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SUMMARY

These Supplemental Materials provide additional details and results to support the article “Myopic reallocation of extraction
improves collective outcomes in networked common-pool resource games”. In Section S1, we introduce notations and detail
the common-pool resource (CPR) reallocation game model and methods used. In Section S2, we discuss steady states of this
evolutionary CPR reallocation game, proving that populations attain greater collective wealth in these steady states than in
the initial conditions from which they evolve. Next, we derive estimates for the expected total extraction from CPR sources,
agent extraction levels, and agent payoffs as functions of degree for Nash equilibrium and Pareto efficient states in Section S3.
Section S4 then presents these estimates for a degree-proportional capacity scenario to supplement the corresponding results
for a uniform capacity scenario presented in the article, demonstrating that the main findings reported in the article are robust
with respect to this change in the dependence of CPR degradation characteristics upon degree. In Section S5, we detail the
methods used to compute Nash equilibrium states, efficient states, and steady states of reallocation dynamics for specific
networks. Finally, in Section S6, those methods are used to compute ensemble mean values of quantities for comparison to
the heterogeneous mean-field estimates presented in the article, validating the estimates while also highlighting some of their
limitations.
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S1 Notations and model

S1.1 Agent-source affiliation networks

We consider populations A = {ay,...,ay} of M agent nodes and sets of N CPR source nodes S = {sy,...,sy}, where agents’
access to sources are described by bipartite graphs g = (A, S, L), in which the presence of an edge (a,s) € L indicates that the
agent a has access to source s. We denote the set of sources affiliated with an agent @ as S, = {s | (a,s) € L}, and likewise
for the population of agents affiliated with a source s: A; = {a | (a,s) € L}. We denote the network degree of an agent node
a (its number of affiliated sources) as m(a) = ||S,||, and the degree of a source node s (its number of affiliated agents) as
n(s) = ||As||- We denote the maximum degrees of nodes of each type as nmax = maxgegn(s) and mmax = max,esm(a). The
network’s distribution of agent degrees is denoted by P (m) and the distribution of source degrees by Fs (n). Conditional
degree distributions are denoted as Pp (m | n) and Ps (n | m), respectively.

Networks were generated by first generating a prospective CPR source degree sequence from a given distribution: either a
delta-function (“D”) distribution, a normal distribution (“N”), or a power-law distribution (“PL”). The resulting degree sequence
was accepted if its mean degree was equal to the desired target value (n), and otherwise the process was repeated. The set of N
source nodes were then randomly linked to the M agent nodes in accord with the generated source degree sequence to yield a
network with a random (“R”) agent degree distribution. These networks with random agent degree distributions were then
rewired to produce uniform (“U”) agent degree distributions by randomly rewiring edges for agent nodes having current degree
m(a) > (m) to those having m(a) < (m) until all agent nodes share uniform degree m(a) = (m). An ensemble of networks
with scale-free-type (“SF”) agent degree distributions were also produced by applying a preferential attachment algorithm' to
the original ensemble of networks with random agent degree distributions. The networks generated here all share the same
total number of agent nodes M = 50, number of source nodes N = 50, and mean degrees (m) = (n) =5, and are all restricted
such that m(a) > 2 for all a € A, and n(s) > 2 for all s € S. Results are shown for ensembles of 10° agent-resource affiliation
networks each of 9 types, each representing a combination of one of three types of source degree heterogeneity (Delta-function,
Normal, or Power-Law) with one of three similar types of agent degree heterogeneity (Uniform, Random, or Scale-Free-type).
From the resulting ensembles, we extract degree histograms which are averaged to yield representative degree distributions
Py (m) and Ps (n) for each network type (Figure 1); these are used to compute heterogeneous mean-field estimates of various
quantities of interest as discussed below.

S$1.2 Common-pool resource extraction game

Following and generalizing upon the approach of ilkilic?, we consider the extraction game in which each agent a exerts an effort
of magnitude ¢(a, s) towards extraction from an affiliated source s; an agent’s strategy thus comprises its choices of g(a, s) for
all of its affiliated sources s € S,. We denote the total extraction effort exerted by an agent as ‘g (a) = ¥ s, q(a,s), which we
will refer to as the agent’s extraction intensity, and the total extraction effort exerted upon a source by ¢ (s) = ¥ 4ca, (4, ),
which we will refer to as the extraction pressure on source s. We define the quality, b(s), of a source s as the magnitude of the
benefit it offers to a user in return for each unit of pressure exerted upon it. The total fitness of an agent a is thus given by the
payoff function

fla) = [Z qla,s) -b(s)] — M?(a)% (S1)

SES, 2

where the constant y(a) > 0 in the quadratic cost term quantifies the relative strength of diminishing marginal utility for the
agent a. We model the rivalrous (or subtractable) nature of CPR sources by assuming that each source s offers some basic
benefit per unit extraction, a(s), which is reduced by some amount f3(s) for each unit of extraction pressure the source receives,
so that

b(s) = a(s) — B(s)q (s)- (S2)

In these Supplemental Materials, unlike the main article, we consider a more general case which allows for variability among
the values of the parameter y(a) for each agent a € A and the values of a(s) for each source s € S, in addition to the variability
of B(s) considered in the article itself. In the computations presented in the article and the materials below (Section S4 and
Section S6), we present results from both a uniform capacity scenario where f(s) = o for some constant y > 0 across all
sources s € S, and also for a degree-proportional capacity scenario where B (s) = Bo(n)/n(s), so that sources degrade in quality
in proportion to their total extraction pressure per user. When considering parameters as functions of node degree rather than of
individual nodes, as in the degree-binned estimates of Section S3, we will denote the degree dependence using subscripts: ¢,

Brz > and Y-
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S$1.3 Common-pool resource reallocation dynamics

Here we consider the scenario wherein agents are allowed to reallocate their extraction efforts among the multiple sources to
which they have access, with the rate of reallocation from one source to another being proportional to the difference in quality
between them, such that

Eq(a,s) =k Y [b(s)—b(s)], (S3)

dr s'eS,

where k > 0 is some constant. These reallocation dynamics conserve each agent’s total extraction intensity 7(51) in time since
d < d
i 4 (@) = § (Lses, (a,5)) = k¥yes, Lyes, [b(s) —b(s)] =0.

