,_,;- ®(z; &) — . There

= CC) and @pin (@) < ©(Cc) for 0 < o < Otmax. Consequently,
nd ze, () satisfying 0 < zg, (0) < Zmin(@) < zZe2(@) < 1 such that

\//_\

O(76,(0); &) = 0(ze,(@); ) = ©(Cc) for & < Cax-

For the isocline ®(z; Omax), We have 21 (Cmax) = Zmin(Qmax) = sz(Otma,L). Fig. A.1(a) provides a sketch of the isoclines
©(2;0) and ©(z; & < Omay), indicating the points (@min (), Zmin(2t)), (0(Cc),z61(a)) and (0(Cc),z62(ax)).

The value of Giax places restrictions on Q. From (A.3) we note that the isocline & = Q/(A;5) carries the constant value
G = 0. Therefore if Q/(A;5) > Gmax, then G < 0 everywhere in 'y ;. (and therefore everywhere in the physical phase space).
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Figure A.1. (a) Plots of I'jg = ®(z;0) and example isocline @ (z; &) (0 < Gmax) showing the fold curve ®yo1q(z) and the
values 761 (@), Zmin (@), Z62(@), Omin(@), and @(Cc). (b) Plots of the curves (A.7a) and (A.8) and an illustration of the
computation needed to determine the value Qimax.

Consequently, the direction field dy/dr would be negative everywhere in the physical phase space and no critical point could
exist. Under these conditions, any gas bubble that tries to form dissolves rapidly and the physical phase space will not support
gas bubbles. Therefore O must be sufficiently small such that

0 < Omax A5 = Opax- (A.6)
To compute Qiax note that, as @ increases from the value 0, the points (zmin (€), @min(@)) trace out a curve. This curve

defines a “fold” in the function G(@,z) across which G achieves maximum values in the z (but not @) direction. The parameter
a can be eliminated from the two equations in (A.5) giving the equation for this fold curve,

1 hz) 2 (1+27%)?

=+ E— . A.7a
Prota(2) z W (z) 91+ (A.72)

Note that 4(z) > 0 on [0, 1] with @re(1) = 1. In w, y coordinates, the fold curve will be denoted

2 (142y)?
Wi = - A.7b
fola (V) P+59y4/3(1+y) (A.7b)
A sketch of the curve wro4(z) is also provided in Fig. A.1(a).
Inverting the first equation in (A.5) gives the values of « along the fold curve @ro14(z),
1 2(14+22/2)*(1-2%)3

Offold (2) _ 2! /2 ) (A.8)

T 2HGR) 9 #1423

Note that the right-hand sides of (A.7a) and (A.8) are only functions of z (i.e. of y = s,), independent of any other physical
parameter in the problem. Thus the two curves ®q(z) and Goa(z) can be computed, independent of any particular flow
problem in this geometry. These two curves are plotted in Fig. A.1(b). This figure illustrates how imax is computed and how
the physical parameters (K¢, Cc, P, 5 and A)) enter through the value w(éc) and the computation (A.6) for Q.

With the value of Q restricted by (A.6), the isocline G(w,y) = 0 exists in I'; ;. In the text we shall refer to this isocline as
the curve Wi (y) (see Fig. A.2(a)), and the two values where this curve intersects the boundary w = a;g (Cc) will be denoted yg,
and y,, where yg; < Y.

We will have need of the partial derivatives dG(w,y)/dw and dG(w,y)/dy. In Ty, these can be computed directly from
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Figure A.2. (a) Variation of the sign of G(w,y) and its partial derivative G, in I'; . Note that the curves I'jy and W;(y) may
approach very close, but do not cross. (b) Example G(®,z) isoclines in I'_; and I'__, showing axis intersection values.

(A.1):

IG(w,y) — >0 on yel0,1),
aw —A]f(y){ =0 for y=1,

aG(w,y) — _ |1 Sy
éy PR {W_p - [ym ) 3f’(§)i3/4} }
Note that dG(w,y)/dy = 0 on the curves y = 1 and Wy 4(y). Thus when crossing the curve Wioq(y), the partial dG(w,y)/dy
changes sign, while the sign of the partial dG(w,y)/dw remains unchanged. Fig. A.2(a) illustrates the respective signs of
G(w,y) and its partial derivative G, in " .
We now consider the form of the isoclines for & < 0 in the regions I'_; and T'__. With f(z) = 1, the equation of each
isocline is simply

_ —%Xz(l — )2 W — Wroua ()]

1
o(za) = B +a. (A9)
Fig. A.2(b) plots two of these isoclines showing relevant intersection points with the physical axes. Note that as o¢ — —oo, the
isoclines approach the z = 0 axis.
The needed partial derivatives of G(w,y) in'_ and I'__ are straightforward to compute from (A.1) (with f(y) = 1),

dG(w,y)
ow

=/A>0 —_— =
1 >0, ay 3y4/3

There is no change in the signs of G(w,y) or its partial derivatives G,,, G, across the curves I'y or I'g.

