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S.1 Introduction
We consider the linear inverse problem (LIP) of the form,
Ar =0, (S.1)

where A € R™*" is the regression map (coefficient matrix), b € R™ is the vector of ob-
servations, and x € R" is the vector of unknown coordinates (variables). In many practical
applications, the size of the LIP may vary with respect to the number of variables or available
observations.

Incremental and Decremental Problems. For example, after a solution to a problem, say
Az = by, is computed, as a new set of data (As, by) becomes available, the coordinate vector

will be revised by solving the augmented problem (referred to as the row incremental problem),

A b
41.- 2], s
Similarly, after a solution to the problem in (S.2) is computed, if we have to delete a set of data

(Asg, bs), the vector x will be revised so that the new solution is the least-squares solution of the



decremental problem (row decrement),
All' = bl. (83)

Analogously, after a solution to the problem in (S.3) is computed, when new columns, denoted
as A,, are appended to the matrix A;, the coordinate vector x will be modified by solving the

augmented incremental problem (column increment) with expanded columns,

(A A [”’”1] = by, (S.4)

X2

where 1z is the solution of the problem in (S.3).
Finally, after a solution to the problem in (S.4) is computed, and if some of the columns, say

As, are required to be deleted, the coordinate vector x will be modified by solving the problem,
All' = bl; (SS)

resulting in the decremental problem (column decrement).

S.2 Parallel residual projection (PRP) for LIPs

Let the matrix A € R™*" in (S.1) be partitioned into p column blocks such that A = [A4;] ... |A4,],

where A; € R™*% and >7 | d; = n. Then the corresponding unknown coefficient vector is
X1

: ] and the observation b is written as a sum of vectors, i.e., b = le b;,
XP

where X; € R% and b; € R™. Note that such a decomposition of b is not unique. Using these

represented by z =

partitions, the problem in (S.1) is decomposed into p sub-problems of the form A; X; = b; with
t = 1,...,p. Instead of solving these p sub-problems directly, we will solve their related in-
termediate residual problems in multiple stages. In particular, at stage k, the residual problems
are given by A; 5Xi(k) = Rz(k), where 0.X, i(k) denotes the unknown variable and ng) denotes the

residual of sub-problem 1 at stage k£ with REO) =bfori=1,...,p.
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At each stage, the p residual problems are solved in parallel by p agents, and the resulting
solution-residual pairs are used to update the solution of the original problem in (S.1) and ini-
tialize the residual of the intermediate residual problems for the next stage. Specifically, for
each of the residual problems, we denote the solution-residual pair as (6/)\( Ek), Rfk)) We then
propose to initialize the residual for the intermediate problem at the beginning of (k+ 1) stage

as
A p A
R = R® = w, Y~ R, (S.6)
j=1

with w; € (0,1) satisfying > »_, w; = 1, and update the solution of (S.1) at the end of the

(k + 1) stage as
A A~ —_ k
X0 — x® 4 5x®, (S.7)

fori = 1,...,pand k = 0,1,... with the initial condition X® and R© satisfying R =
b— AX©,

The PRP algorithm introduced in this section to solve the LIP in (S.1), equipped with the
proposed update rules as in (S.7) and (S.6), converges exponentially (see Theorem S.1). The
pseudocode for the PRP algorithm is shown as Algorithm S.1.

We first present two lemmas that will be used to analyze the properties of the PRP algorithm.
Lemma S.1. For any A € R™*", the following statements hold:
(i) I — A(A'A)"LA'is a positive semi-definite matrix, where I is the m X m identity matrix,
(ii) |1 — A(AA) T A||, = L.

Proof. (i) Let P = I — A(A’A)~*A’. Then, we have PP = PP’ = P? = P, and thus
¥'Px = o/P*r = (Px)'(Pz) > 0 for any z € R™, which implies that P is positive semi-

definite.



(ii) From the definition of the matrix 2-norm, we observe that ||Pz|3 = (Pz, Pz) =

2’ P?x = o/ Pr = (Pz, z) < ||Pz|,||x|,. Hence we have || Pz||, < ||z||. This leads to
1P|, < 1. (S.8)
On the other hand, we have || P||, = || P - P||, < ||P||,||P|l,, which gives
| P, > 1. (S.9)
Combining (S.8) and (S.9) yields || P||, = 1. O

Lemma S.2. Let A € R™*™ be a full column rank matrix partitioned as A = [A,| - - - |Ap] and
B =1-3" wA; (AA)" A, where w; € [0,1] with >-°_ w; = 1. Then the following

Statements are true:

(i) All eigenvalues of B lie in the interval [0, 1].

(ii) If E\(B) denotes the eigenspace of B spanned by eigenvectors corresponding to the

eigenvalue 1, then E,(B) = R(A)™.

Proof. (i) For any x € R™, we have
2’ Bx = 2 < Zwl 1A’>
p
= wi'(I — A(AjA) " A > 0, (S.10)

by Lemma S.1 and non-negativity of w;. Therefore, B is positive semidefinite and its eigenval-
ues are lower bounded by 0. Next, we calculate the upper bound for the eigenvalues of 5. From

the definition of B, we have

1BIly = (11 = E:wAAf)IAM—HZ)mf«AM%)bﬂm

=1 =1

<Z%U1MW ) LAY, = Zm_, (S.11)
=1
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by Lemma S.1. Because B is symmetric, ||Bll, = Amaz(B'B) = Apaz(B?) = (Anaa(B))%
where \,,..(B) denotes the largest eigenvalue of B. This together with (S.11) gives A\, (B) <
1. Therefore, all eigenvalues of B lies in [0, 1].
(ii) For any x € E;(B), we have [I — Y 7  w;A;(A}A;) " Al]z = x, which reveals that
r A;x = 0, where A; = A;(ALA;)"1 AL Note that since A;is a projection matrix (i.e.,
Al = A; and A2 = A;), Az € R(A;) foreach i € {1,...,p}. As the matrix A is full
column rank, R(A4;)’s are linear independent so that ) >, A;z = 0, implying A;z = 0 for all

i =1,...,p, which further implies that x € R(A)*, and hence, we have
Ei(B) CR(A)*.. (S.12)

On the other hand, for any x € R(A)*, Bz = [I — Y7 w;A;(ALA) Az =2 — 0 ==

Therefore, = € F1(B), and hence, we have
R(A)* C Ey(B). (S.13)

From (S.12) and (S.13), we conclude that E;(B) = R(A)*. Note that this conclusion holds
when 1 is not an eigenvalue of B. In this case, F1(B) = {0} and R(A) = R™, where 0 is the

m-dimensional zero vector. [
Theorem S.1 (PRP algorithm). Consider the LIP given by Ax = b, where A = [A4|---|A,] €
x®
R™*™ is of full column rank with A; € R™ % and " d; = n. Let Xk = : and
x5
R® = r Rl(k) be the respective solution estimate and residual of the LIP generated by the
PRP algorithm (Algorithm S.1) at the end of stage k using the update rules as in (S.6) and (S.7),
with the initial condition X© and R© satisfying R©® = b — AX©). Then,
(i) there exists a constant C' > 0 and \ € (0,1) such that ||[R%® — R||, < CA¥, where R is

the minimum residual of the LIP; and

(ii )klim X®) 5 x , where X is the least-squares solution of the LIP.
—00
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Proof. (i) The minimum residual of the i** residual problem at stage k satisfies