S2 Steady states of reallocation dynamics

S2.1 Proof: Reallocation dynamics increase collective wealth

In this section, we confirm that reallocation dynamics described by Equation S3 will increase a population’s total collective
wealth in the CPR extraction game described above. Steady states of the reallocation dynamics described by Equation S3
are those in which all sources share a common final quality value, which we denote as by, and so have %q(a,s) =0 for all
extraction levels g(a,s). Using Equation S2, the population’s total extraction Q at steady state can be expressed in terms of b ¢
as

1 _ _
0=Y 70 =Y g5 [al -t =N[lap™") —br(B7)], (S4)
seS sES (S)
where brackets indicate an expected value of a function of source node s over the set of all sources: (x) = (Y esx(s)) /N.
Rearranging Equation S4, it follows that the steady-state quality b, of each source is given in terms of total extraction Q as

(ap~')—ON"!

B
The steady-state extraction value Q also represents total extraction in the initial condition under consideration, since the
dynamics of Equation S3 conserve this value over time. Similarly, the quadratic cost term }/?(a)2 /2 in Equation S1 is
unaffected by reallocation dynamics, which conserve the magnitudes of <E(a) for all a € A. At steady state, the population’s
total benefits received (ignoring these unchanging cost terms) is Fy = Y g [7(9) -b f] = Qby. Reallocation dynamics thus
lead to an improved overall fitness if Fy < Fy, that is, if Fo/Q < by, where Fyy = ¥ (g 7 (s)-b(s) is the total collective payoff of
the initial condition. The ratio Fy/Q is given by

by = (S5)

Fo _ Yiesd(s)-[als) = B(s)d ()] _ (q-[a—BT]) (S6)
Q ZseS 7(S) <7> .
Using Equations S5 and S6, the condition Fy/Q < by can be expressed as

Assuming that o(s) is uncorrelated with B(s) and ¢ (s) (as in all scenarios considered in this article, where a(s) = o for all
s € S), the condition that Fy < Fy further reduces to

(@) <(BZHB"). (S8)

These reallocation dynamics will thus improve collective wealth if and only if this inequality holds.
Indeed, the validity of Equation S8 is guaranteed by the Cauchy-Schwarz inequality?, which states, for random variables X
and Y, that (XY)2 < (X2)(¥?2). With the identifications X = \/B(s) ¢ (s) and ¥ = \/B(s)~1, then, we have

@7 ={([VB7|[VET]) <Ba6 ). (39)

and thus Fy < Fy by the Cauchy-Schwarz inequality. Furthermore, equality in Equation S9 occurs if and only if X /Y = K for
some constant K>, that is, when B(s) 7 (s) = K for all sources s € S. This indeed describes the steady states of reallocation
dynamics, in which all sources share a uniform quality value: by = oo — 8 (s)¢ (s) = o — K. This proves that the reallocation
dynamics of Equation S3 will improve collective wealth in the CPR extraction game for all initial extraction states that are not
already characterized by uniform source quality.
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S2.2 Steady states of reallocation dynamics are distinct from Nash equilibria

We now clarify the relationship of these steady states to the notion of Nash equilbrium. Nash equilibria of the extraction game
represent best-response extraction levels that maximize each individual’s payoffs provided that all others are attempting to
do the same (see Section S5.2 below). In Nash equilibrium states, each agent sets its extraction levels at each of its affiliated
sources such that any further extraction would increase costs and reduce source quality to an extent that outweighs the additional
benefits extracted thereby. If all other extraction levels are held constant, then, any alteration that an agent might make to its
extraction levels would reduce its payoffs. Ilkilic showed that any given network has a unigue Nash equilibrium within the
network CPR extraction game generalized in Section S1.2 above?.

In the current work, we consider the dynamics that occur when agents are restricted to perform only reallocation updates
that shift extraction effort among their affiliated sources while conserving their overall magnitudes of extraction effort. Steady
states of reallocation dynamics (Equation S3) are those in which all sources having some affiliated agents in common share
an identical quality value, and so agents perceive no incentive to reallocate. The unique Nash equibrium states of the CPR
extraction game typically show unequal quality among sources (see Section S5.2 below), and so are not steady states of these
reallocation dynamics (in contrast with Pareto efficient states, which in the games considered here are also steady states; see
Section S3.2 below). We now address the question of whether these steady states coincide with a notion of Nash equilibrium
that incorporates the additional constraints introduced in a CPR reallocation game: do there exist any reallocations which an
agent could perform that would increase its own payoff given that all other extraction levels were held constant? Below, we
confirm that these potential reallocations typically do exist at steady states.

Consider a steady state of reallocation dynamics wherein all sources share a common quality value, by. A reallocation is
an update by which an agent reduces extraction at one of its affiliated sources s; by some amount &, while also increasing its
extraction at another affiliated source s, by an equal amount. Based on Equation S1, the agent’s payoff in the steady state is

fss(a) = qla,s1)by +q(a,s2)by +

q(a,s) 'bf] - ng. (S10)
s'€Sq\{s1.52}

After reallocation, since source quality varies as in Equation S2, the agent’s payoff becomes

fr(@) = (q(a,s1) — &) [by + Be] + (q(a,s2) + &) [by — Be] +

Y gy -bf] - g?(aﬂ (S11)
5'€84\{51,52}

Given that all other extraction levels remain constant, the reallocation shifts the agent’s payoff by

fr(a) — fss(a) = Belgla,si1) —qla,s2)] — 2B€%. (S12)

In general, fr(a) — fss(a) # 0, and in the limit € — 0 reallocations improve fitness when

iy [ 200 fs(0

L] —Bta.n) ~glasn) >0, s13)

=0

This demonstrates that reallocations that shift the agent’s effort away from sources where the agent currently exerts greater
extraction effort towards sources where it exerts less effort — redistributing an agent’s own effort more evenly among its
affiliated sources rather than equalizing the quality of all affiliated sources — could improve an agent’s fitness if performed
unilaterally while all other agents held their extraction levels constant. However, for the boundedly rational agents engaging in
this reallocation game, the assumption that next-round payoffs are increased only by shifting effort from lower- to higher-quality
sources (that is, the implicit assumption that source quality values will remain unchanged in the subsequent round, unaffected
even by the agent’s own reallocations) prevent them from enacting such an update. So, in general, the steady states of
the reallocation dynamics (Equation S3) are not Nash equilbria of the CPR extraction game, nor do they coincide with the
aforementioned notion of Nash equilibrium within the more specific context of the CPR reallocation game.

