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2.1 Three UE-terms.
In a general case, we find that F(7) can be expressed by three UE-terms as

F(t) = e | fo| o + €% |e1| Uy + e |ea| Un. 0

The three UE-parameters can be expressed as functions of f;’s in Eq. (??), which the details are presented in the Supplementary
Information.
The three UE-parameters are fj,

e1 = /|73 + i eos? gy + |l sin? g @
and

o :f/”‘63\/\f1|zsiﬂ2 (P1+\f2|20052(P2a )
where

¢=0,—6; and ¢, =6,—06;. @

Uj and U, are two unitary operators in SU(2),

B cos e sin ‘ B 0 L
Ur= [ e sing;  —cos{ ] and U = [ —e72 o | ®)

where ¢; is decided by

CcoS (Pl = |f1 ‘ COS 1 and sin ¢l = |f2| Sin @, : (6)
\/|f1 *cos? @y + | fo|* sin® @ \/|f1 2 cos? @1 + | f|*sin” @,
¢ is decided by
cosh = fal cos @2 and sing, = 7|f1|sm(p1; %)
|c2 ] |ca]
{1 is decided by
\/fl 2 cos? o1+ f 2sin2(p2
cosl = |f3: and sin{; = Ul o el . (8)
1 Ccl

Notice that f; and 6; (k =0,1,2,3) are time-dependent, the variables above are implicit functions of time ¢.



Four phase matching conditions for two UE-terms
As claimed in the main text, F () can be expressed by two UE-terms as

F(t) =aoVo+a1Vy, (S

as long as one of the four phase matching conditions are met. We now give details of the four phase matching conditions and
the related parameters and matrices for Eq. () in the main text.

Condition I. If the two phase angles 6y and 63 in the maintext satisfy
(93 — 90) mod 7w = 07 (S2)

the explicit forms of the UE-parameters are

ap = |ag| % = ey 1ol + | ca|? and  a;=c (S3)

referring ¢ and ¢; in the main text.
The two unitary matrices are

B cos ¢!(92+6:=60) i &) B
V() = l: 76—1'((1)2—}—63—90) sin Co cos C() and V1 = Ul, (S4)
where { is decided by
cos§y = @ and sin{y= @; (S5)
[col ol
Uj and ¢, are referred to that in the main text.
Condition II.
If the phase angles satisfy
(68— 65) mod27|=|(6;—6) mod 27| :g (S6)

the UE-parameters and matrices become

ag = lag|e® = ®\/|fo* + | and  ay = |a]e® = O/ | 1] +1 1] (S7)

£i%o 0 0 £i01
Vo = |: 0 e*iCO :| and V= |: e*igl 0 :|a (S8)
where {( and § are decided by
cos&y= @ and sin{y= @ei(%_%_%) (S9)
|ao |aol
and
cosly = 1Al and sin{; = @ei(ez_el_”/2>, (S10)
|| a1
respectively. From Eq. (S6), /(03=60-7/2) gnd ¢i(62-01-7/2) jp Eq. (S9) and (S10) are signs.
Condition III. If the phase angles satisfy
(92—90) mod7r=(63—91) moch:O, (S11)
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the two UE-parameters and terms become

= |ag|e'® = ™ \/|f0\ +1A1 and ) = |aj|e® = \/|f1| +1A0% (S12)

| cos8oy sinlg _ | cos{  sing
Vo= [ —sinly cos{p } and Vi= [ sinf; —cosl; |’ (S13)
where {( and §| are decided by
cosCozm and sin{y= |f2| /(62— 60) (S14)
|aol Jao|€
and
cosly = f3|| and sin{; = ||f1|| i(6,-03) (S15)
aj ai

respectively. Notice that €926 and ¢(01-63) are a signs.

Condition IV. If the phase angles satisfy
T
|(91 —6()) modZn'\ = |(63—62) mod27r| = 5, (S16)

the UE-parameters and terms become

= lagle™® = e®\/|fo*+|fi]* and ay = |a]e® =/ | L] +1 157 (S17)

o= [ ey ey ] m v=| S S | 1)
where {( and §; are decided by

cosCo= afz|| and sin{y= ||fl|| —6o—7/2) (S19)
and

cos{) = ﬁ' and sing; = :f?|| (6 =65 —7/2) (520)

respectively. Noticing that ¢/(®1=60-7/2) and ¢i(62-6-7/2) gre equal to +1.