Appendix B F(w,y) on [,

We address the sign of F(w,y) along the curve . We begin with the form of F (w,y) in (23b) which we write as

~ iy Q éc 1 K3 8
Pl = Auslfe e [A (-5 -7)-(5) ]

L Hy () le(w) - <S>8] . (B.10)
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Our interest is in the domain p+5 <

_ _ 1 _ ) g
Q(1+CC— - )<1, Q>(s> . (B.11)
AgS p+s Kc—p—5 Ags \Cce(Cc)—P
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Lemma B. Given (B.11) and the assumption
4K
— "¢« (B.12)
(1+Cc+Kc)?
then F(w,y)|r, = 0 at a single point w,, y. = yo(ws) where p+5 < w, < Cce(Cc).
Proof: We show that the functions Ha(w) and y,(w)3/? = [5/(w —p)]® in (B.10) intersect at a single value w., in the interval

(7 +75,Ccq(Cc)). We proceed by elucidating the properties of Ha(w) and y,(w)®/3 needed for this proof. For Ha(w) we have
the following observations:

lim Hs(w) — oo; lim Hp(w) — —oo;
w0+ woke o (B.13)
H2(W+) =0, where Wi & CCg(CC -‘rfc) and ch(CC) <wy < Fc.

To verify (B.13), note from (B.10) that H,(w) = 0 for w satisfying w? + (Cc + Kc)w — CcKc = 0. Solving this quadratic for
the positive root under assumption (B.12) we have, to first order in a Taylor expansion of the square-root of the quadratic
discriminant,

EC(EC‘FFC)
w4 N ——.
1+Cc+Kc

The first two derivatives of H,(w) are

=@ [Cc U sy =2 @ [Co_ 1
Hj(w) = AgS[W2+(KC_W)2]<0, Hz(w)zAgs{w3 (Kc—w)3} (B.14)

From (B.14), H) (w) must have a single root in the interval w € (0,K¢). Since lim,,_,o+ H} (w) > 0 and

"o (C = 2 EC - :
M (CerlCel) =255 [<CCg<cc>>3 (Re ch<Cc>>3}
— — =2
_, 2 C(-C) (B.15)

A5 (Ceg(Cc))?

then the single root of H} (w) must lie between Ccg(Cc) and K. In (B.15) we have used the fact that Cc < 1. Thus from (B.14)
and (B.15) we have

Hy(w) >0 on (0,Ccq(Cc)). (B.16)
For y,(w)8/3 we have the observations that, for w > 0,
i( 8/3 _ _ 3_—1
dw Yo(w)) 8(yo(w))’ 57 <0, (B.17a)
ddj;(ym(vv))s/ 3=T2(ye(w)' P52 > 0. (B.17b)

Equations (B.14), (B.16) and (B.17) state that H>(w) and y,o(w)g/ 3 are both monotonic, decreasing, concave-up functions
on the interval (0,Ccq(Cc)). In addition (B.11) guarantees that H (5 +5) < y,(5+5)%/? and H(Cce(Cc)) > yi(Cee(Ce))®/3.
Thus we have the existence of a single value w, in the interval (5 +5,Ccq(Cc)) such that Hy(w.) = y,(w.)%/3, i.e. such that
~ def
F(Wi,yn(wy)) = 0. Let yy. = yo(ws). [

As a consequence of Lemma B, we have

_ <0, we[p+s,wi),
F(w,yo(w))q =0, w=w,, (B.18)

>0, we (wi,Cce(Cc)l.
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Appendix C F(w,y)in T,

We address the variation of the sign of F(w,y) in Ty, by analyzing (23a). We begin with the behavior of F(w,y) on the
boundaries of I'y ;. The behavior of F(w,y) on the boundary I'yy was analyzed in Appendix B. On the boundary y = 1,

F(w, 1) = Ags(Kc —w) (Fy(w) +Cc) {AQ; - M} : (C.19)
K

On this boundary, p+5 < w < Ccy(Cc) < Kc; therefore the term (K¢ —w)(F>(w) 4+ Cc) is positive. In addition,