S3 Estimating source extraction pressure and agent fitness by degree

We will now derive estimates for the expected degree dependence of CPR source extraction and agent fitness in Nash equilibrium
and efficient states given a network’s degree distributions. The heterogeneous mean-field-type approach detailed below is used
to compute the results shown in Figure 2, Figure 3, and Figure 4 in the article, as well as Figure S1, Figure S2, and Figure S3 in
the sections below.
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S3.1 Nash equilibrium states
Nash equilibrium describes the best-response choices of strategies g(a,s) when all agents simultaneously seek to maximize their

own payoffs f(a). The equilibrium condition’ aaqf(g“?) =0 (applied to Equation S1 with source quality specified by Equation

S2) restricts each nonzero ¢(a, s) to satisfy

dlas) = 5oy = o)~ 55T @), s14)

Summing this condition over all agents A affiliated with a particular source s yields

Z() = —n(s)7(s) +ns) (38) - 35 ( r y(ama)) , (s15)

which we rearrange to express the source’s total extraction pressure at equilibrium as

_L n(S) N _L a<_a
760~ 55 |y | | n(s)<zy<>q<>>]. 516

We now use Equation S16 to estimate the degree dependence of agents’ expected extraction levels and payoffs for the cases of
cost-free extraction (y(a) = 0), which we compute directly using degree distributions, and costly extraction with diminishing
marginal utility (y(a) > 0), which we compute numerically as the solution of a linear system as detailed below.

S3.1.1 Cost-free extraction
In the case of cost-free extraction (y(a) = 0), Equation S16 reduces to

_ os) [_ns)
76~ 55 [ty S
so that Nash equilibrium source quality is given by
1

Focusing first on the population’s total collective extraction and payoffs, by Equation S17 the population’s total collective
extraction is

Q=NZ§Ps(n>-7(s)=N<“”[ " ]> (S19)

E n+1

where brackets around variables with subscript n indicate expected values (x,) = Y, ™% Ps (n) - x,. Using Equations S17 and
S18, this extraction leads the population to derive total collective wealth

P E ) (706605 - (% [rs]). (520)

(n+1)?

Total equilibrium extraction and wealth will thus both be larger for networks with greater source degree heterogeneity in
the uniform capacity scenario (8, = By), and smaller for networks with greater source degree heterogeneity in the degree-
proportional capacity scenario (3, = Bo(n)/n).

Now focusing on the extraction and payoffs of individual agents as functions of their network degrees, we now estimate the
total extraction effort <E(s) of an agent a with degree m at Nash equilibrium. Using Equation S17, which in light of Equation
S14 gives g(a,s) = ¢ (s)/n(s), we estimate

(Ton=m 32 A5Gl m)-ates) =m (5 ||} (521
(g -
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where the subscripted brackets indicate an expected value over the conditional degree distribution, (x,), = Y™ Ps (n | m) - x,,
and in the last two steps we have invoked an additional assumption that the network is formed without any degree-based
preferential linking tendencies so that we can accurately approximate Ps(n | m) = Ps(n)n/(n). In the absence of degree-
degree correlations and diminishing marginal utility, then, an individual agent’s fraction of the population’s total extraction at
equilibrium is simply equal to the fraction of the network’s total N(n) edges that it possesses. Similarly for a degree-m agent’s
expected payoffs, now using Equations S17 and S18 we find

ST

where again the last two steps hold in the absence of degree-degree correlations.

S83.1.2 Costly extraction

In order to estimate expected extraction pressure (¢ ), and expected agent extraction (‘7 ),, and payoff (f),, using degree
distributions in the case of costly extraction (%, > 0), we construct and solve a linear system. First, we sum the equilibrium
condition of S14 over all sources s € S, affiliated with an agent a, which yields

T@=—va) Y -1 )T o)) _ s
q(a) =—¥( )(SEZSHNSJ q( H(&,ﬁ(s)) (SEZSF( ))- (825)

In degree-statistical form (in accord with a heterogeneous mean-field perspective), for a degree-m agent this becomes

(Dom ==Y (B, YT Y+ m{ 0By Y —m (nfos (n|m)- <7>n> : (526)

n=1

which we rearrange to estimate the total extraction of a degree-m agent in terms of expected extraction pressures (7),1 as

73 Y (R (e
<q>m_(m%n<ﬁl>m+1) (;PS( | m) <7>n>1. )

Expressing the source extraction pressure of Equation S16 in a degree-statistical form, we write

(mfoA (m | n) - [T ) ])] (S28)

By substitution using Equation S27 to express the values <<§>m in terms of extraction pressures <7>n/, Equation S28 becomes

- i Ps(n'|m)- <7>nf1 >] : (529)

n'=1

(T = [

ﬁn n+1}

e

s M
L Pl ([ A i)

The system of conditions defined by Equation S29, with one for each source degree n € {1,2,...,nmax} represented in the
network, constitute a linear system

n+1}

CcQ=y, (S30)

where the vector Q has entries O, = (¢ ), the matrix C has entries

1 Mmax M .
Cop =— 5, LH‘J Z Py (m|n)- ({m}/mw_wm_’_JPs (n m)), (S31)

and the vector ¥ has entries

mYm <06ﬁ

(S32)

“g b
yn_ﬁn nrl
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Given degree distributions Py (m | n) and Ps (m | n) representing a given network type, we compute Q = C~'§ numerically
(here, we use Python 3.7.3 with SciPy 1.2.1%) to yield values for (¢),. Along with the values of (‘7),, then computed by
inserting these values of (7),1 into Equation S27, the expected extraction by a degree-m agent from a degree-n source, (q)m n,
can then be estimated based on the Nash equilibrium condition of Equation S14 as

¥
(Dmn= 5 — <7>n - *m<<?>m (S33)
Bn Bn
Using these values of (¢),u . along with the values of <7>n computed as solutions to the system of Equation S30, and the
values of (‘7),, from Equation S27, the expected Nash equilibrium payoff (f),, for a degree-m agent based on the payoff
function of Equation S1 is estimated as