Special cases. If one UE-parameter fi(¢) in the main text is equal to zero, F(¢) can be expressed by two UE-terms in some
special cases.
(a) In the case of fy(r) =0,

F(t) = % |c1| Uy + €% |ea| Us. (S21)

In fact, it is accordance with the phase matching condition I [see Eq. (S2)] if we set fo(t) =0- €% From Eq. (S83) to (S5), it
is not difficult to calculate the parameters and matrices in the main text that ag, a;, Vp and V; are equal to ¢, ¢, U, and Uy,
respectively.

(b) In the case of fi(¢) =0, if |(8p — 63) mod2x| = 7/2 or (6, —6y) mod & = 0, either phase matching condition I
[Eq. (S6)] or III [Eq. (S11)] is met, respectively.

(c) In the case of f2(¢) =0, if |(6p — 63) mod 27| = /2 or |(6; — 6y) mod 27| = 7/2, either phase matching condition
I [Eq. (S6)] or IV [Eq. (S16)] is met, respectively.

(d) In the case of f3(¢) = 0, it naturally satisfies phase matching condition I [see Eq. (S2)] because 03 can be set as 6 and

S3(r) = 0%,

3/6



Explicit expressions of UEs in the section of ’lllustration’

PT-symmetric Hamiltonians.

A time-independent PT-symmetric two-level Hamiltonian has a general form of
i0 ip

re se } , (S22)

—i6

H, = .
PT { se'?  re

satisfying [PT, Hpr| = 0, where P = 0 is the parity operator and T is the time-reversal operator having the effect that i — —i.
The eigenvalue of Hpr are €4 = rcos@ +1/s2 — r2 sin? 6, and we set the difference of them as

®=2Vs>—r2sin?0. (S23)

o is either real or imaginary depending on the system is in exact-PT or PT-broken phase, respectively. We now expand the
time-evolution operator e —{(!//HrT a5 the form of Eq. (2) in the main text. The four UE-parameters are

folt) = l:;( i —Q—e_i%)] e—i%rcose’ (S24)
Al) =i {_sci(;j(P (ei% —eii%>} efi%rcose’ (S25)
R =[50 (¢ e [, (526)
1
and
Alt) = l:rs.l(il)e (ei% _e_i%>:| e—i%rcose. (S27)
1

Terms in the brackets are always real, while terms outside the brackets are the phases. the phase angles 6y and 05 of fj and f3
satisfy phase matching condition I in Eq. (S2).

Anti-PT-symmetric Hamiltonians.
A Hamiltonian is anti-PT-symmetric if {PT, Hspr } = 0. In fact, the general form of the Hamiltonian is equal to the imaginary
unit i times Hpr. For a time-independent two-state system,

rel®  sel®

se®  rei } = tHpr. ($28)

Hupr _l[

The eigenvalues are £+ =i (rcosG +/s2 — rzsin29> , and we set the difference of them as

A =2Vr2sin20 — 2 = 2i\/s2 — 2s5in20 = i, (S29)

where o is that in Eq. (523). The unitary expansion of the time-evolution operator e ~“(‘/"Harr can be expanded as Eq. (2) in
the main text, and the four UE-parameters are

1 S AL P AL I3
fO(t) _ |:2 (el% +€71%) ehrcosO:| , (S30)
Al) = [sC?f@ (ei% —eii%> e%rcose} 7 (S31)
) =i |:sSi1;Z(P (ei% —eii%) e}grcose:| 7 (S32)
and
ind / .u .
) =i {’Sll;: (e'% —e*l%) eémsf’} . (S33)

Phases of the UE-parameters are outside the brackets, and they meets the phase matching condition II in Eq. (S6). Therefore, a
time-independent anti-PT -symmetric two-level system can be simulated by two qubits.
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P-pseudo-Hermitian Hamiltonians.
A P-pseudo-Hermitian Hamiltonian, say Hppy, satisfies PH ;PHP = Hpppy. For a time-independent two-level system,

i0
Hppy = [ r<; ’ } ; (S34)

re~10
of which the eigenvalues are €. = rcos6 & \/ us — r2sin” 8. The difference of the two eigenvalues is

® =2V us—r2sin> 6. (S35)