0 (F+3) _ (p+5-P) __ww—p)
A (B(p+s5)+Cc) 5 (Fa(w)+Cc)s’

(C.20)

where the first inequality in (C.20) comes from (24). By (C.20), ﬁ(w, 1) <0forp+5<w<Ccq(Cc) <Kc.
The final boundary is w = Cc(Cc), y € (y4(Cc), 1). Using (18) and (15'), we can derive an expression relating F (w,y)
and G(w,y),

F(w,y) = (Ke =w){~[F(w) +Cc]G(w.y) + (Cc —~ Ci(w)) Qs (w,y) = wQ, (w.y)}.
This expression simplifies considerably when evaluated at w = Ccy(Cc),

KiCc

FCeilCo) =~ (oo

{G(Ccg(Cc),y) + 0y (Ccy(Ce),y) } - (€21

We note that Q, (Cc(Cc),y) > 0. From (C.21) and the results on the signs of G(w,y) summarized in Fig. A.2(a), we have
F(Cce(Cc),y) <0 for y€ [var,yal- (C.22)
From (B.18) we have
F(Ceg(Cc).y0(Cc)) > 0. (C.23)

Taking the derivative of (C.21) with respect to y yields

dF(Ccy(Cc),y)  KeCe {dG(CCg(cc>,y>

= dy

i EYAE +3A, (Cce(Cc) — D) y2} . (C.24)

From (C.24) and the results on the signs of the partial dG/dy summarized in Fig. A.2(a), we conclude
dﬁ(éq(éc)ay)

dy
Therefore (C.22), (C.23) and (C.25) imply there exists a single value yg, such that

F(Ccy(Cc),ye) =0 with y,(Cee(Ce)) < yrr < Yo (C.26)

From (C.22) and the discussion relative to (C.19) we know F(Ccq(Cc),ye) < 0 and F(Ccg(Cc),1) < 0. If y, <y, the results

from cases C1 and C2 discussed below lead to the conclusion that F (Cce(Cc),y) <0 fory € [y, 1]. However if y, > yg,,

there exists the possibility that F (Cce(Cc),y) has an even number of roots on the interval y € (yg,,y:). Evaluating (C.24) for

parameter values typical to those in Table 1 we can demonsrate that dF (Cce(Cc),y)/dy < 0 for y € [y, 1]; consequently
F(Cce(Cc),y) has no zero on y € [yg, 1]. Summarizing the results on this boundary we have

<0 for y€ [yo(Cc),yal- (C.25)

. <0, ye€ (ym,l],
F(Ccg(Cc),y) 4 =0, y=yn, (C.27)
> O ye [ IO(CCg(CC))val)'

We now consider the behavior of F(w,y) in the interior of I'; . We begin by explicitly isolating the w dependence of F (w,y).
From (23a)

F(w,y) = KcCcQ +c1(y)w+ca(p)w? + (Af (y) + Agg ()W, (C.28a)
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where

c1(y) = (Kc —Cc — )0+ KcP(Aif (y) +Agg(y)) + KcsAif (y)y 73, (C.28b)
e2(y) = —0— (Ke +P)(Arf(y) +Agg(y) —5A £ (y)y /3. (C.28¢)

For any fixed value of y € (y,(Cc),1) we examine the behavior of (C.28a) as a function of w over the interval (—oo, ). We
have

lim F(w,y) = —oo,  F(0,y) >0, lim F(w,y) — co. (C.29a)

w——oo w—roo

From (23a) we have

lim F(w,y)|r,, = -wQ <0. (C.29b)
w—Kc

Equations (C.28a) and (C.29) specify that F(w,y) has three real roots, wi (y), w2 (y), w3(y), where we assign —eo < w1 (y) < 0
and K¢ < w3 (y) < oo. Before proceeding to determine the root w,(y), we note the following lemma.
Lemma C. y, > y;,, where y, is defined in Lemma B and yy, is defined in (C.26).
Proof: Assume y, < y. First consider the case y, < y. Let y be a fixed value lying in the interval (y.,yr). By (B.18),
F(wo(y),y) < 0. We therefore conclude that the root ws (y) lies in the interval (0w, (y)). However, F(Ccg(Cc),y) > 0 implying
there is a fourth root of F(w,y) lying in the interval (wy(y),Cce(Cc)). Since F(w,y) is a polynomial of degree 3 in w, this is
impossible. Therefore, the case y, < y, is untenable. For the case y, = yy,, F (s, ys) = F (Cce(Cc),ym) =0, again implying
the existence of at least four real roots. Thus we conclude y, > yy,. |

Note that Lemma C implies the relationship y, (y.) which must satisfy yz, — y,(Cc) as y« — y,(Cc) while maintaining the
inequality y, > yg,.