)

B = [1— 4 (A7 4] R, (S.14)

From (S.14), we have

i BR® _R= i { [1 _ A (AL AQ} REk)} _R (S.15)
=1 =1

Using (S.6), we can simplify (S.15) to get

S-S 1= aay A]z}

i=1 Jj=1

- (fj RF - 1%) - f:wiM ZR’“ Y. (S.16)
i=1 J=1

j=1
Observe that the minimum residual satisfies S22, A; (4/A;)”" A/R = 0. Therefore, (S.16) can

be modified to get

S an (S A) i s (£0 1)
i=1 =

7=1
[ Zwl (ZR““ fz). (S.17)

For ease of exposition, let B =1 — > w; A; (A}4;)"' Aland E® = 3P }?fk) — R. Then,

hS]

(S.17) can be rewritten as E*) = BE®¢-1), Solving this linear difference equation with the

initial condition X and R(® reveals that

~

EW = B*EO® = BY(RO — R). (S.18)

From the results of Lemma 2, the eigenvalues of B are in the interval [0, 1], and as a conse-
quence, (S.18) describes a contracting map.
Suppose matrix B has eigenvalue 1 with multiplicity d, since B is real and symmetric, there

exists an eigen-decomposition for the matrix B such that B = PD P’ where

P=|Py,...,Py, Py1,..., Pl
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is an orthogonal matrix, and
D =diag (1,...,1, Ags1, -, A\m),

is a diagonal matrix with the eigenvalues 1 > A\gy; > --- > A, > 0. By Lemma S.2,
span {P,..., Pj} = E|(B) = R(A)*. Therefore, we have span {Py,1,...,P,} = R(A).

Since R© — R € R(A), there exists scalars s; € R fori = 1, ..., m such that

m

RO—-R= )" sP. (S.19)
i=d+1
By substituting (S.19) into (S.18), we get
E® = B*R" — R)= Y 5B*P,
i=d+1
= ) s\P. (S.20)
i=d+1

Applying the norm operator on both sides of (S.20) yields,

IE®Nl, =11 Y sdiPl < Y lsil A < ) [sil(max(h))" < OAF, (S.21)

i=d+1 d+1 d+1

where C'= " . |s;] and A = mzax(/\i) € (0,1). Therefore, |R*) — R||, — 0 as k — oo,
which implies limy_ R® =R,

(ii) From the initial conditions, R*) = b — AX® holds for k = 0. We prove that R®) =
b— AX®) by induction for all k € N. Suppose R*1) = b— AX* =1 holds. Now, by definition

of ég’“), we have

N — (k
R® = R® _ AZ{SXE ),z =1,...,p. (8.22)

Taking summation on both sides of (S.22) yields

p Ak p . (k)
SRY=>"RY - AsXx, (S.23)
1=1 =1



5x

—~ (k
where 6. X ® = : . Substituting the update rule in (S.6) into (S.23), we get
o
A0 _ N A E Ak %)
SR =RV - AXT = ROV - A6X (S.24)
i=1 i=1

Substituting R*1) = b — AX* -1 in (S.24), we have

~ k) 1 (k)
> ORM =b—AX®D — 45X (S.25)

=1
Substituting the update equation in (S.7) into (S.25) reveals
p A A A
SR =b—AX® = R®). (S.26)
=1
Hence, R® = b — AX® holds for k = 0,1,2,..., which implies that lim;_,.. R® =
limy_,eo b — AX® = R. By uniqueness of X, we have lim;_,.c X*) = X. O

Remark : As shown in the proof of Theorem S.1, it is worth mentioning that the PRP al-
gorithm remains exponentially convergent with respect to the stages regardless of how the p
sub-problems are solved. In Section S.5, we show that equipped with an appropriate iterative
approach for solving the sub-problems, the PRP can be configured to tackle the incremen-

tal/decremental problems in a computationally efficient manner.

Remark : As for the weights wy, . .., w, in the PRP algorithm, although they affect the con-
vergence of X (¥ by influencing the max;()\;) in (S.21), determining the optimal choice of
weights is intractable since it requires computing the spectrum of A. Therefore, in the experi-

ments presented in this paper, we choose w; = ;lw 1=1,...,p.

The number of stages required to achieve e- accuracy for the residual and the solution coor-

dinate using the PRP algorithm is summarized next.
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Theorem S.2. The total number of stages needed for the PRP algorithm (Algorithm S.1) to

R®W — R||, < ¢ is given by [logy &] + 1, where

achieve e-accuracy for the residual, i.e.,
[logA %] denotes the largest integer smaller than or equal to log, &, and C' and \ are the
constants defined as in (S.21). In addition, if A is full column rank, then the total number
of stages needed to achieve e-accuracy for the solution, i.e. ||X k) — X |, < € is given by

[log AT ||26i| + 1, where Al is the Moore—Penrose inverse of A.

Proof. The proof for residual follows directly from (S.21). For the solution accuracy, when A

is full column rank, we have

IX® — X < | R® — C\E.

- 1
Rlly < e
||A*|| LA,

Therefore the number of stages to achieve e-accuracy for the solution is given by [log A ”AT%} +

1. []

Algorithm S.1 Parallel residual projection (PRP)

function PRP(A, b, p) R
Initialize: A = [A,, ..., A), A; € R™*%, R — p, satisfying S0, b; = b,
Xz‘(O) =0,2=1,...,pand wy,...,wp, suchthat0 <w; < 1,¢=1,...,p,
and > 7 w; = 1.
for k < 1,2,... do:
RZ‘ = Ww; ?:1 Rj
parfor:=1,...,p do
0X,; = argmin | R; — A;0X]|,
5X

R = R, — AibX,
end parfor
X, =X+ (5X
end for .
X1
returnz= | : | ,r=>" R,
X,

end function




S.3 Randomized residual projection for LIPs

The randomized residual projection (RRP) algorithm is a randomized iterative method to solve
an LIP. Though the RRP is already proposed as a variant of the ‘coordinate descent’ algorithm
in the literature (29), the proofs of convergence rate and complexity analysis of the algorithm
are not detailed. Therefore, after a brief description of the RRP algorithm, we derive the con-
vergence rate and present the complexity analysis for the RRP.