Nmax Ym

(Flm=m Z,l Ps(n|m)-[(q)mn (O _ﬁn<7>n)] - 7<?>r2n (S34)

The population’s total extraction Q can then be computed using the solutions of Equation S30 as

Nmax

Q=N ), Ps(n): (@), (S35)

and total collective wealth F can be computed using Equation S34 as

Mmax

F=MY Px(m)-(f)m, (S36)

m=1

These estimates of extraction pressure as a function of source degree, (7),, are compared to the corresponding estimates from
steady states to compute the estimated changes in extraction pressure shown in Figure 3a, Figure 4a, Figure S2a, and Figure
S3a. Expected payoff values (f),, (Equation S28) are similarly used to compute the estimated changes in payoffs shown in
Figure 3b, Figure 4b, Figure S2b, and Figure S3b. These fitness estimates are also used to compute Gini index values (labelled
as Ggq) shown in Figure 2¢-d, and Figure Slc-d using

1 Mmax Mmax

= 7 Z PA (ml)PA (m2)|<f>ml _<f>mz|7 (S37)
H my=1my=1

where pt = Y™ Py (m) - { f) . The values of total wealth computed by Equation S36 (labelled as Fiq) are compared to those
from efficient states computing using degree distributions for each network type to determine the efficiency values shown in
Figure 2a-b and Figure Sla-d. Methods used to compute Nash equilibrium extraction states for a specific network realization
are detailed below in Section S5.2.

S3.1.3 Degree dependence of payoff shifts under reallocation dynamics

Now we discuss the dependence of the expected payoffs shifts A(f),, upon agent degree m that occur under reallocation
dynamics from Nash equilibrium (as displayed in Figure 3b, Figure 4b, Figure S2b and Figure S3b). If we denote the expected
quality of a degree-n source at Nash equilibrium as (b), = 0, — B,(¢ )a,» and use Equation S33 to estimate the expected
extraction effort by a degree-m agent from a degree-n source at Nash equilibrium, (g),, ,, then the expected shift in payoffs
experienced by a degree-m agent when all sources shift in quality towards a common steady-state value by is

A f)m = mni_?PS (n|m)- [<q>m7n (bf— <b>,,)} = mni_?PS (n|m)- PZZH _ }g:<%>m] (bf— <b>n) (S38)

() () oG (3))
G e GG e

where the last step holds in the absence of degree-degree correlations. In the case of cost-free extraction (7, = 0), the second
term vanishes, and so in the absence of degree-degree correlations we expect A(f),, o< m, and the expected increase in payoff
per source increases with the heterogeneity of the source degree distribution. For costly extraction (7;, > 0), the magnitude of
the second term grows with degree m as m(‘q),,. Since (), itself increases with m, agents with higher degree — who are
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incentivized by diminishing marginal utility to reduce their total amount of extraction per source <<E>m /m at equilibrium — then
as reallocation dynamics bring all sources to provide a uniform benefit per unit extraction, by, these higher-degree agents tend
to find themselves extracting fewer of these redistributed benefits per source than do lower-degree agents. Lower-degree agents
will then claim a larger relative fraction of the network’s total wealth than they had at Nash equilibrium. This argument should
hold more generally for initial conditions wherein agents’ extraction intensity values tend to increase as concave functions of
their degrees.

Because of this, reallocation dynamics from Nash equilibrium can increase the equality of the population’s wealth
distribution when payoff functions include diminishing marginal utility, but tend to preserve existing wealth inequality — at
least insofar as it is based on degree — in the case of cost-free extraction. We note that wealth inequality may also be similarly
preserved under certain other forms of costly extraction, for example when costs increase linearly with total extraction and so do
not model diminishing marginal utility. For example, if the quadratic cost term in the payoff function of Equation S1 is replaced
with a linear term, ¥(a)'q (a)?/2 — y(a)q (a), then the resulting Nash equilibrium condition gives an expression for extraction
pressure which resembles that of the cost-free case in Equation S17, but with the substitution ¢ (s) — a(s) — (y(a)), where
(¥(a)) = (Laca, ¥(a)) /n(s). It follows that the Nash equilibrium expected agent extraction intensity ('g ),, corresponding
to Equation S22 and expected fitness (f),, corresponding to Equation S24 will both have a linear dependence on agent
degree m, just as in the cost-free case discussed above. Steady states that evolve from Nash equilibrium initial conditions
under reallocation dynamics will then similarly have (f),, = (‘g ) - b ¢ o< m, so that reallocation dynamics will not affect the
distribution of wealth among the population’s different degree classes, just as in the cost-free case.

S3.2 Pareto efficient states
We now seek to estimate CPR source extraction and agent fitness given a network’s degree distributions within Pareto efficient
states, that is, states which maximize the population’s total wealth F = Y 5 f(a). In these states, each nonzero extraction

value ¢(a,s) satisfies % = 0, and so satisfies a condition?
1(@)q (@) = a(s) = 2B(s) 9 (s). (s41)

Shifting to a heterogeneous mean-field perspective, and assuming parameters are functions of node degree (a(s) = @),
B(s) = By(s) and Y(a) = ¥u(a))- this becomes

}/m<<?>m =0y — 2Bn<7>n- (542)
We will now consider the cases of cost-free and costly extraction in turn.

S3.2.1 Cost-free extraction
When %, = 0, then Equation S42 fixes

o,
n=5p (S43)
(@n=135
so that sources have quality (b), = o, /2. By Equation S43, the population’s total collective extraction in efficient states is then
Nmax N o
QZNZPS(”)'<7>n=2<Bn>- (S44)
n=1 n

Since the efficient-state extraction pressure of Equation S43 corresponds to source quality (b), = @, /2, the maximum possible
collective wealth attainable by the population is then

Nmax 2
F=NY () [(F)n{b)n] = % <‘;§> : (S45)

