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[bookmark: _Hlk30685865][bookmark: _Hlk35587376]Supplementary Note S1
Static moiré effect (no move). Condition of the constant phase
[bookmark: _Hlk35587932]In this Supplementary Note S1, we recall the moiré effect in the static (non-moved) coplanar and non-coplanar line gratings and generalize some of them with special attention to the phase. 
[bookmark: _Hlk35588043][bookmark: _Hlk35587571][bookmark: _Hlk35588876]Coplanar gratings. It is known that the wavevector of the moiré patterns km is a linear combination of the wavevectors of the gratings k1 and k2 with the coefficients ±1 (i.e., the sum or difference), whichever of them has the shortest wavevector (falls within the visibility circle) [1], see Supplementary Fig. S1,

		(S1)
[image: ]
[bookmark: _Hlk31114214]Supplementary Fig. S1. (a) Line gratings, (b) wavevectors. The visibility circle is drawn by the dashed line.
[bookmark: _Hlk35952349]The previous sentence can be considered as the definition of the moiré wavevector. From the law of cosines, the wavenumber of the moiré patterns k (scalar, not a vector) is equal to the modulus of the algebraic sum of vectors,

		(S2)
where k1, k2 are the wavenumbers of the gratings, α is the angle between the wavevectors, ρ is the ratio of wavenumbers (or, equivalently, the periods in the inverse order) defined as follows,

 		 (S3)
By definition [1], the moiré wavenumber is the smaller of two wavenumbers in Supplementary Eq. (S2); in our case, we select the minus sign to get smaller,

 		(S4)
[bookmark: _Hlk35952364]The period of the patterns λm derived from Supplementary Eq. (S4) will be proportional to λ1. Therefore, the formula for the period can be rewritten in a special form [2] emphasizing the proportionality of the moiré period to the period of the grating,

 		(S5)
where the coefficient of proportionality (the moiré magnification factor) is

 	 	(S6)
Supplementary Eq. (S5) shows how much the period of the grating is magnified, which essentially means a moiré magnifier originally proposed in [3], [4].
[bookmark: _Hlk34390715]Other characteristics of the moiré wavevector (the phase and the direction) are as follows [2],

 		(S7)

 		(S8)
For the identical gratings, the direction of the moiré wavevector derived from Supplementary Eq. (S7) is the half-angle between the first wavevector and the negative second wavevector.
[bookmark: _Hlk35952385]Supplementary Equations (S4), (S7), (S8) comprise the full description for the wavevector (wavenumber, phase, and orientation). From these equations, the following necessary conditions for the pattern to remain unchanged are as follows,

		(S9)

		(S10)

[bookmark: _Hlk28591733] 		(S11)
In Supplementary Eq. (S9), the value of ρ is constants due to the mechanical properties of solid gratings; the angle α in Supplementary Eq. (S10) is constant because the directions of the axes are fixed mechanically; while the third condition Supplementary Eq. (S11) means that either both φ1 = const, φ2 = const (each grating moves along its own axis) or a coordinated movement of both gratings with the constant difference φ1 - φ2 = const. 
[bookmark: _Hlk35587955]The above formulas for the characteristics of the moiré patterns with the zero phase are not unknown in the literature; similar formulas can be found in [1], [5] - [8] and elsewhere. We provide them here with the phase, which is essential for the current content. 
[bookmark: _Hlk35952403]Non-coplanar gratings in parallel planes. In the non-coplanar case (the gap d between the parallel planes of the gratings is not zero), the picture may look complicated [1], [10], even if the gratings are identical and their planes are parallel. In parallel non-coplanar gratings [11], the period of the second grating projected onto the plane of the first one is

[bookmark: _Hlk27659117] 		(S12) 
where ρ is defined by Supplementary Eq. (S3) and the geometric characteristic of the layout of the gratings is 

		(S13) 

Then, substitute  by Supplementary Eq. (S12) instead of k2, into the law of cosines for the wavevectors k1 and k2, we can obtain the generalized Supplementary Eq. (S6) as follows,

 		(S14) 
[bookmark: _Hlk34391010][bookmark: _Hlk27660160]where the coefficient χ = s/ρ.
[bookmark: _Hlk35952419]Furthermore, the Supplementary Eq. (S7) generalized to the non-coplanar case is,

[bookmark: _Hlk27659581][bookmark: _Hlk27659603] 		(S15)
[bookmark: _Hlk35589144]Based on Supplementary Eqs. (S14), (S15), the corresponding χ can be found so as the visual characteristics (the magnification  or the angle) remain the same for any α), although the values μ and θ are controlled separately and thus, these values of χ are different. Namely, to maintain the same magnification, the value of χ must be

		(S16)
but to keep the angle, it must be 

		(S17)
[bookmark: _Hlk35952434][bookmark: _Hlk31114296]Therefore, even if the magnification and orientation are not completely interchangeable, their influence can be taken into account by Supplementary Eqs, (S16), (S17). 
In the case of the identical gratings, Supplementary Eqs. (S14), (S15) are simplified, 

 		(S18)