We denote z, 7 as the least-squares solution, minimum residual of the LIP in (S.1), re-
spectively, and R(A) as the column space of the matrix A. The RRP algorithm starts with
an initialization of the residual, i.e., 7® = b — A2, by choosing an arbitrary initial solu-
tion (9, Following the same idea as in (29), at the (k + l)th iteration, we select an index
I(k+1) € {1,...,n} and then the (I(k + 1))™ column of A, denoted by a(;+1). The resid-
ual %), from the previous iteration, is then projected onto the column a I(k+1) to update the
(I(k + 1))™ component of the solution vector, i.e., x%)c by x%:ﬂ) and then the residual is
updated r*) — r(*+1) .= p— A2(*) Following this procedure, the residual is iteratively reduced
and asymptotically becomes orthogonal to all of the columns of A. This steers the sequence
{2} to the least-squares solution. To bring the residual orthogonal to the R (A) expeditiously,
inspired by the randomized Kaczmarz algorithm (30), the index I(k + 1) € {1,...,n} is se-
lected randomly with the probability proportional to the squared norm of the selected column

of A, i.e., [|ar+1)l|3- The pseudo code of the RRP algorithm is provided in Algorithm S.2.

Theorem S.3 (The Randomized Residual Projection Algorithm). Consider the linear inverse
problem Ax = b, where A € R™*"™ is of full column rank, x € R", and b € R™. Starting from

an initial solution x°) with the resulting initial residual
r® =p— Az, (S.27)

the solution x*) obtained by the iteration equations based on randomized residual projections,
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given by

(k) a/1<k+1)r(k) . .
x§k+1) = Tyt largrnly’ fIk+1)=7 (S.28)
P, if I(k+1) # j,
Wr(jogr)”
pHD) = ) IR, (S.29)

||a1(k+1) ||2

converges to the least-squares solution asymptotically as k — oo, where :L’g»k) is the j™ element
of $§k)’ and a1y is the I(k + 1)™ column of A that is randomly selected with the probability

proportional to a1 |3

Proof. The proof of this theorem is presented in three steps: (i) we show that the sequence of
the norm of residuals {||r*||,}2°, is a convergent sequence; (ii) we show that the sequence
{|lr®, 352, converges to the norm of minimum residual ||#||2; and (iii) finally, we prove that
the sequence {x*)}2° = and residuals {r*)}° ., converge to the least squares solution # and
minimum residual 7, respectively, under the update rule given in (S.28) when A is full column
rank.

(i) Using the definition of the residual, at the (k + 1)th iteration, we have

rED) = h — ApED — p — Z ajx§k+1). (S.30)
j=1

Algorithm S.2 Randomized residual projection (RRP)
function RRP(A, x¢, ()
Initialize: © = x(y,r = r
for k< 1,2,... do

2
Pick I = j with probability p; = ”j;H“;
F
— <a17T>
lasl

Ty =xr+ )
r=r—asd
end for
return x,
end function

11



Utilizing the update rules given in (S.28), (S.30) is expanded as
P Zn: ajxgk) — Ar(rs) (:L‘YE;—_H) - x%,{jﬂ)) .
j=1
From (S.29),
Fer1) <[ _ M) r® = (I — Popy) r®. (S.31)
larg+nll;

Observe that P, is a projection matrix, and hence, from (S.31), we have
[r* )y < lr®), VEEN, (S.32)

and the equality holds if and only if r®) L a 1(k+1)- Furthermore, the sequence {}|r® HQ}ZOZO is
bounded below by the norm of the minimum residual, i.e., ||7[|, < ||r*)||, V& € N. Therefore,
it can be concluded by the monotone convergence theorem that the sequence, {||r*) ||2}20:0,
(non-increasing and bounded below) is a convergent sequence.

(ii) To prove that klgglo |7® || = ||7]|2, we demonstrate that there exists a subsequence to the
sequence {||r™||,}22, that converges to |7

Pick a subsequence {y® };o:l = {r(’%)};il C {r(k)};ozo, where k, < ky11,Vp € N,
such that at the k:;h iteration, the column index of the matrix A selected for projection satisfies
I(ky) = (p mod n)+1,ie., (ko) =1, I(ki) =2, ..., I(kn-1) =n, I(k,) =1, I(ky11) =

2,.... From the sequence {y(p)}oo

o> We construct {z®)}> {ym}> C {y(p)};io.

p=0 - p=0
Therefore, by construction, z,; is obtained by projecting z, on spaces spanned by each column

of A at least once. If there exists a column of A, say a;, such that 2(®) X ay, then we have

|27, < ||2®)],. Since [|#]|, < ||z, Vp € N, by the monotone convergence theorem,

{]|=% ||2};io converges to ||7||,, and as a consequence, we have

li ®. = 1 @ = |7l .
Tim 9], = lim [1227], = 17, (5.33)
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(iii) Finally, from (S.33), we have limy_,o, ||[b — Az®)||, = ||7||,. If A is full column rank,
by the uniqueness of the least-squares solution, we can conclude that the sequence {z()}%
converges to the least-squares solution 2, under the update rule given in (S.28), which further

implies {r("}%° , converges to #* under the update rule in (S.29). O

The random choice of column indices in the RRP algorithm under the update rules given
in (S.28) and (S.29) expedite the convergence of {r*)}2 {x(*)}%  Specifically, the resid-
ual error is exponentially convergent (also referred as linear convergence rate) in expectation
over the product distribution of (I(1),...,1(k)). This result is summarized in the following
Theorem.

For ease of exposition, we denote the conditional expectation of the residual error at (k+1)™

iteration as | (1) — f||;> = E/e+1) <||7“(’““) — f||§‘.f(k:)), I(k) is used in place

<k+nlﬂk><|
of (I(1),...,1(k)), and the probability of the random variable I taking value s is denoted as

Theorem S.4. Suppose that z is the least-squares solution of the linear inverse problem as in
(S.1) and + is the corresponding minimum residual. Let {x*)}°  and {r*)1°  be the se-
quences generated by the RRP iterations as in (S.28) and (S.29), respectively. Then, these
sequences converge to T and 7, respectively, exponentially in expectation over the product dis-

tribution of (I(1),...,1(k)), where I(p),Vp € {1,...,k} is a random variable taking values

from {1,... n}, under a discrete distribution such that P(I(k) = j) = %. Specifically we
F
have
E. fr® < (1- 1 "0 2 S.34
I(k)”r - THQ = - K2(A) ||T - THQ’ (5.34)
k 12
L2 1 Ir® — 7]
E~Hd“—ﬂ|§(l— ) 2, (S.35)
" ’ W) Al

where r(A) = ||A||p||AY |, is the modified condition number of A,

A|| denotes the Frobe-

nius norm of A, and AV is the Moore—Penrose inverse of A.
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Proof. From (S.29), we have

U1 (I-— Pk+1)7"(k), (S.36)

aI(k+1)a,I(k+1) .