In both the uniform capacity scenario (o, = o, B, = Bo) and the degree-proportional capacity scenario (0, = ¢, 3, = Bo(n)/n),
we have (05, 8,") = o, ! and (e2B;!) = a3 B, ', and so the values of total extraction and wealth in efficient states do not
depend on the network’s degree distributions. While Equation S42 itself does not restrict agent extraction levels <<§>m, the
expression for (?)m in the case of costly extraction (see Equation S52 below) taken in the cost-free limit 7, — 0 suggests that

oy N o\ Q0
<q>'"_2M<ﬁn>_M’ (546)

such that all agents exert the same magnitude of extraction effort <<E>m regardless of their degrees. Agent payoffs also have an
egalitarian distribution among all agents regardless of their degree in efficient states, as
N /o F
=0b)y=— (21 )=—. S47
=00 = (3 ) = (547
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83.2.2 Costly extraction
When 7, > 0, the lack of dependence of the left-hand side of Equation S42 on source degree n, and the lack of dependence of
the right-hand side on agent degree m, implies that both sides must be equal to some constant K regardless of degrees m or n:

K =% () m= 0 —2B.(q )n. (S48)

Consistency between the sum of all extraction effort exerted by agents and the total extraction pressure applied to sources then
requires

Mmax Mmax
MY, Pa(m) () =N Y, Ps(n)-(q)n. (S49)
m=1 n=1
which if (°g ), and (7>n are expressed in terms of K gives
Mmax 1 Nmax o, — K
MKZPA(m)-[]:NZPS(n)[ " } (S50)
m=1 1z n=1 Zﬁ”
Rearranging this, we find
a B!
K= (@B, ") (S51)

(Bi')+2MN~ (1)

where (Y1) = Y max py (m) - ¥, '. Equating the left- and right-hand sides of Equation S42 with the constant of Equation S51
gives

o 1 (B ")
(G m = Yin {</3,,1>+2MN—1<%,,1>] (S52)
and
_ _ (B, ")
(T = 2B, {a” <ﬁnl>+2MN1<ym'>] (S53)

respectively. By Equation S53, in the case that o, = 0 (as in all cases considered in the article), efficient states are thus
characterized by uniform expected source quality (b), = o/2 — K, and are thus also steady states of the reallocation dynamics
of Equation S3. Similarly, by Equation S52, if 7, = % (as in all cases considered in the article), these states are also characterized
by degree-independent levels of total agent extraction (‘g ),, = K /7 and fitness

K rap
-2 (% K) . S54
=23 (554)
Total collective extraction Q = M (‘g ),, and wealth F = M(f),, can then be computed using Equations S52 and S54, respectively.
This expression for collective wealth of efficient states (labelled as Fgr) is used to compute the estimates of efficiency shown
Figure 2a-b and Figure Sla-b.

S4 Results: degree-proportional capacity scenario

The results presented in the main article represent a uniform capacity scenario in which a source’s quality is assumed to
degrade in proportion to the overall extraction pressure it receives regardless of its number of affiliated users. Here, we present
the counterparts of those results that instead represent a degree-proportional capacity scenario, where CPRs are assumed to
degrade in proportion to the amount of extraction pressure per affiliated agent that they receive. Degree-proportional capacity
counterparts for Figure 2, 3, and 4 are displayed below in Figure S1, S2, and S3, respectively. We find that the basic conclusions
drawn for the uniform capacity scenario are robust with respect to this change of dependence of CPR capacity on degree.

A key difference in the degree-proportional capacity scenario is that agents come to exert a greater relative proportion of
their extraction effort towards higher-degree sources at equilibrium than in the uniform capacity scenario. This occurs because
higher-degree sources are degraded to a lesser extent (and lower-degree sources are degraded to a greater extent) by each
additional unit of extraction pressure here than they are in the uniform capacity scenario, which motivates rational agents to
reply more on higher-degree sources and less on lower-degree sources when 3, o< n~! than they would if 3, were constant
(see Equations S17 and S28). Since higher-degree sources suffer greater degradation at equilibrium than do lower-degree
sources, networks that contain very large-degree (low-quality) “hub” sources tend to operate less efficiently at equilibrium in the
degree-proportional capacity scenario. This stands in contrast to the uniform capacity scenario, in which networks with greater
source degree heterogeneity tend to operate more efficiently at equilbrium. However, despite this difference, networks with
higher source degree heterogeneity still experience greater increases in collective wealth as a result of reallocation dynamics
from equilbrium in this degree-proportional capacity scenario, again for the same reasons as in the uniform capacity case.
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Figure S1. Estimates of (a) Ratio of total collective wealth of equilibrium (“Eq”) states relative to efficient (“Ef”) states,
Fiq/ Fgr; (b) increase in efficiency from equilibrium to steady states (“SS”), (Fss — Fiq)/Fgr; (c) Gini index of equilibrium
states Ggq; and (d) decrease in Gini index from equilibrium to steady states, (Ggq — Gss), all as functions of cost parameter .
Results shown correspond to a degree-proportional capacity scenario with o = By = 1.

S5 Computing extraction states on networks

S$5.1 Computing steady states of reallocation dynamics

For steady states of the dynamics described by Equation S3, the condition %q(a, s) = 0 for all g(a, s) requires that all sources
affiliated with each agent a share a common quality value:

)y (“(S)—ﬁ(s) )y Q(a/,s)> —[al)=B() Y a@.s) (855)
s'€Sq\{s} a €Ay a’eAy
= (m(a) —1) (a(s)—ﬁ(s) ) Cl(alas)> - Y |a)-BK) Y alds) | =o. (856)
a'eAg s'€Sa\{s} a’eAy

We denote as Q the vector of extraction effort values g(a, s) for all edges (a,s) € L of the network at hand that involve agents
with m(a) > 1. Indexing these entries such that Q(, ) = g(a, s), we express the linear system above as

CssQ > Aa +% (S57)
with entries of the matrix Csg given by

—(m(a)—1)B(s), ifs=s
(Cs8) a.). () = § B(S) if 5" €S\ {5}, (S58)
0 otherwise
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Figure S2. Estimated shifts in extraction patterns due to reallocation dynamics from Nash equilibrium (“Eq”) to steady states
(“SS™) under cost-free extraction: (a) Change in total extraction pressure A{q ), = (¢ )n.ss — <7>n7Eq, as a function of source
degree n; and (b) change in expected agent fitness, A(f)n = (f)m,ss — (f)mEq as a function of agent degree m. Results shown
correspond to a degree-proportional capacity scenario with og = o = 1 and 9 = 0. Note that results for all network types
sharing a common source degree distribution type (“D”, “N”, or “PL") are overlapping.