In determining w(y), we examine all possible cases on the fixed value of y € (y,(Cce(Cc)), 1).
Case C1. Let y lie in the interval (y,, 1). By (B.18), F(wu(y),y) < 0 and we conclude that the root w;(y) lies in the interval

0,wi(y))-

(Case (Cy%) Let y = y,. Then f(wm (y+),¥«) = 0 and we identify wy(y.) = wy(y«). (As noted above, if y, < yg,, cases C1 and C2
lead to the conclusion that F(Cce(Cc),y) <0 fory € [y, 1].)
Case C3. Let y lie in the interval (ye,,y.). By (B.18), F (wy(y),y) > 0. From (C.27) F(Cc,(Cc),y) < 0, and we conclude w» (y)
lies in the interval (w,(y),Ccg(Cc)).
Case C4. Lety = y;,. By (B.18), F(wy(y),y) > 0. From (C.27), F(Ccg(Cc), ) = 0 and we conclude w(y) = Ccq(Cc).
Case C5. Let y lie in the interval (y,(Ccg(Cc)), Ve ). By (B.18), F(wy(),y) > 0. From (C.27), F(Cce(Cc),y) > 0. Therefore,
Ccy(Cc) <wa(y) < Kc. (Note we have assigned the root w3 (y) to lie in (K¢, ).)

Cases C1 through C5 imply that F(w,y)|r .. =0 only on a curve segment W (y) traced out by the root w2 (y) for y € [y«,yu].
A sketch of Wi (y), which joins the point (wy,y,) to (Ccg(Cc),w ), is shown in Fig. 3 in the text.

Appendix D F(w,y)inT'_,

We address the variation of the sign of F (w,y) in T'_ by analyzing (23c). We start with the behavior of F (w,y) on the
boundaries of I'_. On the boundary y =0, w € [p,Ccs(Cc)],

lim F(w,y) — As(Ke —w)Fa(w)y /3 — —co. (D.30)

y—0*
From (23d) and restriction (24) we have demonstrated in the paper that F (w,y) < 0 on the boundary I'yp. On the boundary
y=1lLwe[p,p+5],

F(w,1) = KcCc O+ dyw + daw? + (A + Ag)w?, (D.31)
where

di = —(1—Kc+Cc)Q—Ai(1 —Kc)(p+5) + AKcp,

dy=—0+N(1—-Kc—p—5) —Ag(Kc + D).
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Considering (D.31) as a function of w on (—oo,0) we note

lim F(w,1) — —co, lim F(w,1) — oo,
W —eo oo _ (D.32)
F(0,1) >0, F(p,1) <0, F(p+s5,1) <0.

The last two inequalities in (D.32) follow from (24). Equations (D.32) imply that F (w, 1) has exactly three real roots, wy, wp,
w3, satisfying wi < 0 < wy < < p+5 < w3. We therefore conclude F(w,1) < 0 on [p,p+5].

The behavior of F(w,y) on the boundary I'yy was analyzed in Appendix B. For the boundary segment w = Cce(Ce),
¥ € (0,5(Cce(Cc))), we know I;(écg (Cc),yu(Ccg(Cc))) > 0 while lim,,_, o+ I?(Ecg (Cc),y) — —oo. Thus, there exists at least
one point y;, on this boundary interval such that F(Ccg(Cc),ys) = 0. We assert here that y, € (0,y,(Cce(Cc))) is a unique
value on this boundary interval satisfying

- >0, ye (Yanyzo(ECg(éC)))?
F(Cce(Cc)y)q =0, Y=, (D.33)
<0, ye (O,sz)~

This assertion is proven below as part of the analysis (cases DI and DII) on the dependence of F (w,y)|r_, ony.