where Py = is a random projection matrix computed based on the choice of the

sl

random variable I(k + 1). For all k¥ € N, by definition of the Euclidean norm, we have
[P0 — 7l = (D — Y (1440 — ) (S.3)
By substituting (S.36) into (S.37), we have
a2 o N
I =2y = (I = Pesa)r® = #) (I = Py )r®™ = 7)
= 'O ([ — Pop) 2 — 27" (1 — Poyy)r® 4 #'7, (S.38)
On simplification of (S.38) using the fact that (I — Pyy1)* = I — Py, 1, we get
5 = 7y = 9T = P)r® = 27/(1 = Proyo)r® + 7
= [[F®) = s — B Py ) (S.39)

Since the minimum residual 7 is perpendicular to column space of A, i.e., 7 L R(A), we have,

for any k € N, 7/ Pyir® =0, and 7 Py, 17 = 0. Therefore, we observe that
78 Py r® = (7B — 7Y Py (r®) — 7). (S.40)
Substituting (S.40) into (S.39) yields

[P0 =7l = S =2y = (19 =7 P () = 7)

® _2yvp ()
= [|r® — 7|2 [1 = ) Pen(r T)] . (S.41)

I — 7115

Since 1) is a random variable uniquely determined by I(k), I(k + 1), computing the condi-
tional expectation over I(k + 1) |f (k) on both sides of (S.41) yields

(P 5)T).

(k+1>_A2>: k) _ a2 |1 _
El(k+1)|f(k) (Hr 7l Ef(k+1)‘f(k) (HT Pz {1 7™ —7l5

(S.42)
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Notice that I(k + 1) is independent from (k). Therefore, by the definition of conditional

expectation, (S.42) can be computed by

N =
E, i (1747 = 71) = SorPEED = r| (k) = 32 BG4 = r|r®)
(r) (r)

u (r®) — Y 2 () — )
=S "PUI(k+1) = HIr® — 72 1 - (k'gaf”a . (S.43)
= [l () — 7[5
a; 2 . .
Substituting P((1(k + 1) = j) = | Ajuni into (S.43) yields
n k) _py 8% k) g
B <||T(k:+1) _ ,z||2> -y ||aj||§H7,<k> Al - r® =) g (™ = 7)
1(k+1)| 1(k) 2 A2 2 [r®) — 7|2
j=1 F 2
= ||¢(k) _ 7:“2 1— 1 (™ =7y Z?:l aja;-(r(k) — )
U Al Ir® — #[3
Y P S Gt 2 (T R
LAl r® =73

' AA'x 1

where AT is the Moore—
I3 = A3

Since A is full-column rank, for any = € R, we have

Penrose inverse of A. Therefore, (S.44) can be bounded above such that,

11
e PTERTIE
A% IAT][;

= (1= w2(A) [ — 75 (.45)

A2 2
(It = #3) < r® — 73

I(k+1)|f(k)

Notice that (S.45) holds for all £ € N, which indicates that the square of the residual error
shrinks at most by a constant factor 1 — x~2(A) in each iteration. Therefore, given an initial
residual 7(?), expectation of the residual error over the product distribution [ (k) can be bounded
by iteratively applying bound of conditional expectation of residual error shown in (S.45). In

particular, by the definition of expectation over product distribution I (%), we have

2 2
Ef(k)Hr(k)_rHQ: Z faw,.., 1(k)(31>---,3k)||7“(k)—7“||2~ (S.46)



Since I(1),. .., I(k) are independent, we have

ST IR (s100ms50) = ST, T e=1)) (515 - - Sk—1) f1(k) (Sk)-

By the definition of conditional probability for independent random variables,

f[(k)lf(k)(sk‘(sl T 73(16—1))) = fI(k)(Sk).

Therefore together with (S.47), (S.46) can be rewritten as

(S.47)

2 a2
Ejolr®™ —#la=" > > faw.., -0y (3155 360 gy (58I =7l

a2
- Z f(I(l) 7777 I(k_l))(slﬂ AR 7816—1) Z f](k)‘j(k*l) (Sk)HT(k) - T||2

(815005 Sk—l) Sk
k 2
= Y fume (s, 75k—1)EI(k)|I~(k 1)||7“()—7“||2,
(815eeey8k—1)

_ _ 2
= (1= & 2 (A)Ey [ = 7l
By iteratively applying (S.49), one gets
2 _ 2
g ™ =7l < (1= 572(A))"|r® — 7],

which implies 7*) converges to 7 exponentially with respect to k in expectation.

Moreover, if A is of full column rank, then
2 2 2 2
Ir® — 21, = AW = 2)[l, > ATl [l2® — 2],

which implies 2(*) converges to 4 exponentially with respect to k, since

k 2
1 HT(O) - 7"”2

) g < e e (o L
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From hereon, we denote Ej,[|r*) — 7|2 as E||r® — 7|2 for brevity.

Theorem S.5. Given the tolerance threshold, ¢ > 0, and probability, § € (0,1). Starting with
an initial solution x©) with the initial residual r© = b — Az, the total number of iterations
required for the RRP algorithm to achieve ||r®) — 7|, < € with a probability at least 1 — § is

given by
de?

k > logl—m*Q(A) W (S.50)
2

Analogously, to achieve ||z*) — 2|, < ¢ with probability at least 1 — §, the total number of

iterations needed is

2
IAT]]; d¢?
k > 10g1_,€72(A) W, (8.51)
2

where k(A) = ||A||p||A |, is the modified condition number of A,

A|| is the Frobenius

norm of A, and Al is the Moore—Penrose inverse of A.

Proof. By the Markov’s inequality, for any € > 0,

P(lr® i, > €) =P (Ir® - 7[; > &)

12
< E”r(k) - THQ_

<= (S.52)
By substituting the bound for E||r(*) — f||§ from (S.34) into (S.52), we get
: Bjr® —
P([|r® =7, > €) < 6—22
— K2(ANK]r@ —

= 62

Notice that 7(%) can be decomposed as r®) = r, 4 # such that 74, € R(A) and 7 L R(A).
Therefore we have [|r(®) — f’Hg = |jrall} < ||r© ||§ Then the bound computed in (S.53) can be

relaxed to get

Lo AP o,

P(Jr® =, > ) < =
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In order to have P (|[r® — 7|, > ¢) < 4, we need W”;#HT(O)HZ < 6, which requires

Je?

k> log(lfn—Q(A)) @3

Analogously, in terms of the solution error, we have

Ellz® — 2
P (a2 — ], > ¢) < u (S.54)

€

When A is of full column rank, substituting the bound for E||z(*) — 2|5 from (S.35) into

(S.54) yields
E[z® — i, e Ir©@ =7
P(lz® — 2|, >¢) < /12 < (1 — g 2(A)) ——2
(k) _ |AT[|38¢>
In order to have P (||z¥) — ||, > €) < 4, we need k > 10g(1_1-2(a)) NECTER O
T 2

S.4 Discussions on RRP

S.4.1 Incremental problems

Let (21,71 ) be the solution-residual pair of A;z; = b;. We denote the expanded system due to
additional rows or columns as Az = b.