and where on the right-hand side of Equation S57, Aot is given by

Ao = (m(a)—Da(s)— Y a(s), (S59)
5'€S\ {a}

and X accounts for extraction by agents that have m(a’) = 1 and are thus incapable of reallocating extraction:

i(a,s) = (m(a) - 1)ﬁ(s) ( Z Q(alas) ’ 5m(a’),l> - Z B(S/) ( Z q(a//vs/) ) 5111((1”),]) ’ (S60)
a €A s'eSq\{s} a'eA;
where §; ; = 1if i = jand §; j = 0if i # j. The system of Equation S57 along with the constraint
Q=0 (S61)

represent a linear complementarity problem. We solve this numerically using quadratic programming algorithms (here, we use
Python 3.7.3 with SciPy 1.2.1%) that minimize the objective function

7(Q) = Q" (CssQ- (A +%)) (S62)

subject to the constraints of Equation S57 and Equation S61. We impose the further constraint that agents’ extraction intensity
values remain equal to those of the initial condition:

RQ=T, (S63)

where R is a matrix with a row for each agent a having m(a) > 1, and a column for each edge (a,s), and entries

1 ifa=d
Ra ) = {o e (S64)
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Figure S3. Estimated shifts in extraction patterns due to reallocation dynamics from Nash equilibrium (“Eq”) to steady states
(“SS™) under costly extraction: (a) Change in total extraction pressure A(q ), = (7 )n.ss — <7>H7Eq, as a function of source
degree n; and (b) change in expected agent fitness, A(f)n = (f)m,ss — (f)mEq as a function of agent degree m. Results shown
correspond to a degree-proportional capacity scenario with g = fp = 1 and 1 = 0.2.

and the vector T has entries equal to the initial extraction intensity values %(a) for each agent a that has m(a) > 1:

T, = &o(a). (S65)

For the results presented in Section S6, where the initial conditions are Nash equilibrium extraction states, these values
correspond to the Nash equilibrium values of extraction intensity computed as detailed below in Section S5.2. To provide an
initial guess to the algorithm, we use a forward Euler numerical scheme to advance Nash equilibrium states (computed as
described below in Section S5.2) in time under Equation S3 with k = 103 for 103 iterations. Averaging over the resulting
steady states for each network ensemble, degree-binned values of mean extraction pressure 7(s) and mean agent extraction
intensity ?(a) along with corresponding values for Nash equilibrium states, are shown for representative cases of cost-free and
costly extraction in Figures S4, S5, S6, S7, S8, S9, S10, and S11. Results for collective wealth and Gini indices of these steady
states of reallocation dynamics are shown in Tables S1, S2, S3, and S4.

In addition to its use in computing the steady states themselves, the eigenvalues of the matrix Cgg can also be used to study
the stability of these fixed points. The reallocation dynamics of Equation S3 are equivalent to

d« ~
gQ = kCssQ. (S66)
Referring to Equation S58, the trace of Cgg, equal to the sum of its eigenvalues, is
Tr(Qss) =— Y. (m(a)—1)B(s) (S67)
(a,s)€L
=-M fXPA (m)- [m(m— 1) (fXPS (n|m) ~ﬁn>] =-M foA (m) - [m(m—1){Bu)m) (S68)
m=1 = m=1
n Mmax M "
= LS Py n = 1) = =2 () — )], (569)

{n)

where in the final line we have assumed an absence of degree-degree correlations. When comparing this value for networks
with shared values of M and (m), the sum of the eigenvalues is then larger for networks with larger values of (m?), that is,
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with higher variance among agent degrees. So, greater agent degree heterogeneity is associated with negative eigenvalues of
greater magnitude, and so with faster rates of convergence towards steady states under reallocation dynamics. The presence of
higher-degree agents, who serve to simultaneously distribute extraction pressure between their many affiliated sources, helps
quality values among sources to become more quickly equalized. For both the uniform capacity and degree-proportional
capacity scenarios considered in the article, Tr (Css) = Mo [(m2> - <m>], and so variability among CPR source degrees does
not affect the sum of these eigenvalues.

S5.2 Computing Nash equilibrium states

To compute the Nash equilibrium extraction state for a given network, we follow Ilkilig?, but generalize to include possible
variability among parameter values for different sources and agents. Using Equation S1, the Nash equilibrium (best-response)
extraction levels g(a,s) > 0 are given by the zeroes of

df(a)
dq(a,s)

ab(s)
dq(a,s)

and since by Equation S2, 8‘9;2[(;2) = —P(s), we have

1 r )
4(a,5) = (213()+7()) [a<s> B(s) (ﬂleg{a}qm ,s>> Ya) (Sz\{}ﬂ | (s71)

Expressing this system of conditions in matrix form, we have

=b(s)+ q(a,s) —y(a) ( Y q(a,s’)> , (S70)

s'eS,

[I-XCgq] Q > Xa, (S72)

where X has entries

-1 ) /
Xa) () = {(213 ()+r@)™ fa=d andszs (573)
’ 0 otherwise

the vector & has entries ¢, ;) = a(s), and the matrix Cgq has entries

y(a) ifa=d ands#s
(CEq) (a,s),(a/,s’) - ﬁ (S) ifa # a/ and s = S/ . (S74)
0 otherwise

This generalizes the previous results of ilkilic” to allow for individual variations in the values of the parameters a(s) and S (s)
among CPR sources and in the values of y(a) among agents.

As were the conditions for steady states, this presents a linear complementarity problem that we solve numerically by using
quadratic programming algorithm to minimize the objective function

J(Q) =Q" ([I-XCgg] Q— X&) (S75)

subject to the constraints of Equation S72 and the requirement that Q > 0. Degree-binned values of mean extraction pressure
7(s) and mean agent extraction intensity <?(a) averaged over these Nash equilibrium states for each network ensemble, along
with corresponding values for evolutionary steady states, are shown in Figure S4, S5, S6, S7, S8, S9, S10, and S11.