We consider the behavior of F (w,y)|r_, in the interior of I'_ by first examing its dependence along lines of constant y.
From (23c¢),

F(w,y) = KcCcQ+dy (y)w—+da(y)w? + (A, + Agg(y)w?, (D.34a)
where
di = c1(0)|piy=1 — M (17+§y71/3)7 da(y) = c2(9)| pry)=1 +As, (D.34b)

with ¢ (y), c2(y) given by (C.28). We examine all possible cases (labelled DOa-f) on the fixed value of y € (0, 1).
DO0a: For any fixed value y; € (y«, 1), from (D.34a),

lim f(w,y,) — —oo, lim f(w,yl) — oo,
W——o0 Ww—yoo
(D.35)
F(07y1)>0 F(ﬁ7y1)<0, F(Wzo(yl)ay1)<0~

Equations (D.34a) and (D.35) specify that F(w,y,) has only three real roots, w, (y,), wy(y,), wy(y,), where w, (v,) < 0 < w,(y,) <
P and wy(y,) <w(y,). Thus F(w,y,) # 0 for any (w,y, > y.) €T, .
DOb: If y, = y,, then (D.35) holds with the last equation changed to F (w.,y.) = 0 and we conclude the third real root satisfies
wi(y1) = Wi
D()(z:)lf ¥ € [y0(Ceg(Cc)),y+), then (D.35) holds with the last equation changed to F(wy(y,),y;) > 0 and we conclude
17<W3(y1)<wzo(y1)~7 . I
DOd: If y, € (yi,¥6(Cce(Cc))), then (D.35) holds with the last equation changed to F(Ccy(Cc),y,) > 0 and we conclude
ﬁ<W3(Y1) <6Cg(6C)~ ~
DOe: If y, = y;,, then (D.35) holds with the last equation changed to F(Cc¢(Cc),y,) = 0 and we conclude w;(y,) = Ccg(Cc).
DOf: If y, € (0,Y,), then (D.35) holds with the last equation changed to F (Ccg(Cc), ) < 0 and we conclude Ceg (Cc) < ws(y,).
Thus I:"Lw,y,) # 0 for any point (w,y, < yp,) € T_. N

As F(w,y)|r_, is a continuous function in both of its variables, cases DOa through DOf imply that F(w,y)|r_, = 0 only
on a continuous curve segment W5 (y) traced out by the root w;(y) for y € [y, y«]. Wa(y) joins the point (wy,y,) to the point
(Cce(Cc),ym). Note W (y) is a single-valued function of y.

To further explore the behavior of the curve W (y) we examine the y-dependence of F (w,y)|r_ . along lines of constant w.
From (23c) the first two partial derivatives of F(w,y)|r_ . with respect to y are

IF (w, - A5~

((;; Y _ (Kc —w) {—Fz(W) 3773 —3Agw(w— p)yz} , (D.36a)
9%F (w, _ N 3

a(yvzv Y ®e-w) {Fz(W)gy//s3 —6Agw(w— p)y} <0. (D.36b)
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In obtaining the inequality in (D.36b), recall that F>(w) < 0. For any fixed value of w € (7, Ccq(Cc)], F(w,y)|r_, is concave
down having maximum value at ymax (w) where the first partial, (dF (w,y)/dy, vanishes. From (D.36a), ymax(w) satisfies

10/3 _ —F(w)sé  56[1— (K¢ —w)]

=7~ v P Kem)’ P <w< K, (D.37)

(Ymax (W)

where 8§ = A;/(9A;). Note, ymax(w) > 0 for w € (p,Kc). As a function of w, the curve (D.37) has the following limits:
lim,, 5+ ymax(w) — o and limvHF6 Ymax (W) — eo. From (D.37), ymax (w) = 1 at two values, w, satisfying the quadratic

Wl — (Kc+p—58)ws +Kp+58(1 —Kc) =0.

Assuming (see e.g. Table 1) that 458 < (K¢ +p —58)2, to first order in a Taylor expansion of the square root in the quadratic
formula solution we have,

1 (- — 250
Wwe -3 (Kc+p—58)+(Kc—p+58) |1 - =————|¢.
=3 {erp0e Feopen - T
Evaluating these two values we see
A= (Kc—p+38) __ . = 50 -
W_2p+50—— >p, wy2Kce—=——"—<Kc.
b Ke—p+so  ~0 " R pase ~ €

PO . . . def ~
Thus only #w_ lies in the region I'_ ;. We rename this value as w_ = .
We next consider the local extremum values of the curve ymax (w) at which

dymax(w) 3 13 o [(Ke—w)?+2w—Kc—p]
Taw Tl S e

The extrema occur at two values . satisfying (K¢ —Ww+)? —2(Kc —W+) +Kc—p=0,ie. we=p—(1—Kc+p)+(1—

Kc+p)'/2. Noting that p < K¢ < 1, we have 1 > (1 — K¢ +5)'/? > (1 — K¢ + ). Therefore the root _ < 7 lies outside the

. = = . v . . . o def ~
range of interest w € [p,Ccq(Cc)] and the desired root is .. > p. For notational consistency we rename this value ¥, = .