When additional rows As are added to Ay, as modeled in (S.2), by Theorem S.5, starting
with an initial solution-residual pair (0, b;) using the RRP algorithm for this expanded system,

the total number of iterations required to reach the condition ||r¥) — #||, < e with a probability

greater than or equal to 1 — 0 is k > log;_,—2(4) m = ky. However, if this system
2 2
. . e ] . r . .
is solved with the initialization, (¥ = 7, and r©® = ¢ = b 114 2 }, which utilizes the
2 — A2l

solution to A;x; = by, the total number of iterations required to achieve the same accuracy is

10g)_—2(4) ||f1||§+||ij—A2£1H§ = ko . Note that 71 < ||by]|, and ||by — AsZ1||2 < ||be|2 always
hold. Hence ky < kj.
Analogously, when more columns A, are added as presented in (S.4), and if the expanded

system is solved with the solution-residual pair (0, b; + by), the total number of iterations re-
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quired to have ||r®) — #||, < ¢ with a probability of at least 1 — ¢ is given by k > k3, where

5e?

ks = 1081_x—2(4) Jorg a2

. On the other hand, if the expanded system is solved with an initial

A~

. I
solution
K

achieve the same accuracy is given by k > log;_,—2(4)

] and the initial residual » = 7; + bo, the total number of iterations required to

de2?
[[71+b2]12

= k4. In general by = 0 and

I71l5 < [|b1]], holds. Hence k4 < k.

S.4.2 Decremental problems

Consider the decremental problem modeled as in (S.3), where a block of rows, A, € Raxn

A2 bg
are known as = and 7. Let r; be the residual obtained from 7 deleting last d terms. Then, if

is deleted. Suppose the least squares solution and the minimum residual of [Al] r = [bl]

Az = by is solved using RRP with an initial solution-residual pair (0, b;), the total iterations

required is given as k; = logliﬁ_Q(Al) ﬁ In contrast, if the initialization is 20 — z, r0) —
2

r1, number of iterations required (to solve the new LIP with the desired accuracy) becomes

ke = log;_,—2(a,) 5;23 Note that ||r]|, < ||b1]|, always holds. Hence k5 < k.

[l

Similarly, if a block of columns, say A, € R™*? s deleted, as modeled in (S.5). Then

solving A;x = by as a new problem using the RRP starting from the solution-residual pair

(0, b1) requires k7 = log; _,.—2(4,) ﬁ iterations. On the other hand, by definition of minimum
2

residual, 7 = by — AT = by — A1z — Asxy, where z; is the first n — d terms of 2 and x5, is the

last d terms of z. This is equivalent to
7+ AQI’Q = b1 — All'l (SSS)

From (S.55), A1z = by can be solved using the RRP with initialization (¥ = z; and r©) =

5e?

7 + Aaxy, which requires ks = log;_,.—2(4,) T Aozl
2

iterations. If x5 corresponds to an unim-

portant feature/node, then x5 & 0, which implies || + Aszs||o < ||b1]|2- Hence kg < k.
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S.4.3 Termination criterion

In practice, calculating the total number of iterations needed to compute the least-squares so-
lution using (S.50) and (S.51) is not feasible due to the computational intractability of x(A).
The expressions in (S.50) and (S.51) are useful for theoretical analysis only. Therefore, when
implementing the RRP algorithm, a calculable termination condition is required.

An approximate slope of the residual can be used as an indicator to terminate the algorithm,
i.e., given a tolerance € > 0, for some h € N, we can terminate the algorithm when the following

condition is satisfied
|7 = ®| < he. (S.56)

Alternatively, we could also define the termination condition in terms of the projection of

k)

the residual »®) on the column space of the matrix A, i.e., given a tolerance ¢ > 0, we can

terminate the algorithm when the following condition is satisfied
|AT®|, < e (S.57)
As the minimum residual 7 is perpendicular to R(A), (S.57) is equivalent to
JA' (r® —#)|, < e (S.58)

If A has full column rank, then ||A'(r®) — #)||, > ||AT||;"||r® — #||,. Hence, the terminal

condition in (S.57) yields
71 N N
JAT], (1™ =7y < e = [1(r™ = 7)ll, < [|AT[lye, (S.59)

which bounds the residual error.

S.5 Parallel RRP (PRRP) for LIPs

In addition to the developed PRP framework described in Section S.2, here we further propose

an integrated parallel RRP (PRRP) algorithm. The PRRP algorithm is an iterative algorithm
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for solving an LIP as in (S.1), which employs the RRP algorithm within the PRP framework to
solve the residual problems defined in Section S.2. The pseudo code for the PRRP algorithm is

shown in Algorithm S.3.

Algorithm S.3 Parallel randomized residual projection (PRRP)

function PRRP(A, b, p)
Initialize: A = [A;,..., A, A e R™4 RO =1p X[V =0,i=1,...,p.
wy,...,wpsuchthat0 <w; < 1lfori=1,...,pand Y  w; = 1.
for k < 1,2,... do:
Ri = W; szl f%z
parfor:=1,...,p do
0X;, R; =RRP(A;,04,, R;)
end parfor
X, =X, +6X;
end for

X1
returnz = | : |, r=>" R;

end function

The convergence property and the rate of convergence of the PRRP algorithm follow directly
from Theorem S.1. The following Lemma is used in analyzing the conditions for partitioning
matrix A in the PRRP algorithm to achieve acceleration (due to the parallel computational

architecture) for solving LIPs.

Lemma S.3. Suppose A; € R"*" has full column-rank and w € R™. If the augmented matrix
Ay = [Ay w)| has full column-rank, then o, (A1) > Omin(Az), where 0., (A) is the smallest

non-zero singular value of A.
Proof. We denote the eigenvalues of A,A, as 51 > --- > f3,, and the eigenvalues of A} A; as

Y1 >+ > Y,_1. Since it holds that

s [ATAL Alw
Ay 4y = LU’Al w’w] ’
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we have A’ A; is a principle submatrix of A, A,. Then, by Cauchy interlacing theorem, we have
r>m=pPa> >V 2 By

which 1mphes Umin(Al) Y, Tn—1 Z \% ﬁn - Jmin(AQ)- O
Lemma S.4. Suppose A has full column-rank. If A is partitioned into column blocks, i.e.

A=[Ay, ... A) then k(A) > min rk(4;).

ie{1,...,p}
Proof. Note that forall i € {1,...,p}, we have || 4;||» < ||A||. From Lemma S.3, we have

2 , 2
Timin () > Omin () = — ! > L = min k(4;) < k(A).
i 2 AL AL TATIAT, = )

]

Theorem S.6 (Accelaration by PRRP). Given the tolerance threshold, ¢ > 0, and probability,
0 € (0,1). Starting with an initial residual RW), the computational time needed to achieve
|R® — R*+D||, < ¢ with a probability at least 1 — & for k = 0,1,..., using the PRRP
(Algorithm S.3) is less than the time taken by the RRP (Algorithm S.2) provided that the column

partition of A (in Algorithm S.3) satisfies
max||w; A, (AjA;) T ARP |, < sz@ )TLAIRM|.