S$5.3 Computing Pareto efficient states

To compute efficient states, we again follow and generalize from the work of Ilkili¢, but approach the computation as a linear
complementarity problem rather than construct solutions based on “least inclusive subgraphs”?. Efficient extraction states are
those that maximize the population’s total utility, which by the payoff function of Equation S1 is

2
F=) fla)=} (Z q(a,s) -b(s)) - @ (): q(a,s)> : (876)

acA acA SESy sES,
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The condition

F s+ 2206 ) )
aq(a,s)_b()+aq(a,s)<ZQ(’ )) 7()(261(7 )) 0, (S77)

a'eA; s'€Sq

with Equation S2 and a‘:l(’fz) = —fB(s) becomes

2B(s) ( ) 61(61»“’)) +v(a) < )y Q(aaS’)> = a(s). (S78)

a' €A s'€8q
In matrix form, the system of conditions on all edges (a,s) € L of Equation S78 is
CeiQ > @, (S79)
where the entries of Cgy are

Y(a) ifa=d ands#s
(C) (a5), (a5 = § 2B(s) ifa#d ands=, (S80)
0 otherwise

and &5 = a(s). We solve this linear complementarity problem using quadratic programming algorithms to minimize the
objective function

J(Q)=Q" (CeQ-a) (S81)

subject to the constraint of Equation S79 and Q > 0. As indicated in previous literature?, we note that the particular solution
thus obtained may not necessarily represent the only possible efficient state of a given network. The resulting efficient extraction
states are used to compute the efficiency values (i.e. the collective wealth of an extraction state expressed as a fraction of its
maximum possible value, which is reached in Pareto efficient states) shown in Tables S1, S2, S3, and S4.

S6 Validation

We now aim to validate the estimates for the degree dependence of source extraction pressure and agent fitness which were
computed using ensemble degree distributions as detailed above in Section S3. Nash equilibrium, Pareto efficient, and steady
states of reallocation dynamics are numerically computed as described in Section S5 for 10° individual network realizations of
each of the 9 network types whose ensemble-mean degree distributions are shown in Figure 1. Degree-binned mean values of
these quantities, averaged over each of the ensembles, are plotted separately for random (“R”) and scale-free-type (“SF”) agent
degree distributions. For the uniform capacity scenario, results for cost-free extraction () = 0) are shown in Figure S4 (“R”)
and Figure S5 (“SF”), corresponding to the estimates shown in Figure 3. Results for a representative case of costly extraction
(70 = 0.2) are shown in Figure S6 (“R”) and Figure S7 (“SF”), corresponding to the estimates shown in Figure 4. Results for
the degree-proportional capacity scenario are shown for cost-free extraction () = 0) in Figure S8 (“R”) and Figure S9 (“SF”),
corresponding to the estimates shown in Figure S2, and for a representative case of costly extraction (¥ = 0.2) in Figure S10
(“R”) and Figure S11 (“SF”), corresponding to the estimates shown in Figure S3.

The observed ensemble-mean shifts in extraction pressure and agent fitness tend to show strong agreement with the
heterogeneous mean-field predictions, particularly in terms of the qualitative trends they exhibit. In several cases, the features
of the degree dependence predicted closely resemble that observed in ensemble means, including the relative differences
between the curves representing different network types, but with the observed mean shifts being far more exaggerated than
those predicted by the model (e.g. Figures S4, S7, and S11). An interesting and consistent qualitative deviation of ensemble
mean results from predictions is seen across networks with random (“R”) degree distributions, where the relatively small class
of lowest-degree (m(a) < 3) agents actually tend to have their fitnesses reduced by reallocation dynamics in the cost-free
case (Figures S4 and S8), or experience fitness increases much smaller than those predicted in the case of costly extraction
(Figures S6 and S10). This suggests that the approximations used in these estimates — somewhat similar in approach to other
heterogeneous mean-field models of network games® — seem to break down for smaller-degree agents, whose smaller “sample
sizes” of sources lead them to vary further from the statistical predictions especially in the presence of large source degree
heterogeneity. Predictions disagree most drastically with observations for the case of cost-free extraction on networks with
high degree heterogeneity in both source and agent degrees (“PL-SF”), where the observed fitness shifts decrease with agent
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degree as the predicted shifts increase linearly (Figures S5 and S9). By treating all sources of a common degree in terms of a
single mean quantity, the approach fails to distinguish discrepancies in quality among sources of a common degree under costly
extraction, and so fails to predict the increases in wealth and equality observed in the case of costly extraction even on networks
with delta-function source degree distributions (“D”) where all sources share a common degree, n(s) = (n); (Figures S6, S7,
S10, and S11). On actual networks, the fitness shifts observed on these “D” networks resemble those of networks with normal
(“N”) source degree distributions.

At the population level, ensemble mean collective wealth (expressed as ratios of the efficient-state collective wealth) and
Gini index values, along with their changes under reallocation dynamics, are provided in Table S1, S2, S3, and S4. These Gini
index values can be compared with the corresponding estimated Gini indices for 9 = 0 and 9 = 0.2 highlighted by vertical
lines in Figure 2 and Figure S1. Gini indices of each extraction state Q are computed as

2M2 Y Y fa) - fla)l, (S82)

aIGALIzGA

where L = (Y,ea f(a)) /M, with payoffs f(a) computed according to Equation S1 using the values g(a,s) = Q(q,5). Observed
efficiency values and Gini indices show strong quantitative agreement with predictions, as do shifts in efficiency that result
from reallocation dynamics. The heterogeneous mean-field approach, by ignoring higher-order types of diversity among agents
beyond their degrees, tends to greatly underestimate the observed shifts in Gini index; even networks with delta-function
(“D”) source degree distributions show increased equality under costly extraction (Tables S2 and S4) due to differences among
sources of common degree which the model is incapable of capturing. Despite these sources of quantitative differences between
predictions and ensemble-mean observations in certain cases, computations on actual networks nonetheless consistently confirm
that myopic reallocations tend to increase both collective wealth and wealth equality in this CPR extraction game.
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Figure S4. Mean changes in Nash equilibrium extraction patterns under reallocation dynamics with cost-free extraction
(Random agent degree distributions): (a) Change in total extraction pressure A(q ), = (7),,’33 - <7>H1Eq, as a function of
source degree n; and (b) change in expected agent fitness A(f), = (f)m.ss — (f)m,Eq as a function of agent degree m for the
uniform capacity scenario (0 = o = 1, Y = 0). Lower and upper error bars indicate the 2.5th and 97.5th percentiles,
respectively.
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Network type | Equilibrium efficiency (%) | Equilibrium Gini index | Efficiency increase (%) | Gini index decrease
D-U 55.6 0 0 0

D-R 55.6 182 0 0

D-SF 55.6 .398 0 0

N-U 57.5 129 0.9 .070

N-R 57.5 215 0.9 .026

N-SF 57.5 469 0.9 .023

PL-U 68.7 246 3.8 .10

PL-R 68.7 261 3.8 .07

PL-SF 68.7 532 3.8 .06

Table S1. Ensemble mean values of equilibrium efficiency Fgq/Fgs, Gini index Ggq, change in efficiency (Fss — Fiq) /Fef,

and decrease in Gini index (Gss — Ggq) for 9 network types. Results correspond to a uniform capacity scenario with cost-free

extraction (¢g = Bo =1, % = 0).

