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Derivation of Regularization Term
To derive the Jacobian regularization term, we begin with equivalence of the 1- and 2-norms as
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Using that the TXM image has bounded z-direction derivatives, we write∣∣∣∣dTk`dz
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Neural Network Architectures
For the feedforward CNN and pix2pix models, we use a 9-block ResNet model as shown in Fig. 1

Figure 1: 9-block ResNet architecture.

For the SRCNN and SRGAN models, we use a version of the SR-ResNet model illustrated in
Fig. 2.
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Figure 2: SR-ResNet architecture.

The number of pixel shuffle blocks is determined by the upsampling factor: 2x upsampling
requires one pixel shuffle block, 4x upsampling has two pixel shuffle blocks. The SR-ResNet is
similar to the 9-block ResNet but with a few notable modifications, particularly the skip connections
over the entire chain of residual blocks.

Apparent Permeability via LBM Simulation
This method solves the lattice Boltzmann equation (LBE) given by [1, 2] as

fα(xxx+ ceeeαδt, t+ δt)− fα(xxx, t) = Ωα(f(xxx, t)), (1)

where α represents the index of the discrete velocity and fα(xxx, t) is the particle distribution function
at position xxx and time t. For the collision operator, Ωα, we use the multiple relaxation time (MRT)
collision operator [3, 4],

Ωα = −
∑
β

(M−1 − SM)αβ(fβ − feqβ )

S = diag(τρ, τe, τε, τj , τq, τj , τq, τj , τq, τs, τπ, τs, τπ, τs, τs, τs, τm, τm, τm, )
−1.

where M is a transformation matrix projecting the distribution functions onto a momentum space.
S is the collision matrix where τ represents the relaxation time and each subscript denotes to the
respective moment. In particular, τρ and τj are related to mass and momentum, and τe, τε, τq
and τs are related to internal energy, internal energy, internal energy square, energy flux and stress
tensor. The final two, τm and τπ, are related to the cubic and fourth-order polynomials of the
momentum [5]. Specifically, τp = τj = 1.0, τe = 1.19, τε = τπ = 1.4, and τm = 1.98. τq is related to
slip velocity and is discussed later in this section and τs is related to the fluid viscosity where [6, 7]

τs =
1

2
+

√
6

π

NKn

1 + 2Kn
, (2)

where Kn is the local Knudsen number and N is the lattice number along the characteristic length,
given by N = H/δx. H is calculated by doubling the distance between a node and the boundary
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for nodes on the medial axis and is the distance from the nearest medial axis node for all other
nodes. At equilibrium, the particle distribution function is given by [8]

feqα = wαρ

[
1 +

eeeα · uuu
c2s

+
(eeeα · uuu)2

2c4s
− uuu2

2c2s

]
, (3)

where c2s = 1/3 is the square lattice speed of sound and wα are the lattice weights given by

wα =


12
36 , α = 0
2
36 , α ∈ {1, 2, . . . , 6}
1
36 , α ∈ {7, 8, . . . , 18}.

(4)

The macroscopic fluid properties are

ρ =
∑
α

fα(xxx, t) (5)

uuu =
1

ρ

∑
α

fα(xxx, t)eeeα, (6)

where ρ is density and uuu is the velocity. In the above-mentioned D3Q19 discretization scheme of
LBM, the distribution function is projected onto a space that is spanned by the leading N Hermite
orthonormal basis, HN [9, 10]. In this projection, we keep the second-order terms in the Hermite
expansions. As such, feqα is properly projected onto H2. On the other hand, fα maintains higher
order terms and may not be projected onto H2. The following regularization process is used to
remedy this inconsistency [10, 11]. As part of the regularization algorithm, the distribution function
is written as

fα = feqα + f ′α, (7)

where f ′α is the non-equilibrium piece of the distribution. Projection of f ′α onto the second-order
Hermite expansion is given by

f̃α = wα

 1

c2s
H(2)

eeeα/cs∑
β

f ′βeeeβeeeβ

 (8)

H(2)
αβ(e) = eeeαeeeβ − δαβ , (9)

where H(2) is the second order Hermite polynomial and δαβ is the Kronecker delta. Replacing
the non-equilibrium piece of fα with its projection onto the second-order Hermite expansion and
substituting the result into the discretized Boltzmann equation (Eq. 1) yields

fα(xxx+ ceeeαδt, t+ δt) = feqα + f̃α −
∑
β

(M−1 − SM)αβ(fβ − feqβ ).

Inlet and outlet pressures are held constant [12, 13], particularly 0.8 MPa at the inlet and
0.8 × (1 − 1 × 10−7) MPa at the outlet. No flux boundary conditions are applied to the other
four faces of the cube by adding a padding of solid boundary to the respective faces. For solid
boundaries, we use a three dimensional extension of the boundary treatment similar to [14, 15]
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to capture slip velocity because the reference Knudsen numbers of the domains dictate a slip flow
regime (0.01 < KN < 0.1). The second order slip boundary condition is given by [16]

us = C1Kn
∂u

∂n

∣∣∣∣∣
w
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∂2u

∂n2
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w

, (10)

The two constants, C1 and C2, are slip coefficients, n represents the normal vector to the wall, and
the subscript w denotes at the wall. To capture the behavior of this condition, a combination of
discrete Maxwell diffusion and half-way bounce back is used, given by

fα = rfDMα + (1− r)fBBα (11)

r =
2C1√
6
π + C1

, (12)

where r is a ratio that signifies the contribution of the discrete Maxwell diffusion, and fDM and fBB
are components of the distribution function from Maxwell diffusion and the bounce-back scheme,
respectively. The boundary treatments are given by

fBBα = fσ (13)

fDMα = Kfeqα , (14)

where σ is the vector opposite α and

K =

∑
ξξξ′α·nnn<0 |ξξξ′α ·nnn| fα∑
ξξξ′α·nnn>0 |ξξξ′α ·nnn| fα

. (15)

In Eq. 15, ξξξ′α = eeeα − uw, nnn is the boundary unit normal vector and uuuw is the wall velocity. As
mentioned previously, the parameter τq is related to the slip velocity and is given by

τq =
1

2
+

3 + π(2τs − 1)2C2

8(2τs − 1)
. (16)
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