Proof. From Theorem S.5, the computational time needed to complete one stage in the PRRP

algorithm can be computed as the time required to complete k* iterations, where

k> 1 oc —1 oc (S.60)
max log;_, - 08— 7, O
ie{l,....,p} S1- HA) k) . Rk+1 HQ 81— *(Aix) le Rk) — R(k+1 ”2
with i* = argmax logy_.—2(4 )L Since k(4;) < k(A) (from Lemma S.4), we

Jwi RO~ RV
have 1 — & 2(AZ-) <1—#r"%(A)fori=1,...,p. Therefore, from (S.60), we have
de? <log, s de?
e — BEE T k) — R
de?

max; [[w, R® — RFV|]

1081 _1—2(4;)

< log) -2
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On the other hand, with the RRP algorithm, the number of iterations required to reduce

(k+1)

the initial residual R® until the residual becomes R .+ R (1) is lower bounded by

de?
~ ~ 2.
A R -, RED

If given a partition of A = [Al, e Ap} , it holds that

logl—nfz(

wz‘]:z(k) — R§k+1) = Ai (A?Ai)_l A?wiﬁ(k),

since w; R*®) — ngﬂ) is the projection of w; R® onto R(A;).
A A 2 ~ A
Therefore, when max||w; R® — R*V||) < ||R® — . R ,» We have
max [lw;A; (A34;) 7 ARV, < IIsz ) LALRY 5. (S.61)
A A~ 2 ~ A
If max||w; &%) — RFTV| < [|R® — 32, RV, holds, then
. de? 1 de?
max 10gy_ .- A; ~ ~ = 1081 k24 ~ ~
i€{1,...,p} () l|w; R*) — RE’““)IIE ( )maxi l|w; R*) — REHI)Hz
<1 o
= Ogl—n*Q(A) ~ ~ 2
(k+1)
RS =32 B,
which implies that the PRRP algorithm expedites the residual projection. ]

S.6 Experiments

In this section, we provide several numerical experiments to demonstrate the efficacy of the
proposed algorithm to solve a large-scale linear inverse problem as in (S.1). All the numerical
experiments were implemented on a single workstation with Xeon Gold 6144 3.5GHz, 192GB

memory.

S.6.1 Example 1: Performance analysis of the RRP and the PRP

We generated A as a random matrix of dimension 100, 000 x 50, 000 (=~ 40 GB memory storage

in MATLAB). Each element of A was random under a uniform distribution on [0, 1]. A sparse
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Figure S.1: (a) Comparison between the RRP algorithm and the sequential residual projection algorithm
(columns in each iteration are selected sequentially) for solving (S.1) with the size of A fixed at 100, 000 x 50, 000.
The solid red line is the mean residual calculated over 10 simulation experiments with the RRP algorithm, while
the blue fill is the deviation from the mean error. (b) Demonstration of scalability of the RRP algorithm: the solid
blue line shows the convergence of the residual while solving (S.1) with the size of A fixed at 100, 000 x 50, 000;
the dashed purple line and solid green line indicate the convergence of the norm of the residual with the RRP algo-
rithm for adaptively solving the decremental problems as in (S.3) and (S.5), when the last 100 rows and columns
of A were deleted, respectively; the dotted red line and solid yellow line indicate the convergence of the norm of
the residual with the RRP algorithm for adaptively solving the incremental problems as in (S.2) and (S.4), when
the 100 rows and columns deleted in the decremental problems were added back, correspondingly.

vector z of dimension 50,000 x 1 was then generated which consisted of 99% of elements as
0’s, 1’s as the remaining elements. The vector of observations, b was generated by b = Az + w,
where w was selected as a 100,000 x 1 random vector with elements uniformly distributed in
[0,0.2]. When running the RRP algorithm, the termination criterion was chosen as (S.57) with
€ = 2.236 x 10~* and it was checked every 500, 000 iterations.

In Figure S.1(a), we demonstrate the exponential convergence of the RRP algorithm de-
scribed in Theorem S.4, where the logarithmic scale of the norm of residuals following ran-
domized and sequential- residual projection iterations are plotted. We observe that a random
choice of the column index at each iteration significantly improves the rate of convergence
compared to the sequential choice.

In Figure S.1(b), we demonstrate the scalability of the RRP algorithm to solve the incre-

mental/decremental problems as in (S.2)-(S.5) by adaptively updating the solutions as the size
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Figure S.2: (a) Residual convergence for the PRP under various numbers of agents, where the matrix A of
size 100,000 x 50,000 was partitioned into p columns blocks of size 100,000 x 50,000/p in each case. (b)
Convergence time (in s) when the total residual becomes smaller than 0.5% of the initial residual using the PRP
algorithm with various number of partitions p.

of the matrix A changes. In the incremental cases, the size of the matrix A was increased from
100,000 x 49,900, 99,900 x 50,000, to 100, 000 x 50, 000, corresponding row increment and
column increment, respectively. Similarly in the decremental cases, the size of A was decreased
from 100,000 x 50,000, to 100,000 x 49,900 and 99,900 x 50,000. It can be observed that
for solving the problems arising from a change in the size of the matrix A, updating the existing
solution, residual adaptively is computationally more efficient. The time required to obtain a
solution, the number of iterations needed to terminate the RRP algorithm, and the solution error

are recorded in Table S.1.

Case Running time (s) | Tterations | [z — ||

RRP 7,368 4.2 x 107 | 3.7x 1072

Row increment 3,377 1.9x 107 | 1.9x 1073
Column increment 5,741 3.3x 107 | 3.7x107°
Row decrement 3,702 2.1 x 10" | 3.7x107?
Column decrement 5,582 3.2x 107 | 2.9x 1072

Table S.1: Running time, number of iterations needed to terminate the RRP algorithm, and the
solution error for the incremental/decremental problems.
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We analyzed the PRP algorithm for varying numbers of agents, and the results are presented
in Figure S.2(a). We first fixed the size of A to be 100,000 x 50, 000. Then the matrix A was
decomposed into p column blocks, i.e. A = [A,...,A,], where each column block was of
dimension 100, 000 x 50, 000/p. It is observed that as the number of partitions p increases, the
residual convergence is slower with respect to the number of stages. However, as the number of
partitions is increased, the size of each sub-problem is reduced. Therefore, to analyze the effect
of the partition size on the convergence of the algorithm, we considered the time required to
reduce the residual to 0.5% of the initial residual and the results are depicted in Figure S.2(b)
for various partition sizes.