At W, the curve ymax(w) achieves a minimum y-value. It is not guaranteed that the point (Wo, ymax (Wo)) lies in the region I'_;
in fact for the values in Table 1, 6cg (Ec) < Wy < Kc. Evaluated using parameter values from Table 1, the segment of the curve
Ymax (W) lying in T'_ is plotted in Fig. 3.

We now consider the crossing point (wr., yr) of the curves ymax(w) and y,(w). From (26) and (D.37), w;. satisfies

UR(Ur—A+1)+5(Ur—A)/8 =0, (D.38)

where Ur = w; —p, A= K¢ —P.
Lemma D. Equation (D.38) has a single solution Ur € [0,A] (i.e. wr € [p,K¢]). In particular, Ur = (1 + €)5 where € < 1071,
Proof: Let 7(U) denote the function

<9

U—-A
hU)=U’(U+1-A)+ %.
We are only interested in the range U € [0,A]. Noting that

h(0) = —% <0, h(A) = A° >0,

K (U)=US[10U +9(1 —A)] +

59
8 b
we see that #/(U) > 0 on [0,A] and conclude that A(U) = 0 for a single Ur € [0,A]. Substituting Ur = (1 + €)5 into (D.38), to
first order in a Taylor expansion in € (assumed small) we find

R'(U) =9U"[10U +8(1—A)] >0,

1—(146)(53+1-A4)
(14+108)5+96(1—-A)°
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Using parameter values from Table 1 we have € ~ 0.094. Using a second order Taylor expansion yields € ~ 0.071. |
From Lemma D we conclude the curve yyax (w) crosses I'jg at the single point wr, yr where

3
P+5Swr=p+(1+€)5 < Cce(Cc), }’FZ[ } =(1+¢)°.

wr—p
This crossing point is also shown in Fig. 3.

The behavior of W5 (y) depends on two cases, DI: wy < w, or DIL: wy. > w.
Case DI: w: < w,. We examipe all possible VNaIues of w. B B
DIa: Let w € (p,w1). Since F(w,0) — —oo, F(w,1) <0 and dF (w,y)/dy > 0, we conclude F (w,y)|r_, <0 forw € (p,w)).
DIb: Let w = w;. Since F(w,0) — —oo, F(#,1) < 0 and 8Fv(w,y)/8y\@1 >0 for 0 <y < 1, we conclude F (i V-, <0.
DIc: w € (#,w;). For any w in this range, F(w,y) goes through a maximum value at ymax(w). While F(w,y) < 0 near the
boundaries y = 0 and y = min(1,y,(w)), it is possible that F'(w, ymax(w)) > 0. Thus for w € (Wi, wr), F (wr,y)|r_, may have:
i) no real roots, ii) one real root y(w) = ymax(w), or iii) two real roots y; (w), y2(w) satisfying 0 < y1(w) < ymax(w) < y2(w) <
min(1,y,(w)). N
DId: w = wy. This case is similar to DIb with the upper boundary value being y,(wr). Thus F (wr,y)|r_, <O.
DIe: w € (wr,w,). This case is similar to Dla with the upper boundary value being y,(w). Thus F(w,y)|r_ L <0.
DIf: w = w,. ﬁ(w*,y) |r_ has one real root at the point (w,yy).
DIg: w € (w.,Ccg(Cc)]. Here lim, g+ F(w,y) — —oo and F(w,yo(w)) > 0. Since dF (w,y)/dy >0 on 0 <y < y,(w), we
conclude F(w,y) Ir_., has a single real zero, y; (w), satisfying 0 < y;(w) < y,(w).

Cases DIf and DIg show that F(w,y)|r_ . =0 only on a curve segment traced out by the root y; (w) for w € [w,,Ccg(Cc)].
Since Dle states that F (w,y)|r_ . # 0 forw € (wr,w,), we conclude that: 1) the curve segment identified in DIf and DIg is
uniquely the continuous curve segment W, (y) identified previously, and 2) case DIc can only support the conclusion F (w,y) <0
for w € (W, wr). Combining the results of DO and DI, we have verified that W5 (y) connects (w.,y.) to (Cce(Cc),yr) and
Wa(y) is a continuous, one-to-one, onto map, [wx,Ccg(Cc)] <> [V+,¥r]. The form of the curve W, (y) for case DI is sketched in
Fig. 3.