Network type | Equilibrium efficiency (%) | Equilibrium Gini index | Efficiency increase (%) | Gini index decrease
D-U 67.4 0 0 0

D-R 68.1 .086 0.0 .013

D-SF 71.1 176 0.2 .027

N-U 68.5 .079 0.9 .056

N-R 69.2 114 0.9 .037

N-SF 72.9 219 1.1 .054

PL-U 75.9 170 3.6 .109

PL-R 76.3 174 34 .090

PL-SF 77.4 353 4.3 127

Table S2. Ensemble mean values of equilibrium efficiency Fgq/Fgs, Gini index Ggq, change in efficiency (Fss — Fiq) /Fgf,
and decrease in Gini index (Gss — Ggq) for 9 network types. Results correspond to a uniform capacity scenario with costly
extraction (0p = fo =1, % = 0.2).

Network type | Equilibrium efficiency (%) | Equilibrium Gini index | Efficiency increase (%) | Gini index decrease
D-U 55.6 0 0 0

D-R 55.6 182 0 0

D-SF 55.6 .398 0 0

N-U 54.3 .044 0.7 .033

N-R 54.3 186 0.7 .000

N-SF 54.3 442 0.7 .011

PL-U 473 114 4.4 .088

PL-R 473 181 4.4 011

PL-SF 47.3 455 4.4 .091

Table S3. Ensemble mean values of equilibrium efficiency Fgq/Fgs, Gini index Ggq, change in efficiency (Fss — Fiq) / Fgf,
and decrease in Gini index (Gss — Ggq) for 9 network types. Results correspond to a degree-proportional capacity scenario
with cost-free extraction (¢0p = fo =1, 1% = 0).
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Figure S6. Mean changes in Nash equilibrium extraction patterns under reallocation dynamics with costly extraction
(Random agent degree distributions): (a) Change in total extraction pressure A<7> n= (7),1,55 — (7) n,Eq» as a function of
source degree n; and (b) change in expected agent fitness A(f)y = (f)mss — (f )m_Eq as a function of agent degree m for the
uniform capacity scenario (0tp = o = 1, o = 0). Lower and upper error bars indicate the 2.5th and 97.5th percentiles,
respectively.
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Figure S7. Mean changes in Nash equilibrium extraction patterns under reallocation dynamics with costly extraction
(Scale-free-type agent degree distributions): (a) Change in total extraction pressure A(?)n = (7),,755 — <7>n75q, as a function
of source degree n; and (b) change in expected agent fitness A(f), = (f)m.ss — (f)m,Eq as a function of agent degree m for the
uniform capacity scenario (0g = By = 1, o = 0). Lower and upper error bars indicate the 2.5th and 97.5th percentiles,
respectively.
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Figure S8. Mean changes in Nash equilibrium extraction patterns under reallocation dynamics with cost-free extraction
(Random agent degree distributions): (a) Change in total extraction pressure A<7> n= (7),1‘55 — (7) n,Eq» as a function of
source degree n; and (b) change in expected agent fitness A(f), = (f)m,ss — (f)m,Eq as a function of agent degree m for the
degree-proportional capacity scenario (og = o = 1, 1 = 0). Lower and upper error bars indicate the 2.5th and 97.5th
percentiles, respectively.
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Figure S9. Mean changes in Nash equilibrium extraction patterns under reallocation dynamics with cost-free extraction
(Scale-free-type agent degree distributions): (a) Change in total extraction pressure A(?)n = (7),,755 — <7>n75q, as a function
of source degree n; and (b) change in expected agent fitness A(f), = (f)m.ss — (f)m,Eq as a function of agent degree m for the
degree-proportional capacity scenario (¢p = By = 1, 1% = 0). Lower and upper error bars indicate the 2.5th and 97.5th
percentiles, respectively.
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Figure S10. Mean changes in Nash equilibrium extraction patterns under reallocation dynamics with costly extraction
(Random agent degree distributions): (a) Change in total extraction pressure A<7> n= (7),1,55 — (7) n,Eq» as a function of
source degree n; and (b) change in expected agent fitness A(f)y = (f)mss — (f )m_Eq as a function of agent degree m for the
degree-proportional capacity scenario (0p = o = 1, 7 = 0.2). Lower and upper error bars indicate the 2.5th and 97.5th
percentiles, respectively.
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Figure S11. Mean changes in Nash equilibrium extraction patterns under reallocation dynamics with costly extraction
(Scale-free-type degree distributions): (a) Change in total extraction pressure A(q ), = (¢ )n.ss — <7>,,7Eq, as a function of
source degree n; and (b) change in expected agent fitness A(f), = (f)m.ss — (f)m,Eq as a function of agent degree m for the
degree-proportional capacity scenario (0g = By = 1, % = 0.2). Lower and upper error bars indicate the 2.5th and 97.5th
percentiles, respectively.
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Network type | Equilibrium efficiency (%) | Equilibrium Gini index | Efficiency increase (%) | Gini index decrease
D-U 67.4 0 0 0

D-R 68.1 .086 0.0 .013

D-SF 71.1 176 0.2 .027

N-U 66.4 .031 0.5 .027

N-R 67.2 .088 0.5 .015

N-SF 71.1 187 0.8 .036

PL-U 61.1 .074 3.5 .068

PL-R 61.9 .093 34 .045

PL-SF 63.5 221 4.0 122

Table S4. Ensemble mean values of equilibrium efficiency Fgq/Fgs, Gini index Ggq, change in efficiency (Fss — Fiq) /Fgf,
and decrease in Gini index (Gss — Ggq) for 9 network types. Results correspond to a degree-proportional capacity scenario
with costly extraction (g = o = 1, o = 0.2).
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