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Supplemental figures 
Figure s1: The estimate of exponent parameter φ describing the variation of 
susceptibility among age groups using model 2 and assuming that the fraction of 
infections that becomes symptomatic among all COVID-19 cases is 0.5. True and 
broken lines represent the maximum likelihood estimates and 95% confidence intervals, 
respectively. 
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Italy Japan Spain
(a) 80% reduction in contacts outside of household (α=0.2)

(b) 40% reduction in contacts outside of household (α=0.6)

(c) No reduction in contacts outside of household (α=1.0)
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Figure s2: The estimate of exponent parameter φ describing the variation of 
susceptibility among age groups using model 2 and assuming that the fraction of 
infections that becomes symptomatic among all COVID-19 cases is 0.05. True and 
broken lines represent the maximum likelihood estimates and 95% confidence intervals, 
respectively. 

 

 

 

  

Basic reproduction number R0

1.0 1.5 2.0 2.5 3.0 3.5 4.0

1.0 1.5 2.0 2.5 3.0 3.5 4.0

1.0 1.5 2.0 2.5 3.0 3.5 4.0

2.0

6.0

Basic reproduction number R0
Basic reproduction number R0

Basic reproduction number R0

Basic reproduction number R0

Basic reproduction number R0 Basic reproduction number R0

Basic reproduction number R0
Basic reproduction number R0

Ex
po

ne
nt

 p
ar

am
et

er
Ex

po
ne

nt
 p

ar
am

et
er

Ex
po

ne
nt

 p
ar

am
et

er

Ex
po

ne
nt

 p
ar

am
et

er
Ex

po
ne

nt
 p

ar
am

et
er

Ex
po

ne
nt

 p
ar

am
et

er

Ex
po

ne
nt

 p
ar

am
et

er
Ex

po
ne

nt
 p

ar
am

et
er

Ex
po

ne
nt

 p
ar

am
et

er

Italy Japan Spain
(a) 80% reduction in contacts outside of household (α=0.2)

(b) 40% reduction in contacts outside of household (α=0.6)
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Supplemental text  

The proof of proportionality between the number of  

mortality and recovered individuals in model 1  

We consider the following special setting  

𝑆!" (𝑡) = −𝜎!𝛽)𝑘!,$
$

𝐼$(𝑡)𝑆!(𝑡),

𝐸!" (𝑡) = 𝜎!𝛽)𝑘!,$
$

𝐼$(𝑡)𝑆!(𝑡) − 𝜖𝐸!,

𝐼!" (𝑡) = 𝜖𝐸! − (𝛾 + 𝛿)𝐼!,
𝑅!" (𝑡) = 𝛾𝐼!,
𝐷!" (𝑡) = 𝛿𝐼!,

  

where 𝑛 ∈ {1,2, … , } represents the age-class. We refer to the main text for parameter  
descriptions. Here it is assumed that the mortality rate 𝛿 is age-independent.  

From the above equations, it is straightforward to see that  

𝐷!(𝑡) = 𝛿 ; 𝐼!
%

&
(𝑠)𝑑𝑠,	𝑅!(𝑡) = 𝛾; 𝐼!

%

&
(𝑠)𝑑𝑠.  

Thus  

𝐷!(𝑡)
∑ 𝐷'' (𝑡) =

𝑅!(𝑡)
∑ 𝑅'' (𝑡) =

∫ 𝐼!
%
& (𝑠)𝑑𝑠

∑ ∫ 𝐼'
%
&' (𝑠)𝑑𝑠

,  

which implies that the age-distribution of deaths is determined by the age-distribution of  
the recovered population, assuming that the mortality rate 𝛿 is age-independent.  

Next we vary only parameters 𝛽 and 𝛿 fixing (
)*+

. We show that this parameter  

configuration does not affect the age-distribution. We show that for a fixed (
)*+

 and  

given elements of contact matrix 𝑘!,$, and progression rates 𝜖 and 𝛾, the final  
distribution  



lim
%→-

𝑅!(𝑡)
∑ 𝑅'' (𝑡) = lim

%→-

𝐷!(𝑡)
∑ 𝐷'' (𝑡) , 	𝑛 ∈

{1,2, … }  

is uniquely determined. To this aim, we introduce the nondimensionalized time, 𝜏 = 
(𝛾 + 𝛿)𝑡. Denoted  
𝑆F! (𝜏) = 𝑆!(𝑡), 	𝐸G! (𝜏) = 𝐸!(𝑡), 	 𝐼F! (𝜏) = 𝐼!(𝑡), 	𝑅G! (𝜏) = 𝑅!(𝑡), 	𝐷G! (𝜏) = 𝐷!(𝑡).  

Dropping tilde, we have  

𝑆!" (𝜏) = −
𝛽

𝛾 + 𝛿)𝑘!,$
$

𝐼$(𝜏)𝑆!(𝜏)

𝐸!" (𝜏) =
𝛽

𝛾 + 𝛿)𝑘!,$
$

𝐼$(𝜏)𝑆!(𝜏) −
𝜖

𝛾 + 𝛿 𝐸!

𝐼!" (𝜏) =
𝜖

𝛾 + 𝛿
𝐸! − 𝐼!

𝑅!" (𝜏) =
𝛾

𝛾 + 𝛿 𝐼!

𝐷!" (𝜏) =
𝛿

𝛾 + 𝛿
𝐼!.

  

From the fundamental theory of differential equations, the model has a unique solution  
with a suitable initial condition. Thus, the nondimensionalized model shows that, for a  

fixed (
)*+

 and given elements of contact matrix 𝑘!,$, and progression rates 𝜖 and 𝛾,  

the final distribution of deaths is uniquely determined.  

  
  