Case DII: w. > w,. As in case DI, we examine all possible values of w. As the arguments are generally similar to case DI, we
shorten the presentation for each case.

Cases DIIa and DIIb are identical to DIa and DIb respectively.

DIIc: w € (w,,w,). For each w in this range, F (wr, y) I[r_, can have: i) no real roots, ii) one real root y,(w) = ymax (w), or iii)
two real roots y, (w), y,(w) satisfying 0 < y,(w) < ymax(w) < y,(w) <min(1,y,(w)).

DIId: w = w,. As F(Wy,Ymax(Wx)) > F (wy,y.) = 0 then F(w,,y)|r_, has exactly two real roots yi (ws), y2(w,) satisfying
O<)’1(W*) <)’max(W*> <y2(wi) = yu. _

DIIe: w € (wy,wr). This case is similar to DIg. Thus F(w,y)|r_, has a single real zero y,(w) satisfying 0 < y,(w) < yo(w).
DIIf: w € [wy,Ccqg(Cc)]. The argument follows DIg; we conclude F(w,y)|r_, has a single real zero, y,(w), satisfying
0 <yi(w) <yo(w). -

The curve traced out by the root y; (w) in cases DIIa through DIIf must accord with the curve W>(y) on which F (w,y)|r_, =0.
We therefore conclude that case DIIc must read: B
DIIc’ w € (Wi, w,). There exists w,, € (W1, ws) such that: for any w € (Wi, wy), F(w,y)|r_, has no real roots; for w = wy,,
F(wy) Ir_ has one real root y,, = Ymax(Wn); and for any w € (W, ws ), F(w,y)|r_, has two real roots y; (w), y2(w) satisfying
0 <y1(W) < ymax(w) < y2(w) < y. Combined with the results from cases D0, we have that on [ye,, Y], Wa(y) strictly decreases
in value from Ccg(Cc) t0 Wy, and on [y, y.], Wa(y) strictly increases in value from wy, to w...The form for the curve W>(y) in
DII and the point (w,,, y,,) are illustrated in Fig. 3.

Finally we note that cases DIg and DIIf show the existence of a single root of F (w,y)|r_, on the boundary segment
w = Ccq(Cc), y € (0,y5(Cce(Cc))). This root is the unique point (Ccg(Cc), yr.) claimed in (D.33).

Appendix E F(w,y)inT__

We address the variation of the sign of F(w,y) in I'__ by analyzing (23¢). We start with the behavior of F(w,y) on the
boundaries of I"__. From (23d) and restriction (24) we have demonstrated in the paper that F (w,y) |rg0 = F(p,y) <0. On the
boundary y =0, w € [0, ) we have lim,_,+ F(w,y) — —oo. From (23e) it is straightforward to check that F(0,y) = KcCcQ > 0.
The behavior of F(w,y)|r__ on the boundary y = 1, w € [0, p] can be determined by examining the behavior of F(w,1)|r__
with respect to w. From (23e) we can write

F(w,y) =KcCcQ+e1(y)w+er (y)w* + Aw?, (E.40)
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where e1(y) = d1(y)lg(y)=0 and e2(y) = d2(y)lg(y)=o- From (E.40) we have the following properties

lim F(w,1) — —oo, F(0,1) >0,
oo U (B.41)
F(p,1) <0 by (24), lim F(w,1) — co.
wW—yo0

Equations (E.40) and (E.41) imply that F (w, 1) has three real roots, wy, wa, ws, satisfying w; <0 <wy <P < ws. Let wp d:efwm.
Then we have

F(w,1)>0, we|[0,wg), F(w,1) <0, we (wp3,p). (E.42)

With the behavior of F (w,y)|r__ determined on the boundaries, we now consider its behavior in the interior. From (23e),

F(w,y) can be written
F(wy) = Eo(w) +Er(w)y™ ', (E43)
where E; (w) = —wA;p(1 — K¢ +w) < 0. The first two partials of F(w,y) with respect to y are

IF(w,y) _ _lEl (w)y 43

9Fwy) PF(wy) _4
dy 3

I -7/3
>0, 2y gErwhy™ ' <0. (E.44)

From (E.42) and (E.44) we conclude the following.

i) For each fixed w € (0, w,], F(w,y) = 0 at exactly one value y = Y3(w), with ¥3(wy,) = 1. For y € (0,¥3(w)), F(w,y) < 0 and
fory € (3(w), 1), F(w,y) > 0.

ii) For each fixed w € (wy,, 7], F (w,y) <O0. N

From i) and ii) we have the existence of the curve ¥3(w) along which F(w,¥3(w)) = 0. From (E.43), ¥Y3(w) has the explicit
form ¥3(w) = (—E; (w)/Eo(w))? satisfying lim,,_,o+ Y3(w) = 0.