Specifically, we fixed the size of the matrix A as 100,000 x 50,000 while varying p, and
each sub-problem was solved by directly computing the pseudo-inverse of A;. The time taken
to reduce the initial total residual until it is smaller than 0.5% of the initial residual using the
parallel algorithm is recorded for different partition sizes in Figure S.2(b). It is discerned that as
the number of partitions p increases, the time for convergence of the residual is initially reduced
since the size of each sub-problem is reduced, then the acceleration seen in the convergence of
the residual due to more partitions becomes insignificant, even negative when p is greater than
100 (for the example considered) as shown in Figure S.2(a). This follows from Theorem S.4,
wherein the rate of convergence for the parallel algorithm is determined by the matrix B =

- % P LA (ALA;) 7T AL and it is observed in the numerical experiment that as the number
of partitions increase, max; A; in (S.21) becomes close to 1, which decelerates the convergence
of the residual and magnifies the round-off error. Therefore, choosing an optimal number of

partitions for the parallel algorithm is subject to a compromise among the computation time per

stage, the number of stages required, and the numerical round-off error.
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S.6.2 Example 2: Network inference

Network inference is a critical task encountered in various disciplines such as biology, social
science, finance, etc. In this example, we provide numerical experiments using the PRP to solve
linear inverse problems encountered in the network inference application involving dynamical
systems.

We consider a network inference problem for a large-scale interconnected system composed
of dynamical subsystems that interact with each other. These interactions among the subsys-
tems can be represented with a network graph, wherein each node corresponds to a subsystem,
and each edge in the graph represents the interactions/coupling between the subsystems. The
objective considered in the network inference problem is to recover the topology of the network,
and to find the significant edges (connections/couplings) using the time-series observations of
each subsystem corresponding to each node in the network graph.

For example, consider an interconnected system with N dynamical subsystems each of

which are represented as

&5(8) = g;(x;(8) + D hyala(t), 25(1)), G =1,2,.m, (S.62)

i=1
where z; € R represents the state of j™ the subsystem, g; represents the unknown internal
dynamics, and hj; represents the unknown nonlinear map modelling the interconnection be-
tween subsystems j and i. By approximating g; and h;; with linear combination of truncated

orthonormal basis functions [ and s respectively, one has

u

i(t) ~ Y i +ZZk<q> t),2;(t), j=12.n  (S5.63)

—0 i=1 ¢=0
p izl a=

where u,v € N, 7’](7’ ), k(q) forp=0,...,u,and ¢ = 0, ..., v are unknown coefficients. Given

the state observations from ¢ to t,,, i.e. 1(t;),...,xn(t;),7i = 0,...,m, from (S.63), we have
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a system of linear equations given by

3(01) 2, 00) Lz, ,
tthO L(SBJ (tz)) S(ZL‘] (tQ)) |:R]:| .

z; (tN)*.xj (tv—1)

L(a;(tn) S(@;(tn))

where L(SL’J(tk)) = [l“)(a?j(tk)) l(")(zj(tk))], S(xj(tk)) = [S(l>($1(tk)7zj(tk) 3(p)($N(tk)»$j(tk))],
g
Rij=1: [and K; =

(u) (»
s kNj

(S.64)

Solving (S.64) for j = 1,..., N returns all unknown parameters r§p ), /{:§3) in (S.63). From
a network point of view, k:](-g), g = 1...,v denotes how z; is coupled with z;. In particular,
if k:](-g) is large, then z; and x; are considered to be strongly coupled. It can be observed from
(S.64) that the problem of network inference requires solving a suite of large-scale linear inverse
problems (for j =1,..., N).

For the experiments, we considered a system of coupled oscillators, and the oscillator dy-

namics are represented using Kuramoto model (32). The dynamics of the i™ oscillator in the

network are given by
N
i=1

It can be observed that (S.65) is a simplified case of (S.62), where g;(z;) = w; and hj;(z;, z;) =
kj;sin(z; — x;).

To assign the values for k;; in (S.65), we first generated a small-world network based on
Watts-Strogatz model (37). The Watts-Strogatz model is characterized by the total number of

nodes (/V), the mean-degree (K), and the rewiring probability (/) such that
(a) each node 7 is connected with K nearest neighbors, i.e. T;_g/2, ..., Ti;x/2, and

(b) each connection generated in step (a), with probability 3, is replaced with another con-

nection uniformly chosen from all possibilities that avoid self-loop and link duplications.
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Let the adjacency matrix of the network be denoted by H. The total number of nodes were
fixed as 300. We considered two cases corresponding to different values of 5 and K resulting
in either a dense or a sparse network.

To recover the topology of the network, denote the solution of (S.64) as X to infer the
coupling gains k;;. Then, the matrix X = 0.5(X + X’ ) was computed to infer the topology
of the network. Specifically the topology of the network was recovered by constructing an

adjacency matrix H such that
o H(i,j)=1ifK(i,j) > K+ Ks;
° f](i,j) = 0 otherwise,

where K is the average of the entries of the matrix K and K is the standard deviation.

Dense network: The Watts-Strogatz network model was used with N = 300, K = 20,0 =
0.3 to generate the topology H (j,7) of a Kuramoto oscillator network. The coupling strength
was selected as follows: if H (7, j) = 0, then kj; = 0.2, and if H (7, j) = 1, the value of k;; was
uniformly distributed in [0.4, 0.6]. Hence, the above network is a densely connected network.
Each oscillator in the network was defined using (S.65) with w; uniformly distributed in [5, 10].

The estimates of the coupling gains were obtained by using the PRP algorithm to solve the
linear inverse problems and the estimates are recorded in Figure S.3. The algorithm was run for
450 stages and it can be observed that the coupling gains are partially recovered. Recovering
each of the coupling gains warrants stringent requirements in terms of data samples required,
and the computation time.

Alternatively, the topology of the network can be inferred by computing an estimate of the
adjacency matrix, H. This provides the information regarding the network graph that maps

the interconnections and the strength of the interconnections between the oscillators and this
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Figure S.3: (a) Original coupling strengths of dense Kuramoto oscillator network. (b)-(g) Estimated coupling
strengths using the PRP algorithm after 10, 50, 100, 200, 300, and 450 stages.

requires less stringent data compared to the estimation of the coupling gains. The estimated

topology of the network recovered using the PRP algorithm is recorded in Figure S.4.

The histogram of the degree distribution of the recovered and original network graph shown

in Figure S.5(a) and the graph representation in Figure S.5(b), reveals that the strong couplings

are recovered accurately. In a large network inference problem, depending on the required ob-

jective, for example, inference of the topology, inferring only the strong couplings, or estimating
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Figure S.4: (a) Original topology of dense Kuramoto oscillator network indicating if the connections are either
strong or weak. Each point indicates whether two nodes are strongly or weakly coupled. (b)-(g) Network topology
recovered using the PRP algorithm after 10, 50, 100, 200, 300, 450 stages.

all the coupling gains, the PRP algorithm can be terminated by providing the desired tolerance

e in (S.57).