 		(S19)
A graphical illustration of the above formulas is shown in Supplementary Fig. S2.
(a) [image: ](b) [image: ]
[bookmark: _Hlk28354273]Supplementary Fig. S2. Characteristics of moiré patterns in non-coplanar gratings: (a) magnification factor, (b) rotation angle.
[bookmark: _Hlk35952445][bookmark: _Hlk31114359]We may consider the non-identical gratings with the collinear axes but different periods, see Supplementary Fig. S3a. In the case of the grating with the periods adjusted according to the distance (χ = 1, i.e., ρ = 1 + d/z), see [2],

 		(S20)

 		(S21)
The moiré effect in the twisted identical gratings is illustrated in Supplementary Fig. S3b. 
 (a)  [image: ]
(b)  [image: ]
[bookmark: _Hlk32838258]Supplementary Fig. S3. (a) Overlapped non-identical identically oriented gratings produce the moiré effect similar to twisted gratings. (b) Overlapped non-identically oriented (twisted) identical gratings.
[bookmark: _Hlk35952453]Here, we have to point out the noticeable difference of the moiré effect in the identical and in the non-identical gratings. In the former case, all three axes are collinear; but in the latter case, the axis of the moiré patterns is almost perpendicular to the axes of the gratings, as in [9]. This interesting feature is caused by geometry.

Supplementary Note S2
Regular Grids as Superimpositions of Line Gratings
[bookmark: _Hlk35952474][bookmark: _Hlk27658375][bookmark: _Hlk35949710][bookmark: _Hlk44511775]In some cases, a periodic 2D structure can be considered as a superposition of several families of parallel equidistant lines (line gratings). For example, the regular square and triangular grids can be thought of as superpositions of 2 and 3 such families at proper angles. However, while the former superposition may have an arbitrary phase (the displacement along the wavevector) of both gratings, as shown in Supplementary Fig. S4a, the latter requires an exact phase of the third grating, see Supplementary Fig. S4b; otherwise, the result would not be the regular triangular grid. 
    [image: ]
[bookmark: _Hlk28945154]Supplementary Fig. S4. Square and triangular grids and their axes; tessellations {4, 4} and {3, 6}.
[bookmark: _Hlk35952499][bookmark: _Hlk30686335]The grids shown in Supplementary Fig. S4 can be referred to as the regular tessellations, i.e., the tilings of the Euclidean plane by regular convex polygons. Then, according to [12], the square grid can be denoted as {4, 4} and the triangular grid as {3, 6}; in this notation, the first number denotes the number of polygons at each vertex, the second is the type of the polygon. The third regular tessellation, the hexagonal tessellation {6, 3} (read: three hexagons at each vertex) is shown in Supplementary Fig. S5.
[image: ]
Supplementary Fig. S5. Hexagonal grid, tessellation {6, 3}.
[bookmark: _Hlk35952520]According to [12], the geometric duality means that the center of each polygon is taken as a vertex and these new vertices of adjacent polygons are connected. Therefore, the tessellation {4, 4} is dual to itself, see Supplementary Fig. S6a; the tessellations {6, 3}, {3, 6} are dual to each other, see Supplementary Fig. S6b. 
[image: ]
[bookmark: _Hlk34391550]Supplementary Fig. S6. Dual tessellations: (a) {4, 4} and {4, 4}; (b) {3, 6} and {6, 3}.
[bookmark: _Hlk35952547]In contrast to the tessellations {4, 4} and {3, 6}, the tessellation {6, 3} cannot be represented as a combination of the line gratings. 
[bookmark: _Hlk30686407][bookmark: _Hlk34391621][bookmark: _Hlk35590012]Nevertheless, a hexagonal grid can be built of lines of other kinds. For instance, it can be thought as a combination of either zigzag or dashed lines of a certain particular form (i.e., the angle and the length of zigzag segments, the opening ratio of dashes) with a proper relative position (the phase, the angle, and the distance), as shown in Supplementary Fig. S7. (The opening ratio is the ratio of the length of the segment to the period.) Note that in Supplementary Fig. S7a, each side of the hexagon is comprised of segments of two zigzag lines. In Supplementary Fig. S7a, the zigzag lines are oriented along the axes of the triangular grid (shown in Supplementary Fig. S4b). In Supplementary Fig. S7b, the inclined dashed lines with an opening ratio 1/3 are perpendicular to the zigzag lines of Supplementary Fig. S7a. Proper phases of each line in each family of lines are necessary. 
[image: ]
[image: ]
Supplementary Fig. S7. Hexagonal grid as a combination of zigzag and dashed gratings.
[bookmark: _Hlk35952583]The straight lines connecting the centers of the zigzag segments in Supplementary Fig. S7a can be considered as an approximation of the zigzag lines. Three families of such lines may approximate the hexagonal grid, as shown in Supplementary Fig. S8a. 
[image: ]
Supplementary Fig. S8. (a) Approximation of zigzag lines in the hexagonal grid by straight lines. (b) Tessellation {3, 6, 3, 6}.
[bookmark: _Hlk35952595][bookmark: _Hlk44512182][bookmark: _Hlk44512329]Strictly speaking, the result of such approximation is not a hexagonal grid, rather the semi-regular Archimedean tessellation {3, 6, 3, 6} shown separately in Supplementary Fig. S8b. Nevertheless, practically, this tessellation can be transformed into the triangular grid by adjusting the phase of one of the gratings. This can be understood by comparing Supplementary Fig. S8b with Supplementary Fig. S4b. 
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