As F(w,Y3(w)) = 0, we can compute an expression for the slope of ¥3(w) from (E.43),

0= T By ) 1= S 0) 4 ().

dw dw dw
IF (w,y) IF (w,y) dys(w)

= —_— —+ R

ow dy dw

Y3(w) Y3(w)

L, dnw) _ 9F(ny) IE(w,y) (E.45)

dw ow dy

Y3(w) Y3(w)

From i) we know that ¥3(w) maps the interval w € (0,wp3] onto y € (0, 1] in a one-to-one fashion. Therefore ¥3(w) implicitly
defines the inverse curve Ws(y) which maps y € (0,1] onto w € (0,ws] in a one-to-one fashion with lim,_,o+ W3(y) = 0

and W3(1) = wy,. As Ws(y) is the only curve on which F(w,y)|r__ = 0, for each fixed y € (0,1] we have F(w,y) > 0
for w € (0,Ws(y)), and F(w,y) < 0 for w € (Ws(y),p]. Thus we conclude 8ﬁ(w,y)/8w|y3(w) < 0. By (E.44) we know

8f(w,y)/8y|ya(w) > 0. Applied to (E.45), these observations lead to the conclusion, d¥3(w)/dw > 0. The curve Ws(y) is
sketched in Fig. 3.

Appendix F Initial conditions for gas bubble formation

As noted in the discussion of solution trajectories in the paper, initial bubble size is determined by microscopic, non-linear
dynamics at a nucleation site. To mimic this, we set the initial bubble radius equal to the radius value of the inlet. Thus,

0 = (a/Rpore)’. (F.46)

To determine initial bubble CO, concentration, we assume that the pressure in the liquid phase does not change at the moment
of bubble formation. From (14’) this assumption gives ﬁ?p =Py —Dc=Wo— 5y 13, Using (2) we derive a value for wo,

1 _
wo =D 45y, +0O/Ar =wi(yo) +O/A;. (F.47)

10/12



Finally, we impose mass conservation at the time of bubble formation; the loss of CO; in the liquid phase must equal the
amount of CO; in the gas bubble. (This is consistent with our previous assumption that phase changes occur faster than flow
rates.) Using the two-phase flow relation (13) between C¢; and w = Ccg, CO; conservation gives

—s w
Cei(tn) — T—OWQ(I = Y0) = woYo, (F48a)

where Eg(tb) denotes the CO; concentration in the liquid just prior to bubble formation at time #,. Using (2), (F.48a) can be
used to solve for 7,

L o _ X
t = an{1 = (KC_WO>[1 (1+wo Kc)yo]}. (F.48b)

Appendix G
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0.0009

0.0007
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Figure G. Properly scaled figure showing directions at the critical point ¢,. The red arrow labeled USM corresponds to the
direction of the unstable manifold and the red arrow labeled SM is the direction of the stable manifold. Also noted (black, blue
arrows) are the directions of the curves and Wi and W) at ¢;. The direction of Wg; is almost antiparallel to that of the stable
manifold.

Appendix H

Assumptions used in analysis of the dynamical system (18')

The liquid phase is incompressible

The concentration of water in the liquid phase, Cy, is constant

The outlet reservoir remains pure water

Phase changes occur more rapidly than fluid transport

The liquid phase is perfectly wetting

Any gas phase forming in a pore occurs as a single bubble

The gas phase acts as an ideal gas

The thermodynamic values Ky(T) and K¢ (T) satisfy K (T)/Kc(T) ~ 0 implying that the concentration of H,O in the gas
phase is negligible, Cye(w) ~ 0

w>> Ky(T) = 0(1079)

The flow rate, Q, is restricted to the range given by equation (24)
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Bubble initial conditions: initial bubble radius equals inlet radius liquid pressure does not change at moment of
__bubble jormitiorzl

4Kc/(1+Cc+Kc) <1

F(Ccg(Cc),y) has no zero on the interval y € (ys,,y«) when y, > yg,

458 < (Kc+Pp+358)° where 5 = A,/ (9A)
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