Sparse Network: In this case, the Watts-Strogatz network model with N = 100, K =
10, 8 = 0.3 was used to generate the topology H (j,) of a Kuramoto oscillator network. The
coupling strength was defined as follows: if H(j,7) = 0, then k;; = 0, and if H(j,4) = 1, the

value of k;; was uniformly distributed in [0.4, 0.6]. Each oscillator in the network was defined
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Figure S.5: (a) Degree histograms for the original and the estimated network after 450 stages for the dense
Kuramoto oscillator network. Normalized Wasserstein distance of two histogram is 5.8 x 1072, (b) Topology
recovered for the dense network after 450 stage; true positive indicates strong coupling recovered as strong one;
false negative means strong coupling recovered as weak; false positive implies weak coupling recovered as strong

one.

using (S.65) with w; uniformly distributed in [5, 10].
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Figure S.6: (a) Original coupling strengths of a sparse Kuramoto oscillator network. (b)-(e) Coupling strengths
estimated for the sparse network by using the PRP algorithm after 10, 30, 50, and 100 stages.
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Figure S.7: (a) Original topology of a sparse Kuramoto oscillator network. (b)-(e) Coupling strengths estimated
for the sparse network using the PRP algorithm after 10, 30, 50, and 100 stages.
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Figure S.8: (a) Degree histograms for the original and the estimated network after 100 stages for the sparse
network. Normalized Wasserstein disntance of two histogram is 0, which indicates the network topology was
perfectly recovered. (b) Topology recovered for sparse network after 100 stages.

The estimates of the coupling gains were obtained by using the PRP algorithm to solve the

linear inverse problems are recorded in Figure S.6. The algorithm was run for 100 stages and it
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can be observed that the coupling gains were recovered accurately. The estimated topology of
the network recovered using the PRP algorithm is recorded in Figure S.7.

It can be observed from the degree histogram in Figure S.8(a) and graph representation in
Figure S.8(b) that after 100 stages, the network topology was perfectly recovered when the

associated LIPs were solved using the PRP.

Dense network Sparse network
Recovered Strong | Weak Recovered Strong | Weak
Original Original
Strong 5352 320 Strong 3000 0
Weak 80 84248 Weak 0 87000

Table S.2: Topology recovered for the dense (after 450 stages) and the sparse network (after
100 stages) using the PRP algorithm.

Finally, the total edges in the graph recovered and the inference made regarding the strength
of the interaction between two nodes for both the dense and the sparse network are tabulated
(see Table S.2). It can be observed that the inference made on a sparse network was accurate
while for the dense network, out of the 5672 strong connections, 5352 were correctly identi-
fied while the remaining 320 were inferred as weak connections, (94.3% accuracy) while the
weak connections had better accuracy. As more data/observations are collected, since the PRP
algorithm is flexible, the solution of the associated linear inverse problems can be incrementally
and adaptively updated. This is applicable even when a new network node is introduced or an

existing node is removed.

S.6.3 Example 3: Gravimetric survey

In geophysics, recovering Earth’s gravitational field, Earth’s magnetic field and seismic waves
from earthquakes can all be formulated as linear inverse problems based on the observed data.
We provide an example in which large masses in the subsurface can be detected using the

measured gravitational field. We observe that detecting additional mass and re-computing mass
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distribution in this case can be formulated as incremental/decremental problems as described in
(S.2)-(S.5). To begin with, we provide a brief introduction on the problem setup.

Due to inhomogeneity of lithology in the subsurface of the Earth, the gravity measured on
surface changes slightly across different locations. Such perturbations in the gravitational field
can be used to infer the mineralogical composition underground (33). Suppose we have placed
p gravimeters on the surface of the Earth which provides the acceleration due to gravity at p
different locations which are denoted as cfl, e ,d;. Assume that the locations of ¢ objects in
the subsurface are known a priori, while the mass of these objects are the unknown variables.
From Newton’s law of gravity, the gravity caused by ¢ masses at location of i" gravimeter can

be computed by

Gm; _
= Z L, (S.66)
173
where G is the universal gravitational constant; m; is the 7™ unknown quantity of mass; 77; is the

distance from the i gravimeter to the j™ unknown mass. Applying (S.66) to all p gravimeters

yields a linear equation in m;, 7 = 1,.. ., ¢, and hence, can be represented as
g G DY G
9 [GRE At 714l Mg| [
= : : : (S.67)
~ G = G
=T o m
Ip RS Tl 70 a

In the problem stated as in (S.67), the locations of the objects in the subsurface are assumed
to be known a priori, which is not practical in most geophysical applications. If (S.67) does
not provide a satisfying solution, the prior assumption on number of objects, locations of ob-
jects needs to be modified, which results in incremental/decremental problems. Figure S.9(a)
demonstrates an example of changing prior assumptions. Suppose an estimate of the mass of
five objects inside the block is already obtained and if an additional object is detected, then,

estimation of all six objects’ mass can be quickly updated by an incremental problem; on the
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other hand, if the object labeled by red cross is proven not to exist, then the estimation of the

remaining four objects’ mass can be updated by the decremental adaptation of the solution.

Gravimeter

&€ s oo 22 ee | .

© Additional location

Depth

(a) (b)
Figure S.9: (a) Demonstration of estimating unknown masses in the subsurface. Suppose there are five masses
in the dashed block as priori and if additional mass is detected, then estimating all six masses can be formulated
as an incremental problem; while if one mass is proved to be non existent, estimating the remaining four masses
can be formulated as a decremental problem. (b) Locations of gravimeters and unknown masses in the numerical
experiments. Red circles indicate location of gravimeters, which are uniformly distributed on the surface; blue

circles show where the unknown masses are in the subsurface; green dot represents the location where an additional
mass is detected. For ease of exposition, only 100 gravimeters and 100 unknown masses are plotted in this figure.

We generated a 2-D example to show that the incremental problem can be expeditiously
solved using the PRRP. Figure S.9(b) shows the locations of the gravimeters and the objects
(only 100 gravimeters and objects are plotted here). For simplicity of calculation, we normalize
G to 1. When applying the RRP algorithm, the termination criterion was chosen as in (S.57)
with € = 107°. In our numerical experiments, we chose p = 20, 000, ¢ = 10, 000 and the masses
my, ..., my, were uniformly distributed from 0 to 1000; gravimeters were uniformly distributed
on the horizontal level (depth equals to 0); depths of objects location were uniformly distributed
from 1 to 2. Gravity measurements gy, . . . , g, was then computed using (S.66).

Given the gravity measurements, suppose the locations of the objects are already known,
then solving linear inverse problem (S.67) to estimate their masses required 181.33 seconds. If

an additional object’s mass need to be estimated, indicated by a green circle, it took only 9.8036
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seconds for the PRRP algorithm to provide a solution for the incremental problem by adaptively

updating the existing solution.
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