The time-evolution operator e ~“(*/MHerH can be expanded as the form of Eq. (2) in the main text with the four UE-parameters
as follow

fO(t) _ |:;< i _~_e—i‘2"fi)e%rc059:| e—i%rcose7 (S36)
S| stu e —i%L\ Lrcos@| ,—itrcos®
filt)=i e (e % —e 2h)eh e ' , (837)
l
fz(t) iy |:_S2;al)/l (ei% —eii%) e;rcose] e*l‘%rcose7 (S38)
and
fg(l‘) _ |:rS.i(1;9 (e,'% —eii%> e%rcose] efi%rcow. (S39)
l

Comparing with phase matching conditions (see Sec. 2), the phases of the four UE-parameters meet both the condition I and IV
in Eq. (S2) and (S16).

Anti-P-pseudo-Hermitian Hamiltonians

Timed by the imaginary unit i, Hppy becomes an anti-P-pseudo-Hermitian (anti-PPH) Hamiltonian, which satisfies PH); prP =
—Huppy. A time-independent two-dimensional one is

N

| re® )
Happy Zl{ U pei® } = iHppy. (540)

The eigenvalues are £+ =i (rcos@ +Vus — rzsinze), and the difference of them is

A =2V r2sin? 0 —us = 2iVus — r2sin’ 6 = io, (S41)

where o is that in Eq. (S35). A
(i) In an arbitrary phase, the time-evolution operator ¢ ~(*/")Harpi has the form of Eq. (2) in the main text, where the four
UE-parameters are equal to

folt) = %( i3 +e—"%%)e%’°°se], (542)

) = Sz—;u (ei% _e_i%> e%rcose] 7 (S43)
i

f2(t) _ Sz—/l’/l (e,'% _e—i%> e,’;rcos@] , (S44)
i
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and

£t =i [’S;;e G —ei%)eéfcosf’} (545)
Noticing that A is either real or imagine, the terms in the brackets are real. The phases of the four UE-parameters are 0, 0, O
and 7 /2, so none of the phase matching conditions are met. Therefore, three qubits are necessary to simulate this system in a
general case by either the six- or eight-dimension protocols.

(i1) In some special cases (see Sec. 2.5), the system can be simulated by two qubits. For example, when the system is in the
anti-PT-symmetric phase, i.e. s = u, one of the UE-parameters f>(¢) of the time-evolution operator e~ {t/MHarPH becomes zero.
As discussed in the first section above, it meets both the phase matching condition II [Eq. (S6)] and IV [Eq. (S16)]. So the
system can be simulated by two qubits in this anti-PT-symmetric phase.

Single-qubit measurements: c;-measurement.

As a simple case, we illustrate how to simulate a single-qubit 03-measurement. Assuming |0) and |1) are the two eigen states

of 03, the effect of this measurement is to apply either of the two nonunitary matrices

00 1
=-(0p—0 S46

mo=001=[ o 0] =F@+on o m-mul-]

with probabilities ,(0|y). or ,(1|y)., respectively. We now apply a U = H», Co—g,, Ci1—g, and another H> as quantum circuit
in Fig.(6) in the main text. Now, the system evolves to a state

|0>11M0W/>e+ ‘]>aM1|ll’>e~ (S47)

Finally, a measurement is performed on the ancillary qubit. If an output |k), is obtained, the work qubit will evolve to |k),
with a probability of ,(k|y). (k= 0,1). Although the ancillary qubit is annihilated, the work qubit is kept for further use.

The Abrams-Lloyd’s gate

4
The explicit forms of the UE-terms and parameters of N = Y n;N; are unitary matrices
k=0
M 1 V21
o) — o]
Ny = \5\\%2*\@ 0 ﬂ\/zfﬂ 0 (S48)
2-1 1 ’
L Ve n . aven
r_1¢: 1
—5 (io 5 O
M=]| % <i62§ _213 : (S49)
L —2\'92 290
S -
——= (o3 +o0o 0
M= | ey 0 (350)
(o]
N - 0 o | (S51)
3= _ 1
I 5 (63 + 0'1) 0 ]
and
e o
Ny = PSR O (S52)
L vt
no=vV2—vV2,n=1nm=n= 1/\@ ng = (\@— 1)/\/5 are the UE-parameters.
The normalizing factor in the main text is
11
n_,s5 ($53)
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